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ABSTRACT

SOLVING LARGE MDPS QUICKLY WITH

PARTITIONED VALUE ITERA TION

David Wingate

Department of Computer Science

Master of Science

Value iteration is not typically considereda viable algorithm for solving large-scale

MDPs becauseit convergestoo slowly. However, its performancecanbe dramatically

improved by eliminating redundant or uselessbackups, and by backing up states

in the right order. We present several methods designedto help structure value

dependency, and present a systematic study of companionprioritization techniques

which focus computation in useful regionsof the state space. In order to scaleto

solve ever larger problems,we evaluate all enhancements and methods in the context

of parallelizability. Using the enhancements, we discover that in many instancesthe

limiting factor of the algorithms is no longer time, but space. We thus evaluate

all metrics and decisionswith respect to cache performance. We generatea family

of algorithms by combining several of the methods discussed,and present empirical

evidencedemonstratingthat performancecanimprove by several ordersof magnitude

for real-world problems,while preservingaccuracyand convergenceguarantees.
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Chapter 1

In tro duction

This thesis systematically exploresthe idea of minimizing the computational e�ort

neededto compute the value function of a discrete,stationary Markov DecisionPro-

cessusing Value Iteration. The theme of our exploration can be stated generallyas

\backing up states in the correct order," and to accomplishthat, several methods of

di�ering complexity are presented and discussedwhich structure value dependency

and prioritize computation to follow thosedependencies.

The goal of this thesis is to solve large-scale,real-world MDPs quickly and accu-

rately. Traditional algorithms, although conceptuallysimple and easyto implement,

are incapableof producing such solutions, becauseof ine�ciencies. Theseine�cien-

ciesexist both in time (manifestedby prohibitiv ely long convergencetimes), and in

space(manifestedby excessive resourceconsumption and poor cache performance).

This thesisseeksto remedyboth problems,by quantifying ine�ciencies, designingso-

lutions to remedythe ine�ciencies, and by incorporating the solutionsinto a holistic,

uni�ed architecture.

Central to the thesis is an evaluation of several enhancements which we make

to standard Value Iteration (or VI). These enhancements are derived as potential

1



2 CHAPTER 1. INTR ODUCTION

remediesto observed ine�ciencies in the VI algorithm. To avoid redundant or useless

work, we evaluate the idea of prioritization , which focusescomputational e�ort in

regionsof the problem which are expected to be maximally productive. To manage

the overheadof prioritization, both in termsof time and in termsof space,weevaluate

the idea of partitioning , which aggregatesstates together and movesour algorithms

up a level of abstraction. To managethe ine�ciencies of partitioning, we evaluate the

idea of e�cien t intr a-partition update ordering, and study a low-cost way to generate

good orderings.

But the solution of truly large MDPs demandsmore. In addition to the basicen-

hancements mentioned previously, this thesisstrivesto ensurethat the enhancements

facilitate e�ective parallelization, which allows the resulting algorithms to scalefar

beyond single-machine capabilities. This thesis also exploresthe idea of on-demand

data, which quanti�es the bene�ts of the enhancements vis-a-vis swapping parts of

the problem to disk.

The existenceof e�cien t algorithms which quickly solve large-scalereinforcement

learning problemscould changethe RL research landscape. We anticipate that the

results of this thesiswill enablenew classesof reinforcement learning problemsto be

solved by commoditizing the solution to the current generationof hardest problems.

The abilit y to solve novel problems can in turn enable new types of applications

which usee�cien t reinforcement learning as a functional engine. And the existence

of high-quality solution engineswill in turn encourageresearchers to strive to solve

even more challengingproblemsthat are simply not feasiblewith current tools.

The results of the thesis are compelling. We demonstrate that the proposed

enhancements improve performanceby several orders of magnitude, while preserv-

ing convergenceand optimalit y guarantees. We demonstratethat the enhancements

function together harmoniously, becausethey improve performancein di�erent ways:
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algorithm designerscan incorporate one, several, or all of the enhancements. We

demonstratethat e�ective parallel versionsof the algorithms are possible. And we

demonstratethat one of the key contributions of the thesis, the H2 priorit y metric,

exhibits outstanding cache e�ciency .

1.1 Motiv ation of the Thesis

Value Iteration (or VI) is a robust and well-known method for computing the value

function of an MDP, but it doesnot scalewell for large problems. VI is pseudopoly-

nomial in the number of states and actions (Littman , 1996). Other known solution

options, such as greedypolicy iteration (Mansour and Singh, 1999), and linear pro-

gramming(Bertsekas, 1995), aresimilarly polynomial in the sizeof the representation

of the MDP and the discount factor. Although a polynomial time algorithm is gener-

ally considereda positive thing, it still represents prohibitiv ecomplexity for extremely

large problems.

The complexity of these methods can be problematic for anyone who needsto

computevaluefunctions quickly. For example,somevariable resolutiondiscretization

algorithms rely on an accuratevalue function to guide discretization decisions:they

must solve the MDP, then re�ne, then solve, then re�ne, etc. (Munos and Moore,

2002; Monson, 2003). Such methods are obviously bound by the time neededto

compute the value function. Modi�ed policy iteration (Puterman and Shin, 1978)

is similarly bound, becauseit usesVI to compute the value for a given policy, and

thus could bene�t from an e�cien t value iterator. Someresearchers may need to

tune unknown problem parameters with an experimental cycle: approximate the

parameter,solve the MDP, and analyzethe result. A cycle lasting even several days

is prohibitiv ely long, and limits the size of problems that can be solved. There is
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alsothe commonproblem in model-basedreinforcement learning of �nding a balance

betweenplanning and execution: ideally, an agent recomputesan optimal policy given

any changein its model of the environment. Unfortunately, �nding the optimal policy

for a given model is non-trivial, so an agent with limited time may not be able to

perform such a recomputation.

Two principal observations motivated this work. First, many backups performed

by VI can be useless.VI is almost a pessimalalgorithm, in the sensethat it never

leveragesany advantage a sparsetransition matrix (and/or sparsereward function)

may o�er. It always iterates over and updatesevery (s;a) pair, even if such a backup

doesnot (or cannot) changethe value function. An intuitiv e improvement is this: if,

on the previoussweep,only a handful of stateschangedvalue, why back up the value

of every state on the next sweep? The only useful backups will be to those states

which depend upon states that changedon the previoussweep.

Second,almost all backups are na•�vely ordered. For example,ordering the states

in an acyclic problem such that the rows in the transition matrix are triangular

(corresponding to a topological sort) yields a O(n) solution; but solving the same

systemin an arbitrary order yields an expectedO(n2) solution time. Additionally , as

information backpropagatesthrough a value function estimate, the optimal ordering

may change. Dynamically approximating an optimal ordering in an e�cien t way is

oneof the central issueswe examine.

1.2 Summary of Con tributions

This thesis makes seven signi�cant contributions to the �eld of computer science.

This section brie
y outlines them, but one of the most signi�cant contributions is

the fact that the contributions are all complimentary, and function harmoniously in
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a uni�ed architecture.

First, this thesisstudiesprioritization metrics systematically, comparingand con-

trasting them to each other. The idea of e�cien t computation applied to VI is not

new, but it has not received a dedicated treatment; most other papers have only

presented a metric in isolation, and labeledit asa heuristic to enhanceperformance.

Prioritized Sweeping(Moore and Atkeson, 1993), for instance,usesBellman error as

a priorit y metric, but we demonstratethat another equally simple metric (the \ H2"

metric) often performsbetter when usedappropriately.

Second,the thesis introducesthe idea of approximate prioritization , which is ac-

complishedprincipally through partitioning. This has the bene�t of managing the

complexity introduced with the priorit y metrics, which is an issueother researchers

have not addressed.Partitioning not only reducespriorit y queuemanagement over-

head,but it alsoreducesthe sizeof model inverseswhich arenecessary, and naturally

facilitates an e�cien t parallel implementation.

Third, the thesis beginsa study of hybrid prioritization metrics, which are com-

posedof several atomic metrics. The hybrid metrics (which occur implicitly in the

algorithms we present) often yield backup orderingswhich are superior to the order-

ings yielded by strict useof a singlepriorit y metric.

Fourth, the thesis introducesthe idea of \v oting," which is a low-cost method to

determinean intra-partition update order. The thesisempirically demonstratesthat

voting can improve algorithm performancetremendously, even with naive algorithms.

Fifth, the thesis introducesthe H2 priorit y metric. In addition to yielding better

backup orderings,and thereforebetter wallclock performancefor our algorithms, we

show empirically that the H2 metric exhibits outstanding cache e�ciency . Although

the principal focus of the thesis is on temporal e�ciency , this insight into spatial

e�ciency solidi�es H2 as the metric of choice for solving very large MDPs.
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Sixth, and somewhatin contrast to most asynchronousVI proofs of convergence

(such as Bertsekas, 1982, 1983; Gullapalli and Barto, 1994), the thesis contributes

proof that not every state needsto be backed up during each sweep in order to

maintain contraction and convergenceproperties. In fact, somestates may never

need to be backed up, which can have signi�cant impacts on the amount of e�ort

neededto solve a problem. An important result is the fact that no additional code is

necessaryto claim this bene�t: it is an emergent property of the algorithms.

Seventh, we present an e�ective parallel version of the algorithm, which demon-

stratesthat all of the improvements andenhancements proposed(such aspartitioning,

voting, and the priorit y metrics) work equally well in parallel and serial scenarios.

This implies that algorithm designersdo not needto trade any of our enhancements

for parallelizability, and can thereforefully leveragesupercomputing power.

Finally, although not a tangible contribution in the sameway as the others, this

thesis opens signi�cant new research directions as a result of the insights gained,

questionsposed,and resultsobtained. It is anticipated that many of the developments

in this thesiswill serveassolid steppingstonesfor evenmoresigni�cant contributions.

1.3 Outline of the Thesis

Chapter 2 (\Background") reviews introductory material on Markov DecisionPro-

cesses,value functions, policies, convergenceand contraction. We also review the

normal value iteration algorithm, which is the basic algorithm we enhancethrough-

out the thesis. Chapter 3 (\Related Work") brie
y points out related work. We

note here that very little work which is directly comparableto our algorithms has

beenproduced,mostly becauseof di�erences in the assumptionof model availabilit y.

Chapter 4 (\E�cien t Value Iteration") discussese�cien t value iteration and presents
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the basicalgorithmic enhancements wemake to normal valueiteration: prioritization,

partitioning, and intra-partition backup ordering. This chapter also introducesthe

key conceptsand de�nitions, and presents the central questionsof the thesis.

Chapter 5 (\The P-EVA Family of Algorithms") describes the P-EVA family of

algorithms in detail, discussingthe motivation of partitioning, the semantics of the dif-

ferent priorit y metrics, and how \v oting" computesa low-cost intra-partition backup

ordering. Chapter 6 (\P arallelization") presents a parallel versionof P-EVA, named

Parallel-P-EVA. This chapter discussesimplementation issues,presents sometheoret-

ical results, and contributes insights into appropriate domain decompositions. Chap-

ter 7 (\On-Demand Data") exploresthe cache behavior of the P-EVA algorithms,

focusingon the behavior generatedby the useof the di�erent priorit y metrics. This

idea is related to spatial e�ciency , and is designedto facilitate the solution to truly

largeproblems. Chapter 8 (\Algorithm Analysis") presents theoretical resultsrelated

to convergence,optimalit y, rates of convergence,and su�cien t subsets.

Chapter 9 (\Exp erimental Setup") discussesthe experimental domain of the the-

sis. Herewe discussthe test suite, the reasonthat we selectedminimum-time optimal

control problems,the methods that we useto discretizecontinuousproblems,and the

hardware that wasusedin various experiments. Chapter 10 (\Results") presents the

resultsof all of the experiments, and Chapter 11(\Conclusionsand Future Research")

presents conclusionsand future research possibilities.

The charts and graphs collected during the courseof the thesis are collected in

Chapter 12 (\Result Graphs"). Additionally , an on-line appendix is available, which

is described at the end of the thesis.
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Chapter 2

Background

This chapter presents introductory material on Markov DecisionProcesses(Section

2.1), the value function of an MDP (Section 2.2), policies (Section 2.2), the basic

VI algorithm (Section 2.3), Bellman error and alternative vector/matrix notation

(Section 2.4), and commonconvergenceand optimalit y de�nitions (Section 2.5). In

addition, this chapter introducesmost of the notation that will be usedthroughout

the remainder of the thesis. Someof the notation that is speci�c to our algorithms,

and not generalto all Markov DecisionProcesses,is reserved for Section4.2. We refer

the interestedreaderto Puterman (1994) for a more detailed and rigorous treatment

of the foundationsof MDPs, their properties, and solution algorithms.

2.1 Mark ov Decision Pro cesses

A Markov Decision Process is a tuple M = (S;A; Pr; 
 ; R) describinga stochastic,

evolutionary process.HereS�N is a �nite setof states,A� N is a �nite setof actions,

and Pr (s0js;a) (Pr : S � S � A ! < ) is a probability massfunction describingthe

probability of transitioning to state s0 given that the systemis in state s and executes

9



10 CHAPTER 2. BACKGROUND

action a. R(s;a) (R : S � A ! < ) is a function describingthe reward received by an

agent which executesaction a in state s. 
 2 [0; 1) is known as the discount factor.

At any given time, the systemis in somestate s 2 S. At each decisionepoch (for

our purposes,this meanseach timestep), the system can selectan arbitrary action

a 2 A from the set of available actions. Upon executing the action, the system

transitions to a random successorstate which is selectedaccordingto the probability

distribution Pr .

Each state and action has a reward associated with it. Since there are several

choicesof actions at each state, the goal is to determine which action yields the

highest expected reward. Somestate-action pairs may yield an immediate reward

of zero (or may yield negative rewards), but may transition the systeminto a state

wherea largepositive reward is possible.We thereforewant the systemto be able to

look an arbitrary number of stepsinto the future whendetermining how to maximize

its reward, but we wish the system to value immediate rewards (rewards that are

fewer stepsaway) more than long-term rewards. To bias the systemtowards closer

rewards, we discount future rewards by a factor of 
 for each step it takes to reach

them (recall that 
 < 1). In order to determine which actions produce the highest

expected discounted reward, we compute the value function of the MDP, which is

described below. This problem formulation is known asa discounted in�nite-horizon

optimalit y criteria. Other optimalit y criteria, such asBlackwell optimalit y (Blackwell,

1962), �nite-horizon reward, total reward, or averagereward criteria (Mahadevan,

1996), are also possible. For a thorough survey of optimalit y criteria, we refer the

readerto Littman (1996).

The \Mark ov" property of the processindicates that the transition probabilities

depend only upon the current state, and not upon any previous states . In other

words, it doesn't matter how the system arrived in the state that it is in { it only
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matters that it is in that state. Such systemsare sometimesknown as memoryless

systems(Kakade, 2003). The \Decision" property indicates that there is a choice

of actions in somestates. If there were no actions, we would simply have a Markov

Process.

