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Abstract— In this paper, we analyze and derive conditions for
stability of a feedback system in which the plant and feedbdc
controller are separated by a noiseless finite-rate commuoation
channel. We allow for two deterministic classes of refereree
inputs to excite the system, and derive sufficient conditios for
input-output stabilityas a function of the encoding strategy and
controller. We first construct an encoder as a quantizer that
can have infinite memoryand can be time-varying in that the
strategy it follows to allocate a total of R bits to its inputs,
is a function of time. This construction of the quantizer leals
to the result that the set of allocation strategies that maitains
stability for each class of reference signals isonvex allowing
the search for the most efficient strategy to ensure stabilt
to be formulated as a convex optimization problem. We then y
synthesize quantizers and time-varying controllers to miimize
the rate required for stability and to track commands. Examples  Fig. 1. Simple Feedback Network
presented in the paper demonstrate how this framework enates
computationally efficient methods for simultaneously degjning
quantizers and controllers for given plants. Furthermore, we
observe that our finite memory quantizers that minimize the
rate required for stability do not reduce to trivial memoryl ess Tiy1 = Axzg+ Blvg+1) VE>0, (@)}
bit-allocation strategies.

Finite-Rate
Noiseless
Channel

Yt = Cﬂft,
Index Terms— Input-Output Stability, Quantizer, Channel, v, — K(A)
Transmission Rate, Bit-Allocation Strategy t= Yt)s

wheret € Z,, z; € R", andry, y:, v: € R.
Previous works mainly focus on some notion of state sta-
The classical control paradigm addresses problems whéitity under finite-rate (or countable) feedback controhese
communication between the plant and the controller is esséhe only excitation to the system is an unknown (but bounded)
tially perfect. Recently problems in control over netwatkeinitial state condition €, = 0) [1], [3], [4], [5], [7]. [8].
systems, whose components are connected via noisy comf®li- [11], [12], [14], [15], [19], [20], [22], [23], [24]. Ths
nication links that may also induce delays and have finite ratesearch aims at finding conditions on the channel rate that
constraints, are emerging. Applications include remote- nawill guarantee that the state of the system (or some function
igation systems (deep-space and sea exploration) and-muifithe state) approach the origin/remain bounded as time goe
robot control systems (aircraft and spacecraft formatigingl to infinity. More recent works address synthesis of quarsize
control, coordinated control of land robots, control of tipie  and/or performance limitations under finite-rate and finite
surface and underwater vehicles), where robots exchartge dapacity feedback control [13], [23], [10], [16], [17].
through communication channels that impose constraints orin contrast, we allow for certain classes of input$o excite
the design of coordination strategies. the system and studinput-outputstability under finite-rate
We consider the control system shown in Figure 1. In thfeedback. Our approach introduces a computational method-
system, the output of the plang, is separated from the ology for analysis and synthesis of quantizers and coetrl|
controller, K, by a finite-rate noiseless channel. We assunf&, D and K) to meet various control objectives.
that the plant output is encoded by some operdiprbefore ~ Another important distinction between our work and pre-
entering the channel, and decoded by another oper&tpr, vious studies is that we only consider encoders that have
after exiting the channelE and D work together to reduce memory but do not have access to the plant input and cannot
the deleterious effects of the channel. The system shownc@mpute this control signal. When encoders have accesg to th
Figure 1 has the following model. control signal or can compute the control signal exactlg, th
plant output signal that must be communicated down to the
This research has been supported by AFOSR: 6892167. decoder, can be described by a finite number of parameters.
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More concretelyy, = CA'zo + OZf;é At=1=iBy,. There- bits instantaneously with each use. The channel decdaer,
fore, the only quantity unknown td& and D is xy, which computes updates on the current and past valugsotl sends

is just a vector ofn numbers that belong to a bounded sdhese to the controllek is a causal linear time-varying system
in R™. Therefore, assuming is observable, the encoder cardescribed in II-B.

computer, aftern time steps and start transmitting through We define the closed-loop system to be input-output (I0)
the channel down to the decoder, at a rateRdbits per time stable if for allr € C,., there exists a finite positive constant
step. Consider an encoder that allocafesbits to theith « and a finite constan8 such that||y||cc < al|7]|ec + 5
component ofxy, such that) ", R, = R, while the decoder Here, we investigate 10 stability with respect to the foliog/
continues to update its approximationaaf andz;. The error classes of reference input3,.

vector then evolves as follows: 1) Bounded Signals C, = I, 7, wherel, - is the class
er = mp — iy = A(zo — Fo.4), of all s_lgnaI§ that are bounded in magnlt.udeiby
o ) ) 2) Decaying Signals C,. = C, =, whereC, 5 is the class
where:o,, is the estimate ok, at ime. If we assume that of all signals that are bounded by the positive decaying
A is diagonal,® we get the following upper bound on the function 7v* for all k > 0 and0 < v < 1, i.e, if
magnitude of each error component: r € Cy 5 then|ry| < mk_for all k> 0.

