6.014—Electrodynamics—Spring 2002

MICROWAVE CIRCUITS
Printed Circuits Exhibit R,L,C Behavior:

Z

/
¥
Equivalent TEM line circuit: xl

i(z) i(z+A2)
LAz ™ LAz ™™ LAz

+ + “TEM” = Ee2=HeZ=0
CAZ I CAz I CAZ I Difference Equations

T 5 T - 1 V(z + AZ) - v(2) = LAz di(z)/dt
v(tz) v(t,z+Az) (2 + AZ)—i(2) = —C Azdv(z)/dt
: ' Limit as Az — 0:

dv/dz = L di/dt
dijdz = —C dv/dt

Let v(z,t)= Rg {Mejd} :
dV/(z)/dz = —jwlLiz2) Wave Equation
diz)/dz = —jwC¥(2) = AN P e P A )

L15-1

TEM SINUSOIDAL STEADY STATE EQUATIONS

Wave Equation: dV(2)/dz2 + wLCV(2) =0

Voltage Solution: V(z) =V el + Vel
Test solution: [(-jk)?V etk + (jk)?V elkz] +
w’LC[V, el +Vel] =0
Passes test iff: k? = w’LC
Current I(z):
Since: M(2)/oz = -jwl 1(2)

Therefore 1(2) = (1fjoL)jk(V ek -V ek?)
= Y (V. etk — V elk?)

[Characteristic admittance Y, = kioL = o(LC)1 %ol = (C/L)14 = 1/Z ]
Transmission Line Equations:

V(Z) = \_/+e-j|-:il + \_/_e_”.;;g

I(2) =Y, (V el - Vel
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COMPLEX LINE IMPEDANCE Z(z)

—w1(2)

o e]

Impedance: fi\_f(z) Z

'

EqL:JivaIent circuit
ﬁ —
oY) (V)

Z(z) = V(2)/I(2) = R(2) + jX(2)

Resistance Reactance

Complex Reflection Coefficient I'(z):

()= M_e+jkz_,.-""£+e_jkz = leezjkz where | =TC(z=01=V_/V,

Examples: I'=0=Zz)=2Z, TI=+1=Z=wo [I=-1=Z=

0
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GENERAL EXPRESSIONS FOR Z(z)

Complex Reflection Coefficient ['(z):

Since Z(2)/Zo =[1+ L@ A1-T(2)] = Zn(2)

Therefore: T(z) =[Zz)-Z,|]Z(2)+Zo]
Z(z) as a Functionof 2, Z, k, and z:

Substituting: T (2) =[ZL -Zo]]ZL +Zo]
v, e K2y el
M+e—jkz _ M_ejkz
_ 7, [(e—jkz +1:Le+jkz )/(e—jkz _I:Le+jkz)]
7, (Z JrZo)e_J:kz +(Z - Zo)eJ:kz
(ZL+Zo)e M2 —(Z - Z5)el®®

3 Z coskz—-jZqsinkz
~ "0 _jZ| sinkz + Z, coskz

Into: 2(2) =V(aM2)=Z,

Yields: Z(z) =

7 Z| -jZytank
Therefore:  [VALA I A = AL

T 79 Zs—jZL tankz
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EXAMPLES OF Z(z) TRANSFORMATIONS

Z| —-jZgtankz

Transformation Equation: Z(z)= Z°m
0 J&L

Example—Open Circuit, Z, = «:

2= -f\i
Z(-2)= —jZo cotkl = —jZo /K¢ for ki <<1

- OB ele®Se=tiecs | 220
C, (capacitor)

=0when z=-}/4,-30/4,. .. ! ! Im{Z}
=wwhenz=0,-i/2,... \ \ L
A b A
2 V2 4
In general: -joo < Z(-£) < +je ’

(ANY capacitance or inductance at a SINGLE frequency)

0 Z
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MORE EXAMPLES OF Z(z) TRANSFORMATIONS

Example—Inductive Load, 2, =jwl, for z= -A/4:

ZL —jZotankz

Recall: |Z(2)=Z, Zo-jZ, tankz
0 =]

Since: kz = —k¢ = (2n/1)/(3/4) = —n/2, and tan(-k¢) = —

Therefore: Z(z) = Zo2/Z1 = (L/C)/(joLo ) = #(jeCLo L) = VjeCo

Note: Z(z) = Viole if £ = #/2,4,...(tan—(2n/3) 1. = 0)
Example—Transformation of Source Impedances:

_ ZS + JZO tank# + +O—I:I—O
£Th = 2o Zo — JZs tanke V. ) Ve Z, ~-—

Vrh =2V, =7 ~— .0
Va =VsZa (Zs+Zp) where Z = Z, cotk? o
=V, (el e ) -2y, coske =

Therefore: Vi = VsZa [(Zs +Za Jcosk ]
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ALTERNATE APPROACH TO FINDING Z(z

(Z) —n. i
Vo) | Z,e |
o : z
Complex Reflection Coefficient I'(z): ZE3) 0
v,e K2y ol TGy

1) Z(z) =V(2)z)=1Z, =Z(z)

!_{_ e_jkz _ M_ ejkz 1 1- E(Z)

2) [z) =V e’/ e 1 2 _(z)| where T, =[z=0)=V_N,
3) [LL(2)= [ZL _Zo]/[ZL +Zo]

I'-Plane Solution Method:

toward
generator

GAMMA PLANE = SMITH CHART

Gamma Plane: 1(2) —

RAZ}=1 LT i
Vigg ¢+ Z,c i LE-
o— :

i : —Z
Re{,}=0 ~f 0

1 : I

]
]
—

Recall: Z =2Z/Z,

L157

F

Z,=(1+D/(1-D)|
/ Toward generator (larger £)
(-z direction; #/2 = full rotation)
Thus: e goes clockwise as £«
[(2)=[ e?'% - e A

Z oZ,oT <) =L@ < L)

Recall: el®! = cos et +jsin et
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