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ABSTRACT

SOLVING LARGE MDPS QUICKLY WITH
PARTITIONED VALUE ITERATION

David Wingate
Departmert of Computer Science

Master of Science

Value iteration is not typically considereda viable algorithm for solving large-scale
MDPs becauset cornvergestoo slonvly. However, its performancecan be dramatically
improved by eliminating redundart or uselessbadkups, and by badking up states
in the right order. We presen seweral methods designedto help structure value
dependency and presen a systematic study of companionprioritization techniques
which focus computation in useful regions of the state space. In order to scaleto
solve ewer larger problems,we evaluate all enhancemets and methods in the context
of parallelizability. Using the enhancemets, we discover that in many instancesthe
limiting factor of the algorithms is no longer time, but space. We thus evaluate
all metrics and decisionswith respect to cade performance. We generatea family
of algorithms by combining se\eral of the methods discussedand presen empirical
evidencedemonstratingthat performancecanimprove by se\eral ordersof magnitude

for real-world problems,while preservingaccuracyand corvergenceguarartees.
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Chapter 1

In tro duction

This thesis systematically exploresthe idea of minimizing the computational e ort

neededto compute the value function of a discrete, stationary Markov DecisionPro-
cessusing Value Iteration. The theme of our exploration can be stated generally as
\backing up statesin the correct order,” and to accomplishthat, se\eral methods of
di ering complexity are presened and discussedwhich structure value dependency
and prioritize computation to follow those dependencies.

The goal of this thesisis to solwe large-scale real-world MDPs quickly and accu-
rately. Traditional algorithms, although conceptually simple and easyto implemert,
are incapable of producing sud solutions, becauseof ine ciencies. Theseine cien-
ciesexist both in time (manifestedby prohibitiv ely long corvergencetimes), and in
space(manifestedby excessie resourceconsumptionand poor cade performance).
This thesisseekgo remedyboth problems,by quantifying ine ciencies, designingso-
lutions to remedythe ine ciencies, and by incorporating the solutionsinto a holistic,
uni ed architecture.

Certral to the thesis is an ewaluation of seweral enhancemets which we make

to standard Value Iteration (or VI). Theseenhancemets are derived as potential
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remediesto obsenedine ciencies in the VI algorithm. To avoid redundart or useless
work, we evaluate the idea of prioritization, which focusescomputational e ort in
regionsof the problem which are expectedto be maximally productive. To manage
the overheadof prioritization, both in terms of time and in terms of space we evaluate
the idea of partitioning, which aggregatesstates together and moves our algorithms
up alevel of abstraction. To managethe ine ciencies of partitioning, we evaluate the
ideaof e cient intra-partition update ordering, and study a low-costway to generate
good orderings.

But the solution of truly large MDPs demandsmore. In addition to the basicen-
hancemets mertioned previously this thesisstrivesto ensurethat the enhancemets
facilitate e ective parallelization, which allows the resulting algorithms to scalefar
beyond single-madine capabilities. This thesis also exploresthe idea of on-demand
data, which quarti es the bene ts of the enhancemets vis-a-vis swapping parts of
the problemto disk.

The existenceof e cien t algorithms which quickly solve large-scalereinforcemen
learning problemscould changethe RL researt landscape. We articipate that the
results of this thesiswill enablenew classeof reinforcemen learning problemsto be
solved by commadlitizing the solution to the current generationof hardest problems.
The ability to solwe novel problems can in turn enable new types of applications
which usee cient reinforcemen learning as a functional engine. And the existence
of high-quality solution engineswill in turn encourageresearbersto strive to solwe
even more challenging problemsthat are simply not feasiblewith currernt tools.

The results of the thesis are compelling. We demonstrate that the proposed
enhancemets improve performanceby seeral orders of magnitude, while preserv-
ing corvergenceand optimality guarartees. We demonstratethat the enhancemets

function together harmoniously becausethey improve performancein di erent ways:
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algorithm designerscan incorporate one, seweral, or all of the enhancemets. We
demonstratethat e ective parallel versionsof the algorithms are possible. And we
demonstratethat one of the key cortributions of the thesis, the H2 priority metric,

exhibits outstanding cade e ciency.

1.1 Motiv ation of the Thesis

Value Iteration (or VI) is a robust and well-known method for computing the value
function of an MDP, but it doesnot scalewell for large problems. VI is pseudomly-
nomial in the number of states and actions (Littman, 1999. Other known solution
options, sud as greedypolicy iteration (Mansourand Singh, 1999, and linear pro-
gramming (Bertselkas, 1995, are similarly polynomial in the sizeof the represeration
of the MDP and the discourt factor. Although a polynomial time algorithm is gener-
ally considereda positive thing, it still represets prohibitive complexity for extremely
large problems.

The complexity of these methods can be problematic for anyone who needsto
computevalue functions quickly. For example,somevariable resolution discretization
algorithms rely on an accuratevalue function to guide discretization decisions:they
must solve the MDP, then re ne, then sole, then re ne, etc. (Munosand Moore,
2002 Monson 2003. Sud methods are obviously bound by the time neededto
compute the value function. Modied policy iteration (Puterman and Shin, 1979
is similarly bound, becauseit usesVI to compute the value for a given policy, and
thus could benet from an e cient value iterator. Someresearbers may needto
tune unknown problem parameterswith an experimertal cycle: approximate the
parameter, solve the MDP, and analyzethe result. A cyclelasting even seeral days

is prohibitively long, and limits the size of problemsthat can be solved. There is
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alsothe commonproblemin model-basedreinforcemen learning of nding a balance
betweenplanning and execution: ideally, an agen recomputesan optimal policy given
any changein its model of the ervironmert. Unfortunately, nding the optimal policy
for a given model is non-trivial, so an agent with limited time may not be able to
perform sud a recomputation.

Two principal obsenations motivated this work. First, many badkups performed
by VI can be useless.VI is almost a pessimalalgorithm, in the sensethat it newer
leveragesany advantage a sparsetransition matrix (and/or sparsereward function)
may o er. It always iterates over and updateseery (s;a) pair, evenif suc a badkup
doesnot (or cannot) changethe value function. An intuitiv e improvemer is this: if,
on the previoussweep,only a handful of stateschangedvalue, why badk up the value
of every state on the next sweep? The only useful badkups will be to those states
which depend upon statesthat changedon the previous sweep.

Second,almost all badkups are navely ordered. For example,ordering the states
in an acyclic problem sud that the rows in the transition matrix are triangular
(correspnding to a topological sort) yields a O(n) solution; but solving the same
systemin an arbitrary order yields an expectedO(n?) solution time. Additionally, as
information badkpropagatesthrough a value function estimate, the optimal ordering
may change. Dynamically appraximating an optimal orderingin an e cient way is

one of the certral issueswe examine.

1.2 Summary of Contributions

This thesis makes seen signi cant cortributions to the eld of computer science.
This section brie y outlines them, but one of the most signi cant cortributions is

the fact that the cortributions are all complimertary, and function harmoniously in
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a uni ed architecture.

First, this thesisstudiesprioritization metrics systematically comparingand con-
trasting them to ead other. The idea of e cient computation applied to VI is not
new, but it has not received a dedicated treatment; most other papers have only
preserned a metric in isolation, and labeledit asa heuristic to enhanceperformance.
Prioritized Sweeping(Moore and Atkeson 1993, for instance,usesBellman error as
a priority metric, but we demonstratethat another equally simple metric (the \H2"
metric) often performs better when usedappropriately.

Second,the thesisintroducesthe idea of approximate prioritization , which is ac-
complishedprincipally through partitioning. This hasthe benet of managingthe
complexity introduced with the priority metrics, which is an issueother researbers
have not addressed.Partitioning not only reducespriority queuemanagemeh over-
head,but it alsoreducesthe sizeof model inverseswhich are necessaryand naturally
facilitates an e cien t parallel implemertation.

Third, the thesisbeginsa study of hybrid prioritization metrics, which are com-
posedof seeral atomic metrics. The hybrid metrics (which occur implicitly in the
algorithms we presen) often yield badkup orderingswhich are superior to the order-
ings yielded by strict useof a single priority metric.

Fourth, the thesisintroducesthe idea of \v oting,” which is a low-cost method to
determine an intra-partition update order. The thesisempirically demonstratesthat
voting canimprove algorithm performancetremendously evenwith naive algorithms.

Fifth, the thesisintroducesthe H2 priority metric. In addition to yielding better
badup orderings,and therefore better wallclock performancefor our algorithms, we
shonv empirically that the H2 metric exhibits outstanding cade e ciency. Although
the principal focus of the thesisis on temporal e ciency, this insight into spatial

e ciency solidi es H2 asthe metric of choice for solving very large MDPs.
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Sixth, and somewhatin cortrast to most asyndironous VI proofs of corvergence
(such as Bertselkas, 1982 1983 Gullapalli and Barto, 19949, the thesis cortributes
proof that not ewery state needsto be badked up during ead sweep in order to
maintain cortraction and corvergenceproperties. In fact, some states may newer
needto be badked up, which can have signi cant impacts on the amourt of e ort
neededto solwe a problem. An important result is the fact that no additional code is
necessaryto claim this bene t: it is an emergen property of the algorithms.

Se\erth, we presemn an e ective parallel version of the algorithm, which demon-
stratesthat all of the improvemeris and enhancemets proposed(sud aspatrtitioning,
voting, and the priority metrics) work equally well in parallel and serial scenarios.
This implies that algorithm designersdo not needto trade any of our enhancemets
for parallelizability, and can thereforefully leveragesupercomputing power.

Finally, although not a tangible cortribution in the sameway asthe others, this
thesis opens signi cant new researt directions as a result of the insights gained,
guestionsposed,and resultsobtained. It is anticipated that many of the dewelopmerns

in this thesiswill serne assolid steppingstonesfor even moresigni cant cortributions.

1.3 Outline of the Thesis

Chapter 2 (\Background") reviewsintroductory material on Markov Decision Pro-
cessesyalue functions, policies, corvergenceand cortraction. We also review the
normal value iteration algorithm, which is the basic algorithm we enhancethrough-
out the thesis. Chapter 3 (\Related Work") briey points out related work. We
note here that very little work which is directly comparableto our algorithms has
beenproduced, mostly becauseof di erencesin the assumptionof model availabilit y.

Chapter 4 (\E cien t Valuelteration") discusse® cient valueiteration and presens
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the basicalgorithmic enhancemets we make to normal valueiteration: prioritization,
partitioning, and intra-partition badkup ordering. This chapter also introducesthe
key conceptsand de nitions, and presets the certral questionsof the thesis.

Chapter 5 \The P-EVA Family of Algorithms") descritesthe P-EVA family of
algorithmsin detail, discussinghe motivation of partitioning, the semarics of the dif-
ferert priority metrics, and how \v oting" computesa low-costintra-partition badkup
ordering. Chapter 6 (\P arallelization") preserts a parallel versionof P-EVA, named
Parallel-P-EVA. This chapter discussesmplemertation issuespreseis sometheoret-
ical results, and cortributes insights into appropriate domain decompsitions. Chap-
ter 7 (\On-Demand Data") exploresthe cade behavior of the P-EVA algorithms,
focusingon the behavior generatedby the useof the di erent priority metrics. This
ideais related to spatial e ciency, and is designedto facilitate the solution to truly
large problems. Chapter 8 (\Algorithm Analysis") preserts theoretical resultsrelated
to convergenceoptimality, rates of corvergenceand su cien t subsets.

Chapter 9 (\Exp erimertal Setup") discusseshe experimertal domain of the the-
sis. Herewe discussthe test suite, the reasonthat we selectedminimum-time optimal
cortrol problems,the methods that we useto discretizecortinuousproblems,and the
hardware that was usedin various experimerts. Chapter 10 (\Results") presens the
resultsof all of the experimerts, and Chapter 11 (\Conclusions and Future Researb")
presens conclusionsand future researb possibilities.

The charts and graphs collected during the courseof the thesis are collectedin
Chapter 12 (\Result Graphs"). Additionally, an on-line appendix is available, which

is descriled at the end of the thesis.
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Chapter 2

Background

This chapter presens introductory material on Markov Decision ProcessegSection
2.1), the value function of an MDP (Section 2.2), policies (Section 2.2), the basic
VI algorithm (Section 2.3), Bellman error and alternative vector/matrix notation
(Section 2.4), and common corvergenceand optimality de nitions (Section 2.5). In
addition, this chapter introducesmost of the notation that will be usedthroughout
the remainder of the thesis. Someof the notation that is speci ¢ to our algorithms,
and not generalto all Markov DecisionProcessesis resened for Section4.2 Werefer
the interestedreaderto Puterman (1999 for a more detailed and rigorous treatment

of the foundations of MDPs, their properties, and solution algorithms.

2.1 Mark ov Decision Pro cesses

A Markov Decision Processis a tuple M = (S;A; Pr; ;R) describinga stochastic,
ewlutionary process.HereS N isa nite setofstates,A N isa nite setofactions,
and Pr(sis;a) (Pr:S S Al <) is a probability massfunction describingthe

probability of transitioning to state s°giventhat the systemis in state s and executes
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actiona. R(s;a) (R:S A! <) isafunction describingthe reward received by an
agen which executesaction a in states. 2 [0;1) is known asthe disount factor.

At any giventime, the systemis in somestate s 2 S. At ead decisionepoch (for
our purposes,this meansead timestep), the systemcan selectan arbitrary action
a 2 A from the set of available actions. Upon executing the action, the system
transitions to a random successostate which is selectedaccordingto the probability
distribution Pr.

Ead state and action has a reward asseiated with it. Sincethere are se\eral
choicesof actions at eat state, the goal is to determine which action yields the
highest expected reward. Some state-action pairs may yield an immediate reward
of zero (or may yield negative rewards), but may transition the systeminto a state
wherea large positive reward is possible. We thereforewant the systemto be able to
look an arbitrary number of stepsinto the future whendetermining how to maximize
its reward, but we wish the systemto value immediate rewards (rewards that are
fewer stepsaway) more than long-term rewards. To bias the systemtowards closer
rewards, we discourt future rewards by a factor of for ead step it takesto reath
them (recall that < 1). In order to determine which actions produce the highest
expected discourted reward, we compute the value function of the MDP, which is
descriked below. This problem formulation is known as a discountead in nite-horizon
optimality criteria. Other optimality criteria, sud asBlackwell optimality (Blackwell,
1962, nite-horizon reward, total reward, or averagereward criteria (Mahadean,
1996, are also possible. For a thorough survey of optimality criteria, we refer the
readerto Littman (1999.