where |z(i)] < L, for i = 1,2,...,n. It is easy to see A. Limited-Rate Time-Varyind¥, M)-Quantizers

that if R; > maxz(0,log(|A\;(A)|), for i = 1,...,n, which ) ) ) )

implies thatR > 3", maz(0, log(|A:(A)]), then the system is  Before stating the problems that we are interested in sgjvin

asymptotically stable, sinck is assumed to be stabilizing. We first define and model the parameterized class of time-
On the other hand, when the encoder does not have acA&¥ing infinite-memory R, M)-quantizers.

to any signal in the loop except for the plant output, the We view the quantizer as a module that approximates its

unknown quantities characterizing are zo andug, u1, us..., input, which in general requires an infinite number of bits,

which are an infinite number of parameters. From the encod¥fh a finite number of bits. Formally speaking, aR,(})-

and decoder’s perspective, the output of the plant is sugdefuantizer with bit-rateR, is a sequence of causal time-

very “rich.” For any fixedt, the decoder must approximatevarying operators, parameterized by an infinite-dimeraion

Yo, Y1, ..., y:. These approximations cannot converge to theite matrix R of the form

eti SLLRA)‘ ¢ 7::1727"'7”,
2

actual values, and the best strategy thaand D can employ Ryo O 0 .
is to improve the approximations over time by allowitg Rot Ruun 0 O
to allocate more and more bits to them (this motivates our Roz Riz Rz 0 .. |

construction of the quantizer presented in section 1I-AeT
system boils down to a quantized feedback system, which

is difficult to analyze, and where the usual tradeoff of dela _here _Zj ]fij :t H;I ; lt f‘éf all Zt,: Iand atn_ '?\Emtf'
versus accuracy holds, imensional positive-definite diagonatale matrix =

We conclude this introduction with an overview of théﬂag(MOO’M“’M”’"")' The (R, M)-quantizer saturates to

paper. In section Il, we describe our setup, introduce a n&WPut Mk the (k+1)™ diagonal of M, When. Its inpult,
parameterized class of encoders that have memory but 4o has magnitude greater than or eq“a”‘*‘%k’ "f" \_/vtlen
access to the control signal, and formulate a stability emb [yr] > M. However, we denote the quantizer “valid” only
In section I, we derive sufficient conditions for finiteiga when|y,| < My, for all k > 0, and define what the quantizer

stability for bounded and decaying classes of referencgténp does "j thlsbcashe below._ d esti . Th
In section IV, we show that the set of stable bit-allocation, -©t %i(J) be the quantized estimate of at time j. Then,

strategies implemented by our parameterized quantizersjsd€termines that at time = 0, 1 bit is used to denote the
n of yo, and Ryo bits are used to quantize the magnitude

convex, enabling synthesis of such quantizers that achielgd o ) - )
o to producejy(0). At time ¢t = 1, anadditional Ry; bits

desired objectives. In sections V and VI, we design finité! ¥ q e th tudeuoft ducesn(1):
memory bit-allocation strategies and controllers thatimipe ~2'€ US€ to quantize the magnitudeypfto producego(1); 1

the rate required for stability and that track commands f(l?ljt is used to denote the sign of, and Ry, bits are used to

different plants. Finally, we conclude in section VII. quantize the mag.mtu-de- 9t to produgqjl(l), and so on. The
accuracy ofj;(j) is within 4=M;;2~ k=i Bit1) of 4, for all
i > 0.

For the sake of analysis, the quantizer, channel, and decode

We study system (1), in which the channel encoder hag, he proken down into the five steps at any instaas
memory and no access to the control inphtis a limited- ¢ 00n in Figure 2 wheryy| < My, for 0 < k < t. First

rate quantizer which hasfinite memoryand istime-varying 4 it component of the vectay’ is scaled by-— for i =
in that the strategy it follows in allocating a total &f bits to Mii "
1,2...,t, to producezt, wherey® = [yo 1 ... %] , and

all of the inputs up to time, is a function oft (see section II- i ) A
A for details). We assume that the channel can trangmit 24t = diag(Moo, My, ..., My). The scaling byM, " ensures
that||2*||~c < 1. Then, each element of is converted into

1All results hold for generald matrices as shown in [22]. its binary representation.e., a string of ‘O’'s and ‘1’s in the
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Decimal-to-Binary (D2B) converter. Next, each binary rfyi
is truncated according to the bit-allocation strategy oetliby
R. Specifically, the binary string representing4) i IS
truncated to contain only its firs{tZEZi R;;) bits. Note that

this truncation induces an error of at mdsT(Z:;:i Rij+1) jn
magnitude forzt(i), i.e., |21(i) — 2%(i)| < 2~ (s=: Bt D),

M R
ytoo St st | gt
o M~ D2B|—= T |~ B M
v0 ‘ 0111000.] 01... Z,O(t)
v 1101000., 5 1

0100011..

1111000..

