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Remark

The dynamic programming iteration is valid for infinite horizon 
problems, too!

𝑉"∗ 𝑠 = max
)
𝑟 𝑠, 𝑎 + 𝛾𝔼0!~2 ⋅ 𝑠, 𝑎 𝑉"45∗ 𝑠6

Where 𝑉"∗ 𝑠 = max
7

𝔼 ∑"!9:
; 𝛾"!𝑟 𝑠"!4", 𝜋 𝑠"!4" 𝜋, 𝑠" = 𝑠
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Proof: Dynamic programming (infinite horizon)
Consider any step 𝑘:

𝑉!∗ 𝑠 = max
#
𝔼 ∑!!$%

& 𝛾!!𝑟 𝑠!!'!, 𝜋 𝑠!!'! 𝜋, 𝑠! = 𝑠

Decouple the first term of the sum from the remainder of the sum.

= max
7

𝑟 𝑠, 𝜋 𝑠 + 𝔼 ∑"!95
; 𝛾"!𝑟 𝑠"!4", 𝜋 𝑠"!4" 𝜋, 𝑠" = 𝑠

Expand expectation and pull out a 𝛾 factor

= max
#
𝑟 𝑠, 𝜋 𝑠 + 𝛾>

(!
𝑃 𝑠!') = 𝑠* 𝑠! = 𝑠; 𝜋 𝑠

𝔼 ∑!!$)
& 𝛾!!+)𝑟 𝑠!!'!, 𝜋 𝑠!!'! 𝜋, 𝑠!') = 𝑠′
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Proof: Dynamic programming (infinite horizon)

= max
#

𝑟 𝑠, 𝜋 𝑠 + 𝛾6
(B
𝑃 𝑠!') = 𝑠* 𝑠! = 𝑠; 𝜋 𝑠

𝔼 ∑!B$)
& 𝛾!B+)𝑟 𝑠!B'!, 𝜋 𝑠!B'! 𝜋, 𝑠!') = 𝑠′

Decomposition of policy 𝜋 = 𝑎, 𝜋* , rewrite expectation, and change 
of variables 𝑘** = 𝑘* − 1.

= max
@,#!

𝑟 𝑠, 𝑎 + 𝛾𝔼(!~B ⋅ 𝑠, 𝑎

𝔼 ∑!!!$%
& 𝛾!!!𝑟 𝑠!!!')'!, 𝜋′ 𝑠!!!')'! 𝜋′, 𝑠!') = 𝑠′
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Proof: Dynamic programming (infinite horizon)
= max

&,(!
𝑟 𝑠, 𝑎 + 𝛾𝔼/!~1 ⋅ 𝑠, 𝑎

𝔼 ∑4!!56
7 𝛾4!!𝑟 𝑠4!!8984, 𝜋′ 𝑠4!!8984 𝜋′, 𝑠489 = 𝑠′

§ Basic inequality

max
"!

6
#!
𝑃 𝑠$ 𝑠, 𝑎 𝑉"! 𝑠$ ≤6

#!
𝑃 𝑠$ 𝑠, 𝑎 max

"!
𝑉"! 𝑠$

§ Let F𝜋 𝑠$ = argmax
"!

𝑉"! 𝑠$ .  Then, 

6
#!
𝑃 𝑠$ 𝑠, 𝑎 max

"!
𝑉"! 𝑠$ =6

#!
𝑃 𝑠$ 𝑠, 𝑎 𝑉%" 𝑠$ ≤ max

"!
6
#!
𝑃 𝑠$ 𝑠, 𝑎 𝑉"! 𝑠$

§ Thus, the max and expectation can be exchanged:

= max
&
𝑟 𝑠, 𝑎 + 𝛾𝔼/!~1 ⋅ 𝑠, 𝑎
max
(!

𝔼 ∑4!!56
7 𝛾4!!𝑟 𝑠4!!8984, 𝜋′ 𝑠4!!8984 𝜋′, 𝑠489 = 𝑠′
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Proof: Dynamic programming (infinite horizon)
= max

)
𝑟 𝑠, 𝑎 + 𝛾𝔼0!~2 ⋅ 𝑠, 𝑎
max
7!

𝔼 ∑"!!9:
; 𝛾"!!𝑟 𝑠"!!454", 𝜋′ 𝑠"!!454" 𝜋′, 𝑠"45 = 𝑠′

Follows from definition of optimal 𝑘-stage value function.