2.2 The Value Function and Policies

The value function of an MDP M is mathematically de�ned as the solution to a

set of Hamilton-Jacobi-Bellman (HJB) equations. Theseequationsmathematically

describe the precedingsection. The agent must maximize the expected discounted

reward by selectingthe best action possible,as shown in Equation 2.1.

V(s) = max
a2 A

(

R(s;a) + 

X

s0

Pr (s0js;a)V(s0)

)

(2.1)

Clearly, the solution to this set of equations depends directly on the choice of

action in each state. This choice is known as a policy, which is formally de�ned as a

mapping (� : S ! A), and indicateswhich action an agent will executein each state.

We say that a given policy � induces a value function on the MDP, and will only talk

about solving this systemof equationswith respect to a given policy. Under a policy

� , Equation 2.1 becomesEquation 2.2.

V(s) = R(s; � (s)) + 

X

s0

Pr (s0js; � (s))V(s0) (2.2)

If n = jSj is the number of states in the MDP, then Equation 2.1 is a system

of n equationsand n unknowns. This system may be solved by Gaussianelimina-

tion, matrix inversion,Gauss-Jordanelimination, or any other linear systemssolution

method. However, all of thesemethods have a time complexity that is O(n3), which

meansthat solving the value function equationsdirectly is prohibitiv ely expensive.

Thus, most algorithms approximate the solution, as discussedin the next section.
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Typically, weare interestedin computing the optimal valuefunction. The optimal

valuefunction (denotedV � ) maximizesthe expecteddiscounted reward in every state,

and is induced by a corresponding optimal policy (denoted � � ).

2.3 Value Iteration

As noted, computing an exact solution to the system of equations in Equation 2.1

is prohibitiv ely expensive. Instead, most algorithms opt to approximate the correct

value function to within some accuracy � . To accomplish this, an algorithm will

generally begin with an arbitrary estimate of the value function, V0, and execute

somesort of algorithm to move the estimatecloserto the optimal value function. We

will subscript progressive value function estimateswith a time index (as in Vt ).

Value Iteration (Bellman, 1957) is an algorithm which successively approximates

the valuefunction, starting from an arbitrary initial estimate. The ValueIteration (or

VI) algorithm simply changesthe equality operator in Equation 2.1 to an assignment

operator:

Vt (s)  max
a2 A

(

R(s;a) + 

X

s0

Pr (s0js;a)Vt � 1(s0)

)

(2.3)

In VI, the agent iterates(or sweeps) over every state, and updatesthe valueof that

state accordingto Equation 2.3. VI canthereforebeviewed asgeneratingall one-step

optimal policies, then two-step optimal policies, etc., and is generally considereda

form of dynamic programming. In the limit, it is guaranteed to generatea policy

which is optimal with respect to an in�nite horizon. We say that when an algorithm

updates the value function estimate for a state s, it has backed up the value of state

s.

To facilitate compact notation, most researchers consideran algorithm such as

VI an atomic operator which operateson an entire value function estimate. The VI
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operator is usually written T, and using it, Equation 2.3 may be expressedas:

Vt = TVt � 1 (2.4)

The useof such notation, combined with the strict time subscripting, justi�es the

idea that all of the states are being simultaneously backed up in parallel. This is

why operators which do not back up all of the states in a given timestep are known

as asynchronous operators (Sutton and Barto, 1998). We also note that this form

of parallelism is more of a theoretical construct, and should not be confusedwith

actual massively parallel implementations which run on supercomputersor clusters

(as discussedin Chapter 6).

2.4 Bellman Error and Vector/Matrix Notation

When an algorithm such asVI backs up a state, the value function estimate for that

state will sometimeschange. The amount of changethat will occur, assumingthat a

backup were executed,is known as the Bellman error of the state:

B t (s) = max
a2 A

(

R(s;a) + 

X

s0

Pr (s0js;a)Vt (s0)

)

� Vt (s) (2.5)

Note that the Bellman error should not be considereda one-steptemporal di�er-

ence(Sutton, 1988): the Bellman error represents the amount of potential changeto

the value function, assumingthat a certain state was backed up, as opposedto the

actual di�erence between two value function estimatesseparatedby one timestep.

This subtle di�erence will be signi�cant in the context of any algorithm that does

not back up every state at each timestep; the algorithms we will introduceare of this

type. Pengand Williams (1993) called the Bellman error the prediction di�er ence.

We will let

M t = kB t (s)k
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be the largest potential update in the system. This quantit y is commonly called the

Bellman error magnitude (Williams and Baird, 1993).

Equations2.3and 2.5may be rewritten usingvector and matrix notation. Follow-

ing Puterman (1994), let d2D be a deterministic Markovian decision rule, de�ned as

a mapping d : S! A. Useof decisionrules allows us to simplify equations2.6 and 2.7

by extracting the max operator; we stress,however, that the maximum decisionrule

can be determinedcomponent-wise (if not, we would have to enumerate all possible

decisionrules). Sincereward functions and transition probabilities depend upon the

action selectedfrom each state, we will subscript them with a decisionrule. We note

that a decisionrule is simply a slightly more generalversionof a policy.

Using vector and matrix notation, VI and the Bellman error function can be

expressedas:

Vt = max
d2 D

f Rd + 
 Pd Vt � 1g (2.6)

B t = max
d2 D

f Rd + 
 Pd Vtg � Vt (2.7)

Using the Bellman error function, the VI operator may be equivalently expressed

as

Vt = TVt � 1 = Vt � 1 + B t � 1 (2.8)

2.5 Con vergence and Optimalit y

There are several questionswhich are important when evaluating the utilit y of a

solution algorithm such as VI. The two principal onesdeal with convergenceand

optimalit y. SinceVI successively approximates the solution to a systemof equations,

the �rst questionis, \will the algorithm eventually convergeto a singleanswer?" The

secondis, \which answer will the system converge to?" and \Is it the optimal an-
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swer?" Wewill brie
y show that VI doesin fact converge,and that whenit converges,

it convergesto the optimal policy and thereforeto the optimal value function.

A convenient proof of convergenceis carried out using max-norm analysis. First,

we de�ne what we meanby convergence.For our purposes,a value function estimate

hasconvergedif the systemhas reached a �xed point :

Vt = Vt � 1 = TVt � 1

A value function estimate V is a �xed point any time application of the operator T

doesnot changethe value function estimate.

We prove convergencefor any operator that is a contraction mapping, meaning

that it satisi�es the following equation:

kTv � Tuk � 
 kv � uk

(wherek�k is the max norm of a vector �eld, and v andu arevaluefunction estimates).

Intuitiv ely, this de�nition statesthat the largestdi�erence betweentwo valuefunction

estimatesshrinks as the T operator is repeatedly applied.

Becausethe largestdi�erence alwaysshrinksbetweentwo valuefunction estimates,

it is easyto show that contraction mappingsalways tend towards a �xed point. We

refer the interested reader to Puterman (1994) for details of the proof. It is easyto

show that for HJB systemsof equations,there is only one�xed point in the spaceof

all possiblevalue function estimates,and that this �xed point correspondsexactly to

the optimal value function estimate V � :

Vt = TVt+1 ) Vt = V � (2.9)

Next, we show that VI is a contraction mapping in max-norm. Recall that there

are two important properties of max-norm operators: �rst, that the max-norm of a
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scalaris just that scalar,and that the max-norm of a matrix is the largestrow-sumin

the matrix. Sinceall matricesinvolved hereare probability matrices,their max-norm

is simply equal to one. This yields the following proof:

Proof.

kTVt � TVt+1 k � 
 kVt � Vt+1 k

kVt+1 � Vt+2 k � 
 kVt � Vt+1 k

kRd + 
 Pd Vt � Rd � 
 Pd Vt+1 k � 
 kVt � Vt+1 k

k
 PdkkVt � Vt+1 k � 
 kVt � Vt+1 k


 kVt � Vt+1 k � 
 kVt � Vt+1 k

The idea of convergencein norm will be essential to the analysisof our algorithms in

Chapter 8.

Tangentially , we note that since this is a convergent system, the absolute value

of all eigenvalues � 1:::� n� 1 of the matrix de�ned by the value function are strictly

lessthan 1, with the singleexceptionof the dominant eigenvalue � 0, which is strictly

equal to one. The solution vector V corresponds to the dominant eigenvector of the

matrix de�ned by the system.



Chapter 3

Related Metho ds

This work is about the e�cien t backpropagation of correct value function estimates.

Other researchers who have investigated similar issuesof e�ciency have produced

results that are tangible and compelling, but their algorithms are not directly compa-

rable to ours becausethey have beendeveloped in the context of on-line, model-free

learning. Our algorithms, in contrast, explicitly assumethe availabilit y of a complete

model.

The di�erence in thesedomainsis signi�cant and shifts the emphasisof the work.

Model-free algorithms do not have the luxury of executing backups to states they

have not visited; model-basedalgorithms, in contrast, can executebackups to any

state, in any order. This fact freesus to examinedi�erent types of questions. For

example,most model-freealgorithms must content themselveswith backpropagating

information along experiencetraces,but there is no reasonto supposethat an expe-

riencetrace (played in any order) represents an optimal sequenceof backups. It is a

surrogatefor what is truly desired,which is the abilit y to digest the consequencesof

correctedvalue function estimatesasquickly and thoroughly aspossible,throughout

the entire problem. Thus, instead of examining questionsrelated to maximizing the

17
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utilit y of experiencetraces, this work examinesquestionsrelated to �nding globally

optimal backup sequences.

Therearethreeprimary classesof methodsthat researchershaveusedto accelerate

the backpropagation of correct value information. Algorithmically, these methods

form a poor basisfor comparison,but conceptually, they illustrate several important

points.

First is the classof trace propagation methods,such asTD( � ) (Sutton, 1988), Q(� )

(Pengand Williams, 1994), SARSA(� ) (Rummery and Niranjan, 1994), Fast Q(� )

(Reynolds, 2002) and ExperienceStack Replay (Reynolds, 2002). These methods

store a record of past experiences. As value function estimatesare corrected, the

changesare propagatedbackwards along the experiencetrace. Relative to VI, these

methods derive enhancedperformancepartly from backing up states in a principled

order (that is, backwards) and by only backing up a subsetof all states. The ideas

of principled ordering and partial sweepswill be central in this work.

Second,there are forced generalization methods, such as Eligibilit y Traces

(Singh and Sutton, 1996), PQ-learning (Zhu and Levinson, 2002) and Propagation-

TD (Preux, 2002). Thesemethods attempt to compute the value for a state based

on information that was not directly associated with an experiencetrace. States

selectedfor backup may have beenpart of a previousexperiencetrace, or may have

a geometricalor geodesicrelationship to states along the actual trace (this happens

implicitly with function approximators, but is forced to happen explicitly in these

tabular methods).

Third, there are prioritized computation methods, such as Prioritized Sweeping

(Moore and Atkeson, 1993) and Queue-DYNA (Pengand Williams, 1993). These

methods order the backups in a principled way by constructing priorit y queuesbased

on Bellman error. The idea of prioritizing backups is also central to our thesis,
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but thesemethods raise many questionsthat merit further study. It is from these

questionsthat our work springs.

Other researchershave consideredextensionsto the three basicclassespreviously

enumerated, but the extensionsdo not match our domain of interest. For example,

Andre et al. (1998) proposeda continuous extension to Prioritized Sweeping, and

Zhang and Zhang (2001) discussa method for acceleratingthe convergenceof VI in

POMDPs. Policy iteration has traditionally performed much better than VI, but

is problematic becauseit may require an exponential number of sweepsfor certain

families of MDPs (Littman , 1996). It is also well known that the dual of any MDP

can be solved by linear programming. However, Littman et al. (1995) point out that

\existing algorithms for solving LPs with provable polynomial-time performanceare

impractical for mostMDPs. Practical algorithms for solvingLPs basedon the simplex

method appear prone to the samesort of worst-casebehavior aspolicy iteration and

value iteration." Gordon (1999) provides a thorough survey of other MDP solution

techniques,such as state aggregation,interpolated VI, approximate policy iteration,

policieswithout values,etc.
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Chapter 4

E�cien t Value Iteration

There are three principal methods which we useto improve the e�ciency of VI, each

of which is discussedin detail in Chapter 5, and which are brie
y outlined here.

Following the outline, we will discusssomeissuesrelated to partial sweeps,and then

introducethe de�nitions and notation speci�c to our algorithms.

The �rst method we use to improve e�ciency is the prioritization of backups.

Essentially , insteadof na•�vely sweepingover the entire problem, we wish to work our

way backwards through the problem. We correct the value function estimate for a

state s by backing it up, and then correct the value function estimate for all states

which depend upon s. We use Bellman error to characterizehow useful any given

backup is, and then construct di�erent metrics basedon the Bellman error as the

priorit y in a priorit y queue. In this work, we exploretwo di�erent prioritization met-

rics atomically, aswell a hybrid metric (each having signi�cantly di�erent semantics),

and discussperformancecharacteristicsof all three.

Secondly, we employ the idea of a partition . Partitions, which are just sets of

states, improve e�ciency for three reasons. First, they enableapproximate priori-

tization. Demandingperfect prioritization of every state adds prohibitiv e overhead,

21
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becauseoncethe value for a state hasbeencorrected,each dependent state much be

extracted, reprioritized, and reinsertedinto the queue.For most priorit y queuealgo-

rithms, this results in several O(logn) operations. If a partition contains mutually

dependent states,then backing up statesin a high-priorit y partition is guaranteed to

back up the state responsiblefor the high priorit y, and automatically backs up other

high-priorit y states,without having to managethe priorit y queue.Second,partitions

enablesmaller inversemodelsto be used. Prioritization at a state level of granularit y

meansthat a full model inversemust be stored, becauseevery time a state changes

value, all of its dependents must be reprioritized. By moving to a partition level of

abstraction, the only dependents that needto be reprioritized (and whosetransitions

needto be stored) are the dependents in other partitions. Partitions should therefore

be constructedto minimize the number of these\cross-partition transitions." This is

why our algorithms are structured around priorities betweenpartitions. Third, par-

titions make hybrid prioritization metrics possible: the partition can be prioritized

\globally" using one metric, but the states within the partition can be prioritized

locally using a di�erent metric.

Sincewe are interested in performing backups in a correct order, the third and

�nal method we useis the idea of \v oting" on an intra-partition backup order. Code

and data organization stipulate that the states in a partition must be backed up in

someorder. Voting is a low-cost, high-yield method which allows states to direct

their own backup order.

4.1 Partial Sweeps

None of our algorithms actually have the concept of a full sweep in the sameway

that VI or policy iteration does. To avoid uselessbackups, our algorithms implicitly
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discard full sweepsin favor of structured, orderedpartial sweeps.This deservessome

explanation in terms of convergenceand complexity.

There are two distinct issuesforming the basisfor the complexity of VI. The �rst

is the most commonly analyzed: how many sweepsare required for � -convergence?

This question has already beenanswered in detail by Littman (1996). The second,

which hasbeenanalyzedlessfrequently, is this: what su�ces as a sweep?