Fig. 2. Quantizer-Channel-Decoder Operator at Time

As shown in Figure 2, the truncated binary string
representation, via

is converted back into its decimal
the Binary-to-Decimal module (B2D), to produc#. Fi-
nally, 2t is scaled by M; to produce ¢, where gt

[90(t) 91(t) 9=2(t)

lyr — gr(t)] < M2~ (Cimk Britl)

Vk < t. Stated differently, if|yx| < My, for 0 < k < ¢,
then there exists ay(t) with sign(wg(t)) = sign(yx) and
lwg(t)] <1 Vt >0, such that

(1) = yi + Miu2~ imr Brit Doy (¢),

. 4:(t) ] An upper bound on the error
between each input component and its approximate output is:

and
fDD
fo1
fll
Fy(R) =
fot
fee
Moo
Moo
My
M (M) =
Moo
Mtt
with fr, = 27 (&= BeitD) for s = 0,1,....t, and k =
0,1,...,s.
Also,
- wo(0) T
wo(l)
wl(l)
wh = | T |,
w1 (t)
UJQ(t)
L wet)

wherew, € [, such that||w,||o < 1.

B. Plant and Controller

We represent the LTI causal syste and the causal
linear time varying controllerK as the following matrix

for all k& < t. For analysis, we augment the output of th@ultiplication operators at any time instance

quantizer at timet to be the vector ofall estimates ofy’
from time O to timet. We denote the augmented vectorsds
as shown below.

L yAtl(t) J

We can then model the quantizer in its “valid” region as theY

following sequence of time-varying operators:

QMR,M)={Q::R""' = R | Q:(y") =yt=
Ly'+ Fi(R)M(M)w!, t>0},

(t+1)(t+2)
2

where

It)(t

g0
g1 9o
G, = g2 g1 90
gt e 01 90
ko
kl k[)
Kt: ]fz k}l k}o

Note that, with matrixl; as defined aboveK,; satisfies
KI, = KFTT where KET! represents a linear time invariant
stem given by

ko
k1 ko
KETT — k2 k1 ko
ki ki ko

Figure 3 illustrates the closed-loop system at tim&hen
the quantizer is modeled as an endogenous disturbance as
described in section II-A, with

r(0) u(0)

. r(1) u(1)
r’ = : s ut = :

() u(t)



supt{||Ttrt =+ TthFtMtthoo}
sup, || T¢| 1] | ||oo + sup, || Te K Fy Me[1
[T[|1]|rllec +m||TKF]|x

m.

G, [

IA A CIA

The last inequality comes from our choice af

K

The stability condition in Theorem 3.1 wufficientas we
have not yet proven thdyg| > m, for any & > 0, renders
the system unstable. We note that memoryless, time-imfaria
guantizers are represented by an identity rate matrix pligit
by the value of the fixed ratd®? — 1, which leads to the

Fig. 3. Control System at Time

From here onwards, we refer #6,(R) as F; and M (M) = following corollary.

M, for an easier read. Corollary 3.1: Consider system (1) witkg = 0. Let E =
Q(R, M), for adiagonalrate matrixR = (R — 1)1, and let
re loo,?- |f

C. Problem Statement 1) [|T]; < oo,

2) |ITKE | < 27,

We are interested in solving the following problems. then there exists a constant scale maldx= mI such that
1) GivenG, K, Cy, and a rate matrix, determine whether | (10 stability) ||y||oc < ||T||1]|7||co + m2~E||TKLT]|;,
there exists a set of scale matric$, that maintain 10 | (quantizer validity)||y||sc < m.
stability and quantizer validity.
2) Given G, K, and(,, characterize the set of all rate

matrices, R, such that the system is |O-stable and thg' Decaying Signals

quantizer is valid. We now consider the case whereec C, 7 and derive
3) Within the set of stabilizing rate matrices, find théufficient conditions for 10 stability. We show that i
minimum transmission rateg, of the channel. and K71 are finite-dimensional systems, the conditions can

4) For a givenG andC,, designk andR to minimize the guarantee _that th(_a output signg, diga}ys exponentially over
rate required for stability and to track command<jn time. In this section bothG and K are assumed to be

finite-dimensional systems.
We know that with perfect feedback and a stabilizing

[Il. STABILITY ANALYSIS KLTI exponentially decaying reference signals generate sys-
tem outputs that exponentially decay over time. We would
like to generate the same types of decaying responses

In this section, we derive sufficient conditions for IQuith finite-rate feedback, and thus consider the quantizer
stability whenC, = I 7. LetT, £ (I — G, KFTT)~'G,, then scales, My, to be a decaying function of, i.e, M, =
it is straightforward to show tha* = Tir* + T,K; FyMyw!.  diag(m,mB3,mg32, ...,mB3"), wherem < oo and0 < 8 <
The following theorem then gives sufficient conditions f& | 1. The matrix (FM); will have kth diagonal equal to
stability and quantizer validit¢. Note that for a matrixA, k2~ ZickBri for 0 < k < t, and the quantizer is valid only

A. Bounded Signals

[Alr = max; 3, |ag]. if |y:] < mgt for all ¢ > 0. Below we state a theorem that
states sufficient conditions for 1O stability. The detaifsit
Theorem 3.1:Consider system (1) witlky = 0. Let E = lead to the derivation of the theorem and proof are shown in
Q(R, M), for a given rate matrixz, and letr € I 7. If the Appendix A.
1) |7 < oo, _Theorem 3.2:Assume thatT and TK*™' are finite-
2) |[TKF| < 1, dimensionalstableLT| systems, whose correspondiggma-

trices (of state-space descriptions) have spectral radind

then there exists a constant scale mafvix= mI, such that v, respectively (bothp and v have magnitudes less than 1).

