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How well do we understand the Planck feedback?
Timothy W Cronin*, Ishir Dutta

A simple estimate of Earth's “no-feedback” radiative response to warming, λSB, is given by the 
Stefan-Boltzmann law as roughly -3.8 W m-2 K-1. The “Planck feedback” (λP) widely used in 
analysis of climate models, however, averages -3.3 W m-2 K-1. This 0.5 W m-2 K-1 difference has 
not been previously explained. In this paper we define and quantify several deviation terms that 
account for the difference between climate model calculations and the simple estimate based on 
the Stefan-Boltzmann law.
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Asimple estimateofEarth’s “no-feedback” radiative response
to warming is given by the Stefan-Boltzmann law as λSB =
−4σTe

3, whereTe is a global effective emission temperature.
For Earth’s present climate, λSB ≈ −3.8Wm−2 K−1. The
“Planck feedback” widely used in analysis of climatemodels,
however, averages λP ≈ −3.3Wm−2 K−1. This 0.5 Wm−2
K−1 difference between λP and λSB is large compared to
uncertainty in the net climate feedback, yet it has not been
studied carefully. We find this difference arises mostly from
the convention of calculating the Planck feedback as the
top-of-atmosphere radiative flux change from vertically uni-
formwarming of the surface and troposphere, with strato-
spheric temperatures unchanged (justified by differing con-
straints on and time scales of stratospheric adjustment). The
Planck feedback is thusmasked for wavelengths absorbed
by the stratosphere. Other sources of difference between
λP and λSB include covariance of the spatiotemporal warm-
ing pattern and Planck feedback, nonlinearities of averaging
the derivatives of the Planck function – across wavelengths,
heights, and different locations – and a non-blackbody ef-
fect of temperature-dependent gas optical properties which
is included in the Planck feedback. These three additional
effects each have magnitude ∼0.1Wm−2 K−1, but tend to
partly cancel one another for Earth’s present climate.
K E YWORD S
Climate feedbacks, Climate change, Atmospheric radiation,
Planetary atmospheres
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1 | INTRODUCTION1

Analysis of global radiative energy balance in terms of forcings and feedbacks is a cornerstone in our understanding of2

global climate change. Key to such analysis is defining an appropriate “no-feedback” model for the response of global3

radiative balance to temperature change, to which one can add positive or negative feedbacks that amplify or dampen4

temperature change. The increase in blackbody radiation lost to space by awarmer atmosphere and surface provides5

a useful “no-feedback” model of climate change; this concept was introduced byHansen et al. (1984) and expressed6

in their work as the expected temperature change for a standard radiative perturbation corresponding roughly to a7

doubling of CO2. More recent studies (e.g., Bony et al., 2006; Soden andHeld, 2006; Zelinka et al., 2020) denote this8

“no-feedback” model as the “Planck feedback,” λP , and express it as the change in energy gain by the climate system9

per degree of warming (in units ofWm−2 K−1; note that we use an overbar, ·, to denote a global average). A natural10

estimate of the Planck feedback is given by the Stefan-Boltzmann law as λSB = −4σTe 3 ≈ −3.8Wm−2 K−1 (e.g., Bony11

et al., 2006), where Te ≈ 255 K is an effective emission temperature based on Earth’s average outgoing longwave12

radiation (OLR ≈ 240Wm−2, e.g., Loeb et al., 2018); we refer to this quantity throughout as the “Stefan-Boltzmann13

feedback” or “Stefan-Boltzmann estimate” (of the Planck feedback). Analysis of comprehensive general circulation14

models (GCMs), however, gives a Planck feedback of about −3.3Wm−2 K−1, which is 0.5Wm−2 K−1 more positive or15

destabilizing than the Stefan-Boltzmann feedback (Zelinka et al., 2020; Soden andHeld, 2006; Bony et al., 2006). This16

missing 0.5Wm−2 K−1 varies little among climatemodels, but has not been studied carefully and represents a notable17

gap in our understanding of Earth’s “no-feedback” climate response. This paper seeks to close this gap and account for18

the deviation between the global Planck (λP ) and Stefan-Boltzmann (λSB = −4σTe 3) feedbacks.19

A total deviation of 15% between λP and λSB might seem small, and decomposing this deviation into several20

components might seem like an exercise in splitting hairs – particularly since climatemodels agree so closely on the21

value of the Planck feedback. The implications would be striking, however, if the Planck feedback were 0.5Wm−2 K−122

more negative and all other feedbacks remained the same. Zelinka et al. (2020) show that the net climate feedback in23

climatemodels from the coupledmodel intercomparison project, phases 5 and 6 (CMIP5 and CMIP6) averages −1W24

m−2 K−1. Adding −0.5Wm−2 K−1 to this would reduce total climate sensitivity by a third, and dramatically reduce the25

intermodel spread in climate sensitivity as well. It seems imprudent to allow such a large unexplained gap in Earth’s26

“no-feedback” climate sensitivity to persist without a thorough understanding of why it arises, and uponwhat aspects27

of the climate system it depends. Note that an alternative definition of the Planck feedback that was closer to the28

Stefan-Boltzmann estimate would not alter global climate sensitivity or its intermodel spread, but would result in29

attributing that ∼0.5Wm−2 K−1 to some combination of other feedbacks, altering our view of their relative importance30

to climate change.31

The difference between global-mean Planck and Stefan-Boltzmann feedbacks could emerge as a result of differ-32

ences between their local values, or in the process of averaging either to obtain a global number. We begin by showing33

that the process of spatial and temporal averaging does not explain the bulk of the discrepancy, leading us to devote34

most of the paper to the difference between local values of λP and λSB .35

The global-average Planck feedback, λP , is calculated as a temperature-change-weighted average of local Planck36

feedbacks that depend on latitude, longitude, and time (i.e., λP = λP (φ, θ, t )). Pattern covariance between local Planck37

feedbacks and warming will cause the global-mean Planck feedback to differ from a simple average over space and38

time. This effect is similar to that discussed by Back et al. (2013) with regards to fractional changes in global-mean39

atmospheric water vapor with global warming. Using the temperature change pattern from several climate models40

together with a temperature kernel, we estimate below that this deviation due to “pattern covariance” between local41

Planck feedback and warming likely increases λP by only ∼0.08Wm−2 K−1 compared to the simple spatiotemporal42

Page 3 of 25 Quarterly Journal of the Royal Meteorological Society

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review

CRONIN ANDDUTTA 3

average of λP .43

Onemight also suspect that the nonlinearity of the Stefan-Boltzmann law could cause λSB , based on Earth’s mean44

outgoing longwave radiation, to differ markedly from the average across space and time of local column values of45

λSB = −4σT
3
e . However, we find below that the difference between these two quantities due to nonlinear averaging is46

very small – on the order of 0.01Wm−2 K−1.47

We thus turn to an examination of why even the local Planck feedback, λP , calculated following current conventions48

for GCMs, may differ from the local Stefan-Boltzmann feedback; we identify three contributing mechanisms. The49

dominant cause for the 0.5Wm−2 K−1 gap between λP and λSB lies in a widely-used convention to calculate the Planck50

feedback from climatemodel output: λP is based on the increase in OLR from tropospheric and surface warming only,51

with no stratospheric warming. This means that the Planck feedback has almost zero contribution from spectral regions52

where the stratosphere is optically thick –making it considerably less negative. We refer to this dominant source of53

deviation of λP from λSB as “stratospheric masking,” as the stratosphere partly masks the increase in tropopause flux54

from awarmer surface and troposphere.55

Two smaller terms also play a role in the deviation between local Planck and Stefan-Boltzmann feedbacks, and56

would remain if the Planck feedback included warming of the entire column, including the stratosphere. First, the actual57

increase in energy loss for uniformwarming of the whole column and surface is given by the nonlinear derivative of58

the Planck function with respect to temperature, integrated over a range of emitting temperatures (in height) and59

wavenumbers (ν̃); this nonlinearity means that the average derivative of the flux will not equal the derivative of the60

average flux. This local deviation of λP from λSB due to nonlinear averaging echoes the issue discussed above regarding61

local and global values of λSB , but turns out to be somewhat more important. Second, absorption coefficients of62

gases – both from line and continuum absorption – depend on temperature, even with fixed concentrations. This63

effect causes a deviation of λP from λSB due to “temperature-dependent opacity,” and was first discussed by Huang64

and Ramaswamy (2007). Using a line-by-line radiative transfer model, we find below that nonlinear averaging and65

temperature-dependent opacity each havemagnitude ∼0.1Wm−2 K−1, but tend to cancel for Earth’s present climate66