Convergenceproofs for algorithms which compute the value function of an MDP

require an operator T that operateson a value function estimate Vt . This operator

must be a contraction mapping, meaningthat it must guarantee that:

kTv � Tuk � 
 kv � uk

(where k � k is the max norm of the function). In the traditional VI algorithm, the

operator is a full sweepover the valuefunction, backing up each state in the usualway

(seeEquation 2.3). This guaranteesthat the value function estimateVt will converge

by a factor of at least 
 to the optimal value function V � .

However, there is no stipulation that T operateon every state. This begsthe ques-

tion: what is the minimal number of backups requiredto ensuresuitable contraction?

Obviously, the answer dependson the problem. Onecaneasily�nd examplesof sparse

matrices whereone backup is su�cien t to force a contraction, but it is also possible

to show exampleswhere jSj backups are required (the traditional worst-casebound

describinga fully-connectedgraph). Of course,hardly any large, real-world problems

are actually fully-connectedgraphs.

We can not claim that the algorithms we have developed fundamentally change

the complexity (expected or otherwise) of VI. Nor can we claim that they improve

performancefor all problems;in fact, for someproblems,they perform worsedue to

overhead.But wedo claim, and demonstrate,that the algorithms remove tremendous
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ine�ciencies, and function extremely well as general-purposesolutions for practical,

large-scaleproblems.

4.2 De�nitions and Notation

This section introduces the speci�c de�nitions and notations that we will use to

formally describe our algorithms. Beforewe begin, we note that most of the notation

dealingwith partitions hasbeenstructured around sets. This wasdoneto emphasize

the fact that partitions can contain arbitrary states,which may or may not have any

relation to each other.

Our algorithms build di�erent prioritization metrics upon the Bellman error func-

tion. The �rst metric we will analyze,H1, is equal to the Bellman error itself:

H1 t (s) = B t (s)

The secondmetric is:

H2 t (s) =

8
>><

>>:

B t (s) + Vt (s) B t (s) > �

0 otherwise

The semantics of both of thesemetrics will be discussedmore fully in Section 5.2.

When it is not important which prioritization metric is used, we will use Ht (s) to

refer to a genericone.

Let P be a set of partitions which denotesa particular partitioning of the state

space,and let Np = jPj be the number of partitions. Let each p2P be a set of states.

Let Ps : S ! P be the mapping of states to the partitions that contain them. Each

P must tessellatethe set S by obeying two properties:

[

p2 P

= S and 8p1 ;p2p1 \ p2 = ;
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The state dependentsof a state is the set of all states who have someprobability of

transitioning to s, and thereforewhosevalue depend on the value of s. We de�ne it

as

SDS(s) = f s0 : 9aPr (s0js;a) 6= 0g

The state dependentsof a partition is the set of all states whosevalue depends on

somestate in the partition p. We de�ne it as

SDP(p) =
[

s2 p
SDS(s)

The partition dependentsof a state is the setof partitions which contain a state whose

value dependson s. We de�ne it as

PDS(s) =
[

s02 SDS(s)

Ps(s0)

The partition dependentsof a partition is the set of all partitions that contain at least

onestate that dependson the value of at least onestate in p. We de�ne it as

PDP(p) =
[

s2 p
PDS(s)

De�ne the priorit y betweentwo partitions as

HPP t (p;p0) = max
s2p\ SD P (p0)

H t (s)

Note that in general,HPP t (p;p0) 6= HPP t (p0; p). De�ne the priorit y of a partition as

HP t (p) = max
p0

HPP t (p;p0)

To simplify the following discussions,all of the MDPs consideredare positive

bounded (all rewards are positive and �nite). Creating a positive bounded MDP

can be accomplishedby adding a constant C to the reward function; sincethe value

function estimate will be initialized to 0, this ensuresthat 8tVt � V � . This doesnot



26 CHAPTER 4. EFFICIENT VALUE ITERA TION

changethe resulting policy, and, asZhang et al. (1999) point out, \the valuefunction

of the original [MDP] equalsthat of the transformed[MDP] minusC=(1� 
 ), whereC

is the constant added." This stipulation alsosimpli�es someof the boundsprovided

in Chapter 8.



Chapter 5

The P-EV A Family of Algorithms

This section introducesthe P-EVA family of algorithms. We begin with the the P-

EVA (\P artitioned E�cien t VAlue iterator") algorithm of Wingate and Seppi(2003)

as our base,and generatea family of algorithms by generalizingit accordingto the

techniqueswe discussin this thesis. To refer to the family in general,we will usethe

term \P-EV A," and we will refer to a speci�c variant within the family by su�xing

\P-EV A" with a mnemonicstring.

The next subsectionsdiscusspartitions, priorit y metric semantics, when to select

which priorit y metrics, when to select hybrid metrics, and how to compute intra-

partition backup orderswith voting. Figure 5.1showsthe completeP-EVA algorithm.

We note that the notion of a timestep is di�erent betweenP-EVA and value iteration

becausein P-EVA, only onestate is backed up at every timestep, but in normal VI,

every state is backed up.

Following is a sketch of the corealgorithm, which is commonto the entire family:

Initialization: Let V0 = 0. Partitions are processedaccording to a priorit y

metric, which is de�ned as the maximum priorit y of any state within the partition.

This implies that HP0(p) = maxa2 A;s 2p R(s;a).

27



28 CHAPTER 5. THE P-EVA FAMIL Y OF ALGORITHMS

Initialize by setting V0(s) = 0, H0(s) = maxa2 A R(s;a), HP0(p) =
maxs2 p;a2 A R(s;a).
Selectan initial partition p = argmaxp0 HP0(p0).

Repeat

1. Value iterate over p in the order dictated by voting

� � max = 0

� Repeat 8s2p

{ Vt+1 (s)  maxa2 A f R(s;a) + 

P

s0 Pr (s0js;a)Vt (s0)g
{ � max = max(� max ; Vt+1 (s) � Vt (s))
{ t  t + 1

� until � max < �

2. HP t (p)  � max

3. Update partition priorit y for all dependent partitions

� For each p0 2 PDP(p):

{ HPP t (p0; p)  0
{ hmax  0
{ For each s0 2 (p0[ SPD(p)):

� Update H t (s0)
� hmax = max(hmax ; H t (s0))

{ HPP t (p0; p)  hmax

{ HP t (p0)  maxp HPP t (p0; p)

4. Selectthe next partition p = argmaxp0 HP t (p0)

until M t=(1 � 
 ) < � , or until someother stopping criteria is reached.

Figure 5.1: The P-EVA algorithm with voting.
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Rep eat: Selectthe highest-priority partition p from the queue(p = argmaxp0 HP t (p0)).

Value iterate normally over all s2p in the order dictated by voting. Update the value

function for each s in the usualway. Repeat until � -convergence.Recomputethe pri-

orities of all statesthat dependedon any state within the partition (this is SPD(p)),

and recomputethe partition priorit y of each dependent partition (this is PDP(p)).

Un til: Terminate the algorithm when somesort of stopping criterion is reached.

This will be typically be an � -convergencetest such as that given in Section8.2.

5.1 Motiv ating and Scaling Partitions

The overhead of managing the priorit y queue is high. Each dependent must be

extracted, reprioritized, and reinserted into the queue,resulting in several O(logn)

operations per backup. Figure 5.2 illustrates this overhead empirically. On one

problem, although P-EVA with one state per partition backs up the value function

far fewer times than normal VI, it takesfar longer to solve the problem.

Two observations direct our solution. First, we can accept someback ups that

do not occur in strict priorit y order. Second,any single state (typically) depends

on multiple other states; it would be ideal to postponethe reprioritization of a state

until multiple dependencieshave beenbacked up. A good principle is to group states

together into sets,and to work on the sets,instead of individual states. This accom-

plishesboth goalsbecauseit e�cien tly approximates the backup order induced by

the priorit y metric, and it tends to ensurethat multiple dependenciesare resolved

beforemoving on.

The speci�c partitioning used navigates the trade-o� between uselessbackups

(there might be statesin the partition that did not needto be processed)and priorit y

queueoverhead(it is faster to update them anyway, becauseit takestoo long to �gure
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Figure 5.2: Performanceon MCAR as a function of problem size. Although P-
EVA with one state per partition (P-EVA/1) performs half as many backups as VI,
it takes far longer to complete. Priorit y queueoverheadaccounts for most of this
discrepancy. Adding more states to the partition greatly alleviatesthe problem: the
bottom graph shows that P-EVA with 400statesper partition (P-EVA/400) requires
only 0.5 secondsto solve the problem.
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5g

1-g 5
ACDE B

Figure 5.3: An example for demonstrating the di�erent backup orders of H1 and
H2.

out which onesare useless).Thus, running P-EVA with a singlepartition containing

all statesis equivalent to normal VI, while running it with a singlestate per partition

yields updatesin strict priorit y order (as we shall note later, this is not quite true in

the singlecasethat a state hasa loop to itself).

As shown in Figure 5.2, addingmorestatesto the partitions dramatically improves

performance. Both P-EVA/1 and P-EVA/400 perform fewer backups to the value

function than normal VI, but becauseP-EVA/400 eliminatespriorit y queueoverhead,

the time neededfor it to reach a solution drops by three orders of magnitude. The

astute readerwill note that, counter-intuitiv ely, P-EVA/400 performedfewer backups

than P-EVA/1. This behavior is exploredin Chapter 5.3.

The partitioning method usedin our experiments is described in the Chapter 9.

5.2 Prioritization Metric Semantics

This thesisexaminestwo di�erent prioritization metrics, each of which exhibits very

di�erent behavior. We encouragethe readerto refer to the on-line appendix to build

intuition regarding the di�erent priorit y metrics and the way that they propagate

information.

The H1 prioritization metric is the most obvious metric, and has been studied

before(although not in contrast to other metrics). Using it, P-EVA can be thought

of as a greedy reduction in the error of the value function estimate. This has the
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A B C D

Figure 5.4: An example topology for which P-EVA (with either metric) yields a
highly suboptimal backup order,but for which valueiteration yieldsan almostoptimal
backup order. State D is an absorbingreward state. Only one action is available at
each state. Transitions to other statesall have equalprobability.

tendencyto changethe estimatequickly throughout the state space,but it alsotends

to leave large regions only partially converged, and therefore does not necessarily

propagatecorrect policy information quickly.

The H2 metric has a very di�erent e�ect on computation order. The intuition is

this: if there is a value that is more than � away from its optimal value, the valuewill

eventually have to be corrected. Since large values (generatedfrom large rewards,

or small loops) have greater in
uence on the value function than small values, H2

convergeslarge valuesbeforepropagating their in
uence throughout the state space.

This tends to ensurethat regionsare fully convergedbeforeanything depending on

the region is processed.

Figure 5.3 illustrates the di�erence. State A is an absorbinggoalstate with reward

R. All other rewards are zero. In state B, the agent transitions to state A with

probability 1� 
 5, and back to state B with probability 
 5. Using the H1 metric, B is

backedup �rst, followedby C, D, then E. State B is then backedup again, followedby

C, D, then E. The value of state B will asymptotically approach R=(1 � 
 6); for each

update to B, an \information wave" must be propagatedbackward along the strand.

Using the H2 metric, however, B is repeatedlybackedup until R=(1� 
 6) � V(B) < � ,

at which point a single information wave will propagatealong the strand.
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5.3 Selecting Metrics

The results in Chapter 10 demonstratethat neither H1, H2, nor standard VI induce

an optimal backup ordering for all MDPs. However, each performs better than the

others for someproblems. The question of which metric should be used on a new

problemnaturally arises,but it is di�cult to �nd topologicalfeatureswhich accurately

predict the performanceof each metric. In fact, the bestmetric is a hybrid of all three,

as we shall see.

VI yields a very good backup order any time a problem is closeto being fully

connected.The obvious corollary is that VI is also very good for any subgraphthat

is closeto fully connected. Value iteration performs poorly any time the problem

exhibits strong linearity: this can be due to a large number of strongly connected

components, a large graph diameter relative to the number of nodes, or highly se-

quential dependencieswithin long loops.

The H1 metric performsbest in graphswhich havehighly sequential dependencies,

which occurs in acyclic graphsand in graphswith long loops. The H1 metric excels

at avoiding uselessbackups, but tends not to iron out feedback loops completely,

meaningthat stateswithin such loopsmust often be processedmultiple times.

The advantage of the H2 metric is more di�cult to quantify . H2 tries to ensure

that stateshave convergedbeforemoving on to thosestates' dependents. Conceptu-

ally, this is an appealing idea, but practically it is very di�cult to implement without

the addition of partitions: it needssomecyclesto generatea di�erent order than H1,

but does poorly with too many cycles. Figure 5.4 illustrates a topology for which

H2 is highly suboptimal, and Figure 5.5 shows performancevisually: H2 selectsone

state and \spirals" its value upwards, then selectsanother state and spirals, then a

third, and back to the �rst, in a loop. However, the optimal sequenceis to spiral all
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Figure 5.5: Performanceagainst the topology in Figure 5.4. The graph shows the
1-norm of the value function as a function of the update number. The \spiraling"
behavior of P-EVA-H2 is clearly shown: P-EVA-H2 selectsonestate and repeatedly
backs it up it until it converges. This implicitly happens with P-EVA-H1 as well,
becauseof Step #1 in the algorithm (seeFigure 5.1).
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three states upwards in parallel in a round-robin fashion, which implicitly happens

with VI.

H2 performsbestin a hybrid setting, which wewill shall illustrate usingFigure 5.6.

Each cloud represents a clusterof highly interdependent states(perhapsevenstrongly

connectedcomponents); clustersare weakly connectedto each other. The valuesof

stateswithin each cluster should be convergedbeforemoving on to processthe next

cluster, but within each cluster, standard VI should be employed. By themselves,

each metric performs poorly: VI performs uselessbackups by working on clusters

two and three beforeinformation haspropagatedback to them; H1 hasthe tendency

to prematurely move on to the secondand third clustersbeforethe �rst cluster has

converged, and H2 correctly prioritizes clusters, but functions poorly within each

cluster.

The desiredhybrid should selecta cluster and work on it until convergence,then

move on to the next cluster. This is exactly the way that the P-EVA algorithm

functions. Either H1 or H2 serves as a sort of meta-guidebetween partitions, but

within each partition, normal VI occurs(seeFigure 5.1, noting Step#1). This serves

to explain why P-EVA performs so well when using many states per partitions, and

why it performssopoorly when using just onestate per partition. It alsoprovides a

theory as to why H2 performs slightly worseon the double-arm pendulum problem

than H1: statesare highly interdependent, but partitions are highly interdependent

as well.

5.4 Backup Order Voting

P-EVA must value iterate over all of the stateswithin a partition until the Bellman

error drops below � . To optimize this step in the algorithm, we introducethe idea of
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3 2 1

Figure 5.6: An exampleillustrating whenhybrid metricsarecloseto optimal. Clouds
represent clusters of highly interdependent states. The P-EVA algorithm doesvery
well on problemsof this sort if partitions correspond to clusters.

backuporder voting.

To illustrate, considerthe MDP shown in Figure 5.7. The 
o w of valuedependency

in this problemis regular,which is a commonoccurrencein many problems. Assuming

that this systemwas updated from left to right, O(n2) backups will be required to

propagateinformation from the right-hand sideto the left-hand side. If, however, the

partition is updated from right to left, only O(n) backups will be required (of course,

this di�erence is signi�cant only when using Gauss-SeidelVI).