o (10 stability) [|y[loc < [|T[|1||7]loc + m||TKF||1, Denote {T'}; and {TKT'}, as theith componentsi( =
« (quantizer validity)||y[|oc < m. 0,1,...) of the impulse responses @f and T'K, respectively.
Proof. Choosem > % > 0, which is possible given Given system (1)r € C, 7, and a rate matrixR, if
the norm bounds on, %, andTKF. Then, 1) {T}i <mp' (0<m <oo) foralli>0,

2) {TK"™}; <mpv' (0 <o < ;) foralli >0,
20ne can add an exogenous ingditat the input of the controller and derive 3) max(y, P, 7)(1 — 772||F||1) > v,

sufficient conditions for external stability by computingarisfer functions . . . k
from  andd to y andv (output of the controller). We omit the details hereth€n there exists a decaying scale matvix (Myr, = m3")

as the analysis is straightforward. such that



e (10 stability) ||y|loo < [IT|1117|lco + m||TK||1, ourselves to finite-memoryR, M)-quantizers, defined

o (quantizer validity)|y;| < mgt Vvt > 0. below in section V-A, each of which is described by a
finite number of parameters.
IV. CHARACTERIZATION OF STABLE RATE MATRICES 2) The optimization problem (2) has constraints that are

non-convex in bothK LTI and R and therefore is not

We have shown that if| TKF||; < n for n > 0, then . . . .
f Il " " efficiently solvable. We propose an iterative algorithm,

the system is 10-stable for bounded and decaying inputs Thi q ived below i tion V-B. that alt tes betw
inequality can be written as a sginvexconstraints on the rate escribed below In section V=B, that altérnates between

matrix parameters. The following theorem shows this result computing & controller and.qgant]zer. In each computa-
Theorem 4.1Let X _ {vec(R)} 3 _ tion, we solve a convex optimization problem subject to

convex constraints. We show that our iterative algorithm
has a nonincreasing cost and therefore converges to a

[ Roo Ro1 Roz ... Rii Ri» ...]", then for any infinite

dimensional matrix,P, the condition||PF(X)||y < 7 is local mini This iteration i L ¢ of the D-K
convex in X for anyn > 0. ocal minimum. This iteration is reminiscent of the D-

Proof iteration used to compujewhen modeling systems with
' oo ) structured uncertainty [2], [21]. Numerical examples are
IPE)[L <n < ;FO LGOIyl <n i =01, given in section V—Cy[ b P
where f;(X) = 27 2= R We now show thatf;(X) is '
convex inX, and thus any non-negative combinationfofX)

is convex. First, we recall tha is a convex function i.. A Finite-Memory(R, M)-Quantizers
Let 27 (2= Farth) — 2=(5X+1) wherec/ is an appropriate ’

row vector forj = 0, 1,... Note that We consider a special class of practical quantizers that hav
finite memory and are periodic. Specifically, each valugy of
o= A(E X1 +1)~(1-) (€] X2 +1) _ g-Aa1+1)—(1-3)(ag+1) gets approximated by the quantizer &irmostN consecutive

time steps. In fact, for any > 0, y:n4; gets approximated

—(a141) —(az+1) .
<A+ (1 -2 for N — j time steps, forj = 0,1,..., N — 1. Moreover, the

= AT(CJX”? bit-allocation strategy repeats evekytime steps. We call this

+(1 = A2 Xt class of quantizers, “repeated-block” (RB) quantizersabse
the structure of the rate matrix is block diagonal as shown
below.

If we let P = TK, then we get that the stability condition,
|[TKF|1 <n,is a set of convex constraints on the infinite
dimensional vectorec(R). This result enables the search
for the most efficient quantizer to be formulated as a convex
optimization problem.

V. SYNTHESIS. MINIMIZING CHANNEL RATE
In this section we synthesizeR, M)-quantizers and time- ~ Each block is the followingV x N matrix:

varying controllers for different plants to minimize thetea Roo
required for 10 stability forC, = [ . In particular, we set Ro1 Ry
out to solve the following problem. Rytock = : : _
Ron-1 Rin-1 .. Rn-1Nn-1
mingrrr g R 2) It is useful to highlight that RB quantizers are time-ineaut
st ||T||L < oo, (3) operators in “lifted” coordinates, where each time stephiax t
ITKF(R)||x < 1 (4) lifted coordinates is equivalent t&/ time steps in original

ZRU “R-1 i=o01,.. coordinates. We define the following lifted signals for 0:
j

Ri; >0 3<i:=0,1,.. TtN YtN
TtN+1 YtN+1

whereT = (I — GKT1)=1G and (3) and (4) are stability

Tt+1)N-1 Y+1)N-1

conditions. We make a few comments regarding our approach
to solve (2). wen((E+1)N —1)
1) The (R, M)-quantizer is described by an infinite number ~ _ win1((E+1)N - 1)
of parametersR;;) as it has infinite memory. To make W= :
things easily computable and more practical, we restrict wetnn—1((E+1)N — 1)

3The “vec” operator on a matrix simply concatenates all thiiroa to The. model for a repeate.d'bl()Ck quantiz@g s, in the lifted
form one large column vector. coordinates, denote@gg, Is:



INy + mFyw), 1) For a given plant3, pick any stabilizing controllerf™*.
Pick a convergence threshotd> 0 and setc = 0.
where, written as a matrix multiplication operatdfy = | 2) Solve the following problem to construg.:
diag(Fn_1,Fn_1,...) andIy = I, evaluated at = N. The
closed-loop system in lifted coordinates is shown in Figlire m%n R (5)

ITK:Fn(R)|1 < 1,
% st. R=1+> Ry i=0,1,,N—1,

J

Rij;>0 j<i=0,1,..,N—1.