– although this cancellation is fortuitous and need not hold for dramatically different climate states or atmospheric67

compositions.68

Some readers may be surprised to learn that calculations of the Planck feedback usually neglect stratospheric69

temperature change. This convention appears to go back at least 15 years; Bony et al. (2006) express themethodology70

succinctly:71

Note that in GCM calculations, the Planck feedback parameter is usually estimated by perturbing in each72

grid box the tropospheric temperature at each level by the surface temperature change predicted under73

climate warming. Therefore this estimate does not correspond exactly to a vertically and horizontally uniform74

temperature change.75

This convention persists in most of themodern literature, particularly in feedback analysis that uses radiative kernels76

(e.g., Soden et al., 2008; Feldl and Roe, 2013; Zelinka et al., 2020). Some studies have accounted for stratospheric77

warming; for instance, Colman (2003) referred to a clear-sky temperature feedback of −3.9W m−2 K−1 as being78

calculated from “uniform increase in temperature throughout the atmosphere (including the stratosphere)” – note79

that his estimated feedback parameter is larger in magnitude than those from other studies (e.g., Soden and Held,80

2006; Zelinka et al., 2020). The assumption underlying the lack of stratospheric temperature change in GCM-based81

calculations of the Planck feedback is that the stratosphere is thermally decoupled from surface and tropospheric82

temperature change, and instead remains in radiative equilibrium in a perturbed climate. The new stratospheric83
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radiative equilibrium state, in turn, is more strongly modified by many forcing agents than it is by the temperature84

of the underlying troposphere and surface, and also respondsmore rapidly to perturbations than do the surface and85

troposphere. These properties of stratospheric radiative equilibrium have led to different conventions to attempt to86

include adjustment of stratospheric temperatures as part of the radiative forcing associatedwith a change in greenhouse87

gases (e.g., Hansen et al., 1997). Amore consistent choice for the Planck feedback would be to compute theOLR change88

due to a warmer troposphere and surface, while keeping the overlying stratosphere in radiative equilibriumwith the89

altered upward longwave flux at the tropopause. This choice would pose its own challenges, however, as it requires90

numerous offline radiative transfer calculations and could not be done easily with a standard radiative kernel.91

In this paper, we define and quantify the sources of the ∼0.5 Wm−2 K−1 deviation between Planck and Stefan-92

Boltzmann feedbacks. Throughout, we use a sign convention that negative feedbacks or deviation terms are stabilizing,93

whereas positive feedbacks or deviation terms are destabilizing. We begin by using climatemodel output and a widely-94

used radiative kernel froma climatemodel to examine how two artifacts of global averagingmight cause the global-mean95

Planck and Stefan-Boltzmann feedbacks to deviate from simple spatiotemporal means of their local values (Section 2).96

We then turn to the local deviation between λP and λSB , beginning with a description of how different deviation terms97

can be isolated from one another, and then describing numerical calculations with a radiative transfer model to perform98

this task (Section 3). Calculations for an example atmospheric sounding reveal the dominant role of stratospheric99

masking inmaking λP less negative than λSB , and the nontrivial but generally cancelling roles of nonlinear averaging100

and temperature-dependent opacity (Section 4.1). We explore how the deviation between λP and λSB depends on101

the surface and atmospheric temperatures, which shows that over a third of the difference in local Planck feedbacks102

between low and high latitudes on Earthmight be caused by a systematically smaller difference between λP and λSB103

for warmer surfaces, rather than solely by the variation ofTe with surface temperature (Section 4.2). We present104

calculations for an atmosphere with a dramatically different composition of greenhouse gases, which leads to different105

relative balances of the deviation terms (Section 4.3), and conclude with a discussion of limitations of this work and106

future directions (Section 5).107

2 | GLOBAL AVERAGING108

The global-mean Planck feedback, λP , is a weighted average of local feedbacks based on local temperature changes109

(in latitude, longitude, and time), so any covariance between the warming pattern and local Planck feedback will110

cause λP to differ from a simple (area-weighted) global average over space and time. Furthermore, the global-mean111

Stefan-Boltzmann feedback λSB = −4σTe 3 –whereTe is an effective emission temperature for the planet defined from112

global-meanOLR –will not generally match the global average of local Stefan-Boltzmann feedbacks. Thus, onemight113

suppose that local values of λP and λSB could match closely, and that the bulk of the discrepancy between global-mean114

values of the two quantities occurs due to these two artifacts of global averaging. In this section we show that only a115

∼0.1Wm−2 K−1 discrepancy can be explained by global averaging, leaving the bulk of the difference between λP and116

λSB to be explained by local deviation between λP and λSB .117

2.1 | Pattern covariance118

Most climatemodels showwarming patterns that maximize near the north pole in winter, where the Planck feedback is119

also anomalously positive, so we expect the temperature-change-weighted Planck feedback to be less negative than120

its simple area-averaged value. Quantifying this difference requires examining climatemodel output, together with121
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information about how the Planck feedback varies in space and time.122

Weuse the Soden et al. (2008) all-sky radiative kernel from the GFDLmodel, which has a spatial resolution of 2123

degrees latitude by 2.5 degrees longitude, 17 vertical levels, andmonthly temporal resolution. In order to calculate the124

local Planck feedback, we sum the temperature kernel from levels between the surface and tropopause, with tropopause125

pressure defined by the simple approximate expression pt pp = 300−200 cosφ hPa. We denote the temperature-change-126

weighted global-meanPlanck feedback asλP (1,1,1) , with the superscripts following theoverline indicating that covariance127

betweenwarming pattern and local Planck feedback is included for latitude, longitude, and time of year. Similarly, we128

denote the simple area-weightedmean Planck feedback as λP (0,0,0), to indicate that it includes no covariance between129

warming and local feedback. No warming pattern is required to calculate λP (0,0,0), as it represents the simple mean130

of local Planck feedbacks. Using the Soden et al. (2008) kernel, and with the tropopause defined as above, we find131

λP
(0,0,0)

= −3.263Wm−2 K−1.132

Weuse temperature change output from the abrupt CO2 quadrupling and historical scenarios of the ClimateModel133

Intercomparison Project, phase 6, taking the difference between the last 10 years of the abrupt 4×CO2 simulation134

and the first 10 years of the historical simulation to represent the temperature change pattern. We use themean and135

inter-model spread between 19models as representative of a predicted climate change warming pattern; themodels136

used are listed in Table A1. Monthly temperature change patterns are interpolated to the same horizontal grid as137

the radiative kernel to compute the covariance between the warming pattern and local Planck feedback. Averaging138

across these simulations, we find λP (1,1,1) = −3.185Wm−2 K−1 – about 0.08Wm−2 K−1 more positive than the simple139

mean λP (0,0,0). This leads us to the primary result of this section: the deviation of the global Planck feedback from a140

simple average due to covariance between the warming pattern and local feedback is a non-negligible 0.08Wm−2 K−1141

compared to the total 0.5Wm−2 K−1 gap between λP and λSB , but it cannot explain the bulk of the discrepancy. In142