The \Mark ov" property of the processindicates that the transition probabilities
depend only upon the currernt state, and not upon any previous states. In other

words, it doesn't matter how the systemarrived in the state that it is in { it only
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matters that it is in that state. Sud systemsare sometimesknown as memoryless
systems(Kakade 2003. The \Decision" property indicates that there is a choice
of actions in somestates. If there were no actions, we would simply have a Markov

Process

2.2 The Value Function and Policies

The value function of an MDP M is mathematically de ned as the solution to a
set of Hamilton-Jacobi-Bellman (HJB) equations. These equations mathematically
descrike the precedingsection. The agert must maximize the expected discourted

reward by selectingthe best action possible,as shovn in Equation 2.1
( X )
V(s) = max R(s;a) + Pr(sys;a)V(sY (2.1)

§0

Clearly, the solution to this set of equations depends directly on the choice of
action in ead state. This choiceis known as a policy, which is formally de ned asa
mapping( :S! A), andindicateswhich action an agert will executein ead state.
We say that a givenpolicy induces a value function on the MDP, and will only talk
about solving this systemof equationswith respect to a given policy. Under a policy

, Equation 2.1 becomesEquation 2.2

V) = R(s; (9)+  Pr(sls; (9)V(S) (2.2)

S

If n = jSj is the number of statesin the MDP, then Equation 2.1 is a system
of n equationsand n unknowns. This systemmay be solved by Gaussianelimina-
tion, matrix inversion, Gauss-Jordarelimination, or any other linear systemssolution
method. However, all of thesemethods have a time complexity that is O(n®), which
meansthat solving the value function equationsdirectly is prohibitively expensie.

Thus, most algorithms appraximate the solution, as discussedn the next section.
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Typically, we are interestedin computing the optimal value function. The optimal
valuefunction (denotedV ) maximizesthe expecteddiscourted reward in ewery state,

and is induced by a correspnding optimal policy (denoted ).

2.3 Value lteration

As noted, computing an exact solution to the system of equationsin Equation 2.1
is prohibitiv ely expensiwe. Instead, most algorithms opt to approximate the correct
value function to within someaccuracy . To accomplishthis, an algorithm will
generally begin with an arbitrary estimate of the value function, V,, and execute
somesort of algorithm to move the estimate closerto the optimal value function. We
will subscript progressie value function estimateswith a time index (asin \,).
Value Iteration (Bellman, 1957 is an algorithm which successiely approximates
the valuefunction, starting from an arbitrary initial estimate. The Value Iteration (or
VI) algorithm simply changesthe equality operator in Equation 2.1to an assignmenh
operator:

( « )
Vi(s)  max R(s;a)+ Pr(sis;a)Vt 1(s9 (2.3)

s0

In VI, the agen iterates (or sweeps) over every state, and updatesthe value of that
state accordingto Equation 2.3 VI canthereforebe viewed asgeneratingall one-step
optimal policies, then two-step optimal policies, etc., and is generally considereda
form of dynamic programming. In the limit, it is guararteed to generatea policy
which is optimal with respectto an in nite horizon. We say that whenan algorithm
updatesthe value function estimate for a state s, it hasbackel up the value of state
S.

To facilitate compact notation, most researbers consideran algorithm sud as

VI an atomic operator which operateson an ertire value function estimate. The VI
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operator is usually written T, and using it, Equation 2.3 may be expresseds:
Vi= TV 1 (2.4)

The useof sud notation, conmbined with the strict time subscripting, justi es the
idea that all of the states are being simultaneously badked up in parallel. This is
why operators which do not bad up all of the statesin a given timestep are known
as asynchonous operators (Sutton and Barto, 1999. We also note that this form
of parallelism is more of a theoretical construct, and should not be confusedwith
actual massiely parallel implemertations which run on supercomputersor clusters

(as discussedn Chapter 6).

2.4 Bellman Error and Vector/Matrix Notation

When an algorithm sud asVI badks up a state, the value function estimate for that
state will sometimeschange. The amourt of changethat will occur, assumingthat a

badkup were executed,is known asthe Bellman error of the state:
( X )
Bi(s) = max R(s;a)+ Pr(sis;avi(sh  Wi(s) (2.5)

<0
Note that the Bellman error should not be considereda one-steptemporal di er-
ence(Sutton, 1989: the Bellman error represetts the amourt of potential changeto
the value function, assumingthat a certain state was badked up, as opposedto the
actual di erence betweentwo value function estimatesseparatedby one timestep.
This subtle di erence will be signi cant in the cortext of any algorithm that does
not badk up ewery state at ead timestep; the algorithms we will introduceare of this
type. Pengand Williams (1993 called the Bellman error the prediction di er ence.
We will let
M; = kB¢(s)k
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be the largest potertial update in the system. This quartity is commonly called the
Bellman error magnitude (Williams and Baird, 1993.

Equations2.3and 2.5 may be rewritten usingvector and matrix notation. Follow-
ing Puterman (1994, let d2D be a deterministic Markovian decision rule, de ned as
amappingd: S! A. Useof decisionrules allows us to simplify equations2.6 and 2.7
by extracting the max operator; we stress,however, that the maximum decisionrule
can be determined component-wise (if not, we would have to enumerate all possible
decisionrules). Sincereward functions and transition probabilities depend upon the
action selectedfrom ead state, we will subscriptthem with a decisionrule. We note
that a decisionrule is simply a slightly more generalversionof a policy.

Using vector and matrix notation, VI and the Bellman error function can be

expresseds:
Vi = maxfRq+ PqVi 19 (2.6)
Bi= maxfRq+ PaVig W (2.7)

Using the Bellman error function, the VI operator may be equivalertly expressed
as

Vi=TVi 1=V, 1+ Bt 1 (2.8)

2.5 Convergence and Optimalit vy

There are sewral questionswhich are important when evaluating the utility of a
solution algorithm sud as VI. The two principal onesdeal with corvergenceand
optimality. SinceVI successigly appraximates the solution to a systemof equations,
the rst questionis, \will the algorithm evertually convergeto a singleanswer?” The

secondis, \which answer will the systemcorvergeto?" and\ls it the optimal an-
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swer?" Wewill briey show that VI doesin fact corverge,and that whenit corverges,
it corvergesto the optimal policy and thereforeto the optimal value function.

A corveniert proof of corvergenceis carried out using max-norm analysis. First,
we de ne what we meanby cornvergence.For our purposes,a value function estimate

has cornvergedif the systemhasreaded a xed point:

Vi=Vi1=TV: 1

A value function estimate V is a xed point any time application of the operator T
doesnot changethe value function estimate.
We prove corvergencefor any operator that is a cortraction mapping, meaning

that it satisi es the following equation:

kTv Tuk kv uk

(wherek kisthe max norm of avector eld, andv andu are valuefunction estimates).
Intuitiv ely, this de nition statesthat the largestdi erence betweentwo value function
estimatesshrinks asthe T operator is repeatedly applied.

Becausehe largestdi erence always shrinks betweentwo valuefunction estimates,
it is easyto show that cortraction mappingsalways tend towards a xed point. We
refer the interestedreaderto Puterman (19949 for details of the proof. It is easyto
show that for HIB systemsof equations,there is only one xed point in the spaceof
all possiblevalue function estimates,and that this xed point correspndsexactly to

the optimal value function estimateV :

Vi= TV ) =V (2.9)

Next, we shaw that VI is a cortraction mapping in max-norm. Recall that there

are two important properties of max-norm operators: rst, that the max-norm of a
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scalaris just that scalar,and that the max-norm of a matrix is the largestrow-sumin
the matrix. Sinceall matricesinvolved hereare probability matrices, their max-norm

is simply equalto one. This yields the following proof:

Proof.
KTVt TViak KV Vi k
KVia Vi k KV Mk
kRg+ P4Vt Ry  PgViuik kVi Vi1 k
k PakkVi Vi k KV Vi k
KVt Viar Kk KV Mk

O

The idea of convergencein norm will be essetial to the analysisof our algorithms in
Chapter 8.

Tangerially, we note that sincethis is a corvergen system, the absolute value
of all eigervalues ;::: , ; of the matrix de ned by the value function are strictly
lessthan 1, with the singleexceptionof the dominart eigervalue o, which is strictly
equalto one. The solution vector V correspndsto the dominart eigervector of the

matrix de ned by the system.



Chapter 3

Related Metho ds

This work is about the e cien t badkpropagation of correct value function estimates.
Other researbers who have investigated similar issuesof e ciency have produced
resultsthat aretangible and compelling, but their algorithms are not directly compa-
rable to ours becausethey have beendeweloped in the context of on-line, model-free
learning. Our algorithms, in cortrast, explicitly assumethe availability of a complete
model.

The di erence in thesedomainsis signi cant and shifts the emphasisof the work.
Model-free algorithms do not have the luxury of executing badkups to states they
have not visited; model-basedalgorithms, in cortrast, can executebadups to any
state, in any order. This fact freesus to examinedi erent types of questions. For
example,most model-freealgorithms must cortent themselheswith badkpropagating
information along experiencetraces, but there is no reasonto supposethat an expe-
riencetrace (played in any order) represets an optimal sequenceof badkups. It is a
surrogatefor what is truly desired,which is the ability to digestthe consequencesf
correctedvalue function estimatesas quickly and thoroughly as possible,throughout

the ertire problem. Thus, instead of examining questionsrelated to maximizing the

17
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utilit y of experiencetraces, this work examinesquestionsrelated to nding globally
optimal badkup sequences.

There arethree primary classe®f methodsthat researbershave usedto accelerate
the badkpropagation of correct value information. Algorithmically, these methods
form a poor basisfor comparison,but conceptually they illustrate seeral important
points.

First is the classof trace propagation methods, sud asTD( ) (Sutton, 1989, Q( )
(Pengand Williams, 1999, SARSA( ) (Rummery and Niranjan, 1994, Fast Q( )
(Reynolds 2002 and Experience Stak Replay (Reynolds 2002. These methods
store a record of past experiences. As value function estimatesare corrected, the
changesare propagatedbadkwards along the experiencetrace. Relative to VI, these
methods derive enhancedperformancepartly from badking up statesin a principled
order (that is, badkwards) and by only badking up a subsetof all states. The ideas
of principled ordering and partial sweepswill be certral in this work.

Second,there are forced genealization methods, sud as Eligibilit y Traces
(Singh and Sutton, 1999, PQ-learning (Zhu and Levinson 2002 and Propagation-
TD (Preux, 2002. Thesemethods attempt to compute the value for a state based
on information that was not directly assaiated with an experiencetrace. States
selectedfor badkup may have beenpart of a previous experiencetrace, or may have
a geometricalor gedalesicrelationship to statesalong the actual trace (this happens
implicitly with function appraximators, but is forced to happen explicitly in these
tabular methods).

Third, there are prioritized computation methods, sud as Prioritized Sweeping
(Moore and Atkeson 1993 and Queue-DYNA (Pengand Williams, 1993. These
methods order the badkups in a principled way by constructing priority queuesbased

on Bellman error. The idea of prioritizing badkups is also certral to our thesis,
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but these methods raise many questionsthat merit further study. It is from these
guestionsthat our work springs.

Other researbers have consideredextensionsto the three basicclassegreviously
erumerated, but the extensionsdo not match our domain of interest. For example,
Andre et al. (1999 proposeda cortinuous extensionto Prioritized Sweeping, and
Zhang and Zhang (200) discussa method for acceleratingthe convergenceof VI in
POMDPs. Policy iteration has traditionally performed much better than VI, but
is problematic becauseit may require an exponertial nhumber of sweepsfor certain
families of MDPs (Littman, 1996. It is alsowell known that the dual of any MDP
can be solwed by linear programming. Howeer, Littman et al. (1999 point out that
\existing algorithms for solving LPs with provable polynomial-time performanceare
impractical for mostMDPs. Practical algorithms for solving LPs basedon the simplex
method appear proneto the samesort of worst-casebehavior as policy iteration and
value iteration." Gordon (1999 provides a thorough survey of other MDP solution
techniques, sud as state aggregation,interpolated VI, appraximate policy iteration,

policieswithout values,etc.
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Chapter 4

E cien t Value lteration

There are three principal methods which we useto improve the e ciency of VI, eah
of which is discussedin detail in Chapter 5, and which are briey outlined here.
Following the outline, we will discusssomeissuesrelated to partial sweeps,and then
introducethe de nitions and notation speci ¢ to our algorithms.

The rst method we useto improve e ciency is the prioritization of badkups.
Essemially, instead of navely sweepingover the ertire problem, we wish to work our
way badkwards through the problem. We correct the value function estimate for a
state s by bading it up, and then correct the value function estimate for all states
which depend upon s. We use Bellman error to characterize how useful any given
badkup is, and then construct di erent metrics basedon the Bellman error as the
priority in a priority queue.In this work, we exploretwo di erent prioritization met-
rics atomically, aswell a hybrid metric (ead having signi cantly di erent semartics),
and discussperformancecharacteristics of all three.

Secondly we employ the idea of a partition. Partitions, which are just sets of
states, improve e ciency for three reasons. First, they enable approximate priori-

tization. Demanding perfect prioritization of ewvery state adds prohibitiv e overhead,

21
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becauseoncethe value for a state hasbeencorrected,eat dependen state much be
extracted, reprioritized, and reinsertedinto the queue. For most priority queuealgo-
rithms, this results in seweral O(logn) operations. If a partition cortains mutually

dependert states,then badking up statesin a high-priority partition is guararteedto

bad up the state responsiblefor the high priority, and automatically badks up other
high-priority states,without having to managethe priority queue. Second partitions

enablesmallerinversemodelsto be used. Prioritization at a state level of granularity

meansthat a full model inversemust be stored, becauseewery time a state changes
value, all of its dependens must be reprioritized. By moving to a partition level of
abstraction, the only dependerts that needto be reprioritized (and whosetransitions

needto be stored) are the dependeris in other partitions. Partitions shouldtherefore
be constructedto minimize the number of these\cross-partition transitions.” This is
why our algorithms are structured around priorities betweenpartitions. Third, par-
titions make hybrid prioritization metrics possible: the partition can be prioritized

\globally" using one metric, but the states within the partition can be prioritized

locally using a di erent metric.

Sincewe are interested in performing badkups in a correct order, the third and
nal method we useis the idea of \v oting” on an intra-partition badup order. Code
and data organization stipulate that the statesin a partition must be badked up in
someorder. Voting is a low-cost, high-yield method which allows statesto direct

their own badup order.

4.1 Partial Sweeps

None of our algorithms actually have the conceptof a full sweepin the sameway

that VI or policy iteration does. To avoid uselesshadups, our algorithms implicitly
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discardfull sweepsin favor of structured, orderedpartial sweeps.This desernessome
explanationin terms of corvergenceand complexity.

There are two distinct issuesforming the basisfor the complexity of VI. The rst
is the most commonly analyzed: how marny sweepsare required for -corvergence?
This question has already beenanswered in detail by Littman (1996. The second,
which hasbeenanalyzedlessfrequertly, is this: what su ces asa sweep?

