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1

Introduction

In off-Policy reinforcement learning (RL), algorithms evaluate and improve a target policy that is
different from the observational policy used to generate the data. This is in contrast with on-policy
RL, where a policy πk is updated via data collected by πk itself. In a broader sense, classical
off-policy algorithms uses all past experience collected by an agent through its interaction with the
environment using different policies. This experience is typically appended to a data buffer (also
known as a replay buffer) D . This collected dataset D is then used to update the policy, followed
by further interaction with the environment using this new policy. This setting should be familiar
to us, as we have seen algorithms that uses a replay buffer to update the policy. For example, DQN
is an off-policy method as it updates the policy (or more precisely the Q network) by training on
the replay buffer. In contrast, SARSA is an on-policy method, as it updates the Q-function using
actions from the same policy. See Figure 1 for a depiction of the difference between off-policy and
on-policy RL.

(b) Off-policy RL

(a) On-policy RL

Figure 1: depiction of off-policy and on-policy RL (Figure adopted from [2])
In this lecture, we will focus on a specific sub-problem of off-policy RL. Specifically, we investigate off-policy policy evaluation. Recall that evaluation of a policy π refer to estimating the
expected future reward available from each state following that policy. More precisely, in the
discounted finite horizon set up, the policy evaluation of π, denoted by V π (s), is given by
π

V (s) = E

H
X

γ t rt

t=1
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Where s is the initial state, γ is the discount factor, H is the horizon, and rt is the reward at time
t with s as the initial state. Note that the expectation is with respect to the randomness in the
transition dynamics and the stochastic policy π.
The Estimation of the policy value function , V π (s) is a central question in RL and is a part
of many policy-based algorithms, such as policy iteration. In the model-free setting, we have
seen that we can estimate the policy evaluation using methods like Monte Carlo. However, that
method naturally requires interacting with the environment using the policy we want to evaluate.
In many situations, such interaction may not be possible, as it is costly and/or risky to try an
unknown policy. For example, deciding on which medical treatment to suggest for a patient, which
advertisement to show a user visiting a website, and which curriculum to recommend for a student
are very risky decisions with a potentially costly consequences. Hence, we ask the question,
Can we estimate the value function of a specific target policy from data collected by another
policy?
Setup. We consider the episodic MDP. Specifically, the agent interacts with its environment
in a sequence of episodes, indexed by m. Each episode has a finite number of time steps t ∈
{0, . . . , T }. The environment has a finite number of states and action, and the unknown statetransition probabilities are denoted by P(s0 | s, a). Further, let r(s, a) denotes the one-step reward
at state s and action a. Under this MDP, we are interested in two (arbitrary) stationary Markov
policies:
• πb : A behavioral policy used to generate the data. (with πb (·, ·) > 0∀s, a.
• πg : The target (goal) policy whose value function we seek to estimate.
Goal. As alluded to earlier, the goal is Using episodes generated via πb , evaluate V πg (·), the value
function of the policy πg ,

2

Importance Sampling Based Estimators

One way to view the task of off-policy learning is that it is a mismatch of distributions: we want
trajectories sampled from the distribution of the target policy πg ; however, we have data drawn
from the distribution of the behavior policy πb . Importance sampling is a classical technique for
handling just this kind of mismatch.
For example, consider the task of estimating the expectation of a random variable x distributed
according to Pd through samples drawn from another distribution P0 . See Figure 2 for an example
of such a situation. It turns out, as long as P0 (x) > 0 ∀x then,
Z
Z
Pd (x)
EPd [x] = xPd (x)dx = x
P0 (x)dx
P0 (x)
x

 x
Pd (x)
= EP0 x
P0 (x)
And hence, the following is a consistent, unbiased estimator:
n

1 X Pd (xi )
E[x] ≈
xi
n
P0 (xi )
i=1
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Figure 2: Can we estimate the expectation of X distributed according to Pd through samples
drawn from another distribution P0 ?