In this thesis,all partitions are hypercubes. The regular rectangular structure of

the partition implies that statesmay be backed up simply by iterating systematically

over the coordinates in the cube, in the much the sameway a program might iterate

over a multi-dimensional array. However, there is a choice to be made: in a given

dimension, should we iterate from lowest coordinate to highest coordinate, or from

highest coordinate to lowest?

Voting is the processof analyzing the transitions interior to the partition, and

allowing each state to vote on backup directions for each dimension. This operation

is facilitated by the experimental domain of the thesis: sinceall of the MDPs that

we considerare derived from continuoustime and continuousstate control problems,

each state has geometricinformation associated with it. This geometricinformation

enablesvoting to be donewith minimal overhead. Voting can thereforebe usedas a

surrogate for an intra-partition topological sort (which is not well-de�ned for cyclic
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R

Figure 5.7: An exampledemonstratinghow backup orderingcanimpact performance.

graphs).

It is important to note that most large problemsdo not generallyexhibit enough

dependencyregularity to make simple direction-voting schemeshelpful at the global

level. Empirically however, once a problem is decomposed into small subgraphs{

through a processlike partitioning{v oting improvesperformancesubstantially .

Admittedly , there are times whenvoting can hurt performance,but somebackup

order must be selected. Voting is a more principled method than relying on the

relatively arbitrary order prescribed by memory organization. Developing a more

generalmethod of voting that doesnot rely on geomtric information is an issueleft

to future research. Someideasare brie
y discussedin Chapter 11.
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Chapter 6

Parallelization

This chapter exploresthe results of combining partitioning, prioritization, and par-

allelization into a singleVI algorithm. A central point of the chapter is the fact that

algorithm designersdo not need to trade one enhancement for another. All three

are compatible, and even complimentary; the combination of any (or all) improves

performancewhile maintaining convergenceand optimalit y guarantees. We encour-

age the reader to refer to Wingate and Seppi (to appear 2004) for our most recent

research into this subject.

There are practical and theoretical problemswith the designof such a composite

algorithm. Sinceother chapters have focusedon prioritization and partitioning, the

focus here is on the parallelization, and the unique issuesresulting from a combina-

tion of all three ideas. Here,we answer questionsrelated to scalability and e�ciency

by contributing insights into the designand implementation issuesassociated with

parallelization. The most signi�cant insights relate to an e�ective domain decompo-

sition: we note that naive block-decomposition methods are unlikely to be e�ective,

becauseof the way in which prioritization focusescomputation on an \information

frontier." We therefore analyzea heuristic decomposition designedto balancepar-

39
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allelization and prioritization. Other questionsaddressedinclude the following: can

the idea of prioritized VI be e�cien tly implemented in parallel? Can the gainsof the

parallelization be quanti�ed? How doesa parallel, partitioned, and prioritized value

iterator compareto a parallel naive value iterator? In this Chapter, we discussthe

algorithm and enhancements, and we present experimental results in Chapter 10.

6.1 Parallel-P-EV A

The Parallel-P-EVA algorithm is a parallel versionof the P-EVA algorithm. The core

ideasremain the same,exceptthat the work is spreadout amongdi�erent processes.

This sectiondescribesthe algorithm in detail.

Before we describe the algorithm, we �rst note that the synergybetweenthe P-

EVA algorithm and the Parallel-P-EVA algorithm is substantial. In fact, we argue

that an e�ective parallel value iterator is possiblein part becauseof the designde-

cisions made and insights gained from the P-EVA algorithm. A partitioned value

iteration algorithm naturally enablesan e�cien t parallel value iteration algorithm,

becausepartitions can be assignedto di�erent processors,which allows them to op-

erate on di�erent parts of the problem in parallel. Sincepartitions are designedto

minimize the amount of storageand computation required to prioritize backups, the

samepartitioning naturally reducesthe amount of inter-processorcommunication in

a parallel algorithm.

In the Parallel-P-EVA algorithm, a set of partitions is created (the number of

which is greater than the number of processors,asdiscussedin the next section)and

divided amongthe processors.The processorsthen executesthe algorithm shown in

Figure 6.1 asynchronously. Each processormaintains a local priorit y queuewhich

prioritizes locally assignedpartitions. The processorselectsthe local partition p with
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Initialization

1. Partition the state space

2. Assignpartitions to processors

3. Coordinate dependenciesbetweenprocessors

4. Construct a priorit y queuefor partitions local to each processor

Rep eat (in parallel)

1. Selectthe highest priorit y partition p from the local queue

2. Value iterate over the stateswithin p, until the maximum change< �

3. Recomputethe priorities of local partitions depending on p

4. Inform foreign processorsabout new valuesof states in p

5. Processincoming messages:for each foreign partition f that has changed,

recomputethe priorities of local partitions that depend on states in f

Un til stopping criteria is met

Figure 6.1: Pseudocode for the the Parallel-P-EVA algorithm.
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the highest priorit y and value iterates over the states within it until they converge.

The priorities of local partitions depending on p are then updated, and the new

valuesof states within p are communicated to processorsthat needto be informed.

Naturally, there may besomepartitions which do not contain any stateswhosevalues

needto be communicated to a foreign processor.

The processorthen processesincoming messages,which are of two types. The

�rst type is \partition update" messages,which contain the valuesof statesin foreign

partitions that have changed.The secondtype is \termination" messages,which will

be explainedshortly. Of course,if no incoming messagesare waiting, the processor

may proceedto selectanother partition, and work on it normally. Once a proces-

sor has no more work to do (all local partitions have a priorit y that is below some

threshold), it informs a designatedmasterprocessorthat it is �nished, and blocks on

incoming messages.This is part of the distributed stopping criteria. Once all pro-

cesseshave reported that they have �nished, and that fact has beenveri�ed by the

master processor(someadditional checking to avoid a mild racecondition) termina-

tion messagesare sent to all processes.To avoid starvation, the maximum number of

incoming messagesthat will be processedis equal to the number of processors;once

those messageshave been processed,the processorreturns to working on the local

priorit y queue.

This architecture hasthe e�ect of allowing processorsto work independently when-

ever possible,but forcing synchronization when necessary. Of course,care must be

taken with certain messagepassinglibraries to avoid deadlock.

In a parallel value iterator, the issueof cross-processordependenciesis important.

It is possiblethat statesownedby oneprocessordepend on the valueof statesowned

by anotherprocessor.In fact, the priority of a local partition will often dependon the

value of statesowned by foreign processors.This necessitatesimportant stepswhich
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are unnecessaryin serial versions. First, in the initialization phaseof the algorithm,

all dependenciesare coordinated between processors. Each processormust inform

foreign processorsthat they wish to be updated when the value of a dependency

changes.Of course,the valueof a state will only changeoncea processorhasselected

a local partition and backedup the stateswithin it. Thus,after processinga partition,

a processormust communicate the values of states in the partition to all foreign

processorsthat dependon thosestates. This additionally implies that processorsmust

maintain somesort of cacheof the last known valueof a foreignstate, which addssome

spacecomplexity. Cross-processortransitions must be minimized for several reasons:

�rst, to simplify the coordination phase;second,to minimize the number and sizeof

messagescommunicated after processinga partition; and third, to minimize the size

of the foreign state cache.

6.2 Assigning Partitions to Pro cessors

There are several problematic issuesinvolved in the designand implementation of

the Parallel-P-EVA algorithm. Thesemay be divided into two broad categories:�rst,

therearetheoretical issuesrelatedto optimalit y, convergence,and appropriatedecom-

positions. Second,there are low-level issuesrelated to stopping, deadlock avoidance,

and e�cien t internal representation. Sincelow-level issuesare largely implementation

dependent, and discussionof them would detract from the focus of the thesis, they

will not be discussedin detail. The convergenceand optimalit y issuesare grouped

with similar issuesin the P-EVA algorithm, and are discussedin Chapter 8.

The most interesting problemsconfronting the Parallel-P-EVA algorithm involve

appropriate domain decompositions. There are two broad issues:�rst, how are states

allocatedto partitions? Second,how arepartitions allocatedto processors?The issue
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Figure 6.2: Moving from left to right, top to bottom: the \information frontier"
of the Mountain Car value function propagatesoutward from the primary reward.
Colors are not relevant to the point of the �gure. Theseimagesweregeneratedusing
a slightly modi�ed version of the Mountain Car reward function, as discussedin
Chapter 9.

of allocating statesto partitions is not treated in this work, for the following reason.

The focus of this chapter is exploring the generalbene�t of parallelization, and not

in tuning the many speci�c designchoicesinvolved. The barrier to entry of creating

principled partitions is quite high, and an adequatepartitioning can be constructed

simply by using the geometric coordinates of each state. This is a consequenceof

our experimental setup. The MDPs are derived from continuous state optimal con-

trol problems,and the stateshave associated coordinates in the original state space,

meaningthat partitions of highly relatedstatescanbegeneratedby gridding the state

space.Solving more generalMDPs for which geometricinformation is not available

is an important issuethat has been left for future research. It is anticipated that

existing k-way minimum-cut graph partitioning algorithms, such as recursive spec-

tral bisection (Alpert, 1996) or parallel multilevel partitioning (Karypis and Kumar,

1996) will be useful in partitioning such problems.

The issueof allocating partitions to processorsis more interesting, and is one of
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Figure 6.3: The assignment of partitions as a function of attractors. Shown is a top
view of the MCAR value function. Blue (dark) and green(light) colors indicate as-
signment to processoroneand two, respectively. Shown are the resulting assignments
for (upper-left to lower-right) 1, 5, 10, 20, 50, 100,200,and 1000attractors per pro-
cessor. The more attractors are added, the more random the partition assignment
appearsto be.

our focuses.The di�cult y is �nding a balancebetweenparallelismand prioritization,

and is best explained through an example. ConsiderFigure 6.2. Shown are frames

in the evolution of the MCAR value function, demonstrating the backpropagation of

value information throughout the state space. This value information travels as an

\information wave." Formally, this information wave is dV=dt. If desired,the reader

may refer to Chapter 9 for a a detailed description of the MCAR problem.

The prioritization metrics are designedto focus computation on the crest of the

wave, betweenthe region of not-yet-processedand already-converged. The problem

lies in the fact that a traditional block decomposition will not yield good paral-

lelization. As an example,considersolving the MCAR problem with two processors.

Assumethat the problem was divided into roughly equal blocks named A and B

(as shown in the upper-left imageof Figure 6.3), and that block A (on the left) was

assignedto processorone, and that block B was assignedto assignedto processor
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two. This decomposition would perform quite poorly: processorone would start o�

idle, while processortwo would drive the information wave from the primary reward

until it exited block B and entered block A. Processortwo would then be largely

idle, while processoronedrove the information wave around the curve, and back into

block B. Finally, processorone would be idle, as processortwo completedpushing

the information wave through the state space.

The foregoingexamplesuggeststwo ideas. First, it is clear that the ideal scenario

is to have all processorswork on the information frontier in parallel, but this is

di�cult to do, since it is not known in advance how the information frontier will

progressthrough the state space.Second,it seemsclear that creatingmorepartitions

than processorsmay allow the processorsto always be working in parallel (for a

variety of technical reasons,we do not considerthe dynamic allocation of partitions

to processors;partitions are allocated onceduring initialization, although this idea

represents a signi�cant direction for future research). This suggeststhat a fully

randomallocation of partitions to processorsmay bea viable solution, but intuitiv ely,

it seemsthat this would createlittle cohesionbetweenpartitions, and would result in

prohibitiv e inter-processorcommunication.

At one extreme of the decomposition, therefore, is a full block decomposition,

where the state spaceis divided equally among processorsin large contiguous re-

gions. At the other extremeis a fully random allocation. To explorethis continuum,

we introduce the idea of \attractors," which are essentially nodes in a radial basis

function. Weallocaten attractors per processor,and scatter them randomly through-

out the state space.To assigna partition to a processor,the partition's distanceto

all of the attractors is computed;the partition is assignedto the owner of the nearest

attractor. This e�ectively computesa Voronoi tessellationof the space.Adding more

attractors makesthe assignment more random, asshown in Figure 6.3.



Chapter 7

On-Demand Data

The algorithmic enhancements we have discussedhave all represented improvements

in temporal e�ciency . They improve the running time of the algorithm, but do soat

the expenseof extra space.One of the most signi�cant results of the thesis(which is

discussedin detail in Chapter 10) is the fact that our algorithms are so temporally

e�cien t that the factor limiting the sizeof problemswhich can be solved is no longer

time, but RAM.

This chapter brie
y exploresone idea related to spatial e�ciency , which is \on-

demanddata." As we scaleto solve larger and larger problems,we becomeunable to

storeall of the model information and supporting data structuresin RAM. Sinceall of

our algorithms operateat the partition level of granularit y, and any given machine is

only processingonepartition at any time, there are largeamounts of RAM which are

not actively in use. This implies that we may be able to discardsomeinformation for

inactive partitions, and then recall it (or regenerateit) \on-demand" { that is, when

we decideto processthe partition. There are two options: recomputethe discarded

data, or cache it on disk. Section7.1 explainsboth ideasin depth.

As problem sizesgrow larger and larger, algorithms eventually must make use
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of someform of an \on-demand" strategy. An important aspect of the behavior of

our algorithms, therefore, is whether or not they facilitate good cache performance.

Although we will not study the idea of on-demanddata asthoroughly asother ideas,

we feel that it is important to examinethe idea brie
y , becauseit contributes signif-

icantly to the overall goalsof the thesis. There are several reasonsfor this. First, it

allows us to solve ever larger MDPs, which is one of the goalsof the thesis. How-

ever, the most signi�cant reasonis becausegood cacheperformance for non-predictive

cachesis only madeviableby prioritized partitioning .

During the courseof the many experiments run for this thesis, we noted a very

important fact. For almost all problems, the average number of times any given

partition is visited is quite low { usually lessthan ten. Consideringthat normal VI

usually requireshundreds or thousandsof sweeps(each of which must touch every

partition), this implies that the localization and focusof computational e�ort through

prioritization is what makese�ective caching of partition data possible.

Thus, when we evaluate the utilit y of various enhancements, we will add \cache

e�ciency" to the list of performancecriteria. For example,in most experiments, the

H2 priorit y metric outperforms the H1 metric. Sometimesthe H1 priorit y metric

does better, but only in terms of wallclock time. H2 always yields better cache

e�ciency .

7.1 Writing to Disk vs. Recomputing

As mentioned previously, there are two possiblevariants of \on-demand data." This

sectionexplainsboth in detail.

By far, the largest consumerof RAM is the model information, which consistsof

several sets(oneper action) of transition probabilities for each state. This impliesthat
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two RAM management strategiesarepossible:�rst, sinceall of the model information

is derived directly from systemdynamicsmodels (as discussedin Chapter 9), it may

be possibleto discardmodel information until it is neededto processa partition, and

then recomputeit on-demand.This option su�ers from a lack of generality, because

it doesnot apply to any MDP which is not derived from a systemdynamicsmodel.