Convergenceproofs for algorithms which compute the value function of an MDP
require an operator T that operateson a value function estimate V,. This operator

must be a cortraction mapping, meaningthat it must guarartee that:

kTv Tuk kv uk

(where k k is the max norm of the function). In the traditional VI algorithm, the
operator is a full sweepover the valuefunction, badking up ead state in the usualway
(seeEquation 2.3). This guararteesthat the value function estimate V; will corverge
by a factor of at least to the optimal value function V .

Howe\er, there is no stipulation that T operateon every state. This begsthe ques-
tion: what is the minimal number of badkups requiredto ensuresuitable cortraction?
Obviously, the answer dependson the problem. Onecaneasily nd examplesof sparse
matrices where one badup is su cient to force a cortraction, but it is also possible
to shav exampleswhere|Sj badkups are required (the traditional worst-casebound
describinga fully-connectedgraph). Of course,hardly any large, real-world problems
are actually fully-connectedgraphs.

We can not claim that the algorithms we have deweloped fundamerntally change
the complexity (expected or otherwise) of VI. Nor can we claim that they improve
performancefor all problems;in fact, for someproblems,they perform worsedue to

overhead. But we do claim, and demonstrate,that the algorithms remove tremendous
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ine ciencies, and function extremely well as general-purpsesolutions for practical,

large-scaleproblems.

4.2 De nitions and Notation

This section introducesthe speci c de nitions and notations that we will use to
formally descrike our algorithms. Beforewe begin, we note that most of the notation
dealingwith partitions hasbeenstructured around sets. This wasdoneto emphasize
the fact that partitions can cortain arbitrary states,which may or may not have any
relation to ead other.

Our algorithms build di erent prioritization metrics upon the Bellman error func-

tion. The rst metric we will analyze,H1, is equalto the Bellman error itself:
H1(s) = Bi(s)

The secondmetric is:

8
2.9 2 By(s)+ Vi(s) By(s) >
S =
t 3 0 otherwise

The semattics of both of these metrics will be discussedmore fully in Section5.2
When it is not important which prioritization metric is used, we will use H;(s) to
referto a genericone.

Let P be a set of partitions which denotesa particular partitioning of the state
space,and let N, = jPj be the number of partitions. Let eat p2P be a set of states.
Let Ps: S! P bethe mapping of statesto the partitions that cortain them. Eacd
P must tessellatethe set S by obeying two properties:

[
p2P
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The state dependentsof a state is the set of all stateswho have someprobability of
transitioning to s, and thereforewhosevalue depend on the value of s. We de ne it
as

SDS(s) = fs°: 9aPr(sys;a) 6 Og

The state dependentsof a partition is the set of all states whosevalue dependson
somestate in the partition p. We de ne it as
[
SDP(p) = SDS(s)
s2p
The partition dependentsof a state is the setof partitions which cortain a state whose
value dependsons. Wede ne it as
[
PDS(s) = Ps(s9
s%2 SDS(s)
The partition dependentsof a partition is the setof all partitions that cortain at least
one state that dependson the value of at leastonestate in p. Wede ne it as
[
PDP(p) = PDS(s)
s2p

De ne the priority betweentwo partitions as

HPPt(p;p% - sZp\rgg)é(p% Ht(s)

Note that in general, HPP(p;p® 6 HPP(p%p). De ne the priority of a partition as
HP(p) = maxHPP(p;p)

To simplify the following discussions,all of the MDPs consideredare positive
boundel (all rewards are positive and nite). Creating a positive bounded MDP
can be accomplishedby adding a constart C to the reward function; sincethe value

function estimate will be initialized to O, this ensuresthat 8;V; V . This doesnot
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changethe resulting policy, and, asZhanget al. (1999 point out, \the valuefunction
of the original [MDP] equalsthat of the transformed[MDP] minusC=(1 ), whereC

is the constart added.” This stipulation alsosimpli es someof the bounds provided
in Chapter 8.



Chapter 5

The P-EV A Family of Algorithms

This sectionintroducesthe P-EVA family of algorithms. We begin with the the P-
EVA (\P artitioned E cien t VAlue iterator") algorithm of Wingate and Seppi (2003
as our base,and generatea family of algorithms by generalizingit accordingto the
techniqueswe discussin this thesis. To refer to the family in general,we will usethe
term \P-EV A," and we will refer to a speci ¢ variant within the family by su xing
\P-EV A" with a mnemonicstring.

The next subsectiongdiscusspartitions, priority metric semairics, whento select
which priority metrics, when to selecthybrid metrics, and how to compute intra-
partition badkup orderswith voting. Figure 5.1 shovsthe completeP-EVA algorithm.
We note that the notion of a timestepis di erent betweenP-EVA and value iteration
becausen P-EVA, only one state is badked up at ewvery timestep, but in normal VI,
every state is baded up.

Following is a sketch of the core algorithm, which is commonto the ertire family:

Initialization: Let Vp; = 0. Partitions are processedaccordingto a priority
metric, which is de ned as the maximum priority of any state within the partition.

This implies that HP ¢(p) = maxaza:s2p R(S; 8).

27
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Initialize by setting Vo(s) = 0, Ho(s) = maxpa R(s;8), HPop) =
maXsz p;a2 A R(S; a)-
Selectan initial partition p = argmaxg HP o(p9.

Repeat
1. Value iterate over p in the order dictated by voting
max = 0
Repeat 8s2p
P
{ Vi (s) maxpafR(s;@)+ — oPr(sis;a)i(s)g

{ max = Max( max;Vi+1(s) Vi(9))
{t t+1

until  pax <

2' HPt(p) max

3. Update partition priority for all dependen partitions

For ead p°2 PDP (p):

{ HPP(p°p) O

{ hmax O

{ For ead s°2 (p°[ SPD(p)):
Update H(s9
Nmax = MaxX(Nmax ; Ht(S(b)

{ HPPt(pO, p) hmax

{ HP{(p)  max, HPP(p" p)

4. Selectthe next partition p = argmaxgHP(p%

until M(=(1 ) < , or until someother stopping criteria is reated.

Figure 5.1: The P-EVA algorithm with voting.
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Repeat: Selectthe highest-priority partition p from the queue(p = argmaxy HP(p9).
Value iterate normally over all s2p in the order dictated by voting. Update the value
function for ead s in the usualway. Repeat until -corvergence.Recomputethe pri-
orities of all statesthat dependedon any state within the partition (this is SPD (p)),

and recomputethe partition priority of eat depender partition (this is PDP (p)).

Until: Terminate the algorithm when somesort of stopping criterion is reated.

This will be typically be an -corvergencetest sud asthat givenin Section8.2

5.1 Motiv ating and Scaling Partitions

The overhead of managing the priority queueis high. Ead dependert must be
extracted, reprioritized, and reinsertedinto the queue,resulting in seweral O(logn)
operations per badkup. Figure 5.2 illustrates this overhead empiricall. On one
problem, although P-EVA with one state per partition bads up the value function
far fewer times than normal VI, it takesfar longerto solve the problem.

Two obsenations direct our solution. First, we can acceptsomebadk ups that
do not occur in strict priority order. Second,any single state (typically) depends
on multiple other states;it would be ideal to postponethe reprioritization of a state
until multiple dependencieshave beenbaded up. A good principle is to group states
togetherinto sets,and to work on the sets,instead of individual states. This accom-
plishesboth goalsbecauseit e ciently approximates the badkup order induced by
the priority metric, and it tends to ensurethat multiple dependenciesare resoled
beforemoving on.

The speci c partitioning used navigates the trade-o between uselessbadkups
(there might be statesin the partition that did not needto be processedpnd priority

gueueoverhead(it is fasterto update them anyway, becausat takestoo longto gure
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Figure 5.2: Performanceon MCAR as a function of problem size. Although P-
EVA with one state per partition (P-EVA/1) performs half as many badkups as VI,
it takesfar longerto complete. Priority queueoverheadaccouns for most of this
discrepancy Adding more statesto the partition greatly alleviatesthe problem: the
bottom graph shavs that P-EVA with 400statesper partition (P-EVA/400) requires
only 0.5 secondgo solwe the problem.
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Figure 5.3: An examplefor demonstrating the di erent badkup orders of H1 and
H2.

out which onesare useless).Thus, running P-EVA with a single partition cortaining
all statesis equivalert to normal VI, while running it with a singlestate per partition
yields updatesin strict priority order (as we shall note later, this is not quite true in
the single casethat a state hasa loop to itself).

As shawvn in Figure 5.2, adding more statesto the partitions dramatically improves
performance. Both P-EVA/1 and P-EVA/400 perform fewer badkups to the value
function than normal VI, but becauseé?-EVA/400 eliminatespriority queueoverhead,
the time neededfor it to read a solution drops by three orders of magnitude. The
astute readerwill note that, courter-intuitiv ely, P-EVA/400 performedfewer badkups
than P-EVA/1. This behavior is exploredin Chapter 5.3

The partitioning method usedin our experimerts is descriked in the Chapter 9.

5.2 Prioritization Metric Semantics

This thesisexaminestwo di erent prioritization metrics, ead of which exhibits very
di erent behavior. We encouragethe readerto referto the on-line appendix to build
intuition regarding the di erent priority metrics and the way that they propagate
information.

The H1 prioritization metric is the most obvious metric, and has been studied
before (although not in cortrast to other metrics). Using it, P-EVA can be thought

of as a greedy reduction in the error of the value function estimate. This has the
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Figure 5.4: An exampletopology for which P-EVA (with either metric) yields a
highly suboptimal bad<up order, but for which valueiteration yieldsan almostoptimal
badkup order. State D is an absorbingreward state. Only one action is available at
eadt state. Transitions to other statesall have equal probability.

tendencyto changethe estimate quickly throughout the state space,but it alsotends
to leave large regionsonly partially corverged, and therefore does not necessarily
propagatecorrect policy information quickly.

The H2 metric hasa very di erent e ect on computation order. The intuition is
this: if thereis a valuethat is morethan away from its optimal value, the value will
ewertually have to be corrected. Sincelarge values (generatedfrom large rewards,
or small loops) have greater in uence on the value function than small values, H2
convergeslarge valuesbefore propagating their in uence throughout the state space.
This tends to ensurethat regionsare fully corvergedbefore anything depending on
the regionis processed.

Figure 5.3illustrates the di erence. State A is an absorbinggoal state with reward
R. All other rewards are zero. In state B, the agert transitions to state A with
probability 1 °, and bad to state B with probability °. Usingthe H1 metric, B is
badkedup rst, followedby C, D, then E. State B is then badked up again, followed by
C, D, then E. The value of state B will asymptotically approad R=(1  ©); for eat
update to B, an\information wave" must be propagatedbad<ward along the strand.
Usingthe H2 metric, howewer, B is repeatedlybadkedup until R=(1 %) V(B) < ,

at which point a singleinformation wave will propagatealongthe strand.
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5.3 Selecting Metrics

The resultsin Chapter 10 demonstratethat neither H1, H2, nor standard VI induce
an optimal badkup ordering for all MDPs. Howewer, eat performs better than the
others for someproblems. The question of which metric should be usedon a new
problemnaturally arises,but it isdi cult to nd topologicalfeatureswhich accurately
predict the performanceof ead metric. In fact, the bestmetric is a hybrid of all three,
aswe shall see.

VI vyields a very good badkup order any time a problem is closeto being fully
connected. The obvious corollary is that VI is alsovery good for any subgraphthat
is closeto fully connected. Value iteration performs poorly any time the problem
exhibits strong linearity: this can be due to a large number of strongly connected
componerts, a large graph diameter relative to the number of nodes, or highly se-
guertial dependencieswithin long loops.

The H1 metric performsbestin graphswhich have highly sequetial dependencies,
which occursin acyclic graphsand in graphswith long loops. The H1 metric excels
at avoiding uselessbadups, but tends not to iron out feedba& loops completely
meaningthat stateswithin sud loops must often be processednultiple times.

The advantage of the H2 metric is more di cult to quartify. H2 tries to ensure
that stateshave corvergedbeforemoving on to those states' dependers. Conceptu-
ally, this is an appealingidea, but practically it is very di cult to implemen without
the addition of partitions: it needssomecyclesto generatea di erent orderthan H1,
but does poorly with too many cycles. Figure 5.4 illustrates a topology for which
H2 is highly suboptimal, and Figure 5.5 shows performancevisually: H2 selectsone
state and \spirals" its value upwards, then selectsanother state and spirals, then a

third, and bad to the rst, in aloop. Howewer, the optimal sequencas to spiral all
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Figure 5.5: Performanceagainst the topology in Figure 5.4. The graph shows the
1-norm of the value function as a function of the update number. The \spiraling"

behavior of P-EVA-H2 is clearly shavn: P-EVA-H2 selectsone state and repeatedly
badks it up it until it corverges. This implicitly happenswith P-EVA-H1 as well,
becauseof Step#1 in the algorithm (seeFigure 5.1).
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three states upwards in parallel in a round-robin fashion, which implicitly happens
with VI.

H2 performsbestin a hybrid setting, which we will shallillustrate usingFigure 5.6.
Ead cloudrepresets a cluster of highly interdepender states(perhapseven strongly
connectedcomponerts); clustersare weakly connectedto eat other. The valuesof
stateswithin ead cluster should be convergedbefore moving on to processthe next
cluster, but within ead cluster, standard VI should be employed. By themseles,
eath metric performs poorly: VI performs uselessbadkups by working on clusters
two and three beforeinformation haspropagatedbad to them; H1 hasthe tendency
to prematurely move on to the secondand third clustersbeforethe rst cluster has
converged, and H2 correctly prioritizes clusters, but functions poorly within ead
cluster.

The desiredhybrid should selecta cluster and work on it until corvergencethen
move on to the next cluster. This is exactly the way that the P-EVA algorithm
functions. Either H1 or H2 sernesas a sort of meta-guide between partitions, but
within ead partition, normal VI occurs(seeFigure 5.1, noting Step#1). This senes
to explain why P-EVA performs sowell when using many states per partitions, and
why it performsso poorly when using just one state per partition. It alsoprovidesa
theory asto why H2 performsslightly worse on the double-arm pendulum problem
than H1: statesare highly interdependen, but partitions are highly interdependert

aswell.

5.4 Backup Order Voting

P-EVA must value iterate over all of the stateswithin a partition until the Bellman

error drops belov . To optimize this stepin the algorithm, we introducethe idea of
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Figure 5.6: An exampleillustrating whenhybrid metrics are closeto optimal. Clouds
represen clusters of highly interdependen states. The P-EVA algorithm doesvery
well on problemsof this sort if partitions correspnd to clusters.
backup order voting.

Toillustrate, considerthe MDP shown in Figure 5.7. The o w of valuedependency
in this problemis regular, which is a commonoccurrencein many problems. Assuming
that this systemwas updated from left to right, O(n?) badups will be required to
propagateinformation from the right-hand sideto the left-hand side. If, howewer, the
partition is updated from right to left, only O(n) badkups will be required (of course,
this di erence is signi cant only when using Gauss-SeideVI).