This motivates a simple, unbiased, and consistent estimator of V πg (·), as we explain in the
following procedure.
1. Using policy πb , collect M episodes worth of data from the environment. That is, in each
episode, we collect the data {(s0 , a0 , r0 ) , (s1 , a1 , r1 ) , . . . , (sT −1 , aT −1 , rT −1 ) , sT }.
2. We want to estimate the value function V πg (s), for an arbitrary state s. To do so, let tm be
the first time when st = s in the m-th episode.
3. Then we define the importance sampling estimator of V πg (s) as:
V

IS

M
1 X
(s) :=
R m wm ,
M
m=1

where

Rm :=

PT

t=tm

γ t−tm rt

wm :=

πg (s,a)
t=tm πb (s,a)

QT

Note that in the on-policy case, when πb = πg , we get our Monte-Carlo estimator back.
While this is an unbiased and consistent estimator, it suffers from high variance. Specifically,
if an unlikely trajectory occurs its weight wm will be very large and cause large variation. That is,
the reward of that trajectory would be given a very high weight and hence our estimate would be
very sensitive to these low probability trajectories (according to πb ). Thus, one way to get around
this is to use a weighted average of the samples. Specifically, the weighted importance sampling
estimator is defined as
PM
W IS
m=1 Rm wm
V
(s) := P
.
M
m=1 wm
While this is a consistent estimator, it is biased. However, it has a lower variance, and hence shown
to be more stable in practice.
The two IS estimators defined above all consider complete trajectories, which make them unsuitable for an incremental implementation. This motivated the Per decision IS algorithm, which
we describe next. Recall that,
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Rm wm =

T
X

γ t−tm rt

t=tm

Rm wm =

T
X

T
Y
πg (st0 , at0 )
πb (st0 , at0 )
0

(1)

t =tm

γ t−tm rt

t=tm

πg (st−1 , at−1 ) πg (st , at )
πg (stm , atm )
πg (sT , aT )
...
...
.
πb (stm , atm )
πb (st−1 , at−1 ) πb (st , at )
πb (sT , aT )

(2)

Intuitively, the reward at time t should not depend on the future transitions, which motivate
the estimator
M
T
πg (st−1 , at−1 )
1 X X t−tm πg (stm , atm )
PD
...
γ
rt
V
(s) :=
M
πb (stm , atm )
πb (st−1 , at−1 )
t=t
m=1

m

This estimator, as shown in Theorem 1 in [3], The per-decision importance sampling estimator
is a consistent unbiased estimator of V πg (·).




Proof. To prove this, we will show that E V IS = E V P D . This is sufficient as we know that V IS
is unbiased.


! T
T
X
Y πg (st0 , at0 )
 IS 
| stm = s, πb 
(3)
E V (s) = E 
γ t−tm rt
πb (st0 , at0 )
t=tm
t0 =tm



T
T
Y
X
πg (st0 , at0 ) 
γ t−tm rt
| stm = s, πb 
= E 
(4)
0 , at0 )
π
(s
b
t
0
t=t
m

t =tm

Let’s examine the expectation for one of the terms for some tm ≤ t ≤ T :
#
"
T
Y
π
(s
,
a
)
g
t t
| stm = s, πb
(5)
E γ t−tm rt
π
(s
, at )
t
b
t=tm




πg (sT , aT )
πg (st , at )
πg (st−1 , at−1 )
t−tm πg (stm , atm )
rt
=E γ
...
| stm , atm , . . . , st−1 , at−1 · E
...
| st , at , πb
πb (stm , atm )
πb (st−1 , at−1 )
πb (st , at )
πb (sT , aT )
(6)
Note that the second term evaluates to one as follow:


πg (st , at )
πg (sT , aT )
E
...
| st , at , πb
πb (st , at )
πb (sT , aT )
X πg (st , at )
πg (sT , aT )
=
...
Pπ [st+1 , at+1 , . . . , sT ]
π
(s
,
a
)
πb (sT , aT ) b
b t t
s a ,...,s
t t

=

X

X

T
πg (st , at )
πg (sT , aT ) Y
...
πb (st , at ) P (st0 | st , at )
πb (st , at )
πb (sT , aT ) 0

X

(9)

t =t+1

πg (st+1 , at+1 ) . . . πg (sT , aT )

T
Y

P (st0 | st , at )

(10)

t0 =t+1

sp ar ...,sT

=

(8)

T

sp ap ...,sT

=

(7)

Pπg [st+1 , at+1 , . . . , sT ] = 1

st at ,...,sT
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(11)

Thus, by using the Markov property, we have:






t−1
T
T
T
Y
X
Y
X
πg (st0 , at0 ) 
πg (st0 , at0 ) 
γ t−tm rt
| stm = s, πb  = E 
| stm = s, πb  ,
γ t−tm rt
E 
0 , at0 )
0 , at0 )
π
π
(s
(s
b
b
t
t
0
0
t=t
t=t
t =tm

m

m

t =tm





That is, E V IS = E V P D .
Finally, similar to how the weighted IS estimator was introduced, a weighted version of the PD
can be considered. Specifically,
PM PT
t−tm r πg (stm ,atm )
t πb (stm at )
πg (st−1 , at−1 )
t=tm γ
m=1
WPD
m
V
(s) :=
...
.
PM PT
πB (stt , atm )
πb (st−1 , at−1 )
m=1

t=tm πb (stm ,atm )

Similar to the weighted IS estimator, this estimator is biased but has a lower variance.