Appendix A (and Table A1), we show that this term occurs mostly due to the covariance of Planck feedback andwarming143

in latitude, with secondary effects from the combined covariance of the two quantities in latitude and time of year, and144

negligible effects from including covariance in longitude.145

2.2 | Global averaging of the Stefan-Boltzmann feedback146

The global-mean effective emission temperature is defined based on the global-meanOLR, F0, asTe = (F0/σ)1/4. This147

implies that λSB = −4σ1/4F0
3/4. Local values ofTe , on the other hand, are defined using local outgoing fluxes F0, so148

the average of local Stefan-Boltzmann feedbacks is given by −4σ1/4F 3/40 . Since the 3/4 power is concave down, the149

Stefan-Boltzmann feedback based on global-mean OLR will always be more negative than the global-mean of local150

Stefan-Boltzmann feedbacks. Taking F0 = F0 + F ′0 , and expanding F 3/40 as:151

F 3/40 =
(
F0 + F

′
0

)3/4
≈ F0

3/4 *
,
1 +

3F ′0

4F0
−
3F ′0

2

32F0
2
+ ...+

-
, (1)

which gives a difference:152

−4σ1/4
(
F0

3/4
− F 3/40

)
≈ −4σ1/4F0

3/4 *.
,

3F ′0
2

32F0
2

+/
-
. (2)

In words, the relative error incurred by taking the global-average of theOLR first, rather than calculating local Stefan-153

Boltzmann feedbacks and then averaging them, is given roughly by 3/32 times the spatiotemporal variance of OLR,154
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6 CRONIN ANDDUTTA

divided by the square of the global-mean OLR. Using daily OLR observations from satellite (uninterpolated OLR155

data provided by the NOAA/OAR/ESRL PSL, Boulder, Colorado, USA, from their website at https://psl.noaa.gov/156

data/gridded/data.uninterp_OLR.html), we calculate F0 = 232.1Wm−2, and F ′02 = 1659W2 m−4, which gives an157

estimated error of 0.01Wm−2 incurred by globally averagingOLR before calculating the Stefan-Boltzmann feedback.158

The binomial expansion used here also turns out to be an extremely good approximation, with values of −4σF 3/40 and159

−4σF0
3/4(1 − 3

32F
′
0
2/F0

2) differing by less than 0.001Wm−2. To recap: we consider this ∼0.01Wm−2 artifact of global160

averaging of the Stefan-Boltzmann feedback to be negligibly important and do not discuss it further – for Earth, its161

value is so small because the 3/4 power is a weakly nonlinear function, and because the relative variation in OLR is small162

compared to its mean value.163

3 | LOCAL DEVIATION TERMS164

3.1 | Definitions165

The local difference between the Planck and Stefan-Boltzmann feedbacks can be attributed to three sources: strato-166

spheric masking, temperature-dependent opacity, and nonlinear averaging. Following GCM conventions, the Planck167

feedback λP is an integral over wavenumber ν̃ of the top-of-atmosphere flux change δF ν̃0 (where the subscript 0 indi-168

cates the top-of-atmosphere, and the superscript ν̃ indicates that the flux depends onwavenumber) per unit vertically169

uniformwarming of the surface and troposphere, denoted δTT . These flux changes can be further decomposed into170

contributions from the increase in Planck source function with warming (δF ν̃0 )Planck, and contributions from changes in171

gas optical properties (whichmay be either sign), (δF ν̃0 )optics:172

λP = −

∫ ∞
0


*
,

δF ν̃0
δTT

+
-Planck

+ *
,

δF ν̃0
δTT

+
-optics


d ν̃. (3)

Adding and subtracting λSB from the right-hand side (and writing its spectrally-resolved form as −πdB ν̃ (Te )/dT ), adding173

and subtracting the flux derivative per unit stratospheric temperature change due to the stratospheric Planck source,174

(δF ν̃0 /δTS )Planck (where δTS denotes only stratospheric warming), and regrouping terms, gives:175

λP = λSB −

∫ ∞
0


*
,

δF ν̃0
δTT

+
-Planck

+ *
,

δF ν̃0
δTS

+
-Planck

− π
dB ν̃ (Te )
dT


d ν̃︸                                                                   ︷︷                                                                   ︸

∆N

+

∫ ∞
0

*
,

δF ν̃0
δTS

+
-Planck

d ν̃︸                        ︷︷                        ︸
∆S

−

∫ ∞
0

*
,

δF ν̃0
δTT

+
-optics

d ν̃︸                       ︷︷                       ︸
∆T

. (4)

In equation 4, each underbrace defines a deviation term:176

λP = λSB + ∆N + ∆S + ∆T (5)
∆N : nonlinear averaging
∆S : stratospheric masking
∆T : temperature − dependent opacity.

The temperature-dependent opacity term is not included in the Stefan-Boltzmann feedback and represents physics177

of gas absorption coefficients that strengthen or weaken with warming – distinct from the variation of blackbody178

radiation with temperature. The stratospheric masking deviation is the derivative of the top-of-atmosphere fluxwith179
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respect to stratospheric temperature due to the changes in the stratosphere’s Planck source function – this term is180

“missing” from the standard definition of λP because stratospheric temperatures are held constant. The nonlinear181

averaging deviation is the difference between the whole-column changes in Planck source function with warming and182

the derivative of blackbody emission with respect to temperature, evaluated atTe . The nonlinear averaging deviation183

includes contributions both from nonlinear averaging over heights at a given wavenumber and nonlinear averaging184

across wavenumbers; in Appendix Bwe show that the former term is usually small.185

3.2 | Radiative transfer calculations186

We use calculations with the line-by-line radiative transfer model LBLRTM (Clough et al., 2005) to quantify λP , λSB ,187

and the three local deviation terms. We use a spectral resolution of δν̃ ∼ 0.01 cm−1 over the thermal infrared from188

ν̃ = 10 − 3500 cm−1 , so a few hundred thousandmonochromatic radiative transfer calculations are done for each profile.189

This allows for the effects of individual lines (typically with widths ∼0.1 cm−1 at sea-level pressure) to be resolved.190

Output is also averaged over 5 cm−1 intervals for purposes of plotting.191

Weuse a reference atmospheric profile with a surface temperature of 290 K, a moist pseudoadiabatic troposphere192

with 80% relative humidity, and a stratosphere with a constant lapse rate dT /dz = 1.8K km−1 above the height where193

temperatures fall to a specified tropopause temperature of 200 K (for this profile, 12.5 km). The surface pressure194

is set to 1000 hPa, and the 1000-hPa air temperature equals the surface temperature. The specific humidity in the195

stratosphere is set to a uniform 5 ppmv (similar to observedmid-stratospheric values; e.g., Oman et al., 2008), and the196

ozone profile follows the gamma distribution in pressure fromWing et al. (2018):197

qO3 = 3.6478 × 10−6p0.83209e−p/11.3515, (6)

where qO3 is the ozone volume mixing ratio, and p is the atmospheric pressure in hPa. The reference atmospheric198

profile includes 400 ppmv of CO2, and no other well-mixed greenhouse gases. These choices are intended to represent199

a compromise between a profile reasonably close to global-average conditions, while also being simple and easily200

generalized to different surface temperatures. The dry atmosphere is taken to be 79%N2 and 21%O2 (relevant for201

pressure-broadening of lines). The vertical grid spacing is 500m, fluxes are integrated to a height of 50 km, and gas202

absorber amounts are scaled by a factor of 5/3 to account for the slant path taken by thermal radiation through the203

atmosphere. We perform clear-sky calculations only, but will discuss later the potential impact of clouds.204