𝑉!∗ 𝑠 = max
@
𝑟 𝑠, 𝑎 + 𝛾𝔼(!~B ⋅ 𝑠, 𝑎 𝑉!')∗ 𝑠*

Next time: 
§ But that was the induction step. What about the base case?
§ 𝑉"∗ 𝑠 vs 𝑉"45∗ 𝑠 vs 𝑉∗ 𝑠
§ Optimal Bellman equation (no 𝑘 subscripts!):

𝑉∗ 𝑠 = max
@∈J

𝑟 𝑠, 𝑎 + 𝛾𝔼(!~B ⋅ (,@) 𝑉∗ 𝑠*

◼



Wu

How to solve infinite horizon problems?

Recall:
𝑉!∗ 𝑠 = max

@
𝑟 𝑠, 𝑎 + 𝛾𝔼(B~B ⋅ 𝑠, 𝑎 𝑉!')∗ 𝑠*

Where 𝑉!∗ 𝑠 = max
#

𝔼 ∑!B$%
& 𝛾!B𝑟 𝑠!B'!, 𝜋 𝑠!B'! 𝜋, 𝑠! = 𝑠
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1. Dynamic programming iteration for infinite horizon problems

2. Value iteration
a. Bellman equation & operators
b. Convergence analysis
c. Example: grid world parking
d. Computational demo

3. Policy iteration
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Value itera<on algorithm
1. Let 𝑉6(𝑠) be any function 𝑉6: 𝑆 → ℝ.  [Note: not stage 0, but iteration 0.]
2. Apply the principle of optimality so that given 𝑉= at iteration 𝑖, we compute

𝑉=89 𝑠 = 𝒯𝑉= 𝑠 = max
&∈?

𝑟(𝑠, 𝑎) + 𝛾𝔼/!~1 ⋅ /,&) 𝑉= 𝑠A for all 𝑠
3. Terminate when 𝑉= stops improving, e.g. when max

/
|𝑉=89 𝑠 − 𝑉= 𝑠 | is small.

4. Return the greedy policy: 𝜋B 𝑠 = argmax
&∈?

𝑟 𝑠, 𝑎 + 𝛾𝔼/!~1 ⋅ /,&)𝑉B 𝑠A

F A key result: 𝑉= → 𝑉∗, as 𝑖 → ∞.

F Helpful properties
• Markov process
• Contraction in max-norm
• Cauchy sequences
• Fixed point

Adapted from Morales, Grokking Deep 
Reinforcement Learning, 2020.

V
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Value iteration algorithm
1. Let 𝑉6(𝑠) be any function 𝑉6: 𝑆 → ℝ.  [Note: not stage 0, but iteration 0.]
2. Apply the principle of optimality so that given 𝑉= at iteration 𝑖, we compute

𝑉=89 𝑠 = 𝒯𝑉= 𝑠 = max
&∈?

𝑟(𝑠, 𝑎) + 𝛾𝔼/!~1 ⋅ /,&) 𝑉= 𝑠A for all 𝑠
3. Terminate when 𝑉= stops improving, e.g. when max

/
|𝑉=89 𝑠 − 𝑉= 𝑠 | is small.

4. Return the greedy policy: 𝜋B 𝑠 = argmax
&∈?

𝑟 𝑠, 𝑎 + 𝛾𝔼/!~1 ⋅ /,&)𝑉B 𝑠A

DefiniNon (OpNmal Bellman operator)

For any 𝑊 ∈ ℝ D , the optimal Bellman operator is defined as
𝒯𝑊 𝑠 = max

&∈?
𝑟 𝑠, 𝑎 + 𝛾𝔼/!~1 ⋅ /,&)𝑊 𝑠A for all 𝑠

F Then we can write the algorithm step 2 concisely:
𝑉=89 𝑠 = 𝒯𝑉= 𝑠 for all 𝑠

Key question: Does 𝑉= → 𝑉∗?
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Properties of Bellman Operators
14

Proposition

1. Contraction in 𝐿&-norm: for any 𝑊),𝑊N ∈ ℝP
𝒯𝑊) − 𝒯𝑊N & ≤ 𝛾 𝑊) −𝑊N &

Ø Norms give a size for a mulJ-dimensional object.  
𝐿R-norms for a vector 𝑣 ∈ ℝS:

𝑣 R = >
T$)

S

𝑣T R

)
R

Most common: 𝐿N, 𝐿), 𝐿&.  𝐿& is also called the max norm for good reason:
𝑣 & = max

)UTUS
𝑣T
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Properties of Bellman Operators
15

Proposition

1. Contraction in 𝐿&-norm: for any 𝑊),𝑊N ∈ ℝP
𝒯𝑊) − 𝒯𝑊N & ≤ 𝛾 𝑊) −𝑊N &

For instance, how big is the following vector?

