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Remark

The dynamic programming iteration is valid for infinite horizon
problems, too!

Ve(s) = mc?xr(s, a) + YE¢ pis, a) [Vie+1(sD]

Where Vi (s) = max IE[Z?':() vk T(Sk’+k'n(sk'+k))

T, S = S]



Proof: Dynamic programming (infinite horizon)

Consider any step k:

Vi(s) = maxE |27 _o v r(sirse mlsirad)) [ s = o]
Decouple the first term of the sum from the remainder of the sum.
= mglxr(s,n(s)) -+ IE[Z:’Izl vk r(sk1+k,n(sk1+k)) |TL’, Sk = S]

Expand expectation and pull out a ¥ factor

= mgxr(s,n(s)) + yz P(syt1 = S'|s, = s;1m(s))

%) k'—1 T
E [Zk’=1V T(Sk’+k'ﬂ(5k’+k)) ‘ﬂ» Sk+1 = Sl



Proof: Dynamic programming (infinite horizon)
= mgxr(s,n(s)) + )/2 P(sy+1 = S'|sk = s;m(s))
E [Z;ﬁzlyk"lr(sk1+k,n(skr+k)) ‘n, Sk41 = S’]

Decomposition of policy m = (a, '), rewrite expectation, and change
of variables k"' = k' — 1.

= max r(s,a) +YEy _p(is, )

! ! !
[IE Ykr=o¥" T(Sk”+1+k'7'[ (Sk”+1+k)) |7T »Sk+1 = S ”



Proof: Dynamic programming (infinite horizon)

— max r(s,a) +YEy _peis, ay
(an

[[E Y=o ¥ ”r(sk”+1+kr”I(Sk”+1+k)) |T[', Sk+1 = S,”
Basic inequality
maxz P(s’|s, a)V” (s") < ZP(S s, a) maxV” (sh)
Let T(s') = arg max ym (s’) Then,
Z P(s'|s,a) max ym (s") = Z P(s'|s,a)VT(s") < rr}ra,\xz P(s’|s, a)V”’ (s
Thus, th(lé max and expectation can be ,exchanged: :

= m;lx r(s,a) + VIEs’~P(-IS, a)

=+

00 k' /
[n}tE}XE [Zk”:oy T(Sk”+1+k'ﬂ (Sk”+1+k))



Proof: Dynamic programming (infinite horizon)
= mc?xr(s, a) +YEg _peis, @)

ln}f}xm[zloco”:o V(s irio ™ (S e1)) [T Skar = S’]]
Follows from definition of optimal k-stage value function.

Vi (s) = max r(s,a) + YEg p(is, @) [Vi+1(sT)]
N
Next time:
But that was the induction step. What about the base case?
Vi (s) vs Vii11(s) vs V*(s)
Optimal Bellman equation (no k subscripts!):
V*(s) = glezqur(s, a) + yE '~ P(|s,a) V*(s")



How to solve infinite horizon problems?

Recall:
Vie(s) = maxr(s,a) + yEs p(s, @) [Vicr1(s")]

Where V; (s) = max E [Z,‘ffzo yk'r(sk1+k,n(sk1+k)) ‘n, Sk = S]
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1. Dynamic programming iteration for infinite horizon problems

2. Value iteration

a. Bellman equation & operators
b. Convergence analysis

c. Example: grid world parking
d. Computational demo

3. Policy iteration
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Value iteration algorithm

Let V,(s) be any function V,: S - R. [Note: not stage 0, but iteration 0.]
Apply the principle of optimality so that given V; at iteration i, we compute
Vie1(8) = TVi(s) = max r(s,a) + YEs - p(isa) [V;(s")] foralls
Terminate when V; stops improving, e.g. when max |Viy1(s) — V;(s)| is small.
Return the greedy policy: mk(s) = arg max r(s,a) + YEs - pisa) Ve (s")

= Akeyresult: V; - V', as i - oo.

= Helpful properties
« Markov process
« Contraction in max-norm
« Cauchy sequences
« Fixed point

Adapted from Morales, Grokking Deep
Reinforcement Learning, 2020. Wu



Value iteration algorithm

Let V,(s) be any function V,: S - R. [Note: not stage 0, but iteration 0.]
1 Apply the principle of optimality so that given V; at iteration i, we compute
Vit1(s) =TV(s) = max r(s,a) + YEg . p(sq) [Vi(s)] foralls

el Terminate when V; stops improving, e.g. when max |Viy1(s) — V;(s)| is small.
i3 Return the greedy policy: mg(s) = arg max r(s,a) + YEs/ - p(isa) Ve (s')

Definition (Optimal Bellman operator)

For any W € RI¥!, the optimal Bellman operator is defined as
TW(s) = m&xr(s, a) + YEg . p(s i) W(s") foralls
u ,

= Then we can write the algorithm step Zconcisely:
Viz1(s) =TV;(s) foralls

Key question: Does V; - IV*?