We use several calculations with the standard LBLRTM code, as well as with a modified code where the tem-205

peratures seen by gas optics only are increased by 1 K at all included levels, to isolate the contribution from each206

term:207

1. A top-of-atmosphere flux control calculation gives a reference infrared flux spectrum F ν̃0 and thus definesTe =208

(∫∞0 F ν̃0 d ν̃/σ)1/4 and λSB = −4σT 3
e .209

2. A tropopause-flux control calculation defines an infrared flux spectrum at the tropopause, F ν̃
T
(the subscript T210

indicating tropopause flux).211

3. A top-of-atmosphere flux, troposphere-cooled calculation uses tropospheric and surface temperatures 1 K cooler212

than the control calculation. The flux difference between this calculation and the control gives λP = δF ν̃0 /δTT213

following Equation 3.214

4. A tropopause-flux, troposphere-cooled calculation gives an estimate of δF ν̃
T
/δTT , from which we calculate the215
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(spectrally-resolved) stratospheric emissivity as:216

εS = 1 −
δF ν̃0 /δTT

δF ν̃
T
/δTT

. (7)

5. A tropopause-flux, troposphere-cooled calculation using themodified code to calculate gas optical properties from217

the control temperature profile. Comparing this calculation with the tropopause-flux troposphere-cooled calcula-218

tion (where gas optical properties also see the temperature perturbation) then allowsus to calculate (δF ν̃
T
/δTT )optics219

directly, and (δF ν̃
T
/δTT )Planck as the difference δF ν̃T /δTT − (δF ν̃T /δTT )optics . The top-of-atmosphere flux differences220

(δF ν̃0 /δTT )Planck and (δF ν̃0 /δTT )optics can then be calculated bymultiplying the respective tropopause flux differ-221

ences by (1 − εS ) to account for stratospheric attenuation.222

6. A top-of-atmosphere flux, full-column cooled calculation using themodified code to calculate gas optical properties223

from the control temperature profile. Comparing this calculation with the control case gives (δF ν̃0 /δTT )Planck +224

(δF ν̃0 /δTS )Planck, and thus allows us to isolate the change in stratospheric Planck source term by subtracting our225

previous calculation of (δF ν̃0 /δTT )Planck.226

4 | RESULTS FOR LOCAL DEVIATION TERMS227

4.1 | Reference atmosphere228

The outgoing longwave radiation shows absorption lines across the entire spectrum, but most strongly from a CO2229

rotational-vibrational band between 550 and 750 cm−1, from anO3 rotational-vibrational band near 1050 cm−1, from230

the pure rotational band of H2O at 0-500 cm−1 and a rotational-vibrational band of H2O from 1250-2000 cm−1 (Figure231

1a). This reference atmosphere has OLR=261.3Wm−2 (∼5-10Wm−2 smaller than the observed clear-sky global-mean,232

e.g., Loeb et al., 2018), an effective emission temperatureTe = 260.6K, and thus a local Stefan-Boltzmann feedback of233

−4.01Wm−2 K−1.234

A calculation with the surface and troposphere warmed by 1K, however, shows that the Planck feedback is less neg-235

ative than λSB by 0.52Wm−2 K−1: λP = −3.49Wm−2 K−1 (Figure 1b, red). The Planck feedback is nearly zero in parts of236

the spectrumwhere the stratosphere is optically thick, most notably in the CO2 andO3 bands, but also to a lesser extent237

in the stronger parts of H2Obands. The stratospheric masking deviation, ∆S (ν̃) = (δF ν̃0 /δTS )Planck, acts as a positive238

feedback in these spectral regions, and accounts almost entirely for the spectrally-integrated difference of 0.52Wm−2239

K−1 between λP and λSB (Figure 1b, blue). The temperature-dependent opacity deviation ∆T (ν̃) = −(δF ν̃0 /δTT )optics,240

integrates across wavenumbers to a small positive feedback of 0.07Wm−2 K−1, with positive contributions on the241

flanks of the CO2 andwater vapor bands outweighing negative contributions within the atmospheric window region242

(particularly from 800-1000 cm−1), where continuum absorption byH2Odominates over line absorption (Figure 1b,243

gold). The edges of CO2 andH2Obands have line strengths that depend particularly strongly on temperature because244

their lower-level states have high rotational quantum numbers and thus high lower-level energies, somolecular pop-245

ulations in the absorbing lower-level quantum state increase rapidly with warming. Continuum absorption, on the246

other hand, decreases with temperature if gas partial pressures are held fixed with warming. Note as well that the247

spectral features of our temperature-dependent opacity deviation term compare closely to the “absorptivity effect” first248

discussed by Huang and Ramaswamy (2007) (see their Figure 4). We find a smaller magnitude of∆T , possibly because249

Huang and Ramaswamy (2007) also include stratospheric warming. The nonlinear averaging deviation,∆N (ν̃), given by250

the difference between purple and black lines in Figure 1b, integrates to a small negative feedback of −0.06Wm−2 K−1251
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and thus almost cancels∆T .252

Cumulative integrals of each deviation in wavenumber (Figure 1c) make it easier to visually determine what regions253

of the spectrum contributemost to each term. The stratospheric masking term derives about ∼60% of its value from254

the CO2 band, and about ∼20% each fromH2O, andO3 bands (Figure 1c, blue). The temperature-dependent opacity255

term,∆T , derives about half of its value fromCO2 bands and half fromH2Obands (Figure 1c, gold). Finally, the nonlinear256

averaging term,∆N (given by the difference between purple and black lines in Figure 1b), has a largemagnitude across257

the spectrum, sincemost wavenumbers do not have brightness temperatures (T ν̃
b
) close toTe . The cumulative integral258

of ∆N shows that negative contributions in the atmospheric window region from 800-1300 cm−1, whereT ñub > Te ,259

are only partly offset by positive contributions in strongly absorbing bands of CO2, H2O, and O3, whereT ñub < Te260

(Figure 1c, purple). Notably, the positive contributions to∆N by strongly absorbing bands are not proportional to the261

greenhouse effect of each band, or the amount by which it reduces OLR. For example, the combination of the H2O262

rotational and CO2 rotational-vibrational bands contribute about 0.2Wm−2 K−1 to∆N , which is similar to the impact of263

the H2O rotational-vibrational band, but the two former bands have amuch larger greenhouse effect than the latter264

one. This mismatch arises because the high-wavenumber tail of the Planck function accounts for a much larger share of265

dB ν̃ (T )/dT as compared to B ν̃ (T ), so absorbers at high wavenumbers matter more in a relative sense for the Planck266

feedback than they do for OLR.267

4.1.1 | Calculations with RRTMG268

Line-by-line calculations show how each deviation term arises from specific absorption features, and avoids complica-269

tions from band-averaging of fluxes before or after evaluating flux derivatives. For computational efficiency, climate270

models typically use radiation parameterizations that approximately solve atmospheric radiative transfer equations at271

many fewer wavenumbers. For example, RRTMG (the Rapid Radiative TransferModel for GCMs, Clough et al., 2005)272

– a widely used scheme in climate models – uses the correlated-k approximation, in which the thermal spectrum is273

first broken up into broad bands (16 bands for RRTMG from 10-3250 cm−1; for example, one strong CO2 band spans274

630-700 cm−1), and a small number of full radiative transfer calculations are then performed by grouping wavenumbers275

in each band with similar gas absorption coefficients (called g -points). Thus, in RRTMG, only 140 radiative transfer276

calculations are done for each profile, and the temperature-dependence of absorption coefficients is implemented277

by lookup tables rather than by explicit calculations of line strengths. The benchmark accuracy of RRTMG relative to278

LBLRTM is ∼1Wm−2 for net longwave fluxes at any altitude (Clough et al., 2005). To test whether the approximations279

in RRTMG matter for the deviation terms, we have repeated the above calculations but using RRTMG rather than280

LBLRTM.281

For the reference atmospheric profile, agreement between the twomodels is good but not perfect. TheOLR and282

Stefan-Boltzmann feedback in RRTMG compare quite closely (within 1%) with the calculations from LBLRTM, and each283

deviation term in RRTMG alsomatches the sign and relative magnitude of that found in LBLRTM (Figure 2). The Planck284

feedback fromRRTMG, however, is more negative than that calculated with LBLRTMby 0.13Wm−2 K−1, with∆S and285