The secondoption is a more traditional approach, which is to store the data on disk,

and read it back on-demand.

This thesisexploresthe secondoption, for several reasons.First, as noted, is the

issueof generality. Second,several preliminary benchmarks indicate that although

prioritized, partitioned value iteration makes the recomputation more feasible, re-

computing transition information is still too expensive compared to a disk-based

approach. On the MCAR problem, for instance,P-EVA computestransitions at the

rate of about onetransition every 0.0000812seconds.Assumingthat therewereabout

100 states in a partition, computing all of the transition information for a partition

would require about 0.008seconds.However, this is the averageseektime for stan-

dard hard disks, which is the primary latency factor for reading data from disk. In

this situation, either option is basically equivalent, but if the transitions were more

expensive to compute(as is the casefor the triple-arm pendulum), or partitions were

to consistof several hundred (or even thousand)states,readingthem from disk would

always yield the best performance.

7.2 Normal VI and Predictiv e Caches

As a baseline,it is important to considerthe cache behavior of normal VI, using a

caching variant of on-demanddata. Normal VI exhibits pessimalbehavior for non-

predictive caches, becauseas it iterates over a problem, it touches each partition
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once,and then moves on to the next partition. It never revisits a partition until it

has visited every other partition in the problem. Assuming a cache strategy that

kicks out the least-recently-used element, any cache smaller than the entire problem

will always yield a hit ratio of zero.

It is possibleto improve this performancethrough the useof a predictive cache,

since the order in which partitions will be accessedis known a priori. This is very

feasible,and could probably be tuned to provide almost optimal cache performance.

In addition, data readscould be executedin threadsthat wereconcurrent to the main

program, to ensurethe least amount of blocking possible.However, such a predictive

cache will not be exploredfurther, either for normal VI or for any of our algorithms.

Such a study would detract from the goal of the thesis, and would complicate the

experimental matrix considerably. The many issuessurrounding predictive caches

represents an excellent research spacethat we leave for future work.

Instead, we wish to limit our evaluation strictly to non-predictive caches. The

reasonwe discussthe di�erence betweenpredictive cachesand non-predictive caches

is becausemost virtual memory managersemploy someversion of a non-predictive

cache (although technically someVMMs can pull blocks o� disk that are spatially

related to the requestedblock, such locality on disk doesnot necessarilycorrespond

to locality in the problem space). Assuming that an algorithm designerallowed the

operating systemto perform all caching (probably by writing memoryblocks to swap

space),the performanceof our algorithms under such a non-predictive cache would

be important.
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7.3 Information-F ron tier-Only Statistics

The �nal observation we make relative to on-demanddata relates to the intrinsic

cacheability of a problem.

In the P-EVA algorithm, there are two di�erent times that partitions are needed.

The �rst happenswhen a partition p is extracted from the priorit y queueas having

the highest priorit y. p becomesthe working partition, and if it is not in cache, it

must be retrieved from disk. We term thesethe \information-fron tier-only" partition

accesses,for reasonsexplainedbelow. However, there is a secondtime that partitions

are needed. When we have �nished processingp, we must recompute the priorit y

of any partition d that depends upon any state in p, meaning that the transition

information for certain statesin d will be needed.This in turn meansthat if d is not

in cache, it must be read from disk. We term these\auxiliary partition accesses."

Currently, the P-EVA algorithm pulls the entire contents of d out of the cache

for each auxiliary access,but this is not strictly necessary. It is possible(and even

probable) that not all statesin d depend upon somestate in p, so it may be possible

to pull out only the necessarystates. Although disk latency may still be a factor, this

may be reducethe time neededby the disk read. Or, it may be feasibleto recompute

the transition information for just the states in d that depend on somestate in p,

instead of recomputing the entire partition.

The distinction between\information-fron tier-only" and \auxiliary" partition ac-

cessesis signi�cant for another reason. Although we do not pursue this idea in this

thesis, it may be possibleto approximate the priorities betweenpartitions, insteadof

recomputing them exactly. Such an approximation may not require all of the tran-

sition information in the d partition, which meansthat an auxiliary partition access

may not be necessary.
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We bring this up to illustrate that there are two di�erent measuresof cache per-

formance: �rst, there is the cache performanceof the algorithms as they stand, and

second,there is the intrinsic cacheability of the problem itself. Of course,both mea-

suresmust be taken with respect to a given priorit y metric.

Counting auxiliary partition accessesdramatically changesthe cache performance

characteristics of our algorithms. For that reason,the results in Chapter 10 report

two setsof cache e�ciencies, onewhich includesthe auxiliary partition accesses,and

the other which doesnot.



Chapter 8

Algorithm Analysis

In this section,we analyzethe properties of the P-EVA algorithms under either pri-

ority metric, with partitioning, and in a parallel scenario. We present proofs and

equations for the maximum di�erence and stopping criteria (Section 8.2), conver-

gence(Section 8.3), rates of convergence(Section 8.4), and present someresults on

su�cien t subsets(Section 8.5).

8.1 Analysis Notation

For this section, we adopt the more conventional timestep notation where t is in-

cremented once per sweep. Let n = jSj. Let kVk1 =
P n

i=0 jVi j be the 1-norm

(or Manhattan norm) of the vector V, which contains the valuesof all states. Let

E t = kV � � Vtk1 be the true sumerror of the value function estimate. All vectorswill

be column vectors.

As noted in Section4.1, most of our algorithms executepartial sweeps,asopposed

to full sweeps. Supposethat, instead of backing up all of the states in the problem,

only a subsetp is backed up. To accomplishthis notationally, we begin by de�ning
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the selector matrix of a set p of statesat time t as the n x n diagonalmatrix

K tp
ii =

8
>><

>>:

1 i 2 p

0 otherwise

All other entries in K tp are 0. Basedon Equation 2.8, the partial update is then

easily expressedas

Vt+1 = Vt + K tpB t (8.1)

8.2 Maxim um Di�erence and Stopping

It is easyto characterizethe largestdi�erence betweena value function estimateand

the optimal valuefunction in terms of the Bellman error magnitude. This hasalready

beenaccomplishedby Williams and Baird (1993); similar resultscanbeeasilyderived

by using equation 6.3.7of Puterman's book (Puterman, 1994):

kVt � V � k � M t � 1=(1 � 
 ) (8.2)

The maximum di�erence provides a natural stopping criteria. The algorithm can

stop whenM t < � (1 � 
 ) and will be guaranteed to have an � -optimal policy. A more

commonbound (for example,Puterman, 1994) is that if kVt+1 � Vtk < � (1 � 
 )=2
 ,

then kVt+1 � V � k < �=2. The slight di�erence in the two equationscan be accounted

for by noting that we previously stipulated that all rewards be positive (which allows

us to provide a tighter bound by avoiding absolutevalues), and becauseof a minor

di�erence in time subscripting.

This stopping criteria is particularly useful because,as explained in Section 8.4,

many of the sequencesinvolved in the P-EVA algorithm do not convergein norm.
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8.3 Con vergence

Theorem 8.3.1. The sequence of value function estimatesf Vtg generated by per-

forming backupsbased on a sequence of selector matrices convergesuniformly to V � ,

provided that kK tpB tk1 > 0.

Proof.

kV � � Vt+1 k1 = kV � � TVtk1

= kV � � Vt � K tpB tk1

= kV � � Vtk1 � kK tpB tk1

E t+1 = E t � kK tpB tk1

SincekK tpB tk1 > 0, E t+1 < E t , implying that the true error of the systemis mono-

tonically decreasing.To proveuniform convergence,it must be true that for any � > 0

there existsan N such that kVt � V � k < � for all t > N . This canbeeasilyestablished

becauseVt < V � , but can never overshoot it. Thus at somet, the states responsible

for kVt � V � k will have the only Bellman error and will be backed up. Convergence

to V � is establishedby noting that when kB tk1 = 0, TVt = Vt , indicating that Vt is

the unique �xed point of the value function space.

Corollary 8.3.1. P-EVA convergesto V � , usingeither the H2 or H1 priority metric.

Proof. At each time t, and using either priorit y metric, P-EVA picks somepartition

p with non-zeroBellman error, which ensuresthat kK tpB tk1 > 0. This meets the

conditions stated in Theorem8.3.1, implying that P-EVA converges.
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8.4 Rates of Con vergence

The standard contraction mapping de�nition kTv � Tuk � 
 kv � uk implies two

useful properties:

kVt+2 � Vt+1 k � 
 kVt+1 � Vtk (8.3)

kV � � Vt+1 k � 
 kV � � Vtk (8.4)

Equation 8.3 can be interpreted to mean that successive value function estimates

must draw closerand closertogether, while Equation 8.4 can be interpreted to mean

that successive value function estimatesmust draw closerand closerto the optimal

value function.

Now, assumethat a set is constructed which represents the minimal number of

states which need to be backed up in order to force a contraction, in the senseof

Equation 8.4. It is then possibleto construct exampleswhere(8.4) holds, but where

(8.3) doesnot. This implies that while (8.4) is a necessarycondition, (8.3) is merely

a su�cien t condition.

In fact, this often occurs with the P-EVA algorithm (although this is mostly an

artifact of the timestep notation). The increasede�ciency of the P-EVA algorithm

can be partly explained by this violation of property (8.3). To explain further, let

us revert to the de�nition of a timestep where t is incremented after every update.

Recalling that the one-normof a vector can be viewed as a sort of discrete integral

over the vector, an obvious e�ciency metric might be

efficiency t = kVtk1=t

(where higher e�ciency is better, and noting that this metric is only meaningful in

the positive bounded case). This e�ciency metric gives top scoresto algorithms

that createmore \v alue function estimatemass" in fewer updates. According to this
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measureof e�ciency , increasing the largest di�erence between two value function

estimateshelps becauseit createssituations where a single backup may be able to

generatea large amount of value function mass. Conversely, normal VI deliberately

makesall di�erences uniformly smaller and smaller.

We feel that it would be appropriate to point out the following. We adopted

an unconventional timestep notation becauseP-EVA does not perform full sweeps.

Becauset is incremented after every update, the following is true:

� The sequencef Vtg doesnot contract in either max-norm or a spansemi-norm.

� The sequencef B tg doesnot contract in either max-norm or a spansemi-norm.

� The sequencef M tg can increaseand stabilize at a non-zero value, but that

only implies that the largest error is constant, and not that it is vanishing.

Eventually, due to the �niteness of the system,f M tg will eventually go to zero,

but a precisecharacterizationof how long f M tg will increasehasnot beenfound.

However, remember that convergenceis still guaranteed. The fact that the sequences

do not converge is an unfortunate consequenceof timestep notation. The rate of

convergenceof P-EVA is thereforedi�cult to quantify in terms of t. Sincecounter-

examplescan be found which indicate that P-EVA performs no better than value

iteration, we hypothesizethat a lower bound on the rate of convergenceis simply the

samebound asthat of VI. An upper-bound, and a problem-dependent bound, remain

to be found.

8.5 Su�cien t Subsets

The following theorem partially answers the questionposedat the beginningof Sec-

tion 4.1: \what is the minimal set of back ups neededto forcea contraction?" Here,
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we show that onesu�cien t (but not necessarilyminimal) set is the set of stateswith

non-zeroBellman error.

Theorem 8.5.1. Let Gt = f s : B t (s) 6= 0g. An operator T which backsup all s 2 Gt

is equivalent to normal value iteration.

Proof. Let K tG be the selectormatrix associated with Gt . Then, B t = K tG B t , and by

(8.1), Vt+1 = Vt + K tG B t = Vt + B t , which is equivalent to normal value iteration.

A tighter bound on the size of this set may be achieved by noting that M t �

kVt � V � k � M t=(1 � 
 ). To contract by a factor of 
 , at least onestate must change

value; the minimum amount of changethat could possiblybe necessaryis M t � 
 M t .

Gt may thereforebe rede�ned asGt = f s : B t (s) � M t � 
 M t g; backing up all s 2 Gt

will ensurecontraction.

We hypothesizethat a more precisecharacterization of the minimal subsetwill

depend on more granular topological featuresof the transition matrix.

8.6 Con vergence and Optimalit y of Parallel-P-EV A

Convergenceof the Parallel-P-EVA is establishedby appealingto Bertsekas(1982), in

which he provides proof that asynchronousvalue iteration convergeswithout the as-

sistanceof a commonclock. The scenariodescribed in his paper exactly matchesthe

setup of the Parallel-P-EVA algorithm. We have already shown that the addition of

partitioning and prioritization doesnot a�ect convergence,becausethe convergence

guarantees are provided for arbitrary backup orderings. The Parallel-P-EVA algo-

rithm simply selectsone of many backup orderings,which happensto be principled

and e�cien t.
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The optimalit y of the �nal solution is alsouncompromised.It is well-known that

the optimal solution of a value-iteration processis a unique �xed point (Puterman,

1994), and that if the maximum Bellman error

kVt � Vt+1 k = �

then

kVt � V � k � �=(1 � 
 ) (8.5)

Parallel-P-EVA stopswhen all processorsreport that the maximum Bellman error is

lessthan � , which satis�es Equation 8.5. Sincethe �xed-p oint is unique, the policy

computed is within �=(1 � 
 ) of optimal.
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Chapter 9

Exp erimen tal Setup

The P-EVA family of algorithms (including Parallel-P-EVA) wasvalidated by running

each algorithm againstseveral problemsof di�ering complexity. We will �rst describe

parametersthat were generalto all of the algorithms that we tested, and will then

discusssetupsthat werespeci�c to each research objective. Section9.3 discussesthe

experiments regardingpartitioning, priorit y metrics, and voting. Section9.4discusses

the experimental setupfor parallelization. Section9.5discussesthe setupfor our ideas

related to on-demanddata. Results of all experiments are discussedin Chapter 10,

and are presented in graphical form in Chapter 12.

Successwas measuredby the amount of time taken, by the number of backups

performed,by how accuratethe resulting valuefunction was,and in somecases,by the

cache hit ratio. We note that all of the selectedproblemsweresingle-reward systems;

multi-reward and continuous-reward problemshave beenleft for future research.

All algorithm variants always usedGauss-Seidelupdates. For all experiments, �

was set to 0.0001and 
 was set to 0.9.

For each of the test problems, partitioning was done by overlaying the initial

discretizedstate spacewith another grid. This is a low-cost way to generatesetsof
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Figure 9.1: On the left, the Kuhn triangulation of a (3d) cube. A d-dimensional
hypercube is tessellated(implicitly) into d! simplices. On the right, control of each
(s;a) pair is tracked until the resulting state s0 enters a new hypercube. Barycentric
coordinatesrelative to the enclosingsimplexare computed,and are usedto represent
probabilistic transitions to vertices.

highly inter-dependent states, especially consideringthe method used to discretize

the state space,and works well becauseit exploits the locality and continuity of a

problem. Various grids were tested; the best was a simple grid with squarecells.

Chapter 11 discussesmore generalways to generatepartitions that do not rely on

geometricinformation (an issuewhich hasbeenleft to future research).