Properties of Bellman Operators

: for any W, W, € RV
|TW, —TWs|lo < vIIW, — Whllo

give a for a multi-dimensional object.
L,-norms for a vector v € R4:

1
d p
ol = (ZW)
i=1

Most common: Lo, L1, L. L is also called the for good reason:
V|l = max |v;
Ivlleo = max vy



Properties of Bellman Operators

: for any W, W, € RV
|TW, —TWs|lo < vIIW, — Whllo

For instance, how big is the following vector?
_ 1 -
0
X=1| §
3
—10-




The student dilemma

= Model: all the transitions

are Markov, states
St, S, S7 are terminal.

= Setting: infinite horizon
with terminal states.

= Objective: find the
policy that maximizes the
expected sum of rewards
before achieving a terminal
state.

= Notice: Not a
discounted infinite horizon
setting. But the Bellman
equations hold unchanged.

Work

Work
0.7
0 5 @ =100
Rest

@ Work
4

Rest —
5

r=—1000



The Optimal Bellman Equation

Bellman’s Principle of Optimality (Bellman (1957)):

“An optimal policy has the property that, whatever the
initial state and the initial decision are, the remaining
decisions must constitute an optimal policy with regard to
the state resulting from the first decision.”



The Optimal Bellman Equation

Theorem (Optimal Bellman Equation)

The optimal value function V* (i.e. V* = max V™ ) is the solution to the optimal Bellman
A
equation:

V*(s) = max lr(s, a) + yZ p (s'ls,a) V*(s"
S
And any optimal policy is such that:

n*(als) =20 < a € arg max [r(s, a') + yz p (s'|s,a) V*(s")
a
SI

Or, for short: V* =TV*

% There is always a deterministic policy (see: Puterman, 2005, Chapter 7)



Proof: The Optimal Bellman Equation

For any policy m = (a, ") (possibly non-stationary),

V*(s) = mgx]E [Z Yir(se, m(sp)| so = s; n]

t=0

= (Igllax [r(s a) +]/Zp(5 |s,a)V™ (S')]

max r(s,a) +y E p(s'ls,a) ma,\xV”’(s’)]
s
i s’

= max |r(s,a) + yZp(s’Is, a)V*(s")
| s/




The student dilermma @ G
V*(s) = max [r(x, @) B, @) V')
S aéaA[ xa'l'}/zy:p yix,a y] D 100
OLJ

System of equations ﬁ o

(V, = max{0+ 05V, +05V,;0+ 05V, +05V5}  —on /™ ;

V2= max{0+0.4 Ve +0.6Vy; 0+ 03V, + 0.7 Vs) !

V=" max{—1+04V,+0.6V5;—1+ 05V, + 0.5V}
Va= max{—10 + 0.9V, + 0.1 V,; =10 + V,,}

Vs = ~10

Ve = 100

V7 = ~1000

Discuss: How to solve this system of equations?



System of Equations
The optimal Bellman equation:

r(s,a) + VZ:P (s'ls,a) V' (s")

VS =

Is a non-linear system of equations with N unknowns and N non-
linear constraints (i.e. the max operator).



Value iteration algorithm

Let V,(s) be any function V,: S - R. [Note: not stage 0, but iteration 0.]
Apply the principle of optimality so that given V; at iteration i, we compute
Vie1(8) = TVi(s) = max r(s,a) + YEs - p(isa) [V;(s")] foralls
Terminate when V; stops improving, e.g. when max |Viy1(s) — V;(s)| is small.
Return the greedy policy: mk(s) = arg max r(s,a) + YEs - pisa) Ve (s")

= Akeyresult: V; - V', as i - oo.

= Helpful properties
« Markov process
« Contraction in max-norm
« Cauchy sequences
« Fixed point

Adapted from Morales, Grokking Deep
Reinforcement Learning, 2020. Wu



Properties of Bellman Operators

Proposition
Contraction in L.,-norm: for any Wy, W,, € RV

|TW; = TWslleo < vIIWy — Walle
Fixed point: V* is the unique fixed point of T, i.e. V*=TV"*.