∆N both being slightly lower in RRTMG than in LBLRTM. The discrepancy is small for the nonlinear averaging term,286

and the use of band-averaged data in RRTMG limits our ability to explore it further. The stratospheric masking term287

seems smaller in RRTMG than in LBLRTM because the emissivity of the stratosphere in the O3 band and the wings288

of the CO2 band is underestimated by RRTMG. Such underestimation of stratospheric opacity, particularly in theO3289

band, is a documented error of the correlated-k approximation, likely associated with “blurring,” whereby the sorting of290

wavenumbers by absorption coefficient is imperfectly correlated at different heights in the atmosphere (Fu and Liou,291

1992).292
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Overall, the results of these calculations suggest that the radiative transfer code used inmany GCMs is sufficient293

to capture the physics and general size of the deviation terms discussed above, but that stratospheric opacity may be294

underestimated in GCMs that use RRTMGor other radiative transfer schemes with the correlated-k approximation.295

4.2 | Temperature-dependence of the deviations296

Is the latitudinal variation of λP mostly captured by variations inTe , or do the deviation terms also vary systematically297

with surface temperature? At high surface temperatures, we expect the stratosphere to be physically thinner and the298

value of the stratospheric masking term smaller, but it is less clear how the other two deviation termsmight vary with299

surface warming. To explore these questions, we use calculations with atmospheres over surface temperaturesTg300

ranging from 260-310 K, using both LBLRTM and RRTMG. Temperature profiles again follow a moist adiabat in the301

troposphere up to a tropopause temperature of 200 K, and temperatures increase with height at 1.8 K km−1 in the302

stratosphere. Tropospheric relative humidity, stratospheric specific humidity, CO2, andO3 profiles are all identical to303

the reference calculation.304

The Planck feedback varies more with surface temperature than does the Stefan-Boltzmann feedback, with λP305

becoming closer to λSB at high surface temperatures (Figure 3a). This greater sensitivity to temperature indicates306

that the sum of the deviation terms∆S + ∆T + ∆N becomes less positive with surface warming, and arises mainly from307

stratospheric masking and temperature-dependent opacity terms; nonlinear averaging varies comparatively little with308

surface temperature (Figure 3b). As the surfacewarms at constant tropopause temperature, the stratosphere thins,309

stratospheric emissivity decreases, and∆S decreases. Across all surface temperatures∆S is smaller for RRTMG than310

for LBLRTM, but the sensitivity to surface temperature is similar in bothmodels. The temperature-dependence of∆T311

occurs due to the competition between theH2O continuum, which decreases in optical thickness with warming, and312

other absorption bands, which mostly increase in optical thickness with warming. Continuum absorption becomes313

important only forTg ≥ 290K, switching the sign of ∆T from positive to negative: specifically, the continuum region314

from 800-1300 cm−1 contributes about 0.01Wm−2 K−1 to∆T for surface temperatures of 260-280 K, −0.03Wm−2315

K−1 forTg = 290K, −0.13Wm−2 K−1 forTg = 300K, and −0.2Wm−2 K−1 forTg = 310K.316

Using theTg = 260K andTg = 300K calculations from LBLRTM as representative of the pole-equator temperature317

difference on Earth, the difference between λSB values at these two surface temperatures is 0.7Wm−2 K−1, whereas318

the difference in λP is 1.09Wm−2 K−1. These results indicate that the deviation terms increase `dλP /dTg ` by over 50%319

as compared to `dλSB/dTg `. In LBLRTM, stratospheric masking accounts for about 60% of this greater sensitivity of the320

Planck feedback to surface temperature, temperature-dependent opacity accounts for 35%, and nonlinear averaging321

the remaining 5%. Calculations with RRTMG also show that `dλP /dTg ` exceeds `dλSB/dTg `, with the parameterized322

temperature-dependent opacity accounting for a larger fraction of the effect in that model. To our knowledge, this323

dependence of the Planck feedback on surface temperature, which is systematic and unrelated toTe , is a previously324

unrecognized facet of climate feedback analysis.325

4.3 | Dramatically different atmospheric states326

As an example of how a different atmospheric composition could alter the Planck feedback, we have done a calculation327

with all H2O removed from the reference case, but with increased concentrations of CO2 and amodified temperature328

structure tuned to give the sameOLR=261.3Wm−2 as the reference case. Themodified atmosphere has 19.5%CO2,329

noO3, a dry-adiabatic lapse rate in the troposphere, and an isothermal stratosphere at a temperature of 200 K. These330

choices give amarkedly different OLR spectrum: at wavenumbers of 200-500 cm−1, emission looks nearly like that of a331
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blackbody, but at higher wavenumbers, several CO2 bands (from about 550-800, near 950, 1100, 1250, and 1350 cm−1)332

cut deeply into the outgoingflux (Figure 4a). By construction, this example has the samevalue ofλSB = −4.01Wm−2 K−1 ,333

but now λP = −2.99Wm−2 K−1 , a further 0.5Wm−2 K−1 less negative than the reference case. Stratospheric masking is334

still the largest deviation term, with a value of 0.54Wm−2 K−1 (slightly larger than the reference case). Temperature-335

dependent opacity and nonlinear averaging deviations, however, differ muchmore relative to our calculations above:336

∆T = 0.39Wm−2 K−1 is larger by nearly a factor of six, and ∆N = 0.09Wm−2 K−1 has changed signs and increased337

slightly in magnitude. The stratospheric masking term is still large because the increased abundance of CO2 makes the338

stratosphere optically thick across more of the spectrum, which compensates for a smaller Planck source from a cooler339

stratosphere and lack of stratospheric opacity in H2Obands. The temperature-dependent opacity term is large because340

the flanks of the CO2 bands (near 550, 800, 950, and 1100 cm−1 in Figure 4) have line strengths that are particularly341

sensitive to temperature, and because there is no cancelling contribution fromweakening H2O continuum absorption342

with warming. Finally, the nonlinear averaging term is positive because the primary “atmospheric window” where343

T ν̃
b
> Te now lies at lowwavenumbers where the value of dB ν̃/dT is smallest relative to B ν̃ , and higher wavenumbers344

aremore evenly split between brightness temperatures above and belowTe .345

This example shows that difference between the Planck and Stefan-Boltzmann feedbacks could bemuch larger, and346

that the cancellation between temperature-dependent opacity and nonlinear averaging deviations found in the present347

climate need not hold for different atmospheric compositions. The deviation terms∆T and∆N in this example could348

be viewed as important positive feedbacks of their own, with their sum being comparable in magnitude to the surface349

albedo or cloud feedbacks in current climatemodels (e.g. Zelinka et al., 2020). This specific example also suggests that350

worlds with dry, CO2-rich atmospheres could show considerably greater climate sensitivity thanwewould estimate351

from the Stefan-Boltzmann feedback.352

5 | DISCUSSION AND CONCLUSIONS353

Using climatemodel patterns for warming and the Planck feedback from a radiative kernel, we have shown that the354

two possible artifacts of global averaging do not suffice to explain the ∼0.5Wm−2 K−1 difference between global-mean355

Planck and Stefan-Boltzmann feedbacks. We find that the covariance of warming pattern and local Planck feedbacks356

causes the global-mean Planck feedback, λP , to be about 0.1Wm−2 K−1 more positive than the simple areal average357

of local Planck feedbacks, and that nonlinearity of global averaging is insignificant for calculating the global-mean358

Stefan-Boltzmann feedback.359

Following on these results, we have used single-column calculations with both a line-by-line and a correlated-360

k radiative transfer model to show that the deviation between local Planck and Stefan-Boltzmann feedbacks can361

be accounted for by three deviation terms – related to stratospheric masking, temperature-dependent opacity, and362

nonlinear averaging. We find that stratospheric masking dominates, increasing λP relative to λSB by ∼0.5 W m−2363