𝑥 =

1
0
5
3
−10
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The student dilemma
§ Model: all the transitions 
are Markov, states 
𝑠Z, 𝑠[, 𝑠\are terminal.
§ Se'ing: infinite horizon 
with terminal states.
§ Objective: find the 
policy that maximizes the 
expected sum of rewards 
before achieving a terminal
state.
§ Notice: Not a 
discounted infinite horizon 
setting. But the Bellman 
equations hold unchanged.
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The Optimal Bellman Equation
Bellman’s Principle of Optimality (Bellman (1957)):

“An  optimal policy has the property that, whatever the 
initial state and the  initial decision are, the remaining 

decisions must constitute an optimal policy  with regard to 
the state resulting from the first decision.”
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The Optimal Bellman Equation

Theorem (Optimal Bellman Equation)

The optimal value function 𝑉∗ (i.e. 𝑉∗ = max
"

𝑉" ) is the solution to the optimal Bellman 
equation: 

𝑉∗ 𝑠 = max
'∈)

𝑟 𝑠, 𝑎 + 𝛾6
#!
𝑝 𝑠$ 𝑠, 𝑎) 𝑉∗(𝑠$)

And any optimal policy is such that:

𝜋∗ 𝑎 𝑠 ≥ 0 ⟺ 𝑎 ∈ arg max
'! ∈ )

𝑟 𝑠, 𝑎$ + 𝛾6
#!
𝑝 𝑠$ 𝑠, 𝑎) 𝑉∗(𝑠$)

Or, for short: 𝑉∗ = 𝒯𝑉∗

F There is always a deterministic policy (see: Puterman, 2005, Chapter 7)
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Proof: The Optimal Bellman Equation

𝑉∗ 𝑠 = max
"
𝔼 @

#$%

&

𝛾#𝑟 𝑠#, 𝜋 𝑠# | 𝑠% = 𝑠; 𝜋

For any policy 𝜋 = 𝑎, 𝜋' (possibly non-stationary),

= max
(),"!)

𝑟 𝑠, 𝑎 + 𝛾@
,!
𝑝 𝑠' 𝑠, 𝑎 𝑉"! 𝑠'

= max
)

𝑟 𝑠, 𝑎 + 𝛾@
,!
𝑝 𝑠' 𝑠, 𝑎 max

"!
𝑉"! 𝑠'

= max
)

𝑟 𝑠, 𝑎 + 𝛾@
,!
𝑝 𝑠' 𝑠, 𝑎 𝑉∗ 𝑠'

[value function]

[Markov property & 
change of “time”]

[value function]



Wu

The student dilemma
𝑉∗ 𝑠 = max

)∈.
𝑟 𝑥, 𝑎 + 𝛾@

/
𝑝 𝑦 𝑥, 𝑎) 𝑉∗(𝑦)

System of equations

𝑉0 =
𝑉1 =
𝑉2 =
𝑉3 =
𝑉4 =
𝑉5 =
𝑉6 =

max 0 + 0.5 𝑉0 + 0.5 𝑉1; 0 + 0.5 𝑉0 + 0.5 𝑉2
max 0 + 0.4 𝑉4 + 0.6 𝑉1; 0 + 0.3 𝑉0 + 0.7 𝑉2

max −1 + 0.4 𝑉1 + 0.6 𝑉2; −1 + 0.5 𝑉3 + 0.5 𝑉2
max −10 + 0.9 𝑉5 + 0.1 𝑉3; −10 + 𝑉6

−10
100
−1000

Discuss: How to solve this system of equaNons?
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System of Equations
The optimal Bellman equation:

𝑉∗ 𝑠 = max
@∈J

𝑟 𝑠, 𝑎 + 𝛾6
(7
𝑝 𝑠* 𝑠, 𝑎) 𝑉∗(𝑠*)

Is a non-linear system of equations with 𝑁 unknowns and 𝑁 non-
linear constraints (i.e. the max operator).
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Value iteration algorithm
1. Let 𝑉%(𝑠) be any function 𝑉%: 𝑆 → ℝ.  [Note: not stage 0, but iteration 0.]
2. Apply the principle of optimality so that given 𝑉8 at iteration 𝑖, we compute

𝑉890 𝑠 = 𝒯𝑉8 𝑠 = max
)∈.