Proof: value iteration
From contraction property of T, V,, = TVi _1, and optimal value function V* = TV*:

V" = Vis1lloo

= ||TV* — TVi|l o [value iteration and optimal Bellman eq.]
<yIIV* = Vil [contraction]

<YV —Vylle  [recursion]

-0

V, - V* [fixed point]



Properties of Bellman Operators

Proposition
Contraction in L.,-norm: for any Wy, W,, € RV

|TW; = TW; |l < vIIWy — Whlle
Fixed point: V* is the unique fixed point of T, i.e. V*=TV*,

Proof: value iteration
Convergence rate. Let e > 0 and ||7|l < rmax, then after at most

log ((1@?{)5)

log(;)

IV* = Vigllo S VIV = Vollw <e = K=




Proof: Contraction of the Bellman Operator
Forany s €S

|TW,(s) — TW(s)|

max r(s,a) + yZp(s’Is, a) Wy(s")| — max [r(s, a) + yZp(s’IS, a) Wz(s’)”

r(s,@)+7 ) p(s'ls,a) Wals")| - [r<s, @ +y ) p(s'ls.a) w2<s'>]

=y mgxz p(s'|s,a) [Wi(s") — W, (s)|
S,

<ylW; — W[l max ) p(s’ls,a) =yl[W; — W,
a

S,

| max f (x) — max g(x') < max(f(x) — g(x))



Value Iteration: the Complexity

Time complexity
Each iteration takes on the or[ier of S%A operations.

Vers(5) = TVie(s) = max | r(5,0) +¥ Y p(s'ls, @)V (s")
S/

The computation of the greedy policy takes on the order of S%4
operations.

g (s) € arg max [r(s, a)+y E p(s'|s, a)Vg(s")
a
N

Total time complexity on the order of KS?A.

Space complexity
Storing the MDP: dynamics on the order of S?4 and reward on the order of
SA.
Storing the value function and the optimal policy on the order of S.



The Grid-Wor

d Problem




Example: Winter parking (with ice and potholes)

Simple grid world with a (green, desired parking spot) with
reward (+1), a “bad state” (red, pothole) with reward (-100), and all other
states neural (+0).

can head in any direction. Actions move
in the desired direction with probably 0.8, in one of the perpendicular
directions with.

Taking an action that would bump into a wall leaves agent where it is.

0 0 0 1 .
Action = north

0 o |-100 P=08
1

0 0 0 0 P =0.1 <+ —> P =0.1

[Source: adapted from Kolter, 2016]



Example: value iteration

Running value iteration with v = 0.9

Originél rewafd function
(a)
Recall value iteration algorithm:
Viz1(s) = max r(s,a) + yE. . P(ls,a) V;(s") foralls
Let’s arbitrarily initialize V,, as the reward function, since it can be any function.

Example update (red state):
V;(red) = —100 + ¥ max{ 0.8V,(green) + 0.1V,(red) + 0,  [up]
0+ 0.1Vy(red) + 0, [down]
0 + 0.1V, (green) + 0, [left]

0.8V (red) + 0.1Vy(green) + 1 } [right]
= —100 4+ 0.9(0.1 * 1) = —99.91 [best: go left]



Example: value iteration

Running value iteration with v = 0.9

Original reward function
(a)
Recall value iteration algorithm:
Viz1(s) = max r(s,a) + yE. . P(ls,a) V;(s") foralls

Let’s arbitrarily initialize V,, as the reward function, since it can be any function.
Example update (green state):
Vi(red) = 1 +ymax{ 0.8Vy(green) + 0.1V,(green), [up]
0.8V, (red) + 0.1V, (green), [down]
0 + 0.1Vy(green) + 0.1V, (red),  [left]
0.8Vy(red) + 0.1V, (green) + 0 } [right]

=1+ 0.9(09 1) =1.81 [best: go up]



Example: value iteration

Running value iteration with v = 0.9 Running value iteration with v = 0.9
0 0 0 1 0 0 0.72 | 1.81
0 0 0 0 0 0 0 0
Original rewzgr%}unction V at on&Q)ation

Recall value iteration algorithm:
Viz1(s) = max r(s,a) + yE. . P(ls,a) Vi(s") foralls

Let’s arbitrarily initialize V,, as the reward function, since it can be any function.

Need to also do this for all the “unnamed” states, too.