K−1 near global-mean surface temperatures, with a smaller contribution at higher surface temperatures when the364

stratosphere is thinner and a larger contribution at lower surface temperatures when the stratosphere is thicker.365

Temperature-dependent opacity and nonlinear averaging each havemagnitudes of about 0.1Wm−2 K−1 but opposing366

signs; temperature-dependent opacity acts as a positive feedback whereas nonlinear averaging acts as a negative367

feedback near present global-mean surface temperatures. The stratospheric masking and temperature-dependent368

opacity terms both depend on surface temperature, making λP more sensitive to local surface temperatures than λSB is,369

and potentially accounting for over a third of themeridional variation in the Planck feedback.370

For Earth-like conditions, stratospheric masking is the largest deviation term between the local Planck and Stefan-371
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Boltzmann feedbacks. Stratospheric masking can be included in a simple view of the total clear-sky longwave feedback372

–which includes Planck, water vapor, and lapse rate components – by slightly reframing the central result of Ingram373

(2010). Ingram (2010), highlighting the seminal work of Simpson (1928), clarified that to first order, spectral regions374

where water vapor makes the atmosphere optically thick show almost zero change in outgoing infrared flux with375

warming (at constant relative humidity), while all other wavenumbers will show a ‘Planckian’ increase in flux with376

warming (following dB ν̃ (T ν̃
b
)/dT ). More recently, Jeevanjee et al. (2021) explicitly showed that this effect is naturally377

capturedwhen computing climate feedbacks with relative humidity held fixed. Accounting for stratospheric masking378

slightly revises this rule: any spectral regions that are not optically thick either to water vapor or in the stratosphere379

will to first-order show a ‘Planckian’ increase in fluxwith warming. Stratospheric optical thickness thus emerges as an380

important aspect of the clear-sky net longwave feedback, which to our knowledge has not been previously considered.381

There are at least two other possible conventions for the Planck feedback that eliminate the stratospheric mask-382

ing deviation term and thus lead to a much smaller difference of the Planck feedback from the Stefan-Boltzmann383

estimate. First, one could easily compute the Planck feedback from uniformly warming the whole column, including384

the stratosphere. Second, one could compute the tropopause flux changes from surface and tropospheric warming.385

We have done calculations for both choices, and found that ∆N and ∆T are each slightly larger in magnitude, but386

still largely cancel, leaving either of these alternative Planck feedbacks within ∼0.05Wm−2 K−1 of an appropriately387

defined Stefan-Boltzmann feedback. Both conventions are still confounded, however, by stratospheric adjustment. In388

the case of full columnwarming, the lack of stratospheric warming (or stratospheric cooling) associatedwith climate389

changewould appear as a positive component of the lapse-rate feedback rather than as a positive component of the390

Planck feedback. This choice might seem appealing as it captures the temperature change structure of the full column,391

but it is also potentially problematic because it could (if done without care) classify the adjustment of stratospheric392

temperatures to forcing agents as a feedback, even though it occurs much faster than surface temperature change. In393

the case of tropopause fluxes, a rigorous treatment would require also considering the effect on tropopause fluxes of394

stratospheric temperature adjustment to a warmer troposphere – a complement to the negative top-of-atmosphere395

feedback considered byWang andHuang (2020) that would instead appear as a positive “stratospheric temperature396

feedback” at the tropopause. If the stratosphere behaved as an optically thin gray absorber, then onewould expect the397

stratosphere to warm in response to an increase in absorbed infrared flux from below such that it radiated half of that398

perturbation flux upward and half downward – suggesting that this “stratospheric temperature feedback” might be399

about half the size of the stratospheric masking deviation∆S . However, the stratosphere is far from a gray absorber;400

the sensitivity of stratospheric temperature and top-of-atmosphere fluxes to tropopause flux changes is nuanced and401

depends on both the spectral distribution of stratospheric emissivity and the base-state stratospheric temperature402

profile. Neither choice of an alternative convention for calculating the Planck feedback provides a clear advantage,403

though both could clarify the role of the stratosphere in climate feedbacksmore explicitly, similar to the intended goal404

of our∆S .405

This paper has focused on clear-sky conditions; cloud cover would modify the magnitudes of some of the local406

deviation terms. The stratospheric masking term would be unchanged by clouds, since the stratospheric emission407

missing from the Planck feedback under the assumption of no stratospheric temperature change is entirely independent408

of (tropospheric) clouds. By reducing the outgoing flux and smoothing its spectrum towards that of a blackbody at409

cloud-top temperature, optically thick cloud layers – especially in the upper troposphere – would likely reduce the410

magnitudes of both∆T and∆N . Low clouds are unlikely to greatly alter the picture presented in this paper, though if411

they were to fall above amoist boundary layer with strong H2O continuum absorption in the Tropics, theymight make412

the temperature-dependent opacity termmore positive at high temperatures. Clouds could in some situationsmake∆N413

more positive bymodifying the part of the nonlinear averaging term arising from averaging over heights, as discussed in414
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Appendix B. This would be particularly likely for cold clouds of optical thickness ∼1, or in the case of a scene with partial415

cover by high thick clouds.416

A further uncertainty and possibility for inter-model spread in the Planck feedback arises from thewater vapor417

continuum. A decrease in water vapor continuum absorption with temperature (holding vapor pressure fixed) is418

empirically well-established, and incorporated into the prevailingMT_CKD continuummodel which is used by both419

LBLRTM and RRTMG (Clough et al., 2005), as well as bymany other radiation codes in climatemodels (e.g., Oreopoulos420

et al., 2012). Nevertheless, experimental studies disagree on how strongly continuum absorption decreases with421

warming (Cormier et al., 2005), and the physical mechanisms underlying the mid-infrared water vapor continuum –422

whether related primarily to water vapor dimers or to far wings of strong lines in rotational and rotational-vibrational423

bands – still remain controversial (e.g., Shine et al., 2012). Uncertainty in water vapor continuum absorption could424

impact the temperature-dependent opacity deviation term, especially at high temperatureswhere the continuum region425

dominates∆T .426

Do these findings matter for climate sensitivity and the sum of climate feedbacks? In a narrow sense, the answer is427

no; we havemerely explained aspects of the Planck feedback that, although poorly understood, are incorporated into428

climatemodel analysis and show relatively little inter-model spread. In a broader sense, however, this work clarifies429

how several properties of the climate system – stratospheric optical depth, temperature-dependence of absorption by430

greenhouse gases, and the location of spectral absorption bands andwindow regions –may appreciably alter Earth’s431

“no-feedback” climate sensitivity. These properties could differ considerably for climates of other worlds withmuch432

different atmospheric composition – as highlighted in Figure 4. They could also differ markedly for past climates, and433

theymay change to aminor but notable extent as humans continue to alter Earth’s atmospheric composition.434

The stratospheric masking deviation depends on stratospheric emissivity, which can be altered by anthropogenic435

greenhouse gases – including effects on stratospheric H2O fromCH4 oxidation. Using the same reference temperature436

profile as in Figure 1, a doubling of CO2, stratospheric H2O, and O3, lead to respective increases in ∆S by 0.05, 0.03,437

and 0.04Wm−2 K−1. The historical combination of small decreases in global stratospheric O3, together with increases438

in CO2 and stratospheric H2O (e.g., Solomon et al., 2010), has likely made the Planck feedback more positive due to439

increasing stratospheric opacity. Although these effects are small in the historical period, they will grow in the future440

and should be accounted for in feedback analysis of climatemodel simulations that use CO2 concentrations many times441

larger than present values. Stratospheric emissivity also differs appreciably between the two radiation codes that we442

used, raising questions about whether any systematic biases exist in stratospheric opacity in climatemodels.443

An increasingly popular choice, introduced by Held and Shell (2012) (and taken as the default by Zelinka et al.,444