Each of the problems tested are continuous time, and involve continuous action

and state dimensions.Thesewerediscretizedasdescribed in the next section,but we

note herethat this processis tangential to the research focusof this thesis. There are

many other methodswhich couldhavebeenusedto discretizethe problems;naturally,

this particular method introducesa bias with respect to the original problem, but

sincethe solution enginesimply expectsa discreteMDP, the details of whereit came

from are somewhatirrelevant.

9.1 Discretizing the Space

To discretize the space,we use the sameapproach described by Munos and Moore

(2002), exceptthat no variable discretization is used. Instead, the spaceis discretized

once in the initialization phase. We refer the reader to their work for a complete
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description of the technique with comprehensive citations on component elements.

The state spaceis divided into hypercubesby regularly dividing each dimension.

A Kuhn triangulation is implemented (implicitly) inside of each hypercube. The hy-

percubescompletelytessellatethe space,and the Kuhn trianglescompletelytessellate

each hypercube. The vertices de�ning the hypercube grid are usedas the states in

the MDP. The transition matrix is computed by iterating over each vertex s. For

each available action a, the systemdynamicsare integrated using Runge-Kutta and

tracked until the resulting state s0 enters a new cube. The barycentric coordinates

of s0 with respect to the enclosingsimplex are then computed. The state s can then

be said to transition non-deterministically to a vertex in the enclosingsimplex with

probability equal to the related barycentric coordinate (sincebarycentric coordinates

always sum to one). As Munos and Moore (2002) state, \doing this interpolation is

thus mathematically equivalent to probabilistically jumping to a vertex: we approx-

imate a deterministic continuous processby a stochastic discreteone" (emphasisin

original). Figure 9.1 shows two and three dimensionalexamplesof the discretization

process.

Approximation of the value function is performed by computing exact valuesat

each of the vertices, and interpolating the value acrossthe interior of each cube.

Interpolation is linear within each simplex. Since these problems are continuous

time, a slightly di�erent form of the value function equation was used:

Vt (s;a) =
Z �

0

 tR(s(t); a)dt + 
 �

X

s0

Pr (s0js(� ); a) max
a02 A

Vt � 1(s0; a0)

where � is the amount of time it took for s0 to enter the new cube (or exit the state

space),with the convention that � = 1 if s0 never exited the original hypercube.

Problemswith continuousstate spaceswereselectedbecausethe number of states

usedin the discretization processcould be varied at will. The useof Kuhn triangles
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was selectedasa discretization method becauseoncediscretized,each state depends

upon exactly d + 1 other states. The combination of these two factors allowed us

to smoothly vary the sizeof the problem (thus generatingfamilies of highly related

MDPs), while maintaining a constant outdegree,and it allowed us to easily gener-

ate partitions. In addition, the combination of hypercubes and Kuhn triangles has

excellent spaceand time performancecharacteristics, which greatly acceleratedthe

experimental cycle.

Oncediscretized,the model inversewas then computed.

9.2 Test Problems

Four test problems were used to quantify the performanceof the P-EVA family of

algorithms. Thesewere\Moun tain Car" (or \MCAR"), the single-armpendulum (or

\SAP"), the double-arm pendulum (or \D AP"), and the triple-arm pendulum (or

\T AP"). The MCAR problem is well-known in the reinforcement learning literature,

and is generally consideredto be an easyproblem. DAP is a canonicalengineering

problem, but this particular variant is not commonly usedin reinforcement learning

literature. SAP was introducedfor the �rst time by Wingate and Seppi (2003), and

TAP is being introducedto the RL community for the �rst time in this thesis.

9.2.1 Moun tain Car

Mountain car is a two-dimensionalcontrol problem, characterized by position and

velocity. A small car must rock back and forth until it gains enoughmomentum to

carry itself up to the top of the hill. In order to receive any reward, the car must

exit the state spaceon the right-hand side (positive position), with a velocity close

to zero. In order to make results more comparableto the other problems studied,
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Figure 9.2: The left �gure shows the mountain car problem (�gure adapted from
Munos and Moore, 2002). The car must rock itself back and forth to generateenough
momentum to exit the state space.The state spaceis described by the position and
velocity of the car. The right �gure shows the double-armpendulum. The agent must
swing the secondarylink into the vertical position and keepit there. The state space
is described by four variables: � 1, � 2, _� 1 and _� 2. The samedynamicsare usedfor the
single-arm pendulum, and similar dynamics are used for the triple-arm pendulum,
except that a secondfree link is added.

the reward function wasmodi�ed from the traditional gradient reward to be a single-

point reward: the agent received a reward only upon exiting the state spacewith a

velocity of zero(plus or minus a small epsilon). This did not substantially changethe

shape of the resulting value function.

9.2.2 The Pendulum Family

Double-arm pendulum

The double-armpendulum is a four-dimensionaloptimal control problem. The agent

hasa singleaction available, representing torqueappliedto a primary link. The second

link is free-swinging,which the agent must balancevertically. Sincethe problem is

minimum-time, bang-bangcontrol is su�cien t; two actionsare selected,representing

positive and negative torques. Similar to the mountain car, the agent cannot move
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the pendulumfrom the bottom to the top directly, but must learn to rock it back and

forth to generatesu�cien t momentum. This variant of the double-arm pendulum

is di�erent from the easierAcrobot problem, where force is applied at the junction

between the two links (Sutton, 1996), and from a horizontal double-arm pendulum

(where the main link rotates in the horizontal plane, and the secondarylink rotates

vertically with respect to the main link). Our versionof the double-armpendulum is

the completeswing-up-and-balanceproblem; other variants only treat the balancing

aspect. The two actionsare � 10 Newton. Acceptableangular velocities were limited

to � 10 radians/s for _� 1, and to � 15 radians/s for _� 2.

Single-arm pendulum

The single-armpendulum usesthe samedynamicsas the double-armpendulum, but

the agent must only learn to balancethe main link. Again, the agent must rock the

pendulumback and forth until it movesinto position. The state spaceis described by

� 1 and _� 1. Although conceptuallysimilar to the mountain car problem,both problems

havevery di�erent valuefunctions. Thus, the way in which valuefunction information

backpropagatesthrough them is also very di�erent. This is shown graphically in

Figure 9.3.

Triple-arm pendulum

The triple-arm pendulum usesthe samegeneraldynamics as the double-arm pen-

dulum, except that an additional free link is added to the system. The state-space

is therefore six-dimensional,being described by � 1, _� 1, � 2, _� 2, � 3, and _� 3. The state

spacewas bounded by clipping _� 1 at � 8 radians/s, _� 2 at � 10 radians/s, and _� 3 at

� 10 radians/s. The two actions evaluated were � 10 Newton.
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Figure 9.3: On the left, the value function for the Mountain Car problem. On the
right, the value function for the Single-Arm Pendulum. Red (dark) and green(light)
colors indicate di�erent controls. Information propagatesthrough each problem in
very di�erent ways.

9.3 Prioritization and Voting Setup

The bulk of the experimentation was designedto quantify the relative impacts of

partitioning, prioritization, and voting. Sincepartitioning is meaninglesswithout a

priorit y metric, experiments were run in which normal VI was comparedto P-EVA

using either the H1 or the H2 metric. In addition, each variant was tested with and

without voting. Two di�erent kinds of experiments wererun. Someweredesignedto

quantify the performancegains from prioritization, and somewere designedto help

�nd the optimal partition size.

To quantify the impact that voting hadon normal VI, the problemwaspartitioned,

and a voted backup order wascomputedwithin each partition. Then, for each sweep

of VI, the algorithm iterated over all partitions, and updated all states within each

partition in the voted direction. Thus, each sweepupdated every state once,but in

a voted order.

This generateda �nal experimental matrix of six algorithms: normal VI, normal
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VI with voting, P-EVA-H1, P-EVA-H1 with voting, P-EVA-H2, and P-EVA-H2 with

voting.

The baselineperformanceis that of normal VI, without any voting or prioritiza-

tion. All results were obtained on a 2.8GHzPentium 4 with 2G of RAM.

9.4 Parallel-P-EV A Setup

Several setsof experiments wererun to benchmark Parallel-P-EVA. First, scalability

tests of Parallel-P-EVA were run, to determine the approximate e�ciency of the al-

gorithm as the number of processorswas increased.Secondly, experiments were run

comparing Parallel-P-EVA to a parallel version of standard VI (called \PSVI"), in

an attempt to quantify the relative gainsof prioritization and parallelization. Third,

experiments werealsorun comparingParallel-P-EVA to the P-EVA algorithm, which

is partitioned and prioritized, but not parallelized. Although Parallel-P-EVA is the

successorto P-EVA, certain code and data reorganizationsnecessaryfor paralleliza-

tion mean that P-EVA outperforms Parallel-P-EVA when Parallel-P-EVA usesone

processor.Finally, experiments wererun to evaluate the impact of di�erent partition-

to-processormappings,using the attractor-basedsystemdescribed in Section6.2. In

all other experiments, partitions were allocated to processorsrandomly.

The e�ciencies of the parallel algorithms arealsoreported. E�ciency is computed

as

e =
T1

p � Tp

whereT1 is the amount of time required to solve the task on one processor,p is the

number of processors,and Tp is the amount of time required to solve the task using

p processors. Higher e�ciencies are better; e�ciencies greater than 1.0 represent

superlinear speedup.
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The naive parallel implementation of standard VI (or PSVI) is essentially a non-

prioritized versionof Parallel-P-EVA. Statesare aggregatedinto partitions, and par-

titions are assignedto processors. Instead of prioritizing partitions, however, each

processorsweepsover every partition repeatedly. After processinga partition, the

processorcommunicates new state values to foreign processorsin exactly the same

way that Parallel-P-EVA does.

All priorit y queuesused the H2 priorit y metric. All code was implemented in

C, using MPI 1. Experiments were run on a fully connectedcluster of dual processor

2.4GHzPentium 4s, each having 2G RAM and Myrinet interconnects.

9.5 On-Demand Data Setup

Several experiments wererun to explorethe cache behavior of the P-EVA algorithm.

The primary questionsrelate to the cache e�ciency of the H2 and H1 metrics, and

not parallelizability, so only the P-EVA algorithm was tested. Naturally, voting did

not a�ect cache behavior, so it was not included in the experimental matrix.

All cache tests useda non-associative cache. That is, a partition could be cached

in any available slot of the partition cache. When adding a partition to a cache that

wasalready full, the least-recently-used (LRU) measurewasusedto determinewhich

partition should be overwritten.

Cache e�ciency was tested as function of the capacity of the partition cache.

The capacity is expressedas a percentage of the total number of partitions. So, for

example,if a problem used900partitions, and the cache capacity was 90 partitions,

a cache size of \10%" would be reported. Cache e�ciency was measuredin terms

of the hit rate, which is computed as the number of cache hits, divided by the total

1Sourceis available at http://aml.cs.b yu.edu/code/



70 CHAPTER 9. EXPERIMENT AL SETUP

number of hits and misses.

Chapter 10 also reports a term called the \n umber of recomputesper partition."

This number is computedasthe averagenumber of cachemissesper partition, andcan

bethought of asthe number of timesa partition would needto havebeenrecomputed.



Chapter 10

Results

To facilitate the exposition of the results, the charts and graphsdescribingthe results

of our experiments are collected in Chapter 12. This chapter summarizes,discusses

and analyzesthe results. Conclusionsbasedon theseresults are drawn in Chapter

11. Section10.1discussesthe resultsof experiments with priorit y metrics and voting,

Section10.2discussesthe resultsof experiments with parallelization, and Section10.3

discussesthe results of on-demanddata.

10.1 Priorit y Metric and Voting Results

Our experiments designedto quantify the merits of priorit y metrics and voting gen-

erated many positive results. First, P-EVA always demonstratedbetter time to con-

vergencethan VI, while maintaining accuracy. Second,P-EVA scaledextremelywell,

both with the number of states and the dimensionality of the underlying problem

usedto generatethe MDP. Third, the algorithm never processedcertain unreachable

partitions, which is a boon from the standpoint of e�ciency . This result also mo-

tivated one of the most signi�cant contributions of the thesis, which is the analysis
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of \su�cien t subsets" in Section 8.5. Fourth, we noted that the additional space

requirements scalelinearly with the sizeof the problem. However, several issueswere

encountered: �rst, it is di�cult to tune the parametersof the algorithm, particularly

the number and con�guration of partitions. Second,we observed mixed e�ectiveness

of the various enhancements.

10.1.1 Positiv e Results

Figures12.1, 12.2, 12.3, 12.4, 12.5, and 12.6all show that P-EVA clearly outperformed

normal VI (although for di�erent reasonsin di�erent cases).To solve a 160,000state

versionof MCAR, for example,valueiteration requiredabout 17seconds,but P-EVA-

H2 with voting requiredonly about half a second.For a 160,000state versionof SAP,

VI required 19 seconds,but P-EVA-H2 with voting required only about 0.3 seconds.

For a 3.7 million state version of DAP, P-EVA-H1 required only 7 seconds;normal

VI required90 seconds.In fact, the only situations in which VI outperformedP-EVA

were in somehand-tuned problems(designedas counter-examplesto the hypothesis

that P-EVA always outperformedVI), but never in our \real-world" problems. It is

also very interesting to note that P-EVA solved both MCAR and SAP in about the

sameamount of time for any given discretization, even though both represented very

di�erent problems.

Voting was almost always very e�ective. In most experiments, voting reduced

time and backups by at least a factor of 2, and even in the caseswhen it did not

help, we never saw a situation whereit hurt in any statistically signi�cant way. This

is a very positive result, consideringhow trivial it is to implement. We hypothesize

that more sophisticatedintra-partition backup orderswill increaseperformanceeven

more.
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P-EVA appears to scaleextremely well: for a constant outdegree,it appears to

scale linearly with the number of states. It also appeared to scale relatively well

with dimension. This is surprising consideringhow na•�ve our partitioning method

is: conceptually, a hypercube-basedpartition seemsto be a losing proposition as

dimensionality increases,becausethe surface-area-to-volume ratio of the partition

means that one would expect a prohibitiv e number of cross-partition transitions.

This appears to have beenoutweighedby the fact that partitioning anything at all

helpsdramatically.

P-EVA never processedcertain statesin the MCAR problem. Figure 12.20demon-

stratesthis graphically: largeswathesof the state space(indicated by an almost-black

color) were never processed,becausethe agent can never reach the goal state from

them. This is a signi�cant result from a practical standpoint. No additional code or

information about the problem was necessary, but a full 19% of the state spacewas

never processed.This behavior manifesteditself in the algorithm through partitions

with a priorit y of zero that never changed.

To ensurethat the policies resulting from P-EVAwere valid, a 75,000,000state

version of the double-arm pendulum was run (an empirically determined minimum

resolutionneededfor a decent control policy). A very good result is that P-EVA solved

it (to � = 0:0001) only about four hours. The resulting control policy performed

perfectly, and represented the �rst time we solved DAP using any algorithm. We

should note that this problem was run on an SGI Origin 3000(a 64-bit machine was

neededto addressthe 8G of RAM required by the code); the SGI was about half as

fast as the P4 usedin all of the other experiments, and is a sharedmachine which is

always heavily used.