Note that the above problem has constraints that are convex
in all unknown parameter®;; as shown in section IV ang
- is therefore efficiently computable using any standard epny

N W optimization software.
If c>=1and if Rc—1 — R. < e then STOP. Else goto Step
) 3.
- K 3) Fix R. and compute new controlldk.; by solving
V
min ||TI~(FN(RC)H1
Fig. 4. Lifted Closed-Loop System KETT
st KETT stabilizing
After lifting by a factor of N, the plqnté is LTI with N Apply “Q-Parameterization” or “Youla Parameterizatio’

inputs andN outputs and the controlld’ becomes LTI with parameterize all stabilizing controllers and convert theva

N(1\27+1) inputs andV outputs. This enables us to use existing problem to a convex optimization problem of the form:

control tools for LTI systems to synthesiZé.

We state sufficient conditions for 10 stability for bounded mn [1Ho — HiQH: | ©)
signals in the lifted coordinate space with arbitrary lintxae- sit. Q LTI stable, rational, and proper,
varying controllers, but first state the following Lemma ko

roof is straightforward and left to the reader.
P 9 where Hy, H, and H, are derived from the system t

_Lemma 5.1:Let P be any causal LTI SISO system, and equate||TK Fx(Ro)|1 to ||Ho— Hi1QHz|1. Note that there
P is a lifted version ofP with lift factor N. Then, for any is a one-to-one relationship witk..; and @ given by
N>1, ||]5||1 > ||P]|x. the parameterization. We omit details as this is a common
. . . ) procedure and refer the reader to [6], [18] for details. Npte

Theorem 5.1:Consider system (1) with an arbitrary time that (6) is again efficiently computable using any standard
varying controller lifted by a factor ofV, with xy = 0. Let convex optimization software.

E = Qgrp(R, M), for a given repeated-block rate matrk, 4) Incrementc by 1 and goto Step 2.
and letr € I 7. If

O

o ~ We demonstrate how we use MATLAB's 'fmincon.m’ func-
1) [|(I - GKET)71G|); < o0, and tion to solve (5) in Appendix B.
2) I - GKM) ' GKFy|h < 1, The above algorithm continues to iterate between the two
- . optimization problems until both costs fail to change mbiaant
then the original system is 10-stable. . L : . e
a givene. This iteration will converge to a local minimum rate
Proof. If condition (1) and (2) hold, then by invoking required for stability as described in the following Proitios.
Lemma 5.1, we get thati(I — GKLTH)~1G||; < oo, and
||(I - GKE*TT)"1GKF||; < 1. From Theorem 3.1, we then Proposition 5.1: The R-K iteration algorithm has a nonin-
get that the original system (un-lifted) is 1O stable. B creasing cost in the channel rafeand therefore converges to
a local minimum.
Proof. For a given plant and controller suppose we have
just computed rate matri®. with rate R. for some positive
_ integer c. Given R., the iteration algorithm then computes
B. R-K lteration a controller K., that minimizes the biag|TK Fy(R.)|1
by solving (6) and converting) back to K. Then we get
TheR-K iteration algorithm proposed here efficiently comthat | T K., 1 Fy(R.)||1 < ||TK Fx(R.)|. for all controllers
putes a locally optimal controller and finite-memory repéat K. Next, we compute a rate matriR.,; that minimizes the
block quantizer that solves (2). The algorithm is descriled channel rate required for stability subject to the constrtiiat

the box below. Note thaf’ = (I — GK," ' )~'G. ITK.+1Fn(R)||l1 < 1. Note thatR, is a feasible solution,



thereforeR.11 < R.. [ |
C. Examples

We now execute one iteration of tHe-K iteration algo-
rithm for three different unstable plants with=1 and N = 4

From Examples 1-3, we see th&y < R, in all cases
indicating that allowing the quantizer to have memory and
to allocate bits to the past maintains stability for chasnel
with smaller rates than in the case where the quantizer is
memoryless and does not allocate to the past. In additien, th
more unstable the plant, the more rate required for closed-I

(memory size of quantizer). We summarize the results fefability. Finally, one iteration shows a marked improveine
each plant in separate boxes. In each case, we give thd inifigrate required for stability a&;, < R, in all cases?

controller Ky used to compute repeated-block quanti®&gy

which is entirely characterized b&y;ocx,0. We also compare

the rateRy to the minimum rateR,,,; obtained if we restrict

the quantizer to be memoryless and time-invariant (a diagon

rate matrix). Note that the minimum channel rdtg required
for stability for each corresponding closed-loop system
Rbiock,0(1,1) 4+ 1. We then show the controllds; computed
by fixing the quantizer to be parameterized By and the
corresponding quantizer bias terfi" Ko Fx(R)||;. Finally,

we fix the controller toK; and computeR; to complete one
iteration.