3

Doubly Robust Estimator - Guided Importance Sampling (adapted
from [1])

In Section 2, we noticed that Importance Sampling methods suffer from high variance, and this
variance can become especially large for longer horizon. One option to resolve this problem is to
look at some model-based methods for off-policy policy evaluation. Specifically, we can try fitting
c to the given data and learn the transition function Pb(s0 |s, a) and the reward function
a model M
b
R(s, a), and then evaluating the policy to get V πg (·) through the estimated model. These modelbased methods have very low variance and work well if the observed data is well-predictive of the
state. However, they suffer from high bias if we use function approximators or if the observed data
does not indicate the states very well. Worse, it is often not possible to quantify the bias in terms
of the data.
To make a good use of both ideas, we can use guided importance sampling, i.e., use an approximate model to guide but not replace importance sampling estimates. This gives us the idea of
Doubly Robust estimators. These are unbiased estimators and they have low variance if we use a
good model to subtract baseline value estimates. We can see this first in a contextual bandit (i.e.,
horizon of one) setting where we estimate V πg (·) using the equation
b a)),
VDR (s) = Vb (s) + ρ(r − R(s,
where ρ =

πg (s,a)
πb (s,a)

P
b a)
and Vb (s) = a πg (s, a)R(s,

H+1−t
We can extend this idea to the sequential setting. Firstly, we know that Vstep−IS
= ρt (rt +
H−t
H−t
γVstep−IS ) and E[rt + γVstep−IS ] = Q(st , at ). Using this, we get the estimation equation
H+1−t
H−t
b t , at ))
VDR
= Vb (st ) + ρt (rt + γVDR
− Q(s

Analysis of the variance of DR estimator. Variance of DR estimator is given by
H+1−t
H−t
V art [VDR
] = V art [V (st )]+E≈ [V art [ρt ∆(st , at )|st ]]+E≈ [ρ2t V art+1 [rt ]]+E≈ [γ 2 ρ2t V art+1 [VDR
]],
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b t , at ) − Q(st , at ). This variance depends on the estimate Q
b via the error term
where ∆(st , at ) = Q(s
b
b = 0. Therefore,
Q − Q. Note that Importance Sampling corresponds to the special case with Q
b is
the variance of this estimator is generally lower than that of IS and performs better than IS if Q
well chosen.
DR Cramer Rao bound. Cramer Rao Bound is a lower bound on the variance of an unbiased
estimator of a parameter. It is used to find the minimum MSE or variance an unbiased estimator
can possibly attain. Note that biased estimators can achieve even lower MSE or variance. The
paper in [1] examines that DR achieves the lower bound at least in two cases - Discrete-tree MDP
and MDP with DAG structure.
1. Discrete-tree MDP. Variance of any unbiased OPE (off-policy policy estimator) is lower
bounded by
H+1
X
E[ρ21:(t−1) V art [V (st )]]
t=1

. We can see that DR achieves this bound if we unfold the recursion for variance of DR
estimator.
2. MDP with Directed Acyclic Graph (DAG) structure. Variance of an unbiased OPE is lower
bounded by
H+1
X Pg (st−1 , at−1 )2
E[
V art [V (st )]]
Pb (st−1 , at−1 )2
t=1

where for trajectory τ , Pb (τ ) = µ(s1 )πb (a1 |s1 )P (s2 |s1 , a1 ) . . . P (sH+1 |sH , aH ) and Pb is its
marginal probability. Pg (·) is similarly defined for πg . Again, DR achieves this bound.
DR Results. DR achieves lower MSE than IS and WIS for OPE in MountainCar Environment
(see figure 3).
DR Safe Policy Improvement. Given the application of OPE in safe policy improvement, it
makes sense to check whether OPE methods like DR perform well in this domain. The idea is to
evaluate a target policy and get a reasonable value estimate before we deploy that policy.
The problem is formulated as follows. Dataset D is generated through a uniformly random
policy πb and is split into Dtrain and Dtest . Dtrain is used to estimate the model and identify the
optimal policy πtrain given the estimated model. πb and πtrain are mixed in various amounts to
get various candidate policies πg , which are then evaluated in Dtest using IS, DR and other methods.
The results are shown in figure 4. When the problem is formulated to select good policies incrementally (policy with highest Lower Confidence Bound V − Cσ), DR performs much better than
IS methods. And when the problem is formulated to select bad policies incrementally (policy with
lowest LCB), DR performs at least as safe as IS methods. Therefore, DR can be used a replacement
for IS in safe policy improvement domain.
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Figure 3: DR comparison with Importance Sampling methods in Mountain Car environment

