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PLANE WAVES AT BOUNDARIES
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Dispersion Relation:

Substitute Ege X into wave equation (V2 +k02)E =0 where

2 2 .2
a2 92 2 )
v2= —t 3t > k2 +k§ +k2 = 0ue 2 k2 I
a2 ? @
Wave Vector k:
—J(kyx+kyy+kz2Z)

= 0 (50 00 50 ioE L IE 43
V-E—O—[X§+y +za—] (XEx +YEy +2Ez)e

Z
H 0

L7z




6.014—Electrodynamics—Spring 2002 Lecture 07—February 28, 2002 p. 2

CONSIDER UPW AT PLANAR BOUNDARY
Case |: TE Wave

“Transverse Electric”
2 E L Plane ofincidence

Trial Solutions:
Incident: Ei _ §E0e+jkxx—jkzz _ §E0e+jk0 cosgix—jk, singz
Reflected: Er _ §'1:E°e_jk0 cos 5 x-jk, sing.z

Transmitted: Ey = yTEel<t 0S8 Jkisinéz
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IMPOSE BOUNDARY CONDITIONS @ x=0

E; is continuous
Atx=0: k,
——

Eoe_JKO singz +1:Eoe_]k0 singz =IE°e_]ktsmeTz for all z

Therefore kg sing; = kg sin 6, = ky sin 64
— [ —

UGl O, = 6, Angle of incidence equals angle of reflection

sinBy Ko  ®JUE vy N

—— = — = = "Snell's Law"
Therefore: [FELLE R SERNCE TR T
where n = ¢fppase = Cyle "Refractive Index"
MNyacourn = 1 Nyater = 1.3 at visible wavelengths
n =15-1.66 < 9 at audio-radio frequencies

glass
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ONE WAY TO VISUALIZE SNELL’S LAW

Recall: k, sin 9, =k, sin 0, Let k, < k; then 6, = §,
X
Letle>k A, \
k= “OEO 1 i —ec
<Y : AN ;AN “eritical
Xk i ' " ihangle”
z z
We know: - O _ i But when sin 6, = 1, then 6 = 6, where
sing; Ny

6c = sin~ 1 (ny/nj) "critical angle”

(e.g. [& = 2e0 = 1o ] = [ =2 | = [6¢ :45"])

NON-UNIFORM PLANE WAVES (NUPW) 2

Normal refraction:

Phase fronts
6 <8,

Glass

Air

Lines of constant phase

Beyond the critical angle, evanescence:
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NON-UNIFORM PLANE WAVES (2)

Beyond the critical angle:

Ef =9TEe* ™ 2  (x <0

= g"IE(:ﬂ‘J_jISt !

where: ki = ky2 + joy X =k'— K"

Called:

“non-uniform plane wave”

“evanescent wave” (no power in direction of decay)
“surface wave”

‘inhomogeneous plane wave”

Therefore, for the evanescent wave;

If lossless medium K ok’ =0 EHa e—J(k'—Jk’)-r

{general expression)
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WHAT HAPPENS WHEN 0, > THE CRITICAL ANGLE 6_?

Since: ke = oug =k + k2
Therefore: k., =k?-k,%, <0for6 =6 (see figure) X

For 6,0, kix = £jo= £k - k2
k .~
Az,
k, > ki
where: k% = mzuiai sin> 0 k
k12 = mzutat

and ET = y"_rEoe_jkz"‘jkt)(x — yAl-Eoe—ijZ+oax
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