In this thesis, all partitions are hypercubes. The regular rectangular structure of
the partition implies that statesmay be badked up simply by iterating systematically
over the coordinatesin the cube, in the much the sameway a program might iterate
over a multi-dimensional array. Howeer, there is a choice to be made: in a given
dimension, should we iterate from lowest coordinate to highest coordinate, or from
highest coordinate to lowest?

Voting is the processof analyzing the transitions interior to the partition, and
allowing ead state to vote on badkup directions for ead dimension. This operation
is facilitated by the experimertal domain of the thesis: sinceall of the MDPs that
we considerare derived from cortinuoustime and cortinuous state cortrol problems,
eadt state hasgeometricinformation assaiated with it. This geometricinformation
enablesvoting to be donewith minimal overhead. Voting can thereforebe usedasa

surrogate for an intra-partition topological sort (which is not well-de ned for cyclic
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Figure5.7: An exampledemonstratinghow badkup ordering canimpact performance.

graphs).

It is important to note that most large problemsdo not generally exhibit enough
dependencyregularity to make simple direction-voting sdhemeshelpful at the glotal
level Empirically howewer, once a problem is decommsedinto small subgraphs{
through a processlike partitioning{v oting improves performancesubstartially .

Admittedly, there are times whenvoting can hurt performance,but somebadup
order must be selected. Voting is a more principled method than relying on the
relatively arbitrary order prescribed by memory organization. Developing a more
generalmethod of voting that doesnot rely on geontric information is an issueleft

to future researb. Someideasare briey discussedn Chapter 11
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Chapter 6

P arallelization

This chapter exploresthe results of combining partitioning, prioritization, and par-
allelization into a singleVI algorithm. A certral point of the chapter is the fact that
algorithm designersdo not needto trade one enhancemen for another. All three
are compatible, and even complimentary; the combination of any (or all) improves
performancewhile maintaining corvergenceand optimality guarartees. We encour-
agethe readerto refer to Wingate and Seppi (to appear 2009 for our most recen
researb into this subject.

There are practical and theoretical problemswith the designof sud a composite
algorithm. Sinceother chapters have focusedon prioritization and partitioning, the
focus hereis on the parallelization, and the unique issuesresulting from a comnbina-
tion of all three ideas. Here, we answer questionsrelated to scalability and e ciency
by cortributing insights into the designand implemenation issuesassaiated with
parallelization. The most signi cant insights relate to an e ective domain decomyo-
sition: we note that naive block-decompsition methods are unlikely to be e ective,
becauseof the way in which prioritization focusescomputation on an \information

frontier.” We therefore analyze a heuristic decompsition designedto balance par-
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allelization and prioritization. Other questionsaddressednclude the following: can
the idea of prioritized VI be e cien tly implemerted in parallel? Can the gainsof the
parallelization be quarti ed? How doesa parallel, partitioned, and prioritized value
iterator compareto a parallel naive value iterator? In this Chapter, we discussthe

algorithm and enhancemets, and we presen experimertal resultsin Chapter 10.

6.1 Parallel-P-EV A

The Parallel-P-EVA algorithm is a parallel versionof the P-EVA algorithm. The core
ideasremain the same,exceptthat the work is spreadout amongdi erent processes.
This sectiondescrikesthe algorithm in detalil.

Before we descrile the algorithm, we rst note that the synergy betweenthe P-
EVA algorithm and the Parallel-P-EVA algorithm is substartial. In fact, we argue
that an e ective parallel value iterator is possiblein part becauseof the designde-
cisions made and insights gained from the P-EVA algorithm. A partitioned value
iteration algorithm naturally enablesan e cient parallel value iteration algorithm,
becausepartitions can be assignedto di erent processorswhich allows them to op-
erate on di erent parts of the problem in parallel. Sincepartitions are designedto
minimize the amourt of storageand computation requiredto prioritize badkups, the
samepartitioning naturally reducesthe amourt of inter-processorcomrmnunication in
a parallel algorithm.

In the Parallel-P-EVA algorithm, a set of partitions is created (the number of
which is greaterthan the number of processorsas discussedn the next section) and
divided amongthe processors.The processordhen executesthe algorithm shown in
Figure 6.1 asyndironously Eacd processormaintains a local priority queuewhich

prioritizes locally assignedpartitions. The processorselectsthe local partition p with
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Initialization

1. Partition the state space
2. Assign partitions to processors
3. Coordinate dependencieshetween processors

4. Construct a priority queuefor partitions local to eat processor

Repeat (in parallel)

=

Selectthe highest priority partition p from the local queue
Value iterate over the stateswithin p, until the maximum change<
Recomputethe priorities of local partitions dependingon p

Inform foreign processorsabout new valuesof statesin p

a Hc 0D

Processincoming messagesfor eadh foreign partition f that has changed,

recomputethe priorities of local partitions that depend on statesin f

Until stopping criteria is met

Figure 6.1: Pseuda@ode for the the Parallel-P-EVA algorithm.
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the highest priority and value iterates over the stateswithin it until they corverge.
The priorities of local partitions depending on p are then updated, and the new
valuesof stateswithin p are commnunicated to processorghat needto be informed.
Naturally, there may be somepartitions which do not cortain any stateswhosevalues
needto be commnunicated to a foreign processor.

The processorthen processesncoming messageswhich are of two types. The
rst typeis\partition update" messagesyhich contain the valuesof statesin foreign
partitions that have changed. The secondtype is \termination” messagesyhich will
be explained shortly. Of course,if no incoming messagesre waiting, the processor
may proceedto selectanother partition, and work on it normally. Once a proces-
sor has no more work to do (all local partitions have a priority that is belov some
threshold), it informs a designatedmaster processotthat it is nished, and blocks on
incoming messages.This is part of the distributed stopping criteria. Once all pro-
cessesave reported that they have nished, and that fact has beenveri ed by the
master processor(someadditional cheding to avoid a mild race condition) termina-
tion messagesre sert to all processesTo avoid starvation, the maximum number of
incoming messageshat will be processeds equalto the number of processorspnce
those messagehave been processedthe processorreturns to working on the local
priority queue.

This architecture hasthe e ect of allowing processorso work independertly when-
ewer possible,but forcing syndironization when necessary Of course,care must be
taken with certain messageassinglibraries to avoid deadlack.

In a parallel valueiterator, the issueof cross-praessordependenciess important.
It is possiblethat statesownedby one processordepend on the value of statesowned
by another processor.In fact, the priority of alocal partition will often dependon the

value of statesowned by foreign processors.This necessitatesmportant stepswhich
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are unnecessaryn serial versions. First, in the initialization phaseof the algorithm,

all dependenciesare coordinated between processors. Each processormust inform

foreign processorsthat they wish to be updated when the value of a dependency
changes.Of course,the value of a state will only changeoncea processotasselected
alocal partition and baded up the stateswithin it. Thus, after processinga partition,

a processormust comnunicate the values of states in the partition to all foreign
processorshat dependonthosestates. This additionally impliesthat processorsnust
maintain somesort of cade of the last known value of a foreignstate, which addssome
spacecomplexity. Cross-praessortransitions must be minimized for seweral reasons:
rst, to simplify the coordination phase;second,to minimize the number and sizeof
messagesommunicated after processinga partition; and third, to minimize the size

of the foreign state cade.

6.2 Assigning Partitions to Pro cessors

There are se\eral problematic issuesinvolved in the designand implemertation of
the Parallel-P-EVA algorithm. Thesemay be divided into two broad categories: rst,
there aretheoreticalissuegelatedto optimality, cornvergenceand appropriate decom-
positions. Secondthere are low-level issuesrelated to stopping, deadlack avoidance,
and e cien t internal represetation. Sincelow-level issuesare largely implemertation
dependent, and discussionof them would detract from the focus of the thesis, they
will not be discussedn detail. The convergenceand optimality issuesare grouped
with similar issuesin the P-EVA algorithm, and are discussedn Chapter 8.

The most interesting problemsconfrorting the Parallel-P-EVA algorithm involve
appropriate domain decompositions. There aretwo broad issues: rst, how are states

allocatedto partitions? Secondhow are partitions allocatedto processors?The issue
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Figure 6.2: Moving from left to right, top to bottom: the \information frontier"
of the Mountain Car value function propagatesoutward from the primary reward.
Colorsare not relevant to the point of the gure. Theseimageswere generatedusing
a slightly modi ed version of the Mountain Car reward function, as discussedin
Chapter 9.

o

of allocating statesto partitions is not treated in this work, for the following reason.
The focus of this chapter is exploring the generalbene t of parallelization, and not
in tuning the many speci ¢ designchoicesinvolved. The barrier to ertry of creating
principled partitions is quite high, and an adequatepartitioning can be constructed
simply by using the geometric coordinates of ead state. This is a consequencef
our experimertal setup. The MDPs are derived from cortinuous state optimal con-
trol problems,and the stateshave assaiated coordinatesin the original state space,
meaningthat partitions of highly related statescan be generatedby gridding the state
space. Solving more general MDPs for which geometricinformation is not available
is an important issuethat has beenleft for future researt. It is anticipated that
existing k-way minimum-cut graph partitioning algorithms, sud as recursiwe spec-
tral bisection (Alpert, 1996 or parallel multilevel partitioning (Karypis and Kumar,
1996 will be usefulin partitioning sud problems.

The issueof allocating partitions to processords more interesting, and is one of
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Figure 6.3: The assignmen of partitions as a function of attractors. Shown is a top
view of the MCAR value function. Blue (dark) and green(light) colorsindicate as-
signmen to processoroneand two, respectively. Shavn are the resulting assignmets
for (upper-left to lower-right) 1, 5, 10, 20, 50, 100, 200, and 1000attractors per pro-
cessor. The more attractors are added, the more random the partition assignmen
appearsto be.

our focuses.The di cult y is nding a balancebetweenparallelismand prioritization,

and is best explained through an example. ConsiderFigure 6.2 Shown are frames
in the ewlution of the MCAR value function, demonstrating the badkpropagation of
value information throughout the state space. This value information travels as an
\information wave." Formally, this information wave is dV=dt. If desired,the reader
may referto Chapter 9 for a a detailed description of the MCAR problem.

The prioritization metrics are designedto focus computation on the crest of the
wave, betweenthe region of not-yet-processedand already-coverged. The problem
lies in the fact that a traditional block decompmsition will not yield good paral-
lelization. As an example,considersolvingthe MCAR problem with two processors.
Assumethat the problem was divided into roughly equal blocks named A and B

(as shown in the upper-left image of Figure 6.3), and that block A (on the left) was

assignedto processorone, and that block B was assignedto assignedto processor
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two. This decomposition would perform quite poorly: processorone would start o
idle, while processortwo would drive the information wave from the primary reward
until it exited block B and ertered block A. Processortwo would then be largely
idle, while processoronedrove the information wave around the curve, and bad into
block B. Finally, processorone would be idle, as processortwo completed pushing
the information wave through the state space.

The foregoingexamplesuggestdwo ideas. First, it is clearthat the ideal scenario
is to have all processorswork on the information frontier in parallel, but this is
dicult to do, sinceit is not known in advance how the information frontier will
progressthrough the state space.Second,t seemglearthat creating more partitions
than processorsmay allow the processorsto always be working in parallel (for a
variety of technical reasonswe do not considerthe dynamic allocation of partitions
to processorspartitions are allocated once during initialization, although this idea
represets a signi cant direction for future researt). This suggeststhat a fully
random allocation of partitions to processorsnay be a viable solution, but intuitiv ely,
it seemdhat this would createlittle cohesionbetweenpartitions, and would result in
prohibitiv e inter-processorcommunication.

At one extreme of the decompsition, therefore, is a full block decompsition,
where the state spaceis divided equally among processorsin large cortiguous re-
gions. At the other extremeis a fully random allocation. To explorethis cortinuum,
we introduce the idea of \attractors,” which are essetially nodesin a radial basis
function. We allocaten attractors per processorand scatterthem randomly through-
out the state space. To assigna partition to a processor the partition's distanceto
all of the attractors is computed;the partition is assignedo the owner of the nearest
attractor. This e ectively computesa Voronoi tessellationof the space.Adding more

attractors makesthe assignmeh more random, as shawvn in Figure 6.3,



Chapter 7

On-Demand Data

The algorithmic enhancemets we have discussechave all represeted improvemerns
in temporal e ciency . They improve the running time of the algorithm, but do soat
the expenseof extra space.One of the most signi cant results of the thesis (which is
discussedn detail in Chapter 10) is the fact that our algorithms are so temporally
e cient that the factor limiting the sizeof problemswhich canbe solved is no longer
time, but RAM.

This chapter briey exploresoneidea related to spatial e ciency , which is \on-
demanddata.” As we scaleto solwe larger and larger problems,we becomeunable to
storeall of the model information and supporting data structuresin RAM. Sinceall of
our algorithms operate at the partition level of granularity, and any given madine is
only processingone partition at any time, there are large amourts of RAM which are
not actively in use. This implies that we may be ableto discard someinformation for
inactive partitions, and then recall it (or regenerateit) \on-demand" { that is, when
we decideto processthe partition. There are two options: recomputethe discarded
data, or cade it on disk. Section7.1 explainsboth ideasin depth.

As problem sizesgrow larger and larger, algorithms ewertually must make use
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of someform of an \on-demand" strategy. An important aspect of the behavior of
our algorithms, therefore, is whether or not they facilitate good cade performance.
Although we will not study the idea of on-demanddata asthoroughly asother ideas,
we feelthat it is important to examinethe ideabrie y, becauset cortributes signif-
icantly to the overall goalsof the thesis. There are se\eral reasonsfor this. First, it
allows us to solwe ewer larger MDPs, which is one of the goals of the thesis. How-
ewer, the most signi cant reasonis becausegad cacheperformance for non-predictive
cachesis only made viable by prioritized partitioning .

During the courseof the many experimerts run for this thesis, we noted a very
important fact. For almost all problems, the average number of times any given
partition is visited is quite low { usually lessthan ten. Consideringthat normal VI
usually requires hundreds or thousandsof sweeps(ead of which must touch ewery
partition), this impliesthat the localization and focusof computational e ort through
prioritization is what makese ective cading of partition data possible.

Thus, when we ewaluate the utilit y of various enhancemets, we will add \cache
e ciency" to the list of performancecriteria. For example,in most experimerts, the
H2 priority metric outperformsthe H1 metric. Sometimesthe H1 priority metric
does better, but only in terms of wallclock time. H2 always yields better cade

e ciency.