Example 1
. Step 1:G = 1%, K, = =00 o5
1.4171
e e (1):4113?); 0.9265 ,
0.2665 1.1507

Ry =2.4171, Ry, =2.6792

_ 2_
. Step 3: Kl 0.04375z 040;074z+04001745 ,

ITKoFn(Ro)|l1 =1, ||TKi1Fn(Ro)||1 = 0.2252

. Step 2: Rblock,l =0, R =1, (Ro — R1) =1.4171 < ¢

Example 2
. Step 1:G = zigy Ko = 704072.2270.;)316#0400648' =1
2.1630
o Step 20 Ruero = | " 0EE 1 s0s0 } ’
0.1847  1.9783

Ro =3.163, R, = 3.3461

2
. St?E ) 3: Kl :~ o —0.11732 *0.3?309270401148’
T Ko Fn(Ro)||ls = 1, ||TR1Fy(Ro)||1 = 0.4731
1.2131
: 0.2875  0.9255
o Step 2 Ruoer = 0.5750  0.6380 ] ’
0.2876  0.9255

Ry = 2.213, (Ro — R1) =0.95<¢

Example 3
« Step 1:G = z1f2, Ko = 704144.2270.3276270402304’ e=1.1
4.4267
o Step 2 Ruoero = | P U0 500 } ’
0.2271  4.1996

Ro = 5.4267, R,, = 5.6551

—0.18412% —0.08769z—0.01779

° Step 3: Kl = z3 !
ITKoFN(Ro)||lr = 1, [|TK1Fn(Ro)||1 = 0.2915
3.4036
) 0.2692  3.1344
o Step 2! Ryock,1 = 0.5298 2.8738 } !
0.2683 3.1353

Ry = 4.4036, (Ro — R1) = 1.0231 < €

VI. SYNTHESIS: TRACKING COMMANDS
is

In this section we synthesize limited-rate finite-memory
(R, M)-quantizers and time-varying controllers for a given
plant to track a family of bounded reference commands
» = lw7 such that the rate is limited by a giveR.
From Figure 3, we get that the tracking error is—
r = (T — I)r + TKFN(R)Muw,. Therefore,||y — 7|/ <
|T — I||1 + m||TKFn(R)||1, wherem satisfying ||T||1 +
m||TKFx(R)||1 < m ensures quantizer validity. We set up
the following optimization problem,

(@)

min [T = Iy + m||TK Fn(R)l1 (7
KLTI R
s.t. [|1T]]x < oo, (8)
T[]y + m||TKFn(R)|l1 <m, )
S,Rj=R-1 i=0,1,..
Ri; >0 j<i=0,1,..
R <R,

where (8) and (9) are the IO stability conditions. Again, we
restrict ourselves to repeated-block quantizers and apply
iteration algorithm to minimize tracking cost. We outlirfeet
iteration algorithm below.

We fix m in Step 2 of the tracking iteration algorithm
and check to make sure that the quantizer remains valid for
that chosen value ofn in both (10) and (12). Keepingn
as a function ofR and K would not enable convexity of
the subproblems (10) and (12). One can find the smattest
over all R and K such that the quantizer remains valid and
minimizes the tracking cost by applying the above iteration
algorithm to different values af:, changingn via a bisection
algorithm.

It is straightforward to see that the tracking iteration al-
gorithm described above always results in a nonincreasing
tracking cost as both subproblems (10) and (12) minimize the
same cost function.

4Note that 3rd-order finite impulse response controllersewgegsigned to
simplify computation and are shown in Examples 1-3. Seagchver all FIR
controllers is not optimal, yet we are still able to demcatstrthe validity of
our synthesis algorithms. The same was done for the trackiagples.



R-K lteration Tracking Algorithm Tracking Example 1

1) For a given plantG and ra}ejirpitﬁ, pick any stabilizing
controller, Ko, such that||TKoF(R)|[» < 1. If no such
controller can be found, increage and return to Step 1.

i (T]lx

2) Pick anm > TR FOONL and a convergence threshald>

0. Setc = 0.

3) Solve the following problem to constru®t.:

min IT = Tl + m||TK:Fn(R)|x (10)
st. R=1+Y,Ry; i=0,1,,N—1,
Ri; >0 j<i=0,1,.,N—1.
R<R.

« Steps 1-22G = X%, (R = 10,m = 30),
Ko = —0.036822 —0.00062+0.0026
9.0000

0.0500 8.9500
0.0975 8.9025 !
0.0532  8.9468

o Step 3. Ryivero =

Ro =10, o = 30.9563

— 27 —
° Step 4: Kl — 0.065322 OAO§061Z 0.007916

I — Tl + m|TKoFn(Ro)ll = 30.9563,
||I — T||1 + mHTKlFN(RO)Hl = 25.0942

9.0000
9.0000 :|
8.9101

e Step 3! Ryock,1 = 9.0000

0.0899
Ry =10, vy = 25.0917, (0 — 71) = 5.8647

Note that the above problem has cost and constraints that areracking Example 2

convex in all unknown parametef®;; and is therefore effi-
ciently computable using any standard convex optimization
software. Denote the resulting optimal tracking costyas
If ¢ >=1and if y.—1 — v < e then STOP. Else goto Step
4,

4) Fix R. and compute new controllék.+1 by solving

min  ||I = T|}1 + m||TKFx(R)|1 (11)
KLTI

s.t. KETT stabilizing
71+ m||ITK Fy(Re)l[x < m.

