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1. DPOC vol2 §2.5.3

2. Neuro-Dynamic Programming (NDP). §3.1-3.2.

3. SB 16.5

Readings

http://incompleteideas.net/book/the-book-2nd.html
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Learning milestone!
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By the end of this lecture, 
you should understand the foundations of Deep Q Networks (DQN), 

the launching point of modern RL. Phew!
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Value-based RL methods
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Example:
§ Q-learning
§ SARSA
§ Approximate value iteraKon
§ FiMed Q-iteraKon
§ DQN
§ Double DQN
§ …

Environment

Ac,on-value 
func,on
𝑄(𝑠,⋅)

Action

max
w.p. 1 − 𝜖

random
w.p. 𝜖

state,
reward

update

Bootstrap target
e.g. 𝑟 + 𝛾max

!"
𝑄(𝑠", 𝑎′)
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Outline
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1. Approximate value-based algorithms
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Explore-then-
commit

𝜖-greedy

Upper 
confidence 

bound (UCB)

Monte Carlo

Incremental MC / 
TD(1)

TD(0)

TD(𝜆) / Eligibility 
Traces

Approximate MC

Approximate TD

Linear TD(0)

Policy 
gradient

A2C, A3C

TRPO

PPO

Q-learning

DQN

DDQN

Rainbow 
DQN AlphaZeroWorld 

Models

Dreamer

DDPG

TD3

SAC

Taxonomy of RL Methods 8Reinforcement learning (RL) is a framework for 
sequen:al decision making under uncertainty.

Methods for 
sequen1al 

decision making

Learning from 
interaction

(unknown model)

Dynamic 
Programming 

(known model)

Supervised 
learning (horizon = 

1, full feedback)

Multi-armed 
Bandits 

(horizon = 1)

Reinforcement 
Learning

(horizon ≥ 1)

Approximate Exact

Explora1on Model-free Policy 
Evaluation

Approximate 
value iteration

Dynamic 
Programming 

algorithm 
(finite horizon)

Generalized 
Policy Iteration
(infinite horizon)

Special 
structures

Value 
Iteration

Policy 
Itera1on

Policy 
Improvement

Policy 
Evaluation

Model-Based 
RL

Learn the 
Model

Given the 
Model

Value-based 
methods

Model-free RL

Actor-cri1c 
methods

Policy 
op1miza1on

Today
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Notice
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Reminder: We are typically working in the
episodic discounted seBng.

Most results smoothly extend to other seBngs.
NEW: The value funcHons cannot be represented exactly 

(as in the tabular seBng).
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1. Policy learning with approximate value func8ons
a. Approximate value itera3on
b. Fi6ed Q itera,on
c. Deep Q-network (DQN)
d. Double DQN (DDQN)
e. Rainbow DQN
f. Revisi,ng Rainbow
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Approximate value iteration (AVI)
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§ Recall: value iteration. Start with any 𝑉!. Then:
𝑉"#$ = 𝒯𝑉"

§ Contraction property of 𝒯 ⟹ 𝑉" → 𝑉∗.

§ Approximate value iteration. Start with any 𝑉!. Then:
𝑉"#$ = 𝒜𝒯𝑉"

 where 𝒜 is a generic approximation operator.
§ Standard case: 

𝑉"#$ = arg inf
&∈ℱ

||𝒯𝑉" − 𝑉||

 where ℱ is a function space (e.g. linear, deep neural network).
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Approximate value iteration (AVI)
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AVI approximaHon error [Bertsekas & Tsitsiklis, 1996] 
Let 𝑉! be the funcHon returned by AVI aUer 𝐾 iteraHons and 𝜋! its 
corresponding greedy policy. Then the performance error is bounded as 

𝑉∗ − 𝑉%.
&
≤

2𝛾
1 − 𝛾 ' max

()*+,
𝒯𝑉* −𝒜𝒯𝑉* &

+
2𝛾,-.

1 − 𝛾
𝑉∗ − 𝑉( &

§ If 𝒜 is a projection in 𝐿"-norm, then 𝒜 is a non-expansion and the joint 
operator 𝒜𝒯 is a contraction, which guarantees the existence of a unique 
fixed point '𝑉 = 𝒜𝒯 '𝑉 and thus the convergence of AVI.

§ Performance error = approximation error + initialization-dependent term
§ Proof (sketch):

• Incur some (discounted) approximation error at each iteration
• Incur some performance loss due to partial policy evaluation in value iteration
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Approximate Q-value iteration
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§ Analogously to approximate value iteration:
𝑄"#$ = 𝒜𝒯𝑄"

 with 𝒜 defined over S x A.