7.1 Writing to Disk vs. Recomputing

As mertioned previously, there are two possiblevariants of \on-demand data.” This
sectionexplainsboth in detalil.
By far, the largest consumerof RAM is the model information, which consistsof

se\eral sets(oneper action) of transition probabilities for eat state. This impliesthat



7.2. NORMAL VI AND PREDICTIVE CACHES 49

two RAM managemen strategiesare possible: rst, sinceall of the modelinformation
is derived directly from systemdynamics models (as discussedn Chapter 9), it may
be possibleto discard model information until it is neededto processa partition, and
then recomputeit on-demand. This option su ers from a lack of generalily, because
it doesnot apply to any MDP which is not derived from a systemdynamics model.
The secondoption is a more traditional approad, which is to store the data on disk,
and read it badk on-demand.

This thesis exploresthe secondoption, for seeral reasons.First, asnoted, is the
issueof generality. Second,se\eral preliminary bendmarks indicate that although
prioritized, partitioned value iteration makes the recomputation more feasible, re-
computing transition information is still too expensive comparedto a disk-based
approad. On the MCAR problem, for instance, P-EVA computestransitions at the
rate of about onetransition every 0.0000812econds.Assumingthat there wereabout
100 statesin a partition, computing all of the transition information for a partition
would require about 0.008seconds.Howe\er, this is the averageseektime for stan-
dard hard disks, which is the primary latency factor for reading data from disk. In
this situation, either option is basically equivalert, but if the transitions were more
expensiwe to compute (asis the casefor the triple-arm pendulum), or partitions were
to consistof seweral hundred (or eventhousand) states,readingthem from disk would

always yield the best performance.

7.2 Normal VI and Predictiv e Caches

As a baseline,it is important to considerthe cade behavior of normal VI, using a
cading variant of on-demanddata. Normal VI exhibits pessimalbehavior for non-

predictive cades, becauseas it iterates over a problem, it touches eat partition
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once,and then moveson to the next partition. It newer revisits a partition until it
has visited ewvery other partition in the problem. Assuming a cade strategy that
kicks out the least-recetly-used elemem, any cate smallerthan the ertire problem
will always yield a hit ratio of zero.

It is possibleto improve this performancethrough the useof a predictive cade,
sincethe order in which partitions will be accesseds known a priori. This is very
feasible,and could probably be tuned to provide almost optimal cade performance.
In addition, data readscould be executedin threadsthat were concurrert to the main
program, to ensurethe leastamourt of blocking possible. Howeer, sud a predictive
cade will not be exploredfurther, either for normal VI or for any of our algorithms.
Sud a study would detract from the goal of the thesis, and would complicate the
experimertal matrix considerably The many issuessurrounding predictive cades
represets an excellem researt spacethat we leave for future work.

Instead, we wish to limit our evaluation strictly to non-predictive cadhes. The
reasonwe discussthe di erence between predictive cadiesand non-predictive caches
is becausemost virtual memory managersemploy someversion of a non-predictive
cade (although technically someVMMs can pull blocks o disk that are spatially
related to the requestedblock, sudt locality on disk doesnot necessarilycorrespnd
to locality in the problem space). Assumingthat an algorithm designerallowed the
operating systemto perform all cading (probably by writing memory blocks to swap
space),the performanceof our algorithms under suc a non-predictive cace would

be important.
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7.3 Information-F rontier-Only Statistics

The nal obsenation we make relative to on-demanddata relates to the intrinsic
cadeability of a problem.

In the P-EVA algorithm, there are two di erent times that partitions are needed.
The rst happenswhen a partition p is extracted from the priority queueas having
the highest priority. p becomesthe working partition, and if it is not in cade, it
must be retrieved from disk. We term thesethe \information-fron tier-only" partition
accessedpr reasonsexplainedbelon. However, there is a secondtime that partitions
are needed. When we have nished processingp, we must recompute the priority
of any partition d that dependsupon any state in p, meaning that the transition
information for certain statesin d will be needed.This in turn meansthat if d is not
in cade, it must be read from disk. We term these\auxiliary partition accesses."

Currently, the P-EVA algorithm pulls the ertire cortents of d out of the cade
for eat auxiliary accessput this is not strictly necessary It is possible(and even
probable) that not all statesin d depend upon somestate in p, soit may be possible
to pull out only the necessarnstates. Although disk latency may still be a factor, this
may be reducethe time neededby the disk read. Or, it may be feasibleto recompute
the transition information for just the statesin d that depend on somestate in p,
instead of recomputing the ertire partition.

The distinction between\information-fron tier-only" and\auxiliary” partition ac-
cessess signi cant for another reason. Although we do not pursuethis ideain this
thesis,it may be possibleto approximate the priorities betweenpartitions, instead of
recomputing them exactly. Sud an appraximation may not require all of the tran-
sition information in the d partition, which meansthat an auxiliary partition access

may not be necessary
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We bring this up to illustrate that there are two di erent measuresof cade per-
formance: rst, there is the cate performanceof the algorithms as they stand and
second,there is the intrinsic cacheability of the problemitself. Of course,both mea-
suresmust be taken with respect to a given priority metric.

Counting auxiliary partition accessedramatically changesthe cade performance
characteristics of our algorithms. For that reason,the results in Chapter 10 report

two setsof cade e ciencies, onewhich includesthe auxiliary partition accessesand

the other which doesnot.



Chapter 8

Algorithm  Analysis

In this section,we analyzethe properties of the P-EVA algorithms under either pri-
ority metric, with partitioning, and in a parallel scenario. We presen proofs and
equations for the maximum di erence and stopping criteria (Section 8.2), corver-
gence(Section 8.3), rates of corvergence(Section 8.4), and prese someresults on

su cient subsets(Section 8.5).

8.1 Analysis Notation

For this section, we adopt the more convertional timestep notation wheret is in-
cremenied once per sweep. Let n = |Sj. Let kVk; = P o jVi] be the 1-norm
(or Manhattan norm) of the vector V, which cortains the valuesof all states. Let
E: = kV  Vk; bethe true sumerror of the value function estimate. All vectorswill
be column vectors.

As notedin Section4.1, most of our algorithms executepartial sweeps,asopposed
to full sweeps. Supposethat, instead of badking up all of the statesin the problem,

only a subsetp is baded up. To accomplishthis notationally, we begin by de ning
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the seletor matrix of a setp of statesat time t asthe n x n diagonal matrix

8
Ktp—s 1i2p

2 0 otherwise

All other entries in K® are 0. Basedon Equation 2.8, the partial update is then
easily expressedas

Vi = Vi + KPBy (8.1)

8.2 Maxim um Dierence and Stopping

It is easyto characterizethe largestdi erence betweena value function estimate and
the optimal value function in terms of the Bellman error magnitude. This hasalready
beenaccomplishedby Williams and Baird (1993; similar resultscanbe easilyderived

by using equation 6.3.7 of Puterman’s book (Puterman, 1999:
ki Vk M; =1 ) (8.2)

The maximum di erence provides a natural stopping criteria. The algorithm can
stopwhenM; < (1 ) andwill be guararteedto have an -optimal policy. A more
commonbound (for example,Puterman, 1999 is that if kVi.;, Vik< (1 )=2,
then kVi.;  V k< =2. The slight di erence in the two equationscan be accourted
for by noting that we previously stipulated that all rewards be positive (which allows
us to provide a tighter bound by avoiding absolute values), and becauseof a minor
di erence in time subscripting.

This stopping criteria is particularly useful becauseas explainedin Section 8.4,

marny of the sequence#volved in the P-EVA algorithm do not corvergein norm.
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8.3 Convergence

Theorem 8.3.1. The sequene of value function estimatesf V,g geneated by per-
forming backupshasal on a sequene of seletor matrices convelgesuniformly to V ,

provided that kK *Bk; > 0.

Proof.

kV Vt+;|_ kl = kV T\/tkl
= kV V, KPBk;
= kV \/tkl kK P Btkl

Et+1 = Et kK thtkl

SincekK Bk, > 0, Ey+1 < Ey, implying that the true error of the systemis mono-
tonically decreasing.To prove uniform cornvergencejt must betrue that forany > 0
thereexistsan N sud that kV; V k< forallt> N. This canbe easilyestablished
becauseV; < V , but can newer overshmt it. Thus at somet, the statesresponsible
for kV; V k will have the only Bellman error and will be badked up. Convergence
to V is establishedby noting that whenkBk; = 0, TV, = V4, indicating that V, is

the unique xed point of the value function space. O
Corollary 8.3.1. P-EVA convemgesto V , usingeither the H2 or H1 priority metric.

Proof. At ead time t, and using either priority metric, P-EVA picks somepartition
p with non-zeroBellman error, which ensuresthat kK ?B.k; > 0. This meetsthe

conditions stated in Theorem8.3.1, implying that P-EVA cornverges. O
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8.4 Rates of Convergence

The standard cortraction mapping de nition kTv  Tuk kv uk implies two
useful properties:

KVisz  Viak KV VGK (8.3)
KV Viak KV Vik (8.4)

Equation 8.3 can be interpreted to mean that successie value function estimates
must draw closerand closertogether, while Equation 8.4 can be interpreted to mean
that successie value function estimatesmust draw closerand closerto the optimal
value function.

Now, assumethat a set is constructed which represeis the minimal number of
states which needto be badked up in order to force a cortraction, in the senseof
Equation 8.4. It is then possibleto construct exampleswhere(8.4) holds, but where
(8.3) doesnot. This implies that while (8.4) is a necessarycondition, (8.3) is merely
a su cient condition.

In fact, this often occurswith the P-EVA algorithm (although this is mostly an
artifact of the timestep notation). The increasede ciency of the P-EVA algorithm
can be partly explained by this violation of property (8.3). To explain further, let
us revert to the de nition of a timestep wheret is incremered after every update.
Recalling that the one-normof a vector can be viewed as a sort of discrete integral

over the vector, an obvious e ciency metric might be
efficiency | = kVik;=t

(where higher e ciency is better, and noting that this metric is only meaningfulin
the positive bounded case). This e ciency metric givestop scoresto algorithms

that createmore \v alue function estimate mass"in fewer updates. According to this
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measureof e ciency, increasingthe largest di erence between two value function
estimateshelps becauseit createssituations where a single badkup may be able to
generatea large amourt of value function mass. Conversely normal VI deliberately
makesall di erences uniformly smallerand smaller.

We feel that it would be appropriate to point out the following. We adopted
an uncorvertional timestep notation becauseP-EVA does not perform full sweeps.

Becauset is incremened after every update, the following is true:

The sequencd V;g doesnot cortract in either max-norm or a spansemi-norm.
The sequencd B;g doesnot cortract in either max-norm or a spansemi-norm.

The sequence Mg can increaseand stabilize at a non-zerovalue, but that
only implies that the largest error is constart, and not that it is vanishing.
Evertually, dueto the niteness of the system,f Mg will evertually goto zero,

but a precisecharacterizationof how longf Mg will increasehasnot beenfound.

Howewer, remenber that corvergences still guararteed. The fact that the sequences
do not corvergeis an unfortunate consequencef timestep notation. The rate of
convergenceof P-EVA is thereforedi cult to quartify in terms of t. Sincecourter-
examplescan be found which indicate that P-EVA performs no better than value
iteration, we hypothesizethat a lower bound on the rate of convergences simply the
samebound asthat of VI. An upper-bound, and a problem-depgenden bound, remain

to be found.

8.5 Sucien t Subsets

The following theorem partially answersthe questionposedat the beginning of Sec-

tion 4.1 \what is the minimal set of badk ups neededto force a cortraction?" Here,
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we show that onesu cient (but not necessarilyminimal) setis the set of stateswith

non-zeroBellman error.

Theorem 8.5.1. Let G; = fs: By(s) 6 0g. An operator T whichbacksup all s2 G;

is equivalentto normal value iteration.

Proof. Let K'® bethe selectormatrix assaiatedwith G;. Then, B; = K® By, and by

(8.1, Vis1 = Vi + KB, = V, + By, which is equivalert to normal valueiteration. O

A tighter bound on the size of this set may be achieved by noting that M,
kVi V k M{=1 ). Tocorract by afactor of , at leastone state must change
value; the minimum amourt of changethat could possiblybe necessarys M; M.
G; may thereforeberede nedasG; = fs: Bi(s) M; M:g; baking up all s 2 G;
will ensurecortraction.

We hypothesizethat a more precise characterization of the minimal subsetwill

depend on more granular topological featuresof the transition matrix.

8.6 Convergence and Optimalit y of Parallel-P-EV A

Convergenceof the Parallel-P-EVA is establishedby appealingto Bertselkas (1982, in
which he provides proof that asyndironousvalue iteration corvergeswithout the as-
sistanceof a commonclock. The scenariodescribed in his paper exactly matchesthe
setup of the Parallel-P-EVA algorithm. We have already showvn that the addition of
partitioning and prioritization doesnot a ect corvergence,becausethe convergence
guarartees are provided for arbitrary badkup orderings. The Parallel-P-EVA algo-
rithm simply selectsone of many badkup orderings, which happensto be principled

and e cien t.
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The optimality of the nal solution is alsouncompromised.It is well-known that
the optimal solution of a value-iteration processis a unique xed point (Puterman,

1999, and that if the maximum Bellman error
kVi  Vink=
then
ki Vk =1 ) (8.5)

Parallel-P-EVA stopswhen all processorgeport that the maximum Bellman error is
lessthan , which satis es Equation 8.5 Sincethe xed-point is unique, the policy

computedis within =(1 ) of optimal.
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Chapter 9

Exp erimen tal Setup

The P-EVA family of algorithms (including Parallel-P-EVA) wasvalidated by running
eadt algorithm againstse\eral problemsof di ering complexity. We will rst descrike
parametersthat were generalto all of the algorithms that we tested, and will then
discusssetupsthat were speci c to eah researt objective. Section9.3 discusseshe
experimerts regardingpartitioning, priority metrics, and voting. Section9.4discusses
the experimertal setupfor parallelization. Section9.5discusseshe setupfor our ideas
related to on-demanddata. Results of all experimerts are discussedn Chapter 10,
and are presetted in graphical form in Chapter 12

Successvas measuredby the amourt of time taken, by the number of badkups
performed,by how accuratethe resulting valuefunction was,and in somecasespy the
cade hit ratio. We note that all of the selectedproblemswere single-revard systems;
multi-reward and cortinuous-revard problemshave beenleft for future researb.

All algorithm variants always used Gauss-Seidelipdates. For all experimerts,
wassetto 0.000land wassetto 0.9.

For eat of the test problems, partitioning was done by overlaying the initial

discretized state spacewith another grid. This is a low-costway to generatesets of
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Figure 9.1: On the left, the Kuhn triangulation of a (3d) cube. A d-dimensional
hypercube is tessellated(implicitly) into d! simplices. On the right, cortrol of eat
(s;a) pair is tracked until the resulting state s° erters a new hypercube. Barycertric
coordinatesrelative to the enclosingsimplex are computed, and are usedto represen
probabilistic transitions to vertices.

highly inter-dependent states, especially consideringthe method usedto discretize
the state space,and works well becauseit exploits the locality and cortinuity of a
problem. Various grids were tested; the best was a simple grid with square cells.
Chapter 11 discussesnore generalways to generatepartitions that do not rely on
geometricinformation (an issuewhich hasbeenleft to future researf).