« Steps 1-2:G2 = 2% (R = 15,m = 30),
KO — —0.03682 702}9006z+00026
14.0000

) 8.6722  5.3278
o Step 3: Rusocro = 5.9975 8.0025 } '
3.0004 10.9996

Ro =15, 7o = 30.9326

— 27 —
. Step 4: Kl — 0.065272 OAO§O54Z 0A007872’

I — Tl + m||TKoFn(Ro)|i =  30.9326,
||I — T||1 + mHTKlFN(RO)Hl = 25.0594

« Step 3 Ryiock,1 =
Apply “Q-Parameterization” or “Youla Parameterizatiom'|t 14.0000 14.0000
parameterize all stabilizing controllers and convert theve 1.8799  12.1201 » R = 15
problem to a convex optimization problem of the form: 0.9405  13.0595
71 = 25.0474, (v — 1) = 5.8875
ngn [[Vo — ViQVallx
s.t. Q LTI stable, rational, proper, Tracking Example 3
1A (@)1 +m[|f2(Q)[lr < m, o Steps 122G = 5, (R = 15m = 50),
KO — —0.036822 —0.00062+0.0026
14.000

whereVo, V1 andV;, are derived from the system to equate
11— Tlh + m||TK Fx(Re)|1 to [[Vo — ViQValx and fu
and f, are affine functions in Q such thatfi(Q)||x +
m||f2(Q)|]1 equals||T||1 + m||TKFn(Rc)||:. Note that
(11) is again efficiently computable using any standard con
vex optimization software.

5) Incrementc by 1 and goto Step 3.

A. Examples

We now execute one iteration of thie K iteration tracking
algorithm for one unstable plant and differgi®, m) pairs.

5.1680  8.8320
3.5761  10.4239

o Step 3. Ruioer,0 = j| ,
1.7834 12.2166

Ro =15, 7o = 30.9305
. Step 4 K _ 70064162270A0§832zfoA005319’

I — Tl + m|TKoEFn(Ro)|i =  30.9305,
||I — T||1 —|—m||TK1FN(R0)||1 = 25.4943

14.000

14.000
0.4685 13.5315 ’
0.4673 13.5327

Ry =15, ~v1 = 25.4895, (y0 —71) = 5.4410

o Step 3: Ruyoer,1 =

We set7 = 1 and summarize the results for each example
in separate boxes. In each case, we give the initial coatroll
K, used to compute repeated-block quantizy which is
entirely characterized byRy.cx,0 and its tracking cost. We
then show the controllek’; computed by fixing the quantizer
to be parameterized bRy, and the corresponding bound on
the 1-norm of the tracking error. Finally, we fix the conteoll

to K; and computeR; to complete one iteration.

From Examples 1-3, we make a few observations.

« If we fix m and increaseR the tracking error cost
improves. This makes sense as the channel becomes less
restrictive asR increases. Figure 5 below plots each of
the two terms in the tracking cost versus the rate liRit
for a fixedm = 45 large enough to be feasible for dtis

R _ 10
plotted for a given plant: = 7.
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\|T—I|\v‘s‘ Rbar 1) ||T|1 < oo,
2) [|ITKET)]; < oo,

and break downy; as follows:
ye = (Tr)e + (TKFMw)t = yr: + yq:.

2712133 T T

21.2132
21.27311
21.2131
2219} 1 Under the first assumption, we show that there exists a
positive finite constant’; and ana; (0 < a; < 1), such
S - that |yr;| < Ciad, for all t > 0.

o W » N 4 H 0T @0 10 Assuming that|T'||; < oo, there exists @, with 0 < p < 1,

and a positive finite constani, such that{T'};| < np’, for

2 Lou(mTHFD v. Roar all i > 0. {T}, is theith value of the impulse response Bf
In fact, p can be chosen to be the spectral radius of the stable
A matrix of a state-space description for SinceT is LTI,
ol ] yre = S r_o{T}i—iri, therefore,

1=

212128

log(m||TKFI])

t
lyrel <3 2ico {T}e—illril
<STFYZeme
- Il Il Il Il Il Il Il Il Il — ;
N w w @ w0 wm @ % =m7p' Z;}io(%)l

Rbar -
— mrppt
p—y

60}

Fig. 5. A. Top plot:||T — I||; decays rapidly ask increases and settles
to the ideal tracking cost whe®® — oco. B. m||TKF||1 is so small in . . o
comparison td|T — I||; that we plotlog(m/||TK F||1) as a function oz~ Where the last equality holds if < p < 1. Similarly, [yr| =

to see its rapid decay to 0 & — oco. |Z§:0{T}irt_i| < %’yt, if p < < 1. Putting both cases
together, we get that

« If we fix R and increasem, the tracking error cost lyre| < Ciad,
increases. This also makes sense becauseiasreases, for gl ¢ > 0, where
the cost||] — T||1 + m||TKoFn(Ro)||1 also increases N
(for a fixed controller and quantizer).

o The tracking cost in just one iteration is decreasing asyUnder the second assumptidil’ K “71||; < oo, we show
Yo — 71 is positive for all examples. that there exists a positive finite constafit and a constant

« Although we do not show results for memoryless quany, (0 < a, < 1), such thatlyq,| < Cyad, for all t > 0.
tizers, we observed that quantizers with finite memory Since||[TKLTI||; < oo, there exists a constant with 0 <
perform better than memoryless quantizers in tracking @s< 1, and a positive constanf,, such that| {TKLT1Y,| <
well. novt, for all i > 0. We now look at the magnitude of the

response due to the exogenous disturbance induced by the
VIl. CONCLUSIONS quantizeryg;.