𝑟(𝑠, 𝑎) + 𝛾𝔼,!~; ⋅ ,,)) 𝑉8 𝑠' for all 𝑠
3. Terminate when 𝑉8 stops improving, e.g. when max

,
|𝑉890 𝑠 − 𝑉8 𝑠 | is small.

4. Return the greedy policy: 𝜋= 𝑠 = argmax
)∈.

𝑟 𝑠, 𝑎 + 𝛾𝔼,!~; ⋅ ,,))𝑉= 𝑠'

F A key result: 𝑉8 → 𝑉∗, as 𝑖 → ∞.

F Helpful properties
• Markov process
• Contraction in max-norm
• Cauchy sequences
• Fixed point

Adapted from Morales, Grokking Deep 
Reinforcement Learning, 2020.

V
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Properties of Bellman Operators

Proposition
1. Contraction in 𝐿*-norm: for any 𝑊+,𝑊,, ∈ ℝ-

𝒯𝑊+ − 𝒯𝑊, * ≤ 𝛾 𝑊+ −𝑊, *

2. Fixed point: 𝑉∗ is the unique fixed point of 𝒯, i.e. 𝑉∗= 𝒯𝑉∗.

Proof: value iteration
§ From contraction property of 𝒯, 𝑉> = 𝒯V?@0, and optimal value function 𝑉∗ = 𝒯𝑉∗:

𝑉∗ − 𝑉>90 &
= 𝒯𝑉∗ −𝒯𝑉> &
≤ 𝛾 𝑉∗ − 𝑉> &
≤ 𝛾>90 𝑉∗ − 𝑉% &
→ 0

𝑉> → 𝑉∗

[value iteration and optimal Bellman eq.]
[contraction]
[recursion]

[fixed point]
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Properties of Bellman Operators

Proposition
1. Contraction in 𝐿*-norm: for any 𝑊+,𝑊,, ∈ ℝ-

𝒯𝑊+ − 𝒯𝑊, * ≤ 𝛾 𝑊+ −𝑊, *

2. Fixed point: 𝑉∗ is the unique fixed point of 𝒯, i.e. 𝑉∗= 𝒯𝑉∗.

Proof: value iteration
§ Convergence rate.  Let 𝜖 > 0 and 𝑟 & ≤ 𝑟max, then after at most

𝑉∗ − 𝑉>90 & ≤ 𝛾>90 𝑉∗ − 𝑉% & < 𝜖 ⟹ 𝐾 ≥
log 𝑟max

1 − 𝛾 𝜖

log(1𝛾)
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Proof: Contraction of the Bellman Operator

𝒯𝑊0 𝑠 − 𝒯𝑊1 𝑠

For any 𝑠 ∈ 𝑆

= max
)

𝑟 𝑠, 𝑎 + 𝛾@
,!
𝑝 𝑠' 𝑠, 𝑎) 𝑊0 𝑠' −max

)!
𝑟 𝑠, 𝑎' + 𝛾@

,!
𝑝 𝑠' 𝑠, 𝑎') 𝑊1 𝑠'

≤ max
)

𝑟 𝑠, 𝑎 + 𝛾@
,!
𝑝 𝑠' 𝑠, 𝑎) 𝑊0 𝑠' − 𝑟 𝑠, 𝑎 + 𝛾@

,!
𝑝 𝑠' 𝑠, 𝑎) 𝑊1 𝑠'

= 𝛾max
)
@
,!
𝑝 𝑠' 𝑠, 𝑎) 𝑊0 𝑠' −𝑊1 𝑠'

≤ 𝛾 𝑊0 −𝑊1 &max) @
,!
𝑝 𝑠' 𝑠, 𝑎) = 𝛾 𝑊0 −𝑊1 &

max
A
𝑓 𝑥 −max

A!
𝑔 𝑥' ≤ max

A
(𝑓 𝑥 − 𝑔 𝑥 )
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Value Itera<on: the Complexity
Time complexity

§ Each iteration takes on the order of 𝑆1𝐴 operations.
𝑉>90 𝑠 = 𝒯𝑉> 𝑠 = max

)∈.
𝑟 𝑠, 𝑎 + 𝛾H

,'

𝑝 𝑠' 𝑠, 𝑎 𝑉> 𝑠'

§ The computation of the greedy policy takes on the order of 𝑆1𝐴
operations.