3.1

Weighted Doubly Robust Estimator (adapted from [4])

Moving further, we can try WDR (Weighted Doubly Robust) estimators. The key idea here is that
we need not have 0 bias. It is sufficient to have low MSE for off-policy policy evaluation so that
we can use evaluated policies for purposes like policy iteration. MSE of an estimator θb is given by
b θ) = E[(θ − θ)
b 2 ] = V ar(θ)
b + Bias(θ)
b 2 . To have low MSE, we need not have 0 bias but we
M SE(θ,
need to balance this bias-variance tradeoff. This is done by WDR estimators. Similar to WIS, the
ρi
weights are defined as wti = Pn t j . We can see the results of DR, WDR and other estimators in
j=1

ρt

a few different environments in figure 5.

4

Hybrid Estimators: MAGIC Estimator (adapted from [4])

We can check from some experiments that WDR sometimes outperforms model-based methods and
sometimes gives worse results than model-based methods. One key rationale is to identify what
gives it the error. Essentially, if reward and state transitions are stochastic and importance weights
have high variance, WDR can have high mean squared error, thereby making it perform worse than
model-based method if model can be perfectly learnt.
After identifying this error, we can ask whether there is a way we can get an estimator which
switches between WDR and model-based or combines them in such a way that it performs almost as
good as WDR for the first kind of scenarios and almost as good as model-based for the second kind
of scenarios. Here, we come up with the idea of partially importance sampling based estimators.
These estimators use IS methods for first j steps of the horizon and model-based methods for the
remaining steps of the horizon.
g (j) (D) = IS [0:j] (D) + AM [j+1:∞] (D)
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Figure 4: DR Safe Policy Improvement Results

Figure 5: DR, WDR and other IS-based methods compared
g (∞) (D) = lim g (j) (D)
j→∞

g (−1) (D)

Note that
corresponds to a purely model-based estimator and g (∞) (D) corresponds to
an importance sampling estimator. We can take a linear combination of this big class of estimators
to get the best of both worlds. This is called
MAGIC estimator (model and guided importance
P the (j)
sampling combined), which is essentially j xj g (D) where weights xj are to be determined.
Here is a more elaborate explanation of how we create the MAGIC estimator. First, we define
a vector g(D) = (g (−1) (D), g (0) D, g (1) (D), . . . )T of all partially importance sampling based estimators. The new estimator is going to be xT g(D) where x is chosen such that M SE(xT g(D), v(πg ))
is minimized. To make computation easier, we choose gJ (D) ∈ R|J| where J is a finite subset
of {−1, 0, 1, . . . } ∪ {+∞}. This reduces the problem to finding x such that xT [Ωn + bn bTn ]x is
minimized, where matrix Ωn and column vector bn are defined as follows.
Ωn (i, j) = Cov(g (Ji ) (D), g (Jj ) (D))
bn (j) = E[g (Jj ) (D)] − v(πg )
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b n (j, k) = n Pn (g (Jj ) (D) − ḡ (Jj ) (D)) × (g (Jk ) (D) − ḡ (Jk ) (D)).
Now, Ωn can be estimated using Ω
i=1 i
i
i
i
n−1
Estimating bn is more tricky because using Model-based gives high bias and using IS gives high
variance. So, it is done using distance from confidence intervals. See figure 6 for a description of
the algorithm.

Figure 6: MAGIC Algorithm description
If we look at the results (figure 7) in the same environments tried earlier, we can see that this
estimator performs comparable to the best estimators for the given situations and outperforms
both WDR and model-based when the first few states are partially observable whereas later states
are fully observable.

Figure 7: MAGIC Estimator compared with model-based and IS-based methods

5

Contributions

Abdullah Alomar prepared Sections 1 and 2, while Satvat Jagwani provided the scribe for Sections
3 and 4. TA Tiancheng reviewed the draft.
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