In summary, we consider a plant and feedback controller
separated by a finite-rate noiseless channel and we study Byl =St Ty S K mgio- i, Rit ()|
new class of encoders that have memory but do not have J=0 70T Lm0 T
access to the control input to the plant. If the encoder is not

Cy :ma:c(’jyl—f;’,%?), a1 = maz(p,7y).

< ml|Fll| 520 X0 T K5 6]

local to the plant and if it does not know what controller will < ml|Flls Yo ITKY |5
receive the signal it sends through the channel, then it can <meml|Fl[i Y52, v 7B

be modeled as belonging to this class. We have constructed = nam||F||1v! T (8)

a parameterization of time-varying quantizers that beltng J=otv

F
— IFllimemy ¢

this encoder class, and that leads to a convex characterizat v—R )
of bit-allocation strategies that maintain finite-gainbdligy.
For finite memory quantizers, the convex characterizatibn @here the last equality holds 8 < v < 1. If v < 3 < 1,
stabilizing quantizers allows for efficient and non-triviit-  then it is easy to show thaq,| < Hl’lglfnimﬁﬂt, We then get
allocation strategies and controllers to be synthesizedafo that
given plant to meet various performance objectives.
In the future, we would like to obtain necessary conditions
that maintain input-output stability. for all ¢ > 0, where

lygs] < Caab,

a2 = maz(v, B).

F||1mn23 F||1mnov
C2:max(H \gl n2B8 || F|l1mng ),

—y ’ v—_

VIII. A PPENDIX
A. Proof of Theorem 3.2 Recall thatg is a parameter we are looking for to ensure

" X .
Below, we make some observations that lead to Theorem g.@t [9:| < mf5". Therefore,5 > v, which gives us

and its proof. We assume the following norm conditions, Cy = MElhmmaB = ) — 3,

B—v ’
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Putting everything together, we get that for alk 0, X = ,
Roo Ror Ro2 Ros Rii Ri2 Riz Rz2 Roz Rz |,
lye| < lyre| + |yqe| < Craf + 7“F‘g1$"25ﬂt. [ ]

. . ) -11 0 0 1. 0 0 0 O O
For the gquantizer to be valid, we requirg| < mg¢, for all A=|-101 0010 1 0 0],
t > 0. The above observations lead us to the following proof. -1 0 01 00 10 11
Proof: ’
DefineCy = maz (22X, L72), as computed in section I1I-B Beg=[0 0 0],
above. Then choosg = maz(p,v,v) andm = l_ff‘l‘m and

It is straightforward to show that is finite and positﬁi(/é due  P(X)=||DaFu(X)|]1 + Sr_ [[Ca AR By Fy (X)L — 1,

to condition (3). To show input-output stability, we have i
Wi

1y |loo = sup, {I|T:Gir" + TG Kt Fy Myw"[| oo }

/ p—
< Tl irlloe + mlITKF, a= [1 1110000 00]
< Tl lirlloe + mllTK = [0000 11100 0]
= [0 0 0 000 01 1 0]
b= [0 00 00O0O0O0TO0O 1].
where the last inequality comes from the fact tha||; <
1. To show quantizer validity, we computed in section IlI-B
above that forv; = maz(p, ), and
f
lye| < Craf 4 LElLmnzl gt 12) Fy(X)=1 f2
< mGt ’ fs ’
= ) f4
where
fl = 7X1a
where the last inequality comes from our choiceg@&ndm.
f o 2*2?:1 X
B. Using MATLAB’s 'fmincon.m’ to Synthesize Quantizers T 2= %s |7
In this section, we show how we use MATLAB to solve the _so
following optimization problem. 9~ Xi=1 Xi ]
f3 = 2” Yies Xi )
27 Xs
minR .
st. S Ry=R-1 i=0,2.,N-1, (13) 27 Zi=1 X
J f 2~ Tl X
~ ~ ~ o~ o~ 4 =
I[(I — GK* ™" 'GKFy|h <1, (14) 9= X9 s X;
Ri;j>0 j<i=01,.,N—1, (15) 27 %0

Note that we approximate the 1-norm  of
(I -GKITH~1GK Fy, to guarantee that we can numerically

For a givenG and K71, we lift the original system by a . . e
compute the solution to the constrained minimization

factor of N and denote the state-space description lof-

av od oe _His otal 5
GKLTI)_IGK by (4., Bei, Cety Dep). Let X e vec(Rplock) problem:
and rewrite the above optimization problem as
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