𝜋= 𝑠 ∈ argmax
)∈.

𝑟 𝑠, 𝑎 + 𝛾H
,'

𝑝 𝑠' 𝑠, 𝑎 𝑉= 𝑠'

§ Total time complexity on the order of 𝐾𝑆1𝐴.

Space complexity
§ Storing the MDP: dynamics on the order of 𝑆1𝐴 and reward on the order of 
𝑆𝐴.

§ Storing the value function and the optimal policy on the order of 𝑆.
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The Grid-World Problem
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Example: Winter parking (with ice and potholes)
§ Simple grid world with a goal state (green, desired parking spot) with 
reward (+1),  a “bad state” (red, pothole) with reward (-100), and all other 
states neural (+0).
§ Omnidirectional vehicle (agent) can head in any direction. Actions move 
in the  desired direction with probably 0.8, in one of the perpendicular 
directions with.
§ Taking an action that would bump into a wall leaves agent where it is.

[Source: adapted from Kolter, 2016]
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Example: value iteration

Wu

Recall value iteration algorithm:
VB90 𝑠 = max

)∈.
𝑟 𝑠, 𝑎 + 𝛾𝔼,!~; ⋅ ,,))𝑉8 𝑠' for all 𝑠

Let’s arbitrarily initialize 𝑉% as the reward function, since it can be any function.
Example update (red state):

(a)

V0 red = −100 + 𝛾max{ 0.8𝑉% green + 0.1𝑉% red + 0,
0 + 0.1𝑉% red + 0,
0 + 0.1𝑉% green + 0,

0.8𝑉% red + 0.1𝑉% green + 1

[up]
[down]
[left]
[right]}

= −100 + 0.9 0.1 ∗ 1 = −99.91 [best: go left]



Wu

Example: value iteration

Wu

Recall value iteration algorithm:
VB90 𝑠 = max

)∈.
𝑟 𝑠, 𝑎 + 𝛾𝔼,!~; ⋅ ,,))𝑉8 𝑠' for all 𝑠

Let’s arbitrarily initialize 𝑉% as the reward function, since it can be any function.
Example update (green state):

(a)

V0 red = 1 + 𝛾max{ 0.8𝑉% green + 0.1𝑉% green ,
0.8𝑉% red + 0.1𝑉% green ,

0 + 0.1𝑉% green + 0.1𝑉% red ,
0.8𝑉% red + 0.1𝑉% green + 0

[up]
[down]
[left]
[right]}

= 1 + 0.9 0.9 ∗ 1 = 1.81 [best: go up]
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Example: value iteration

Wu

Recall value iteration algorithm:
VB90 𝑠 = max

)∈.
𝑟 𝑠, 𝑎 + 𝛾𝔼,!~; ⋅ ,,))𝑉8 𝑠' for all 𝑠

Let’s arbitrarily initialize 𝑉% as the reward function, since it can be any function.

Need to also do this for all the “unnamed” states, too.

(a) (b)



Wu

Example: value iteration

(a) (b) (c)

(d) (e) (f) Wu
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Outline
43

1. Dynamic programming iteraLon for infinite horizon problems

2. Value iteraLon

3. Policy itera>on
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Numerous variations
44

Adapted from Morales, Grokking Deep Reinforcement Learning, 2020.
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More generally…
Value iteration:
1. 𝑉T') 𝑠 = max

@∈J
𝑟(𝑠, 𝑎) + 𝛾𝔼(!~ B ⋅ (,@) 𝑉T (𝑠*) for all 𝑠

2. 𝜋b 𝑠 = argmax
@∈J

𝑟 𝑠, 𝑎 + 𝛾𝔼(!~ B ⋅ (,@) 𝑉b 𝑠*

Related Operations:
§ Policy evaluation: 𝑉890 𝑠 = 𝑟 𝑠, 𝜋8 𝑠 + 𝛾𝔼,!~ ; ⋅ ,,"" , ) 𝑉8 𝑠' for all 𝑠
§ Policy improvement: 𝜋T 𝑠 = argmax

@∈J
𝑟 𝑠, 𝑎 + 𝛾𝔼(!~ B ⋅ (,@) 𝑉T 𝑠*

F Generalized Policy Iteration:
§ Repeat:

1. Policy evaluation for 𝑁 steps
2. Policy improvement

§ Value iteration: 𝑁 = 1; Policy iteration: 𝑁 = ∞
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Policy Itera<on: the Idea
1. Let 𝜋% be any stationary policy

2. At each iteration 𝑘 = 1, 2,… . , 𝐾
• Policy evaluation: given 𝜋>, compute 𝑉"#
• Policy improvement: compute the greedy policy

𝜋>90 𝑠 ∈ argmax
)∈.