The spacecomplexity of P-EVA is also quite good. The largest overheadcomes

from the needto storea partial inversemodel (representing the cross-partition transi-
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tions), but this is always a subsetof the wholeproblem. Additional memoryis needed

for the priorit y queue(O(jSj)), for the state-to-partition mapping (O(jSj)), and the

partition-to-state maps(O(jPj)).

10.1.2 Negativ e Results

In order to obtain the best results, partition sizeshad to be selectedmanually (how-

ever, it is also possibleto present this as a positive result. The fact that the system

was fast enoughto allow us to tune this parameter is signi�cant). Figures 12.18and

12.19 demonstrate that partitioning is largely problem-dependent: for MCAR and

SAP, adding any partitions at all dramatically improved performance,but adding

too many worsenedit again. For DAP, Figure 12.19demonstratesthat using only

two partitions actually worsenedperformance,but that usingmoreimproved it again.

The con�guration yielding the fewest number of backups for MCAR and SAP was

somewherearound 1200 partitions. We do not know how to predict this number,

except to observe that using somewherebetween 100 and 400 states per partition

tended to yield very good results in all of the problemswe tested.

It is clear that partitioning almost always helps,that voting almost always helps,

and that the using the H2 priorit y metric almost always yields better performance

than usingthe H1 metric. However, DAP represented an exceptionto all three. In the

setup shown in Figure 12.19, using 16 partitions (only two partitions per dimension)

causedP-EVA to perform worse than normal VI. Fortunately, once the number of

partitions was increased,P-EVA began to perform better. From Figures 12.5 and

12.6, it appeared that both voting and the H2 metric worsenedperformance; the

largest performancegain hereseemsto be due to the partitions themselves. We also

note from Figures12.5and 12.6that, for a small number of states,normal VI slightly
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outperformed any variant of our algorithm. Becauseeach state always depends on

d + 1 other states, this is presumablybecausethe problem was closerto being fully

connected.

Relatedto the problemof selectingan appropriatepartitioning is the jaggednature

of mostof the graphs. While the amount of time usedneedsto beaveragedover several

runs, the number of backups is deterministic. We hypothesizethat as the number of

states(or the number of partitions) changed,setsof mutually dependent states that

werepreviouslycontained in a singlepartition becamesplit amongmultiple partitions,

which could account for the extra computation neededto drive the partitions to

convergence.This is a further indication that a na•�ve partitioning is sub-optimal.

10.2 Parallelization Results

Experiments designedto quantify the parallelizability of the P-EVA family of al-

gorithms also generatedmany positive results. Most signi�cantly, Parallel-P-EVA

outperformed all other algorithms tested, including P-EVA. Additionally , our theo-

ries regarding assignment of partitions to processorswere largely validated, and we

demonstratedthat an obvious parallel implementation of normal VI (the PSVI algo-

rithm) doesn't perform well at all. One mildly negative result is the fact that the

parallel e�ciency of the Parallel-P-EVA algorithm is not terribly good.

10.2.1 Positiv e Results

First, it is clear that the Parallel-P-EVA algorithm outperformsall other algorithms.

The best run of Parallel-P-EVA solved a 4,000,000state problem in 2.08 seconds;

this can be roughly viewed as a solution rate of 1.92 million states per second. For

comparison,the best run of PSVI solved 390,625states in 7.0 seconds,for a rate of
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55,803statesper second.Additional experiments were run with the P-EVA solution

engine: its best run solved 360,000states in 1.2 seconds,for a rate of 300,000states

per second.

Second,it is clear that the parallel implementation is viable, in the sensethat it

scalesrelatively well as the number of processorsis increased. Figure 12.8 demon-

strates that adding more processorsalways improved performance. The actual e�-

ciency, however, is not terribly good, as explainedin the next section.

Figure 12.7 shows the results of experiments with attractors, which largely vali-

dated our theoriesabout information 
o w. As predicted, using only a few attractors

(resulting in extremely large, contiguous blocks) did not perform well at all, but in-

creasingthe number of attractors almost always improved performance.The bene�ts

quickly diminished however; there was no di�erence after about 30 attractors per

process.The results in Figure 12.7contain an extremely signi�cant spike at 5 and 6

attractors per processor,which is consistent acrossall problems. Although the rea-

son for this is unknown, it may serve to illustrate an important point. As with any

random assignment method, it is possibleto createa pathologicaldistribution which

may result in poor performance.

Figure 12.9 indicates that P-EVA scaledsuperlinearly on the MCAR problem,

which deservessomeinvestigation. The canonicalexplanation for superlinear scaling

is cachecoherency. For certain problems,and for a �xed problem size,increasingthe

number of processorsincreasesthe cache-to-data ratio. To explorethis, we computed

the averagenumber of times each partition was processed.For this experiment, the

partitions in the MCAR problem were processedan averageof 9 times each { low

enoughto exhibit excellent cache behavior. The other possibleexplanation for this

behavior is that concurrently processingpartitions sometimesresults in a backup

order that is moreoptimal than the update order imposedby the priorit y metric, but
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this theory remainsto be validated.

The results also make it clear that a naive parallelization of value iteration per-

forms quite poorly. Figures 12.10and 12.11indicate that the algorithm works well

for MCAR and SAP, and is even slightly more e�cien t than Parallel-P-EVA (ap-

proaching an averagee�ciency of 0.55). The results on DAP and TAP, on the other

hand, indicate that the parallel versionnever performedbetter than the serialversion.

Sincethe number of cross-processortransitions increaseswith the dimensionality of

the underlying problem, this may imply that communication overheadis prohibitiv e.

Only a few results involving P-EVA were needed,and are reported here. P-EVA

solves the 4,000,000state / 10,000partition MCAR problem in 44.2 seconds,the

360,000state / 900partition MCAR problem in 1.2 seconds,and the 1,000,000state

/ 769partition TAP problem in 7.5 seconds.

10.2.2 Negativ e Results

The parallel e�ciencies of Parallel-P-EVA are shown in Figures 12.8 and 12.9. The

results indicate that although adding more processorsalways helps, the parallel ef-

�ciency convergesto about 0.45 for two out of three problems. Other parallel al-

gorithms are consideredgood if they exhibit parallel e�ciencies of about 0.75 or

higher. Thus, thesee�ciencies leave somethingto be desired. However, on the third

problem (MCAR), Parallel-P-EVA scalessuperlinearly, which is fascinating result.

Possibleexplanationsfor this behavior are explored in the Chapter 11. Regrettably,

this superlinear speedupis not consistent.
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10.3 On-Demand Data Results

Experiments designedto test the cache e�ciency of the H1 and H2 metrics yielded

striking results. On the positive side,every experiment indicated that the H2 metric

greatly outperforms the H1 metric, sometimesby as much as a factor of two. Ad-

ditionally, reasonablecache e�ciencies (above 80%) can be achieved using a cache

capacity of only 20%. On the negative side,we note that updating partition depen-

dents is expensive vis-a-vis partition caching, and that the information-frontier-only

cache performancescould be improved.

10.3.1 Positiv e Results

All of the experiments related to on-demandcache e�ciencies yielded very consistent

results. Figures 12.12, 12.13, 12.14, 12.15, 12.16, and 12.17 all show that the H2

metric dramatically outperformedthe H1 metric in termsof cacheperformance.As an

example,assumethat wewishedto limit our cachecapacity to 22%of the total number

of partitions, and that we count both information-frontier and auxiliary partition

accesses.At this capacity, using the H2 metric to solve the MCAR problem yields

a hit rate of 90.92%. Using the H1 metric, however, yields a hit rate of 66.91%.

Counting only information-frontier partition accesses,the discrepancyis evengreater:

H2 yields a 72.99%hit rate, while H1 yields only 28.64%.

Thesee�ciencies directly a�ect the number of recomputesper partition. At the

samecapacity of 22%, and again counting both information-frontier and auxiliary

accesses,the H2 metric would require an averageof 3.08 recomputesper partition.

The H1 metric, on the other hand, would require about 22.02 recomputes. For

information-frontier accessesonly, H2 would require2.13recomputes,while H1 would

require 10.37recomputes.



10.3. ON-DEMAND DATA RESULTS 79

This general pattern of results holds for all problems, for cache sizesfrom 0%

capacity to about 80%capacity. After about 80%capacity, the H1 metric sometimes

yielded better cache e�ciency , but not by much. At 100%capacity, both algorithms

yielded a 100%cache hit ratio, as expected.

We also note that the marginal cache e�ciency (the derivative of e�ciency with

respect to cache size)equalsoneat a cache capacity of about 22%. This is the point

of diminishing returns, whereonemust add more than oneunit of cache capacity to

increasethe cache hit rate by one unit. However, at 22% capacity, the H2 metric

yieldsa 90.92%hit rate on MCAR, 84.48%on SAP, and 86.03%on DAP. This is quite

good, and implies that problemswhich are four times larger than available RAM can

be e�cien tly solved.

10.3.2 Negativ e Results

There are several negative items of note on the \information-fron tier-only" series

of graphs (Figures 12.15, 12.16, and 12.17). First, we note that the scale of the

\n umber of recomputesper partition" axis is consistently an order of magnitude less

than the \n umber of recomputesper partition" scale for the information-frontier-

plus-auxiliary-accessesexperiments! This implies that updating the dependents of a

partition is an expensive operation vis-a-vis cache e�ciency . Although we can still

achieve a good percentagecache hit rate, the absolutevalue of missesis very high.

We also note that the SAP problem exhibited much lower cache e�ciency in

the information-frontier-only setting. We hypothesizethat this is becausethe SAP

problem e�ectively has two information frontiers (we encouragethe reader to go to

the on-line appendix to build intuition about this fact). Even so, the H2 metric still

outperformedthe H1 metric.
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Finally, we note that, in general, the cache hit rate in the information-frontier-

only seriesof experiments is much lower than is desirable.More sophisticatedcaching

strategiesmay alleviate this.



Chapter 11

Conclusions and Future Research

Basedon our observations, thereareseveral important conclusionswhich clarify direc-

tions for future research. Section11.1presents several conclusionsrelated to priorit y

metrics and voting: �rst, that all of the enhancements we have studied greatly im-

prove performance;second,that more principled methods of all the enhancements

are needed;and third, that the bulk of the bene�t is derived from partitions and

prioritization. Section11.2presents conclusionsrelated to parallelization: �rst, that

parallelization is possible,and second,that it maintains the bene�ts of prioritization.

Section11.3discussesconclusionsregardingon-demanddata, the most signi�cant of

which is that the H2 metric should be the priorit y metric of choice for solving large

MDPs. Section11.4presents generalresearch possibilitiesand �nal conclusions.

11.1 Priorit y Metrics and Voting

In the quest for an optimal sequenceof backups, the gainsto be had from prioritized

computation are real and compelling, but there is a lack of understandingasto what

constitutesoptimalit y and how it can be achieved. A better understandingof why P-

81
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EVA works is needed.More principled approachesto selectingpriorit y metrics, voting

systems,and partitioning schemesare essential. Ideally, such principled methods

could still be combined in a uni�ed architecture, with the samesynergistic bene�ts

we �nd in P-EVA.

Partitioning with a priorit y metric seemsto be the most important improvement

over VI. Even though we observed that (for someproblems)our partitioning scheme

was sub-optimal, and that our voting schemewas sub-optimal, and that both of our

priorit y metrics are probably sub-optimal, the fact that they werenot perfect seemed

to make lessof a di�erence than the fact that we partitioned anything at all. This

was shown clearly by experiments with DAP: the addition of voting and the speci�c

priorit y metric useddo not a�ect things proportionately asmuch asthe initial useof

partitions.

It is clear that improved performance is possible for algorithms that exploit

problem-speci�c structure, but it is alsoclear that more theory is neededto guide the

development and selectionof algorithmic enhancements. The most useful would be

problem characteriziations and/or optimalit y de�nitions that would indicate which

metric, voting schemeand partitioning schemewould be maximally e�ective. These

may include such things as distributional properties of the reward functions, dis-

tributional properties of transition matrices, strongly/weakly connectedcomponents

analyses,etc.

A more principled approach to partitioning is necessary. A good partition should

a) ensurethat overheadis reduced;b) minimize cross-partition transitions; c) ensure

that the partition respectsthe priorit y metric; and d) ensurethat a maximum number

of dependents are contained within each partition. Several methods of partitioning

arepossible.Perhapstechniquesfrom graph theory, such asa cost-weighted minimum

cut algorithm, could be leveragedto determinean optimal (with respect to (d) above)
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partitioning scheme. Of course,the number of statesper partition doesnot have to be

constant. Someinitial experimentation using the METIS package(see,for example,

Karypis and Kumar, 1998) to perform a k-way partitioning hasproven very e�ective

(seeAlpert, 1996, for an excellent disseration on the subject). It may be possible

that techniquesfrom state aggregationliterature may help. Dean and Givan (1997)

describe a \stable cluster" creation technique, for instance,with properties that are

desirablefor a partition.

Other intriguing possibilities include on-line, variable, hierarchical or dynamic

partitioning schemes. For example, the H2 metric could correctly prioritize meta-

partitions, and then the H1 metric may be the correct metric for the partitions

within the meta-partition, and then normal round-robin updating may be the correct

update order within the partition. The choice of a single-level partitioning scheme

was arbitrary; perhapsa solution is to generatea continuum of partitions.

A more principled approach to voting is necessary. Empirically, it is clear that

voting can help if done properly, but a generalizationis needed. Abstractly, voting

can be considereda simple surrogate for an intra-partition priorit y metric. In the

sameway that partitioning a problem alleviatessub-optimal backups, partitioning a

partition would increaseits e�ciency . A related observation is that voting fails for

problemswith very consistent transitions. For any givenpieceof a maze,for example,

there may be an equal number of transitions to the north, to the south, and to the

east or west. This indicates that optimal backup orders should be dependent upon

whereinformation enters the partition, and upon how it 
o ws through the partition.

This strengthensthe idea that a continuum of partitions, with priorit y metrics at

each level, may constitute an optimal solution.

A more principled approach to developingpriorit y metrics is needed.H1 and H2

have intuitiv e appeal, but stand isolated from the rest of the system. For example,
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the H1 metric is optimal with respect to error reduction, but not with respect to

total backups needed.This makesit a good choice for an algorithm that hasa �xed

amount of time, but perhapsnot such a good choice for an algorithm that has as

much time as needed.

There are alsoseveral miscellaneousresearch possibilities. Justifying the H2 met-

ric, perhaps in a uni�ed prioritization framework, would be a valuable theoretical

contribution. Being able to approximate the priorities between partitions (i.e., the

H PP function), would have bene�ts acrossthe board: it would simplify the process-

ing the P-EVA algorithm must perform, it would reducethe inversemodel sizes,it

would reduceinter-processcommunication in a parallel setting, and it would improve

disk-basedcache performanceby lowering the total number of partition recomputes

needed.

Finally, a holistic framework is needed. Currently, each method P-EVA usesto

improve e�ciency exists somewhatindependently of the other methods. Although

this allows methods to be used independently, one wonders if greater e�ciency is

possiblewith a uni�ed, non-decomposablearchitecture. For example,it is clear that

metrics should be selectedwith respect to optimalit y de�nitions, and that partitions

should be selectedwith respect to priorities, but this is currently not the case.