2020), is to use relative humidity (rather than specific humidity) as a state variable in feedback analysis. Thus, the445

Planck feedback is calculated with vertically uniform tropospheric warming and constant relative humidity rather than446

constant specific humidity. This choice then incorporatesmuch of the water vapor feedback into the Planck feedback,447

which can be an appealing simplification if changes in relative humidity with climate warming or cooling are small (as448

mostmodels suggest), and also has the benefit of explicitly making the Planck feedback small in spectral regions that are449

optically thick to water vapor (Jeevanjee et al., 2021). Furthermore, computing the lapse-rate feedbackwith relative450

humidity fixed greatly reduces its magnitude, and eliminates the largely cancelling negative covariance across models451

in the (conventionally-defined) water vapor and lapse-rate feedbacks. Held and Shell (2012) note of this approach in452

closing that “a drawback is that one loses contact between the reference, ‘no feedback,’ sensitivity and the simplest453

textbook estimate based on Stefan-Boltzmann.” Our work above suggests that this contact is looser to begin with than454

has been commonly assumed, and thus breaking contact is perhaps not such a loss. A flip side of this point, however, is455

that not all of the difference between this “simplest textbook estimate based on Stefan-Boltzmann”, −4σT 3
e , and the456

Planck feedback computedwith relative humidity fixed, should be blindly attributed to water vapor feedbacks. All the457
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effects discussed above – stratospheric masking, temperature-dependent opacity, and nonlinear averaging – will still be458

embedded in the Planck feedback if it is computedwith fixed relative humidity.459

This paper has explored a subject that most climate scientists would likely consider so simple as to be trivial, and460

found hidden subtleties in the Planck feedback. These subtleties should be considered explicitly at the level of detail for461

which feedback analysis is conducted in climatemodels, and suggest reconsidering the convention of no stratospheric462

temperature change used in GCM calculations of the Planck feedback. In addition to providing a novel discussion of463

how the Planck feedback deviates from the negative feedback of a blackbody, this work also serves as a reminder that in464

the climate system, few things are as simple as theymay seem.465

466

APPEND IX A: DECOMPOS ING SOURCES OF PATTERN COVAR IANCE467

468

To identify the sources of pattern covariance betweenwarming and local Planck feedbacks, we can compute global-469

average feedbacks that include the structure of both quantities across some subset of the three dimensions (latitude,470

longitude, time) but not others. We first define the local warming ratio r (y , θ, t ) = ∆T (y , θ, t )/∆T (y ,θ,t ) as the ratio of471

local temperature change∆T (y , θ, t ) – dependent on the sine of latitude (y = sinφ), the longitude θ, and themonth of472

year t – to the global and annual-meanwarming∆T (y ,θ,t ). Parentheses following the overline symbol here indicate the473

dimensions over which the average is taken; e.g.,∆T (θ) would be the average of the temperature change over longitude,474

retaining dependence on latitude and time of year. Taking all combinations gives eight different global-average Planck475

feedbacks which either include or neglect covariance between the warming pattern and the Planck feedback over each476

of the three dimensions:477

λP
(1,1,1)

= λP r
(y ,θ,t )

λP
(1,1,0)

= λP
(t )
r (t )

(y ,θ)

λP
(1,0,1)

= λP
(θ)
r (θ)

(y ,t )

λP
(0,1,1)

= λP
(y )
r (y )

(θ,t )

λP
(1,0,0)

= λP
(θ,t )

r (θ,t )
(y )

λP
(0,1,0)

= λP
(y ,t )

r (y ,t )
(θ)

λP
(0,0,1)

= λP
(y ,θ)

r (y ,θ)
(t )

λP
(0,0,0)

= λP
(y ,θ,t )

r (y ,θ,t ) . (8)

Note here that λP (0,0,0) is the simple average previously defined, and λP (1,1,1) is the full temperature-change-weighted478

average including covariance of Planck feedback andwarming over latitude, longitude, and time of year. Subtracting479

λP
(0,0,0) from each gives a pattern covariance deviation ∆(·,·,·)

C
= λP

(·,·,·)
− λP

(0,0,0), with values for each term in each480

model shown in Table A1. Comparing the calculated values in Table A1 shows that latitudinal structure dominates481

the covariance of thewarming pattern and local Planck feedback. Temporal structurematters as well, but only when482

included together with latitudinal structure, and longitudinal structure is almost entirely negligible for the pattern483

covariance of warming and Planck feedback. To first order, one can think of the pattern covariance deviation term as484
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arising because warming and Planck feedbacks are larger at the poles than in the tropics, and to second order because485

both are also larger at the poles in (local) winter than in summer.486

487

APPEND IX B: ON THE NONL INEAR AVERAG ING TERMS488

489

The nonlinear averaging deviation term calculated above,∆N , does not distinguish between the relative importance of490

nonlinearity in averaging over heights, as opposed to averaging over wavenumbers. Following logic similar to that in491

section 2.2, an approximate power-law form of themonochromatic flux can be used to understandwhy the effect of492

nonlinear averaging over heights is generally small. The Planck function,493

B ν̃ (T ) = 2πhc2ν̃3

exp (
hcν̃
kT

)
− 1
, (9)

which describes the radiance of a blackbody at temperatureT (where h is Planck’s constant, c is the speed of light, and k494

is Boltzmann’s constant), can be approximated near a reference temperatureT0 by:495

B ν̃ (T ) = B ν̃ (T0)
(
T

T0

)α
(10)

α ≡
d logB ν̃ (T0)
d logT =

hcν̃

kT0

exp
(
hcν̃
kT0

)
exp

(
hcν̃
kT0

)
− 1
. (11)

(e.g., Jeevanjee and Fueglistaler, 2020). This exponent, α , approaches 1 for photonswithmuch less than average thermal496

energies (hcν̃/(kT0) << 1), and asymptotes fromabove to hcν̃/(kT0) for photonswithmuch greater than average thermal497

energies (hcν̃/(kT0) >> 1). Denoting the arithmetic mean of emitting temperatures at a single wavenumber asT , and498

departures from this emitting temperature asT ′, it can be shown that:499

dF

dT
=



bπB ν̃ (T0)
T α0


T α−1 ≈

[
απB ν̃ (T0)

T0

]
T
α−1 *

,
1 +

(α − 1)(α − 2)
2

(T ′)2
T
2

+
-

(12)
(
dF

dT

)
T (F )

=


απB ν̃ (T0)
T α0



(
T α

)1− 1α ≈ [
απB ν̃ (T0)

T0

]
T
α−1 *

,
1 +

(α − 1)2
2

(T ′)2
T
2

+
-
, (13)

where the latter approximation of each expression has used a Taylor expansion and retained only the variance of500

emitting temperatures but not higher-order terms, by assuming thatT ′/T is small. Even before each approximation,501

it should be clear that dF /dT < (dF /dT )T (F ), because α > 1 and thus (dF /dT )T (F ) is a concave function of the flux502

derivatives involved in dF /dT (e.g., with α = 4, (dF /dT )T (F ) is the 3/4 power of an average of the 4/3 power of the flux503

derivatives used to calculate dF /dT ). Using these approximate forms, the difference between the two terms is given by:504

(
dF

dT

)
T (F )

−
dF

dT
≈

[
απB ν̃ (T0)

T0

]
T
α−1



α − 1

2

(T ′)2
T
2


. (14)
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In a relative sense, this difference is very close to α−1
2 ((T ′)2/T 2), and thus depends on the variance of the emitting505

temperatures relative to the square of themean emitting temperature. Note that the result from section 2.2 is a specific506

example of this difference that can be recovered by using α = 4 and ((F ′)2/F 2) = 16((T ′)2/T 2). We can roughly estimate507

a typical relative deviation from themean emitting temperature based on how rapidly the logarithm of atmospheric508

temperature changes with the logarithm of monochromatic optical thickness (using the reasoning that emissionmostly509

occurs within one factor of e near τ = 1). Using the chain rule to express d logT /d log τ gives:510