𝑟 𝑠, 𝑎 + 𝛾@
,!
𝑝 𝑠' 𝑠, 𝑎 𝑉"# 𝑠'

3. Stop if 𝑉#! = 𝑉#!"#

4. Return the last policy 𝜋b
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Policy Iteration: the Guarantees

Proposition
The policy iteration algorithm generates a sequence of policies with non-
decreasing performance

𝑉"#$% ≥ 𝑉"#

and it converges to 𝜋∗ in a finite number of iterations.



Wu

The Bellman Equation

Theorem (Bellman equaJon)
For any stationary policy 𝜋 = (𝜋, 𝜋, … ), at any state 𝑠 ∈ 𝑆, the state value function satisfies 
the Bellman equation:

𝑉" 𝑠 = 𝑟 𝑠, 𝜋 𝑠 + 𝛾 6
#!∈.

𝑝 𝑠$ 𝑠, 𝜋 𝑠 𝑉" 𝑠$
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The student dilemma
§ Discuss: How to solve this system of equations?

Wor
k

Rest

0.4

Work
Work      0.3

0.7
Rest

0.50.5

Rest 0.5

0.4

0.6

0.6

r=−1000

r=−10

r=100

0.9

0.1
1

V1 = 88.3
r=0

r=−1
V3 = 86.9

0.5
0.5      r=−10 Work

V4 = 88.9

p=0.5 r=1
V2 = 88.3

Rest

V = −105

V = 1006

V7 = −100
System of equations

𝑉0 =
𝑉1 =
𝑉2 =
𝑉3 =
𝑉4 =
𝑉5 =
𝑉6 =

0 + 0.5 𝑉0 + 0.5 𝑉1
1 + 0.3 𝑉0 + 0.7 𝑉2
−1 + 0.5 𝑉3 + 0.5 𝑉2
−10 + 0.9𝑉5 + 0.1 𝑉3

−10
100
−1000

⟹

𝑉,𝑅 ∈ ℝ6, 𝑃" ∈ ℝ6×6

𝑉 = 𝑅 + 𝑃𝑉

⇓

𝑉 = 𝐼 − 𝑃 @0𝑅

𝑉" 𝑥 = 𝑟 𝑥, 𝜋 𝑥 + 𝛾@
/
𝑝 𝑦 𝑥, 𝜋 𝑥 𝑉"(𝑦)
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Recap: The Bellman Operators

DefiniJon

For any 𝑊 ∈ ℝD, the Bellman operator Τ": ℝD → ℝD is 

Τ"𝑊 𝑠 = 𝑟 𝑠, 𝜋 𝑠 + 𝛾H
,!
𝑝 𝑠' 𝑠, 𝜋 𝑠 𝑊(𝑠')

And the optimal Bellman operator (or dynamic programming operator) is

Τ𝑊 𝑠 = max
)∈.

𝑟 𝑠, 𝑎 + 𝛾H
,!
𝑝 𝑠' 𝑠, 𝑎 𝑊(𝑠)

Notation. w.l.o.g. a discrete state space 𝑆 = 𝑁 and 𝑉c ∈ ℝd
(analysis extends to include 𝑁 → ∞ )
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The Bellman Operators

Proposition

Properties of the Bellman operators
1. Monotonicity: For any 𝑊0,𝑊1 ∈ ℝD, if 𝑊0 ≤ \W1 component-wise, then

Τ"𝑊0 ≤ Τ"𝑊1

Τ𝑊0 ≤ Τ𝑊1

2. Offset: For any scalar 𝑐 ∈ ℝ,
Τ" 𝑊 − 𝑐𝐼D = Τ"𝑊 + 𝛾𝑐𝐼D
Τ 𝑊 − 𝑐𝐼D = Τ𝑊 + 𝛾𝑐𝐼D
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The Bellman Operators