11.2 Parallelization

Several conclusionsare possiblebasedon the results discussedin Section 10.2. The

strongestconclusionvalidatesthe original questionposed.We assertthat an e�ective

parallel versionof the P-EVA algorithm is possible,with or without voting, and with

either priorit y metric, and that such parallelization maintains all of the performance

bene�ts of the original P-EVA algorithm while permitting additional speedup. In
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fact, there is preliminary evidenceto suggestthat the combination of parallelization

with P-EVA can be synergistic.

As noted in Section10.2, however, the e�ciency of Parallel-P-EVA is not asgood

as it could be. That observation, combined with the strange spikes of poor perfor-

mance in the attractor experiments, strengthensthe casefor a reliable, principled

method of allocating partitions to processors.There are several interesting avenues

of potential research along theselines. For example, it seemspossibleto use inter-

partition relationships to approximate the information 
o w vectors, perhaps using

somesort of geodesicdistancemetric. This may allow an algorithm to allocate parti-

tions such that all processorsareequally likely to beon the information frontier at any

given time. Dynamic load-balancingof partitions to processorsis alsoa possibility.

Of course,a moreprincipled method of allocating statesto partitions is alsoneces-

sary. This point wasmadepreviously, in Section10.1, although for di�erent reasons.

The P-EVA algorithms bene�t from minimum cut k-way partitions not only because

they further reducethe model inversesize, but also becausethey limit the number

of dependent partitions that must be processed.In a parallel setting, minimum cut

partitions alsominimize communication overheadbetweenprocessors.It is important

to quantify the bene�t of using such minimum cut partitions, as opposedto using

our rather simplistic partitioning scheme. It would alsobe interesting to quantify the

impact of di�erent edge-cutcriteria.

Finally, asnoted, the e�ciency of the Parallel-P-EVA algorithm leavessomething

to be desired. The most interesting idea for future research along theselines involves

the ideas of approximate inter-partition priorities. If the H PP function could be

approximated, instead of computed exactly, the amount of data that would needto

be sent between processorswould be dramatically reduced. It is also possiblethat

more queuing theory, or a more sophisticated batching mechanism, may improve
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e�ciency and performanceeven further.

11.3 On-Demand Data

The results of our on-demanddata experiments make several strong conclusionspos-

sible. The �rst conclusion is basedon the striking cache performanceof the H2

priorit y metric, especially when comparedto the H1 metric. We believe that the

performancebene�ts of the H2 metric, combined with its cache e�ciency , justify H2

as the priorit y metric of choice for solving very large MDPs { especially those that

will not �t into RAM. The only scenarioin which H1 outperformed H2 was in the

DAP experiments. In these experiments, H1 usually required about half the time

that H2 required, but H2 required about half of the recomputesper partition that

H1 required. In this case,overall performancemay be a wash, depending on the

expenseof a cache miss. For a generalproblem, however, whosecharacteristics are

not known beforehand,it makessenseto selectthe safestoption, which appearsto be

H2. Of course,our experimental domain is fairly limited. Experimentation on more

problems(ideally MDPs that were not derived from minimum-time optimal control

problems) is necessaryto truly justify this claim.

As mentioned in the other sectionsof this chapter, the idea of approximate inter-

partition priorities couldhaveprofoundbene�ts. The bene�t is most clearly seenwith

respect to on-demanddata, however. Recall that the number of recomputesnecessary

increasedby an order of magnitudewhenauxiliary partition accesseswereconsidered.

Whether the algorithm accessesdisk, or whether it recomputestransitions, each cache

miss is expensive.

A �nal direction for future research is to benchmark di�erent types of caches.

As noted in Section7.2, normal VI can greatly bene�t from an intelligent predictive
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cache. This is due to the regularity of partition accesses.It seemsclear that partition

accessesarealsoquite regular in many of our experiments, although they areregular in

a morecomplicatedway. A moresophisticatedpredictivecache, that tendedto predict

partition accessescloseto the information frontier, might bene�t our algorithms.

11.4 Final Conclusions

There are many moregeneralresearch directions that can be taken from here,aswell

as several generalconclusionsthat can be made. Our �nal sectionoutlines a few.

For example,we have noticed that there appear to be two primary characteristics

of MDPs that a�ect performancein di�erent ways: \linearit y," and \cyclicit y." Our

algorithms function best on systemswith large swathesof regular, acyclic dependen-

cies, i.e., problemswith strong linearity. However, there are fascinating possibilities

using more cycle-theoreticapproaches. Instead of asymptotically approaching a so-

lution, it may be possible to leverage cycle information to drive loops directly to

convergence.Such an algorithm would be truly novel, and may provide substantial

performancebene�ts.

In its most general sense,the algorithms we have presented can be considered

e�cient information propagation algorithms. It is also possible that other forms

of information { instead of value information { could be propagated throughout a

system. It seemsreasonablethat the insights gainedfrom this thesiscould be directly

applied to such alternative propagation problems. For example, Munos and Moore

(2002) discussthe propagation of in
uenc e and variance throughout an MDP { and

they use a value iteration type of technique to do it. Additionally , some initial

experimentation indicates that it may be possibleto propagate model information

directly, using a sort of \transition iteration" algorithm. Initial analysisof such an
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algorithm indicatespromise.

In fact, oneof the most interesting avenuesfor future research is the idea of gen-

eralizedconvergent iterativ e systems.There are many problemswhich usesuccessive

approximations to approach a solution, such as linear systemsolving, �nite-element

problems in computational 
uid dynamics, Bayesian network probability computa-

tion, etc. One hypothesisthat deserves investigation is that all iterativ e, convergent

linear systemscan be thought of as information propagation problems. If so, the

results of this thesismay be directly applied.

There are many, many more such ideas. Clearly, the results of this work have

openedthe doors of several fascinating avenues of research. The many possibledi-

rections indicate that there are strong possibilities for even more e�cien t solution

methods in the future, aswell aspossibilities for broaderapplication and utilit y. We

strongly believe it is possibleto solve, in feasibleamounts of spaceand time, problems

that are far larger than anything current algorithms are capableof solving. We also

believe that there are many innovative applicationsof this technology to problemsin

many di�erent domains,which are simply waiting to be found.

The most general conclusionsare clear: that the gains to be had from priori-

tized computation are real and compelling; that such prioritization may be e�ectively

approximated; that prioritized algorithms may be implemented in parallel in an e�-

cient manner;and that such algorithms arenot only temporally e�cien t, but spatially

e�cien t as well.

As a �nal conclusion,perhapswe can say this: we have seenthat value iteration

is a very 
exible algorithm that is amenableto many di�erent typesof improvements.

We believe that there are still many, many improvements that can be made,and we

hope that this thesis { and future ideas{ will revitalize e�cien t VI as the solution

method of choice for solving large MDPs quickly.
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Result Graphs

To facilitate the exposition of the results, all of the charts and graphs have been

collected in this chapter. Four main sets of results are presented. In most of the

experiments, wall clock time is the main performancemetric (lower times are better).

Exceptionsare noted in the Figure captions.

The �rst set presents the results of experiments designedto quantify the bene�ts

of prioritization and voting. Experiments were run on SAP, MCAR and DAP using

normal VI, normal VI voting, and four variants in the P-EVA family of algorithms.

The secondset presents the results of experiments designedto quantify the ben-

e�ts of parallelization. In this set, the performanceof Parallel-P-EVA and PSVI are

compared,and the relative parallel e�ciencies of the algorithms are shown.

The third set presents results showing the relative cache performanceof the H2

and H1 priorit y metrics. Here, the performancecriteria of interest is the cache hit

ratio.

The fourth set presents miscellaneousresults of interest. Someresults on tuning

partition sizesarepresented, aswell assome�gures supporting the claim that P-EVA

may not needto processall partitions in a problem.
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Priorit y Metric and Voting Results
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Figure 12.1: Performanceresults for MCAR in terms of time (less time is better).
Voting always improved the results (even for normal VI), and the H2 metric always
performed better than the H1 metric. � was set at 10� 4. For P-EVA, there were
always about 400statesper partition. Resultswereaveragedover �v e runs.
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Figure 12.2: Performanceresults for MCAR in terms of the number of backups
performedto the value function (fewer backups is better). Onceagain, voting always
improves performance,and the H2 metric always improves performance. � was set
at 10� 4. For P-EVA, there were always about 400statesper partition. Resultswere
averagedover �v e runs.
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Figure 12.3: Performanceresults for SAP in terms of time (less time is better).
Voting always had a positive impact (and an especially dramatic impact on normal
VI). Onceagain, the H2 metric outperformedthe H1 metric. � was set at 10� 4. For
P-EVA, there werealways about 400statesper partition. Resultswereaveragedover
�v e runs.
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Figure 12.4: Performanceresults for SAP in terms of the number of back ups per-
formed to the value function (fewer backups is better). Theseresults largely corre-
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400statesper partition. Resultswere averagedover �v e runs.
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Figure 12.5: Performanceresults for DAP in terms of time (lesstime is better). The
results contrast sharply with thoseobtained from MCAR and SAP: voting doesnot
signi�cantly changeperformancefor H2 or H1 (slightly reducingbackups,but slightly
increasingtime), and the H1 metric performsbetter than the H2 metric. For a small
number of states,both variants of VI perform better than any P-EVA variant. � was
set at 10� 4. For P-EVA, there were always about 121 states per partition. Results
were averagedover �v e runs.



96 CHAPTER 12. RESULT GRAPHS

 0

 2e+07

 4e+07

 6e+07

 8e+07

 1e+08

 1.2e+08

 1.4e+08

 1.6e+08

 0  2e+06  4e+06  6e+06  8e+06  1e+07  1.2e+07 1.4e+07

N
um

be
r 

of
 u

pd
at

es
 p

er
fo

rm
ed

Number of states

Value iteration

Value iteration + voting

PEVA�H2

PEVA�H1
PEVA�H1 + voting

PEVA�H2 + voting

Figure 12.6: Performance results for DAP in terms of the number of back ups
performedto the value function (fewer backups is better). Theseresults correspond
with thosedescribed in Figure 12.5. � wasset at 10� 4. For P-EVA, there werealways
about 121statesper partition. Resultswere averagedover �v e runs.
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Figure 12.7: Performance(vertical axis) of Parallel-P-EVA asa function of the num-
ber of attractors used (horizontal axis). Lower time is better. All runs were on 8
processors.Adding attractors generally improvesperformance,until about 30-40at-
tractors. The unusual spikes at 5,6 and 7 attractors appear to be the result of a
particularly bad decomposition. The con�gurations used were MCAR - 4,000,000
states, 10,000partitions. SAP - 4,000,000states, 10,000partitions. DAP - 810,000
states,10,000partitions. TAP - 1,000,000states,729partitions.
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Figure 12.10: Performanceof PSVI. Lower time is better. PSVI doesquite well on
SAP and MCAR, but it always negatively impacts performanceon DAP and TAP,
no matter how many processorsare used. The con�gurations used were MCAR -
360,000states, 900 partitions; SAP - 360,000states, 900 partitions; DAP - 390,625
states,625partitions; TAP 1,000,000states,729partitions.



102 CHAPTER 12. RESULT GRAPHS

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  5  10  15  20  25  30  35

E
ffi

ci
en

cy
 (

T
_1

/p
*T

_p
)

Number of processors

MCAR

SAP

DAP
TAP
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Figure 12.12: On the left axis, cache performancefor the H1 and H2 metrics on
the MCAR problem. On the right axis, the averagenumber of times a partition is
recomputed. A higher cache hit ratio is better, but a lower number of recomputes
is better. For this problem, a 300x300state discretization was used, and a 30x30
partition discretization was used.
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Figure 12.13: On the left axis, cache performancefor the H1 and H2 metrics on
the SAP problem. On the right axis, the averagenumber of times a partition is
recomputed. A higher cache hit ratio is better, but a lower number of recomputes
is better. For this problem, a 300x300state discretization was used, and a 30x30
partition discretization was used.



106 CHAPTER 12. RESULT GRAPHS

 0

 10

 20

 30

 40

 50

 60

 70

 80

 90

 100

 0  10  20  30  40  50  60  70  80  90  100
 0

 20

 40

 60

 80

 100

 120

 140

 160

C
ac

he
 h

it 
ra

te
 (

pe
rc

en
ta

ge
 o

f h
its

)

N
um

be
r 

of
 r

ec
om

pu
te

s 
pe

r 
pa

rt
iti

on

Cache size (percentage of total partitions)

DAP�H1 Cache hit
DAP�H2 Cache hit

DAP�H1 Recompute
DAP�H2 Recompute

Figure 12.14: On the left axis, cache performancefor the H1 and H2 metrics on
the DAP problem. On the right axis, the averagenumber of times a partition is
recomputed. A higher cache hit ratio is better, but a lower number of recomputes
is better. For this problem, a 30x30x30x30state discretization was used, and a
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Figure 12.15: On the left axis, information-frontier-only cache performancefor the
H1 and H2 metrics on the MCAR problem. On the right axis, the averagenumber
of times a partition is recomputed. A higher cache hit ratio is better, but a lower
number of recomputesis better. For this problem, a 300x300state discretization was
used,and a 30x30partition discretization was used.
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Figure 12.16: On the left axis, information-frontier-only cache performancefor the
H1 and H2 metrics on the SAP problem. On the right axis, the averagenumber
of times a partition is recomputed. A higher cache hit ratio is better, but a lower
number of recomputesis better. For this problem, a 300x300state discretization was
used,and a 30x30partition discretization was used.
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Figure 12.17: On the left axis, information-frontier-only cache performancefor the
H1 and H2 metrics on the DAP problem. On the right axis, the averagenumber
of times a partition is recomputed. A higher cache hit ratio is better, but a lower
number of recomputesis better. For this problem, a 30x30x30x30state discretization
was used,and a 10x10x10x10partition discretization was used.
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�v e runs.
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Figure 12.20: The MCAR control policy. Light grey is positive thrust, medium gray
is negative thrust, and dark grey indicates that the partition was never processed.
The left �gure showsthat, usingonestate per partition, the resolutionof the unvisited
statesis very high, andcorrespondsexactly to the discontinuities in the valuefunction.
The right �gure shows that, using about 100statesper partition, a partition can be
unvisited even if someof the states inside would have beenvisited. To generatethis
�gure, the traditional MCAR reward function was employed.
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App endix A

Additional Multi-Media Materials

The readeris encouragedto refer to

http://aml.cs.b yu.edu/papers/solving mdps/

for additional multi-media materials. Several videosare available which graphically

demonstratethe di�erent backup orders imposedby normal VI and the H2 and H1

priorit y metrics, on the MCAR and SAP problems. We also provide a video of the

DAP being balancedby a solution producedwith P-EVA. The P-EVA and Parallel-

P-EVA sourcecodesare also available for download. In addition, a graphical DAP

simulator is available, with a control policy that balancesthe pendulum from any

initial position. A graphical TAP simulator is alsoavailable.
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