Example: value iteration

Running value iteration with v = 0.9 Running value iteration with v = 0.9 Running value iteration with v = 0.9

0 0 0 1 0 0 0.72 | 1.81 0.809|1.5982.475|3.745
0 0 -100 0 0 [-99.91 0.268.0.302 -99.59
0 0 0 0 0 0 0 0 0 10.034]0.122(0.004
Originél rewafd function V at one iteration V at five iterations
(a) (b) (c)

Running value iteration with v = 0.9 Running value iteration with v = 0.9 Running value iteration with v = 0.9
2.686|3.527 | 4.402 |5.812 5.470(6.313|7.190 | 8.669 - | > | > T
a 1.095 [-98.82 4.802.3.347 -96.67 T . <« [
1.390{0.903|0.738|0.123 4.161|3.654 |3.222|1.526 bl < |

V at 10 iterations V at 1000 iterations Resulting policy after 1000 iterations

(d) (€) (f) wu wu
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Numerous variations

Comparison between planning and control methods

Policy iteration

(D Policy iteration consists of a. full

convergence of iterative policg evaluation

odkerno.kins with 3reed3 polic-_., improvement

Value iteration

(a) volue iteration starts with an
arb'rtmr‘tj value function and has a
truncated pol icy evaluation step.

Monte Carlo control

On te
?ar/° Preg;
Q- q” ed/c{ /0[7

o

(3) MmC control estimates a. Q-function, has a
truncated MC prediction phase followed by
an epsilon—sreed5 policg—improvemen& step.

SARSA

"

——1 (4) SARSA has pretty much the same
as mC control except a truncated
TO prediction for policy evaluation.

Adapted from Morales, Grokking Deep Reinforcement Learning, 2020. Wu
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More generally...

Value iteration:
1. Vigr(s) = maxr(s,a) + YEg_pisqylVi (s)]  foralls
acA ,
2. mg(s) = argmaxr(s a) +vEg_pes, a) Vi (s")

Related Operations:
= Policy evaluation: v, ,(s) = r(s,m:(s)) + yEg_ p. smenlVe ()] foralls
= Policy improvement: m;(s) = arg meahxr(s a) + YEg . p(s o Vi (s")
a )

& (Generalized Policy Iteration:

= Repeat:
1. Policy evaluation for N steps
2. Policy improvement

= Value iteration: N = 1; Policy iteration: N = o



Policy Iteration: the Idea

Let =, be any stationary policy

At each iteration k =1,2,....,K

Policy evaluation: given m;,, compute V™
Policy improvement: compute the greedy policy

Tr4+1(S) € arg max r(s,a) + yZp(s’Is, a)V™k(s")
a
SI

Stop if V™ = V™k-1

Return the last policy



Policy Iteration: the Guarantees

The policy iteration algorithm generates a sequence of policies with non-
decreasing performance
VTk+1 > Tk

and it converges to 7* in a finite number of iterations.



The Bellman Equation

Theorem (Bellman equation)

For any stationary policy = = (m, 7, ...), at any state s € S, the state value function satisfies
the Bellman equation:

V() = r(s,m)) +7 ) p(sls V)

s'es



The student dilemma

= Discuss: How to solve this system of equations?

VG0 = (@) +v ) plx ) )
y

System of equations

0+05V; + 0.5V,
1403V, +0.7V,
—1+05V,+0.5V;
~10+ 09V, +0.1V, =
~10
100
—~1000

V1=88.3

V,R € R7,P" € R”*
V'=R+ PV
U
V= -P)'R



Recap: The Bellman Operators

Notation. W.|.O.3. a discrete state space |[S| = N and V™ € RN
(analysis extends to include N — oo )

For any W € RY, the Bellman operator T®: RN - R is
TW(s) = 1(5,m()) +y ) p(s'ls, ()W (S
S,
And the optimal Bellman operator (or dynamic programming operator) is

TW(s) = max [r(s, a) + yz p(s’'|s, a)W(s)‘



The Bellman Operators

Properties of the Bellman operators
Monotonicity: For any Wy, W, € RY, if W, < \W, component-wise, then
T™W, < T™W,
W, < TW,
Offset: For any scalar c € R,
T™(W —cly) = T™W + ycly
T(W —cly) = TW + ycly



The Bellman Operators

Contraction in L,-norm: For any W,, W, € R
IT"W; — T"W, ||, < VW, — Wl
ITW; — TW; oo < vIIWy — Wallo
Fixed point: For any policy m,
V™ is the unique fixed point of T™
V* is the unique fixed point of T

For any W € RY and any stationary policy ©
I}im (T”F))RW =yr
lim (T)*W = v*

k— oo



Policy Iteration: the Idea

Let m, be any stationary policy

At each iteration k =1,2,....,K

Policy evaluation: given m;, compute V™
Policy improvement: compute the greedy policy

Tr4+1(S) € arg max r(s,a) + yZp(s’Is, a)V™k(s")
a
SI

Stop if V™ = VTk-1

Return the last policy



Policy Iteration: the Guarantees

The policy iteration algorithm generates a sequence of policies with non-
decreasing performance
VTk+1 > Tk

and it converges to * in a finite number of iterations.