Ead of the problemstested are cortinuous time, and involve cortinuous action
and state dimensions. Thesewere discretizedasdescrilked in the next section,but we
note herethat this processs tangertial to the researb focusof this thesis. There are
many other methods which could have beenusedto discretizethe problems;naturally,
this particular method introducesa bias with respect to the original problem, but

sincethe solution enginesimply expectsa discreteMDP, the details of whereit came

from are somewhatirrelevant.

9.1 Discretizing the Space

To discretize the space,we use the sameapproad descrited by Munos and Moore
(2002, exceptthat no variable discretization is used. Instead, the spaceis discretized

oncein the initialization phase. We refer the readerto their work for a complete
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description of the technique with comprehensie citations on componert elemeits.

The state spaceis divided into hypercubes by regularly dividing eat dimension.
A Kuhn triangulation is implemerted (implicitly) inside of eat hypercube. The hy-
percubescompletelytessellatethe space,and the Kuhn triangles completelytessellate
eah hypercube. The verticesde ning the hypercube grid are usedas the statesin
the MDP. The transition matrix is computed by iterating over ead vertex s. For
eadt available action a, the systemdynamicsare integrated using Runge-Kutta and
tracked until the resulting state s® erters a new cube. The barycertric coordinates
of s?with respect to the enclosingsimplex are then computed. The state s can then
be said to transition non-deterministically to a vertex in the enclosingsimplex with
probability equalto the related baryceriric coordinate (sincebarycenric coordinates
always sumto one). As Munos and Moore (2002 state, \doing this interpolation is
thus mathematically equivalert to probabilistically jumping to a vertex: we approx-
imate a deterministic cortinuous processby a stachastic discrete one” (emphasisin
original). Figure 9.1 shows two and three dimensionalexamplesof the discretization
process.

Approximation of the value function is performedby computing exact valuesat
eat of the vertices, and interpolating the value acrossthe interior of ead cube.
Interpolation is linear within ead simplex. Since these problems are cortinuous

time, a slightly di erent form of the value function equation was used:

Z
X
Vi(s;a) = 'R(s(t); a)dt + Pr(sis( );a) max\i 1(s% &)
0 ) a
where is the amourt of time it took for s°to erter the new cube (or exit the state
space),with the corvertion that = 1 if s never exited the original hypercube.
Problemswith corntinuousstate spaceswvere selectedbecausehe number of states

usedin the discretization processcould be varied at will. The useof Kuhn triangles
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was selectedas a discretization method becauseoncediscretized,ead state depends
upon exactly d + 1 other states. The combination of thesetwo factors allowed us
to smaothly vary the size of the problem (thus generatingfamilies of highly related
MDPs), while maintaining a constart outdegree,and it allowed us to easily gener-
ate partitions. In addition, the combination of hypercubes and Kuhn triangles has
excellen spaceand time performancecharacteristics, which greatly acceleratedthe
experimertal cycle.

Oncediscretized,the model inversewas then computed.

9.2 Test Problems

Four test problemswere usedto quartify the performanceof the P-EVA family of
algorithms. Thesewere\Mountain Car" (or \MCAR"), the single-armpendulum (or
\SAP"), the double-arm pendulum (or \D AP"), and the triple-arm pendulum (or
\T AP"). The MCAR problem s well-known in the reinforcemem learning literature,
and is generally consideredto be an easyproblem. DAP is a canonical engineering
problem, but this particular variant is not commonly usedin reinforcemen learning
literature. SAP wasintroducedfor the rst time by Wingate and Seppi(2003, and

TAP is beingintroducedto the RL commnunity for the rst time in this thesis.

9.2.1 Moun tain Car

Mountain car is a two-dimensionalcortrol problem, characterized by position and
velocity. A small car must rock badk and forth until it gainsenoughmomertum to
carry itself up to the top of the hill. In order to receiwe any reward, the car must
exit the state spaceon the right-hand side (positive position), with a velocity close

to zero. In order to make results more comparableto the other problems studied,
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Goal

Resistance

Thrust

Gravity

Figure 9.2: The left gure shows the mourntain car problem ( gure adapted from
Munos and Moore, 2009. The car must rock itself bad and forth to generateenough
momenum to exit the state space. The state spaceis descrited by the position and
velocity of the car. The right gure shavsthe double-armpendulum. The agert must
swing the secondarylink into the vertical position and keepit there. The state space
is described by four variables: ;, ,, 1+ and ». The samedynamicsare usedfor the
single-arm pendulum, and similar dynamics are used for the triple-arm pendulum,
exceptthat a secondfreelink is added.

the reward function was modi ed from the traditional gradiert reward to be a single-
point reward: the agen received a reward only upon exiting the state spacewith a
velocity of zero(plus or minus a small epsilon). This did not substartially changethe

shape of the resulting value function.

9.2.2 The Pendulum Family

Double-arm pendulum

The double-armpendulum is a four-dimensionaloptimal cortrol problem. The agen
hasa singleaction available, represeting torque appliedto a primary link. The second
link is free-swinging,which the agent must balancevertically. Sincethe problem is
minimum-time, bang-bangcortrol is su cient; two actions are selected represeting

positive and negative torques. Similar to the mourtain car, the agent cannot move
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the pendulumfrom the bottom to the top directly, but must learnto rock it badk and
forth to generatesu cient momerium. This variant of the double-arm pendulum
is di erent from the easierAcrobot problem, where force is applied at the junction
betweenthe two links (Sutton, 1996, and from a horizontal double-arm pendulum
(where the main link rotates in the horizortal plane, and the secondarylink rotates
vertically with respect to the main link). Our versionof the double-armpendulumis
the complete swing-up-and-balanceroblem; other variants only treat the balancing
aspect. The two actionsare 10 Newton. Acceptableangular velocities were limited

to 1O0radians/s for 4, andto 15radians/s for s.
Single-arm pendulum

The single-armpendulum usesthe samedynamicsasthe double-armpendulum, but
the agent must only learn to balancethe main link. Again, the agert must rock the
pendulumbadk and forth until it movesinto position. The state spaceis descrited by

1 and 4. Although conceptuallysimilar to the mountain car problem, both problems
have very di erent valuefunctions. Thus, the way in which value function information
badkpropagatesthrough them is also very di erent. This is shavn graphically in

Figure 9.3
Triple-arm pendulum

The triple-arm pendulum usesthe same generaldynamics as the double-arm pen-
dulum, exceptthat an additional freelink is addedto the system. The state-space
is therefore six-dimensional,being descrited by 1, &+, 2, 2, 3, and s. The state
spacewas bounded by clipping 4+ at 8 radians/s, » at 10 radians/s, and s at

10 radians/s. The two actions evaluated were 10 Newton.
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Figure 9.3: On the left, the value function for the Mountain Car problem. On the
right, the value function for the Single-Arm Pendulum. Red (dark) and green(light)
colorsindicate di erent cortrols. Information propagatesthrough ead problem in
very di erent ways.

9.3 Prioritization and Voting Setup

The bulk of the experimertation was designedto quartify the relative impacts of
partitioning, prioritization, and voting. Since partitioning is meaninglesswithout a
priority metric, experimerts were run in which normal VI was comparedto P-EVA
using either the H1 or the H2 metric. In addition, eat variant was tested with and
without voting. Two di erent kinds of experimerts wererun. Somewere designedto
quartify the performancegainsfrom prioritization, and somewere designedto help
nd the optimal partition size.

To quartify the impact that voting had on normal VI, the problemwaspartitioned,
and a voted badkup order was computedwithin ead partition. Then, for eah sweep
of VI, the algorithm iterated over all partitions, and updated all stateswithin ead
partition in the voted direction. Thus, ead sweepupdated ewery state once,but in
a voted order.

This generateda nal experimertal matrix of six algorithms: normal VI, normal
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VI with voting, P-EVA-H1, P-EVA-H1 with voting, P-EVA-H2, and P-EVA-H2 with
voting.
The baselineperformanceis that of normal VI, without any voting or prioritiza-

tion. All results were obtained on a 2.8GHzPertium 4 with 2G of RAM.

9.4 Parallel-P-EV A Setup

Se\eral setsof experimerts wererun to bendimark Parallel-P-EVA. First, scalability
tests of Parallel-P-EVA wererun, to determinethe approximate e ciency of the al-
gorithm asthe number of processorsvas increased. Secondly experimerts were run
comparing Parallel-P-EVA to a parallel version of standard VI (called \PSVI"), in
an attempt to quartify the relative gainsof prioritization and parallelization. Third,
experimerts werealsorun comparingParallel-P-EVA to the P-EVA algorithm, which
is partitioned and prioritized, but not parallelized. Although Parallel-P-EVA is the
successoto P-EVA, certain code and data reorganizationsnecessaryfor paralleliza-
tion meanthat P-EVA outperforms Parallel-P-EVA when Parallel-P-EVA usesone
processor.Finally, experimerts wererun to evaluate the impact of di erent partition-
to-processomappings, using the attractor-based systemdescriked in Section6.2. In
all other experimerts, partitions were allocated to processorgandomly.

The e ciencies of the parallel algorithms are alsoreported. E ciency is computed

as
-
ez —=
pTp

whereT; is the amourt of time requiredto solve the task on one processorp is the

number of processorsand T, is the amourt of time requiredto solve the task using
p processors. Higher e ciencies are better; e ciencies greater than 1.0 represen

superlinear speedup.
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The naive parallel implemertation of standard VI (or PSVI) is essetially a non-
prioritized versionof Parallel-P-EVA. Statesare aggregatedinto partitions, and par-
titions are assignedto processors. Instead of prioritizing partitions, howewer, eah
processorsweepsover ewery partition repeatedly After processinga partition, the
processorcommnunicates new state valuesto foreign processorsn exactly the same
way that Parallel-P-EVA does.

All priority queuesusedthe H2 priority metric. All code was implemerted in
C, using MPI*. Experimerts wererun on a fully connectedcluster of dual processor

2.4GHzPertium 4s, eat having 2G RAM and Myrinet interconnects.

9.5 On-Demand Data Setup

Se\eral experimerts wererun to explorethe cate behavior of the P-EVA algorithm.
The primary questionsrelate to the cade e ciency of the H2 and H1 metrics, and
not parallelizability, soonly the P-EVA algorithm was tested. Naturally, voting did
not a ect cade behavior, soit wasnot included in the experimertal matrix.

All cade tests useda non-assaiative cade. That is, a partition could be caded
in any available slot of the partition cade. When adding a partition to a cade that
was already full, the least-recetly-used (LRU) measurewas usedto determinewhich
partition should be overwritten.

Cacdhe e ciency was tested as function of the capacity of the partition cade.
The capacily is expressedas a perceriage of the total number of partitions. So, for
example,if a problem used900 partitions, and the cade capacity was 90 partitions,
a cade size of \10%" would be reported. Cache e ciency was measuredin terms

of the hit rate, which is computed as the number of cade hits, divided by the total

1Sourceis available at http://aml.cs.b yu.edu/code/
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number of hits and misses.
Chapter 10 alsoreports a term called the \n umber of recomputesper partition."
This number is computedasthe averagenumber of cadhe misseer partition, andcan

bethought of asthe number of times a partition would needto have beenrecomputed.



Chapter 10

Results

To facilitate the exposition of the results, the charts and graphsdescribingthe results
of our experimerts are collectedin Chapter 12. This chapter summarizes,discusses
and analyzesthe results. Conclusionsbasedon theseresults are drawn in Chapter
11 Section10.1discusseshe results of experimerts with priority metrics and voting,
Section10.2discusseshe results of experimerts with parallelization, and Section10.3

discussesghe results of on-demanddata.

10.1 Priorit y Metric and Voting Results

Our experimerts designedto quartify the merits of priority metrics and voting gen-
erated many positive results. First, P-EVA always demonstratedbetter time to con-
vergencethan VI, while maintaining accuracy Second,P-EVA scaledextremely well,
both with the number of states and the dimensionality of the underlying problem
usedto generatethe MDP. Third, the algorithm newer processecertain unreathable
partitions, which is a boon from the standpoint of e ciency. This result also mo-

tivated one of the most signi cant cortributions of the thesis, which is the analysis
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of \su cien t subsets"in Section 8.5. Fourth, we noted that the additional space
requiremens scalelinearly with the sizeof the problem. Howeer, se\eral issueswere
encourered: rst, it isdicult to tune the parametersof the algorithm, particularly

the number and con guration of partitions. Second,we obsened mixed e ectiveness

of the various enhancemets.

10.1.1 Positiv e Results

Figures12.1,12.2 12.3 12.4 12.5 and 12.6all show that P-EVA clearly outperformed
normal VI (although for di erent reasondn di erent cases).To solve a 160,000state

versionof MCAR, for example,valueiteration requiredabout 17 secondsput P-EVA-

H2 with voting required only about half a second.For a 160,000state versionof SAP,

VI required 19 secondsput P-EVA-H2 with voting required only about 0.3 seconds.
For a 3.7 million state version of DAP, P-EVA-H1 required only 7 seconds;normal

VI required 90 seconds.In fact, the only situations in which VI outperformedP-EVA

were in somehand-tuned problems (designedas courter-examplesto the hypothesis
that P-EVA always outperformedVI), but newer in our \real-world" problems. It is

alsovery interesting to note that P-EVA solved both MCAR and SAP in about the

sameamourt of time for any given discretization, even though both represeted very

di erent problems.

Voting was almost always very e ective. In most experimerts, voting reduced
time and badups by at least a factor of 2, and ewen in the caseswhen it did not
help, we newer saw a situation whereit hurt in any statistically signi cant way. This
is a very positive result, consideringhow trivial it is to implemert. We hypothesize
that more sophisticatedintra-partition bad<up orderswill increaseperformanceeven

maore.



10.1. PRIORITY METRIC AND VOTING RESULTS 73

P-EVA appearsto scaleextremely well: for a constart outdegree,it appearsto
scalelinearly with the number of states. It also appearedto scalerelatively well
with dimension. This is surprising consideringhow nave our partitioning method
is: conceptually a hypercube-basedpartition seemsto be a losing proposition as
dimensionality increases,becausethe surface-area-to-slume ratio of the partition
meansthat one would expect a prohibitive number of cross-partition transitions.
This appearsto have beenoutweighedby the fact that partitioning anything at all
helpsdramatically.

P-EVA newer processedaertain statesin the MCAR problem. Figure 12.20demon-
stratesthis graphically: large swathesof the state space(indicated by an almost-blad
color) were newer processedbecausethe agert can newer read the goal state from
them. This is a signi cant result from a practical standpoint. No additional code or
information about the problem was necessarybut a full 19% of the state spacewas
newer processed.This behavior manifesteditself in the algorithm through partitions
with a priority of zerothat newer changed.