`T ′`

T
≈
d logT
d log τ =

d logT
d log p ×

d log p
d log τ ≈

RΓ

g

1

β
, (15)

where Γ is the lapse rate, and use of β = d log τ/d log p follows Jeevanjee and Fueglistaler (2020). Applying this511

expression for a few examples showswhy the deviation of (dF /dT )T (F ) from dF /dT is typically small. For a well-mixed512

gas such as CO2, β = 2 due to pressure broadening; if emission is mostly tropospheric, we can take Γ ≈ 6.5K km−1 to513

obtain `T ′`/T ≈ 0.1, and thus a nonlinear averaging deviation on the order of 1-2% from averaging across heights. For514

wavenumbers where CO2 emits from the stratosphere, however, themagnitude of the lapse rate is greatly reduced and515

thus the deviation is smaller by about a factor of 10. For H2Oemitting from the troposphere, the larger value of β ≈ 5516

due to decay in H2O concentrationwith height leads to expected deviations on the order of 0.1% (andmade further517

smaller by the low values of α in the H2O rotational band). Note that the key parameter for the relative magnitude518

of this deviation term, α−12 ((T ′)2/T 2), can also be written as α−1
2α2

γ2, where γ = d logB/d log τ is the key parameter519

governing the validity of the cooling-to-space approximation (valid for γ << 1), derived by Jeevanjee and Fueglistaler520

(2020). The connection between neglect of thewithin-wavenumber nonlinear averaging term and the validity of the521

cooling-to-space approximation arises because both conditions hold best when the levels that emit to space have only a522

small variation in temperature (leading to small variations in the Planck source function).523

One plausible situation where nonlinear averaging across heights could bemore important would be the case of a524

high cloud of optical thickness ∼1 near the tropopause, in a spectral region with very low clear-sky optical thickness and525

a large value of α : in such conditions averaging across heights might introduce a deviation as large as 10% of the actual526

monochromatic flux change. This caveat noted, we conclude that nonlinear averaging across heights is generally a small527

deviation term, so∆N is mostly determined by nonlinear averaging across wavenumbers.528
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TABLE 1 CMIP6models used and decomposition of meridional covariance deviation for each.

ClimateModel Citation ∆(1,1,1)
C

∆(1,1,0)
C

∆(1,0,1)
C

∆(0,1,1)
C

∆(1,0,0)
C

∆(0,1,0)
C

∆(0,0,1)
C

Wm−2 K−1
ACCESS-CM2 Dix et al. (2019) 0.071 0.063 0.080 -0.002 0.072 -0.002 0.001
BCC-CSM2-MR Wu et al. (2018) 0.088 0.073 0.098 0.000 0.083 -0.001 0.002
BCC-ESM1 Zhang et al. (2019) 0.093 0.080 0.102 0.001 0.088 0.000 0.002
CanESM5 Swart et al. (2019) 0.081 0.069 0.086 0.002 0.074 0.001 0.001
CESM2 Danabasoglu (2019) 0.074 0.062 0.086 -0.001 0.075 -0.001 0.001
E3SM1.0 Bader et al. (2019) 0.080 0.074 0.088 -0.001 0.082 -0.001 0.001
FGOALS-f3-L Yu (2019) 0.103 0.085 0.113 0.000 0.094 -0.002 0.002
GFDL-CM4 Guo et al. (2018) 0.072 0.065 0.081 -0.002 0.074 -0.002 0.000
GISS-E2.1G NASA/GISS (2018) 0.052 0.042 0.058 -0.001 0.048 0.000 0.001
GISS-E2.1H NASA/GISS (2019) 0.080 0.067 0.093 -0.004 0.080 -0.005 0.001
IPSL-CM6A-LR-INCA Boucher et al. (2021) 0.072 0.066 0.078 0.000 0.072 0.001 0.001
KACE1.0-G Byun et al. (2019) 0.072 0.062 0.080 -0.001 0.071 -0.001 0.001
KIOST-ESM Kim et al. (2019) 0.042 0.029 0.049 -0.001 0.037 -0.002 0.001
MCM-UA-1-0 Stouffer (2019) 0.084 0.068 0.093 -0.001 0.078 0.000 0.000
MIROC6 Tatebe andWatanabe (2018) 0.049 0.039 0.059 0.001 0.049 0.000 0.002
MIROC-ES2L Hajima et al. (2019) 0.054 0.043 0.060 0.000 0.049 -0.001 0.001
MRI-ESM2.0 Yukimoto et al. (2019) 0.099 0.084 0.107 -0.002 0.093 -0.002 0.000
NESMv3 Cao andWang (2019) 0.095 0.085 0.099 0.001 0.090 0.000 0.001
NorCPM1 Bethke et al. (2019) 0.124 0.111 0.128 0.001 0.115 0.001 0.001
Multi-model mean 0.078 0.067 0.086 -0.001 0.075 -0.001 0.001
Multi-model std. dev. 0.020 0.019 0.020 0.001 0.018 0.001 0.001
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F IGURE 1 a) Outgoing infrared flux spectrumwith the line-by-line radiative transfer model LBLRTM, for an
atmosphere with a surface temperature of 290 K. The pink curve indicates monochromatic irradiances, and the red
curve irradiances averaged over 5 cm−1 wavenumber bands. Thin dashed lines from black to light gray show reference
blackbody spectra. b) Changes in radiative flux spectra for: 1K of troposphere and surface cooling (monochromatic
change in pink, average over 5 cm−1 bands in red), a 1K decrease in the temperature of a blackbody at temperatureTe
(black), a 1K decrease of the temperature for the Planck source function at all levels (purple), a 1K increase in
temperature for the Planck source function in the stratosphere (blue), and a 1K decrease in gas-optics calculations in
the troposphere (gold). Thin dashed lines from black to light gray show negative values of the derivative of the Planck
function for the same reference temperatures as in a). c) Cumulative integrals from 0 towavenumber ν̃ of each
deviation term. The value at the right-hand side of the plot indicates the full spectral integral of the deviation term∆,
and wavenumbers of greatest slope indicate areas most important to the term.
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F IGURE 2 a) Outgoing infrared flux spectrumwith the correlated-k radiative transfer model RRTMG, for the same
atmospheric temperature and trace-gas profiles as used in Figure 1. Thin dashed lines from black to light gray show
reference blackbody spectra. b) Changes in OLR flux spectrum for: 1K of troposphere and surface cooling (average over
bands in red), a 1K decrease in the temperature of a blackbody at temperatureTe (black), a 1K decrease of the
temperature for the Planck source function at all levels (purple), a 1K increase in temperature for the Planck source
function in the stratosphere (blue), and a 1K decrease in gas-optics calculations in the troposphere (gold). Thin dashed
lines from black to light gray show negative values of the derivative of the Planck function for the same reference
temperatures as in a). Total values of each deviation term are included in b).
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F IGURE 3 a) Planck λP and Stefan-Boltzmann λSB feedbacks over a range of surface temperatures, for calculations
with LBLRTM (solid) and RRTMG (dashed). b) Spectrally integrated deviation terms for stratospheric masking (∆S ),
temperature-dependent opacity (∆T ), and nonlinear averaging (∆N ) over a range of surface temperatures, for
calculations with LBLRTM (solid) and RRTMG (dashed).
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F IGURE 4 As in Figure 1 but for an atmosphere with noH2Oand instead 19.5%CO2; the temperature profile
follows a dry adiabat in the troposphere up to an isothermal stratosphere at 200 K. a) Outgoing infrared flux spectrum;
b) Changes in OLR flux spectrum for different cases and spectra of different deviation terms. c) Cumulative integrals
from 0 towavenumber ν̃ of each deviation term.
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