Proof: Policy Iteration
From the definition of the Bellman operators and the greedy policy w1

VT = TV Tk < TV = T Tet1]/ Tk (1)

and from the monotonicity property of 77+1, it follows that
VT < TTk+1/ Tk
TTk+1 Tk < (j]"ﬂk+1)2[/7fk

(:]"ﬂk+1)n—1[/7fkm§ (T Tr+1) ) Tk

Joining all inequalities in the chain, we obtain
V™% < lim (Tﬂk+1)n[/”k = V/Tk+1

n—->00

Then (V™k), is a non-decreasing sequence.



Policy Iteration: the Guarantees

Since a finite MDP admits a finite number of policies, then the termination condition
is eventually met for a specific k.

Thus eq. 1 holds with an equality and we obtain
VT = TV

and V™ = V* which implies that r; is an optimal policy.



Policy Iteration: Complexity
Policy Improvement Step
Complexity O(S?A)

Number of Iteratlons )
Other results exist that do not depend on y



Comparison between Value and Policy Iteration

= Value Iteration
= Pros: each iteration is very computationally efficient.
= Cons: convergence is only asymptotic.

= Policy Iteration
= Pros: converge in a finite number of iterations (often small
in practice).
= Cons: each iteration requires a full policy evaluation and it
might be expensive.



Example: Winter parking (with ice and potholes)

Simple grid world with a (green, desired parking spot) with
reward (+1), a “bad state” (red, pothole) with reward (-100), and all other
states neural (+0).

can head in any direction. Actions move
in the desired direction with probably 0.8, in one of the perpendicular
directions with.

Taking an action that would bump into a wall leaves agent where it is.

0 0 0 1 .
Action = north

0 o |-100 P=08
1

0 0 0 0 P =0.1 <+ —> P =0.1

[Source: adapted from Kolter, 2016]



Example: value iteration

Running value iteration with v = 0.9 Running value iteration with v = 0.9 Running value iteration with v = 0.9

0 0 0 1 0 0 0.72 | 1.81 0.809|1.5982.475|3.745
0 0 -100 0 0 [-99.91 0.268.0.302 -99.59
0 0 0 0 0 0 0 0 0 10.034]0.122(0.004
Originél rewafd function V at one iteration V at five iterations
(a) (b) (c)

Running value iteration with v = 0.9 Running value iteration with v = 0.9 Running value iteration with v = 0.9
2.686|3.527 | 4.402 |5.812 5.470(6.313|7.190 | 8.669 - | > | > T
a 1.095 [-98.82 4.802.3.347 -96.67 T . <« [
1.390{0.903|0.738|0.123 4.161|3.654 |3.222|1.526 bl < |

V at 10 iterations V at 1000 iterations Resulting policy after 1000 iterations

(d) (€) (f) wu wu



Example: policy iteration

Running policy iteration with v = 0.9, initialized with policy Running policy iteration with v = 0.9, initialized with policy

m(s) = North m(s) = North
0 0 0 1 0.418]0.884 | 2.331 |6.367
Z- 0 -100 0.367 .—8.610 -105.7
0 0 0 0 -0.168(-4.641|-14.27(-85.05
Original reward function V7™ at one iteration
(a) (b)
Running policy iteration with v = 0.9, initialized with policy Running policy iteration with v = 0.9, initialized with policy
m(s) = North m(s) = North
5.41416.248 (7.116 | 8.634 5.470(6.313|7.190 | 8.669
4.753 2.8811-102.7 4.803 3.347 |-96.67
2.251(1.977 (1.849(-8.701 4161 | 3.654 [ 3.222 | 1.526
V™ at two iterations V™ at three iterations (converged)

(© (d)



Value iteration: geometric Interpretation

A

45 degree line

JV

\ 4



Policy iteration: geometric Interpretation

A

|
|
|
|
i
i
I

45 degree line

JV

(d) (e

)(f)

v



Summary & Takeaways

= The ideas from dynamic programming, namely the principle of
optimality, carry over to infinite horizon problems.

= The value iteration algorithm solves discounted infinite horizon MDP

problems by leveraging results of Bellman operators, namely the
optimal Bellman equation, contractions, and fixed points.

= Generalized policy iteration methods include policy iteration and
value iteration.

= Policy iteration algorithm additionally leverages monotonicity and
Bellman equation.

= The update mechanism for VI and PI differ and thus their
convergence in practice depends on the geometric structure of the
optimal value function.