To ensurethat the policies resulting from P-EVAwere valid, a 75,000,000state
version of the double-arm pendulum was run (an empirically determined minimum
resolutionneededor adecen cortrol policy). A very good resultis that P-EVA solved
it (to = 0:0001)only about four hours. The resulting cortrol policy performed
perfectly, and represeted the rst time we solved DAP using any algorithm. We
should note that this problem wasrun on an SGI Origin 3000(a 64-bit maciine was
neededto addressthe 8G of RAM required by the code); the SGI was about half as
fast asthe P4 usedin all of the other experimerts, and is a sharedmadine which is
always heavily used.

The spacecomplexity of P-EVA is also quite good. The largest overheadcomes

from the needto storea partial inversemodel (represeting the cross-partition transi-
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tions), but this is always a subsetof the whole problem. Additional memoryis needed
for the priority queue(O(jSj)), for the state-to-partition mapping (O(jSj)), and the

partition-to-state maps (O(jPj)).

10.1.2 Negativ e Results

In order to obtain the bestresults, partition sizeshad to be selectedmanually (how-
ewer, it is alsopossibleto preser this as a positive result. The fact that the system
was fast enoughto allow usto tune this parameteris signi cant). Figures12.18and
12.19 demonstrate that partitioning is largely problem-dependen: for MCAR and
SAP, adding any partitions at all dramatically improved performance,but adding
too many worsenedit again. For DAP, Figure 12.19 demonstratesthat using only
two partitions actually worsenedperformance but that usingmoreimprovedit again.
The con guration yielding the fewest number of badkups for MCAR and SAP was
somewherearound 1200 partitions. We do not know how to predict this number,
exceptto obsene that using somewherebetween 100 and 400 states per partition
tendedto yield very good resultsin all of the problemswe tested.

It is clearthat partitioning almost always helps,that voting almost always helps,
and that the using the H2 priority metric almost always yields better performance
than usingthe H1 metric. Howewer, DAP represeted an exceptionto all three. In the
setup shown in Figure 12.19 using 16 partitions (only two partitions per dimension)
causedP-EVA to perform worse than normal VI. Fortunately, oncethe number of
partitions was increased,P-EVA beganto perform better. From Figures 12.5 and
12.6 it appearedthat both voting and the H2 metric worsenedperformance;the
largest performancegain here seemdo be due to the partitions themselhes. We also

note from Figures12.5and 12.6that, for a small number of states,normal VI slightly
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outperformed any variant of our algorithm. Becauseeadt state always dependson
d + 1 other states, this is presumably becausethe problem was closerto being fully
connected.

Relatedto the problemof selectingan appropriate partitioning is the jaggednature
of most of the graphs. While the amourt of time usedneedsto be averagedover se\eral
runs, the number of badkups is deterministic. We hypothesizethat asthe number of
states (or the number of partitions) changed,setsof mutually dependen statesthat
werepreviouslycortained in a singlepartition becamesplit amongmultiple partitions,
which could accoun for the extra computation neededto drive the partitions to

convergence.This is a further indication that a neve partitioning is sub-optimal.

10.2 Parallelization Results

Experimerts designedto quartify the parallelizability of the P-EVA family of al-
gorithms also generatedmany positive results. Most signi cantly, Parallel-P-EVA
outperformed all other algorithms tested, including P-EVA. Additionally, our theo-
ries regarding assignmen of partitions to processorswere largely validated, and we
demonstratedthat an obvious parallel implemertation of normal VI (the PSVI algo-
rithm) doesn't perform well at all. One mildly negative result is the fact that the

parallel e ciency of the Parallel-P-EVA algorithm is not terribly good.

10.2.1 Positiv e Results

First, it is clearthat the Parallel-P-EVA algorithm outperformsall other algorithms.
The best run of Parallel-P-EVA solved a 4,000,000state problem in 2.08 seconds;
this can be roughly viewed as a solution rate of 1.92 million states per second. For

comparison,the best run of PSVI solved 390,625statesin 7.0 secondsfor a rate of
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55,803states per second.Additional experimerts were run with the P-EVA solution
engine:its bestrun solved 360,000statesin 1.2 secondsfor a rate of 300,000states
per second.

Second,it is clearthat the parallel implemertation is viable, in the sensethat it
scalesrelatively well as the number of processorss increased. Figure 12.8 demon-
strates that adding more processorsalways improved performance. The actual e -
ciency howeer, is not terribly good, asexplainedin the next section.

Figure 12.7 shaws the results of experimerts with attractors, which largely vali-
dated our theoriesabout information ow. As predicted, using only a few attractors
(resulting in extremely large, cortiguous blocks) did not perform well at all, but in-
creasingthe number of attractors almost always improved performance. The bene ts
quickly diminished howevwer; there was no di erence after about 30 attractors per
process.The resultsin Figure 12.7 cortain an extremely signi cant spike at 5 and 6
attractors per processor,which is consistem acrossall problems. Although the rea-
sonfor this is unknown, it may sene to illustrate an important point. As with any
random assignmeh method, it is possibleto createa pathologicaldistribution which
may result in poor performance.

Figure 12.9 indicates that P-EVA scaledsuperlinearly on the MCAR problem,
which desenessomeinvestigation. The canonicalexplanation for superlinear scaling
is cachecoherency. For certain problems,and for a xed problem size,increasingthe
number of processorsncreaseghe cade-to-dataratio. To explorethis, we computed
the averagenumber of times eat partition was processed.For this experimert, the
partitions in the MCAR problem were processedan averageof 9 times eat { low
enoughto exhibit excellen cate behavior. The other possibleexplanation for this
behavior is that concurrenly processingpartitions sometimesresults in a badkup

orderthat is more optimal than the update order imposedby the priority metric, but
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this theory remainsto be validated.

The results also make it clear that a naive parallelization of value iteration per-
forms quite poorly. Figures 12.10and 12.11indicate that the algorithm works well
for MCAR and SAP, and is ewen slightly more e cient than Parallel-P-EVA (ap-
proading an averagee ciency of 0.55). The resultson DAP and TAP, on the other
hand, indicate that the parallel versionnever performedbetter than the serialversion.
Sincethe number of cross-pr@essortransitions increaseswith the dimensionality of
the underlying problem, this may imply that communication overheadis prohibitiv e.

Only a few resultsinvolving P-EVA were needed,and are reported here. P-EVA
solwes the 4,000,000state / 10,000partition MCAR problem in 44.2 seconds,the
360,000state / 900 partition MCAR problemin 1.2 secondsand the 1,000,000state

| 769 partition TAP problemin 7.5 seconds.

10.2.2 Negativ e Results

The parallel e ciencies of Parallel-P-EVA are shown in Figures 12.8and 12.9 The
results indicate that although adding more processorsalways helps, the parallel ef-
ciency corvergesto about 0.45 for two out of three problems. Other parallel al-
gorithms are consideredgood if they exhibit parallel e ciencies of about 0.75 or
higher. Thus, thesee ciencies leave somethingto be desired. Howeer, on the third
problem (MCAR), Parallel-P-EVA scalessuperlinearly, which is fascinating result.
Possibleexplanationsfor this behavior are exploredin the Chapter 11 Regrettably,

this superlinear speedupis not consistem.
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10.3 On-Demand Data Results

Experimerts designedto test the cade e ciency of the H1 and H2 metrics yielded
striking results. On the positive side, every experimert indicated that the H2 metric
greatly outperformsthe H1 metric, sometimesby as much as a factor of two. Ad-
ditionally, reasonablecadte e ciencies (above 80%) can be adiieved using a cade
capacity of only 20%. On the negative side, we note that updating partition depen-
derts is expensiwe vis-a-vis partition cading, and that the information-frontier-only

cadte performancescould be improved.

10.3.1 Positiv e Results

All of the experimerts related to on-demandcade e ciencies yielded very consisten
results. Figures 12.12 12.13 12.14 12.15 12.16 and 12.17 all showv that the H2
metric dramatically outperformedthe H1 metric in terms of cacdhe performance.As an
example,assumehat we wishedto limit our cade capacity to 22%of the total number
of partitions, and that we court both information-frontier and auxiliary partition
accessesAt this capacity, using the H2 metric to solve the MCAR problem yields
a hit rate of 90.92%. Using the H1 metric, howewer, yields a hit rate of 66.91%.
Counting only information-frontier partition accesseghe discrepancyis evengreater:
H2 yields a 72.99%hit rate, while H1 yields only 28.64%.

Thesee ciencies directly a ect the number of recomputesper partition. At the
same capacity of 22%, and again courting both information-frontier and auxiliary
accessesthe H2 metric would require an averageof 3.08 recomputesper partition.
The H1 metric, on the other hand, would require about 22.02 recomputes. For
information-frontier accesseenly, H2 would require 2.13recomputeswhile H1 would

require 10.37recomputes.
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This general pattern of results holds for all problems, for cade sizesfrom 0%
capacity to about 80%capacity. After about 80% capacity, the H1 metric sometimes
yielded better cadte e ciency, but not by much. At 100%capacity, both algorithms
yielded a 100%cade hit ratio, asexpected.

We also note that the marginal cate e ciency (the derivative of e ciency with
respect to cade size) equalsone at a cate capacity of about 22%. This is the point
of diminishing returns, where one must add more than oneunit of cade capacity to
increasethe cade hit rate by one unit. Howewer, at 22% capacity, the H2 metric
yieldsa 90.92%hit rate on MCAR, 84.48%on SAP, and 86.03%o0n DAP. This is quite
good, and implies that problemswhich are four times larger than available RAM can

be e cien tly solved.

10.3.2 Negativ e Results

There are se\eral negative items of note on the \information-fron tier-only" series
of graphs (Figures 12.15 12.16 and 12.1%. First, we note that the scaleof the
\n umber of recomputesper partition" axis is consistely an order of magnitude less
than the \number of recomputesper partition” scalefor the information-frontier-
plus-auxiliary-accessesxperimenrts! This implies that updating the dependerts of a
partition is an expensiwe operation vis-a-vis cade e ciency. Although we can still
achieve a good percentagecade hit rate, the absolutevalue of missesis very high.
We also note that the SAP problem exhibited much lower cade e ciency in
the information-frontier-only setting. We hypothesizethat this is becausethe SAP
problem e ectively hastwo information frontiers (we encouragethe readerto goto
the on-line appendix to build intuition about this fact). Even so,the H2 metric still

outperformedthe H1 metric.
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Finally, we note that, in general,the cade hit rate in the information-frontier-
only seriesof experimerts is much lower than is desirable. More sophisticatedcading

strategiesmay alleviate this.



Chapter 11

Conclusions and Future Research

Basedon our obsenations, there are seweral important conclusionswhich clarify direc-
tions for future researb. Section1l1.1preseis seweral conclusionsrelated to priority
metrics and voting: rst, that all of the enhancemets we have studied greatly im-
prove performance;second,that more principled methods of all the enhancemets
are needed;and third, that the bulk of the benet is derived from partitions and
prioritization. Section11.2 presens conclusionsrelated to parallelization: rst, that
parallelization is possible,and second that it maintains the bene ts of prioritization.
Section11.3discussesonclusionsregarding on-demanddata, the most signi cant of
which is that the H2 metric should be the priority metric of choice for solving large

MDPs. Section11.4preselts generalreseart possibilitiesand nal conclusions.

11.1 Priorit y Metrics and Voting

In the questfor an optimal sequencef badkups, the gainsto be had from prioritized
computation are real and compelling, but there is a lack of understandingasto what

constitutes optimality and how it canbe achieved. A better understandingof why P-
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EVA worksis needed.More principled approatesto selectingpriority metrics, voting
systems, and partitioning sdhemesare essetial. Ideally, sud principled methods
could still be combined in a uni ed architecture, with the samesynergistic bene ts
we nd in P-EVA.

Partitioning with a priority metric seemso be the most important improvemen
over VI. Even though we obsened that (for someproblems) our partitioning scheme
was sub-optimal, and that our voting schemewas sub-optimal, and that both of our
priority metrics are probably sub-optimal, the fact that they werenot perfectseemed
to make lessof a di erence than the fact that we partitioned anything at all. This
was showvn clearly by experimerts with DAP: the addition of voting and the speci c
priority metric useddo not a ect things proportionately as much asthe initial useof
partitions.

It is clear that improved performanceis possible for algorithms that exploit
problem-speci ¢ structure, but it is alsoclearthat moretheory is neededto guidethe
dewelopmen and selectionof algorithmic enhancemets. The most useful would be
problem characteriziations and/or optimality de nitions that would indicate which
metric, voting schemeand partitioning schemewould be maximally e ective. These
may include sud things as distributional properties of the reward functions, dis-
tributional properties of transition matrices, strongly/weakly connectedcomponerts
analysesetc.

A more principled approad to partitioning is necessaryA good partition should
a) ensurethat overheadis reduced;b) minimize cross-partition transitions; c) ensure
that the partition respectsthe priority metric; and d) ensurethat a maximum number
of dependerts are cortained within ead partition. Seeral methods of partitioning
are possible. Perhapstechniquesfrom graphtheory, sud asa cost-weighted minimum

cut algorithm, could be leveragedto determinean optimal (with respectto (d) above)
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partitioning sdheme. Of course,the number of statesper partition doesnot haveto be
constart. Someinitial experimertation using the METIS padage (see,for example,
Karypis and Kumar, 199§ to perform a k-way partitioning hasproven very e ective
(seeAlpert, 1996 for an excellet disserationon the subject). It may be possible
that techniquesfrom state aggregationliterature may help. Deanand Givan (1997
descrike a \stable cluster" creation technique, for instance, with properties that are
desirablefor a partition.

Other intriguing possibilities include on-line, variable, hierarchical or dynamic
partitioning schemes. For example,the H2 metric could correctly prioritize meta-
partitions, and then the H1 metric may be the correct metric for the partitions
within the meta-partition, and then normal round-robin updating may be the correct
update order within the partition. The choice of a single-lewel partitioning sdieme
was arbitrary; perhapsa solution is to generatea cortinuum of partitions.

A more principled approad to voting is necessary Empirically, it is clear that
voting can help if done properly, but a generalizationis needed. Abstractly, voting
can be considereda simple surrogate for an intra-partition priority metric. In the
sameway that partitioning a problem alleviates sub-optimal badkups, partitioning a
partition would increaseits e ciency. A related obsenation is that voting fails for
problemswith very consisten transitions. For any given pieceof a maze,for example,
there may be an equal number of transitions to the north, to the south, and to the
eastor west. This indicates that optimal badkup orders should be dependen upon
whereinformation eners the partition, and upon how it o ws through the partition.
This strengthensthe idea that a cortinuum of partitions, with priority metrics at
eadt level, may constitute an optimal solution.