ProposiJon

3. Contraction in 𝐿&-norm: For any 𝑊),𝑊N ∈ ℝP

Τ#𝑊) − Τ#𝑊N & ≤ 𝛾 𝑊) −𝑊N &

Τ𝑊) − Τ𝑊N & ≤ 𝛾 𝑊) −𝑊N &

4. Fixed point: For any policy 𝜋,
𝑉# is the unique fixed point of Τ#

𝑉∗ is the unique fixed point of Τ
§ For any 𝑊 ∈ ℝD and any stationary policy 𝜋

lim
>→&

Τ" >𝑊 = 𝑉"
lim
>→&

Τ >𝑊 = 𝑉∗



Wu

Policy Iteration: the Idea
1. Let 𝜋% be any stationary policy

2. At each iteration 𝑘 = 1, 2,… . , 𝐾
• Policy evaluation: given 𝜋>, compute 𝑉"#
• Policy improvement: compute the greedy policy

𝜋>90 𝑠 ∈ argmax
)∈.

𝑟 𝑠, 𝑎 + 𝛾@
,!
𝑝 𝑠' 𝑠, 𝑎 𝑉"# 𝑠'

3. Stop if 𝑉#! = 𝑉#!"#

4. Return the last policy 𝜋b
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Policy Iteration: the Guarantees

Proposition
The policy iteration algorithm generates a sequence of policies with non-
decreasing performance

𝑉"#$% ≥ 𝑉"#

and it converges to 𝜋∗ in a finite number of iterations.
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Proof: Policy Iteration
From the definition of the Bellman operators and the greedy policy 𝜋>90

𝑉"# = 𝒯"#𝑉"# ≤ 𝒯𝑉"# = 𝒯"#$%𝑉"#

and from the monotonicity property of 𝒯"#$%, it follows that
𝑉"# ≤ 𝒯"#$%𝑉"#

𝒯"#$%𝑉"# ≤ 𝒯"#$% 1𝑉"#
…

𝒯"#$% F@0𝑉"# ≤ 𝒯"#$% F𝑉"#
…

Joining all inequalities in the chain, we obtain
𝑉"# ≤ lim

F→&
𝒯"#$% F𝑉"# = 𝑉"#$%

Then 𝑉"# > is a non-decreasing sequence.

(1)
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Policy Iteration: the Guarantees

Since a finite MDP admits a finite number of policies, then the termination condition 
is eventually met for a specific 𝑘.

Thus eq. 1 holds with an equality and we obtain
𝑉"# = 𝒯𝑉"#

and 𝑉"# = 𝑉∗ which implies that 𝜋> is an optimal policy.
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Policy Itera<on: Complexity
§ Policy Improvement Step

§ Complexity O(S2A)

§ Number of Iterations
§ At most 𝑂 hJ

)+i
log )

)+i
§ Other results exist that do not depend on 𝛾

Wu
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Comparison between Value and Policy Iteration
§ Value Iteration
§ Pros: each iteration is very computationally efficient.  
§ Cons: convergence is only asymptotic.

§ Policy Iteration
§ Pros: converge in a finite number of iterations (often small 

in practice).
§ Cons: each iteration requires a full policy evaluation and it 

might be expensive.
Wu
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Example: Winter parking (with ice and potholes)
§ Simple grid world with a goal state (green, desired parking spot) with 
reward (+1),  a “bad state” (red, pothole) with reward (-100), and all other 
states neural (+0).
§ Omnidirectional vehicle (agent) can head in any direction. Actions move 
in the  desired direction with probably 0.8, in one of the perpendicular 
directions with.
§ Taking an action that would bump into a wall leaves agent where it is.

[Source: adapted from Kolter, 2016]
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Example: value iteration

(a) (b) (c)

(d) (e) (f) Wu
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Example: policy iteration

(a) (b)

(c) (d)
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Value iteration: geometric Interpretation
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Policy iteration: geometric Interpretation
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Summary & Takeaways
§ The ideas from dynamic programming, namely the principle of 

optimality, carry over to infinite horizon problems.
§ The value iteration algorithm solves discounted infinite horizon MDP 

problems by leveraging results of Bellman operators, namely the 
optimal Bellman equation, contractions, and fixed points.

§ Generalized policy iteration methods include policy iteration and 
value iteration.

§ Policy iteration algorithm additionally leverages monotonicity and 
Bellman equation.

§ The update mechanism for VI and PI differ and thus their 
convergence in practice depends on the geometric structure of the 
optimal value function.