A more principled approad to deweloping priority metrics is needed.H1 and H2

have intuitiv e appeal, but stand isolated from the rest of the system. For example,
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the H1 metric is optimal with respect to error reduction, but not with respect to
total badkups needed.This makesit a good choicefor an algorithm that hasa xed
amourt of time, but perhapsnot sud a good choice for an algorithm that has as
much time as needed.

There are alsose\eral miscellaneouseseart possibilities. Justifying the H2 met-
ric, perhapsin a unied prioritization framework, would be a valuable theoretical
cortribution. Being able to approximate the priorities between partitions (i.e., the
HPP function), would have bene ts acrossthe board: it would simplify the process-
ing the P-EVA algorithm must perform, it would reducethe inversemodel sizes, it
would reduceinter-processcommnunication in a parallel setting, and it would improve
disk-basedcate performanceby lowering the total number of partition recomputes
needed.

Finally, a holistic framework is needed. Currently, eady method P-EVA usesto
improve e ciency exists somewhatindependerly of the other methods. Although
this allows methods to be usedindependerly, one wondersif greater e ciency is
possiblewith a uni ed, non-decommsablearchitecture. For example,it is clear that
metrics should be selectedwith respect to optimality de nitions, and that partitions

should be selectedwith respect to priorities, but this is currertly not the case.

11.2 Parallelization

Se\eral conclusionsare possiblebasedon the results discussedn Section10.2 The
strongestconclusionvalidatesthe original questionposed. We assertthat an e ective
parallel versionof the P-EVA algorithm is possible,with or without voting, and with

either priority metric, and that sud parallelization maintains all of the performance

bene ts of the original P-EVA algorithm while permitting additional speedup. In
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fact, there is preliminary evidenceto suggestthat the conbination of parallelization
with P-EVA can be synergistic.

As noted in Section10.2 howeer, the e ciency of Parallel-P-EVA is not asgood
asit could be. That obsenation, combined with the strange spikes of poor perfor-
mancein the attractor experimerts, strengthensthe casefor a reliable, principled
method of allocating partitions to processors.There are se\eral interesting averues
of potertial researb along theselines. For example,it seemspossibleto useinter-
partition relationshipsto appraximate the information ow vectors, perhapsusing
somesort of gealesicdistancemetric. This may allow an algorithm to allocate parti-
tions sud that all processorare equallylikely to be on the information frontier at any
giventime. Dynamic load-balancingof partitions to processorss alsoa possibility.

Of course,a more principled method of allocating statesto partitions is alsoneces-
sary. This point was made previously in Section10.1, although for di erent reasons.
The P-EVA algorithms bene t from minimum cut k-way partitions not only because
they further reducethe model inversesize, but also becausethey limit the number
of dependen partitions that must be processed.In a parallel setting, minimum cut
partitions alsominimize communication overheadbetweenprocessorslt isimportant
to quartify the benet of using sud minimum cut partitions, as opposedto using
our rather simplistic partitioning stheme. It would alsobe interestingto quartify the
impact of di erent edge-cutcriteria.

Finally, asnoted, the e ciency of the Parallel-P-EVA algorithm leavessomething
to be desired. The most interesting idea for future researt alongtheselinesinvolves
the ideas of approximate inter-partition priorities. If the HPP function could be
appraximated, instead of computed exactly, the amourt of data that would needto
be sern between processorswvould be dramatically reduced. It is also possiblethat

more queuing theory, or a more sophisticated batching medanism, may improve
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e ciency and performanceewen further.

11.3 On-Demand Data

The results of our on-demanddata experimerts make se\eral strong conclusionspos-
sible. The rst conclusionis basedon the striking cade performanceof the H2
priority metric, especially when comparedto the H1 metric. We beliewe that the
performancebene ts of the H2 metric, combined with its cade e ciency, justify H2
as the priority metric of choice for solving very large MDPs { especially those that
will not t into RAM. The only scenarioin which H1 outperformedH2 wasin the
DAP experimerts. In these experimerts, H1 usually required about half the time
that H2 required, but H2 required about half of the recomputesper partition that
H1 required. In this case,overall performancemay be a wash, depending on the
expenseof a cade miss. For a generalproblem, howewver, whosecharacteristics are
not known beforehand,it makessenseo selectthe safestoption, which appearsto be
H2. Of course,our experimertal domain is fairly limited. Experimertation on more
problems (ideally MDPs that were not derived from minimum-time optimal cortrol
problems)is necessaryto truly justify this claim.

As mertioned in the other sectionsof this chapter, the idea of appraximate inter-
partition priorities could have profound bene ts. The bene t is most clearly seenwith
respect to on-demanddata, howewer. Recallthat the number of recomputesnecessary
increasedby an order of magnitudewhenauxiliary partition accessewereconsidered.
Whether the algorithm accessedisk, or whetherit recomputestransitions, ead cade
Mmissis expensiwe.

A nal direction for future researb is to bendimark di erent types of cades.

As noted in Section7.2, normal VI can greatly bene t from an intelligent predictive
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cade. This is dueto the regularity of partition accesseslt seemsclearthat partition
accessearealsoquite regularin many of our experimerts, althoughthey areregularin
amorecomplicatedway. A moresophisticatedpredictive cade, that tendedto predict

partition accessesloseto the information frontier, might bene t our algorithms.

11.4 Final Conclusions

There are many more generalreseart directionsthat canbe takenfrom here,aswell
as seeral generalconclusionsthat can be made. Our nal sectionoutlines a few.

For example,we have noticed that there appearto be two primary characteristics
of MDPs that a ect performancein di erent ways: \linearit y," and \cyclicity." Our
algorithms function best on systemswith large swathes of regular, acyclic dependen-
cies,i.e., problemswith strong linearity. Howeer, there are fascinating possibilities
using more cycle-theoreticapproades. Instead of asymptotically approading a so-
lution, it may be possibleto leverage cycle information to drive loops directly to
convergence. Sud an algorithm would be truly novel, and may provide substartial
performancebene ts.

In its most general sense,the algorithms we have presened can be considered
e cient information propagation algorithms. It is also possiblethat other forms
of information { instead of value information { could be propagatedthroughout a
system. It seemgeasonabldhat the insights gainedfrom this thesiscould be directly
applied to sud alternative propagation problems. For example, Munos and Moore
(2002 discussthe propagation of in uenc e and variance throughout an MDP { and
they use a value iteration type of technique to do it. Additionally, some initial
experimertation indicates that it may be possibleto propagate model information

directly, using a sort of \transition iteration" algorithm. Initial analysisof sud an
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algorithm indicates promise.

In fact, one of the most interesting averuesfor future researt is the idea of gen-
eralizedcorvergen iterativ e systems. There are many problemswhich usesuccessie
appraximations to approad a solution, sud as linear systemsolving, nite-element
problemsin computational uid dynamics, Bayesian network probability computa-
tion, etc. One hypothesisthat deseresinvestigation is that all iterative, corvergen
linear systemscan be thought of as information propagation problems. If so, the
results of this thesismay be directly applied.

There are many, many more sud ideas. Clearly, the results of this work have
openedthe doors of seeral fascinating averues of researb. The many possibledi-
rections indicate that there are strong possibilities for even more e cient solution
methods in the future, aswell as possibilities for broader application and utilit y. We
strongly beliewe it is possibleto solwe, in feasibleamourts of spaceand time, problems
that are far larger than anything currert algorithms are capableof solving. We also
beliewe that there are many innovative applications of this technology to problemsin
marny di erent domains,which are simply waiting to be found.

The most general conclusionsare clear: that the gainsto be had from priori-
tized computation are real and compelling; that sud prioritization may be e ectively
approximated; that prioritized algorithms may be implemerted in parallel in an e -
ciert manner;andthat sud algorithms are not only temporally e cien t, but spatially
e cient aswell.

As a nal conclusion,perhapswe can s& this: we have seenthat value iteration
isavery exible algorithm that is amenableto many di erent typesof improvemers.
We beliewe that there are still many, many improvemerts that can be made,and we
hope that this thesis{ and future ideas{ will revitalize e cient VI asthe solution

method of choicefor solving large MDPs quickly.



Chapter 12

Result Graphs

To facilitate the exposition of the results, all of the charts and graphs have been
collectedin this chapter. Four main sets of results are preserted. In most of the
experimerts, wall clock time is the main performancemetric (lower times are better).
Exceptionsare noted in the Figure captions.

The rst setpreseits the results of experimerts designedto quartify the bene ts
of prioritization and voting. Experimerts wererun on SAP, MCAR and DAP using
normal VI, normal VI voting, and four variants in the P-EVA family of algorithms.

The secondset presens the results of experimerts designedto quartify the ben-
e ts of parallelization. In this set, the performanceof Parallel-P-EVA and PSVI are
compared,and the relative parallel e ciencies of the algorithms are shawvn.

The third set presens results shaving the relative cade performanceof the H2
and H1 priority metrics. Here, the performancecriteria of interest is the cade hit
ratio.

The fourth set presens miscellaneougesults of interest. Someresults on tuning
partition sizesare presettied, aswell assome gures supporting the claim that P-EVA

may not needto processall partitions in a problem.
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CHAPTER 12. RESULT GRAPHS

Priorit y Metric and Voting Results
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Figure 12.1: Performanceresults for MCAR in terms of time (lesstime is better).
Voting always improved the results (even for normal VI), and the H2 metric always
performed better than the H1 metric. was set at 10 4. For P-EVA, there were
always about 400 states per partition. Resultswere averagedover v e runs.
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Figure 12.2: Performanceresults for MCAR in terms of the number of badkups
performedto the value function (fewer badkups is better). Onceagain, voting always
improves performance,and the H2 metric always improves performance. was set
at 10 4. For P-EVA, there were always about 400 states per partition. Resultswere
averagedover v e runs.
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Figure 12.4: Performanceresults for SAP in terms of the number of badk ups per-
formed to the value function (fewer badkups is better). Theseresults largely corre-
spondto thosein Figure 12.3 wassetat 10 . For P-EVA, there were always about
400 states per partition. Resultswere averagedover v e runs.
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Figure 12.5: Performanceresultsfor DAP in terms of time (lesstime is better). The
results cortrast sharply with those obtained from MCAR and SAP: voting doesnot
signi cantly changeperformancefor H2 or H1 (slightly reducingbadkups, but slightly
increasingtime), and the H1 metric performsbetter than the H2 metric. For a small
number of states, both variants of VI perform better than any P-EVA variant. was
setat 10 *. For P-EVA, there were always about 121 states per partition. Results
were averagedover v e runs.
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Figure 12.7: Performance(vertical axis) of Parallel-P-EVA asa function of the num-

ber of attractors used (horizontal axis). Lower time is better. All runs were on 8

processors.Adding attractors generallyimproves performance,until about 30-40at-

tractors. The unusual spikes at 5,6 and 7 attractors appear to be the result of a

particularly bad decompsition. The con gurations used were MCAR - 4,000,000
states, 10,000partitions. SAP - 4,000,000states, 10,000partitions. DAP - 810,000
states, 10,000partitions. TAP - 1,000,000states, 729 partitions.
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Figure 12.9: E ciency of Parallel-P-EVA. The samecon guration is usedasin Figure
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Figure 12.12: On the left axis, cate performancefor the H1 and H2 metrics on
the MCAR problem. On the right axis, the averagenumber of times a partition is
recomputed. A higher cade hit ratio is better, but a lower number of recomputes
is better. For this problem, a 300x300state discretization was used, and a 30x30
partition discretization was used.
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Figure 12.13: On the left axis, cate performancefor the H1 and H2 metrics on
the SAP problem. On the right axis, the average number of times a partition is
recomputed. A higher cade hit ratio is better, but a lower number of recomputes
is better. For this problem, a 300x300state discretization was used, and a 30x30
partition discretization was used.
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Figure 12.14: On the left axis, cate performancefor the H1 and H2 metrics on
the DAP problem. On the right axis, the average number of times a partition is
recomputed. A higher cade hit ratio is better, but a lower number of recomputes
is better. For this problem, a 30x30x30x30state discretization was used, and a
10x10x10x1Qpartition discretization was used.
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Figure 12.15: On the left axis, information-frontier-only cade performancefor the
H1 and H2 metrics on the MCAR problem. On the right axis, the averagenumber
of times a patrtition is recomputed. A higher cade hit ratio is better, but a lower
number of recomputesis better. For this problem, a 300x300state discretization was
used,and a 30x30partition discretization was used.
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Figure 12.16: On the left axis, information-frontier-only cade performancefor the
H1 and H2 metrics on the SAP problem. On the right axis, the average number
of times a patrtition is recomputed. A higher cade hit ratio is better, but a lower
number of recomputesis better. For this problem, a 300x300state discretization was
used,and a 30x30partition discretization was used.
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Figure 12.17: On the left axis, information-frontier-only cade performancefor the
H1 and H2 metrics on the DAP problem. On the right axis, the average number
of times a patrtition is recomputed. A higher cade hit ratio is better, but a lower
number of recomputesis better. For this problem, a 30x30x30x30state discretization
was used,and a 10x10x10x1Qpartition discretization was used.
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Additional Results of Interest
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Figure 12.18: Performancein terms of time asa function of the number of partitions
used. For MCAR and SAP, a constart 400x400state grid was used; for DAP, a
constant 32x32x32x32state grid was used. At the far right, there is one state per
partition; at the far left, there is only one partition encompassindhe ertire problem
(which is equivalert to normal VI). Log scaleswere usedfor clarity, and especially
to emphasizethe fact that, for SAP and MCAR, using one state per partition yields
worse performancethan not using any partitions at all. Results were averagedover
V eruns.
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Figure 12.19: Performancein terms of badkups as a function of the number of par-
titions used. The setup correspndsto that of Figure 12.18 Note how dramatically
the number of bakups neededto solve DAP drops as the number of partitions is
increased.
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Figure 12.20: The MCAR cortrol policy. Light grey is positive thrust, medium gray

is negative thrust, and dark grey indicates that the partition was never processed.
The left gure showsthat, usingonestate per partition, the resolutionof the unvisited

statesis very high, and correspndsexactly to the discortinuities in the valuefunction.

The right gure shaws that, using about 100 states per partition, a partition can be

unvisited ewven if someof the statesinside would have beenvisited. To generatethis

gure, the traditional MCAR reward function was employed.
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App endix A

Additional Multi-Media Materials

The readeris encouragedo refer to
http://aml.cs.b yu.edu/papers/solving_mdps/

for additional multi-media materials. Se\eral videosare available which graphically
demonstratethe di erent badkup ordersimposedby normal VI and the H2 and H1
priority metrics, on the MCAR and SAP problems. We also provide a video of the
DAP being balancedby a solution producedwith P-EVA. The P-EVA and Parallel-
P-EVA sourcecodesare also available for download. In addition, a graphical DAP
simulator is available, with a cortrol policy that balancesthe pendulum from any

initial position. A graphical TAP simulator is alsoavailable.
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