§ Recall: 𝒯𝑄 𝑠, 𝑎 = ∑)* 𝑝 𝑠* 𝑠, 𝑎 [𝑟 𝑠, 𝑎 + 𝛾max
+!
	𝑄(𝑠*, 𝑎*)]

1. Computing best action from Q-values is easy
2. Can use examples to approximate the expectation
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Approximate Q-value iteraAon
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§ Unlike AVI, each iteraHon is amenable to solving as a regression problem*.
§ Consider: linear approximaHon

ℱ = 𝑄# 𝑠, 𝑎 =.
$%&

'

𝜃$𝜑$ 𝑠, 𝑎 , 𝜃 ∈ ℝ'

With features
𝜑$: 𝑆×𝐴 → 0, 𝐿 	 𝜙 𝑠, 𝑎 = 𝜑& 𝑠, 𝑎 …𝜑' 𝑠, 𝑎 (

§ Each iteraHon, solve:
𝑄)*& = argmin

+∈ℱ
𝑄	 − 𝒯𝑄) .

/

With 𝜇 a distribuHon over S.

* D Pseudo-gradient method (like linear TD). Here, it may diverge even with 
linear funcHon approximaHon…
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1. Policy learning with approximate value functions
a. Approximate value iteration
b. Fitted Q iteration
c. Deep Q-network (DQN)
d. Double DQN (DDQN)
e. Rainbow DQN
f. Revisiting Rainbow
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Fitted Q-iteration (sampling + approximate Q-iteration)
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§ Sample a batch of data using 𝜋, e.g., 𝜖-greedy under 𝑄//)
𝑠(, 𝑎(, 𝑟(, 𝑠., 𝑎., 𝑟., 𝑠', 𝑎', 𝑟', … , 𝑠0, 𝑎0, 𝑟0

§ Compute TD targets 𝑦1 = 𝑟1 + 𝛾max20
𝑄// 𝑠1-., 𝑎

3  for the batch

§ Q-itera>on regression loss using bootstrapped target
0𝐿 𝑠.:0, 𝑎.:0, 𝑦.:0; 𝜃 = ∑1 𝑄/ 𝑠1, 𝑎1 − 𝑦1 '

=6
1

𝑄/ 𝑠1, 𝑎1 − 𝑟1 − 𝛾max20
𝑄// 𝑠1-., 𝑎

3
'

§ QL online update with learning rate 𝛼5
8𝜃5-. = 8𝜃5 	− 𝛼5∇/ 0𝐿 𝑠.:0, 𝑎.:0, 𝑦.:0; 𝜃

= 8𝜃5 	− 𝛼56
1

𝑄/ 𝑠1, 𝑎1 − 𝑟1 − 𝛾max20
𝑄// 𝑠1-., 𝑎

3 ∇/𝑄/ 𝑠1, 𝑎1

D Pseudo-gradient method. Here, it may diverge even with linear func>on approxima>on…

Compute TD targets 𝑦% 
for the batch

Solve regression 
problem

Update 𝜃 towards 
solution

Sample batch of 𝑛 
states actions

Env
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Fitted Q-iteration applied to ATARI Games
20
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Image preprocessing: grey-scale, crop to 84x84
Atari



Wu

22

State definition: 4 last frames
Atari
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Atari

Q(s, a1)

Q(s, a4)

Q(s, an)

With probability (1 – ε) à execute maxa Q(s,a)
With probability      ε     à execute random ac@on

Action-value function: deepNet with as many heads as actions

Convolu7onal layers
Fully connected layers
…
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Still doesn’t quite work. Why?
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§ Recall: Approximate QL as Pseudo-Gradient Descent
§ Mathematically: Correlated samples. Violates i.i.d. assumption in 

supervised learning. 
§ Intuition (training instability): Unlike in supervised learning, in RL, the agent 

collects its own data. If that data is bad, then the result is bad too (and may 
make future collection of data even worse).
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1. Policy learning with approximate value functions
a. Approximate value iteration
b. Fitted Q iteration
c. Deep Q-network (DQN)
d. Double DQN (DDQN)
e. Rainbow DQN
f. Revisiting Rainbow
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SoluAon: increase data diversity in the batch!
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§ De-correlates samples
§ Increased diversity in data à less likely 

that the data overall is bad for learning 

Sample batch of 𝑛 
states actions

Compute TD targets 𝑦% 
for the batch

Solve regression 
problem

Update 𝜃 towards 
solution

Replay buffer

Env
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Next issue: chasing a moving target
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Q-iteration loss using bootstrapped target

§ Iteration 𝑖	
;𝐿 𝑠&:(, 𝑎&:(, 𝑦&:(; 𝜃

=B
)

𝑄* 𝑠), 𝑎) − 𝑟) − 𝛾max+#
𝑄*$ 𝑠),&, 𝑎

-
.

§ Iteration 𝑖 + 1
;𝐿 𝑠&:(, 𝑎&:(, 𝑦&:(; 𝜃

=B
)

𝑄* 𝑠), 𝑎) − 𝑟) − 𝛾max+#
𝑄*$%& 𝑠),&, 𝑎

-
.

§ Solution: change the target slowly 
(e.g., 𝜃̅ ← 𝜃	every 1000 steps or 𝜃̅- ← 𝜏𝜃 + (1 − 𝜏) ̅𝜃)

;𝐿 𝑠&:(, 𝑎&:(, 𝑦&:(; 𝜃

=B
)

𝑄* 𝑠), 𝑎) − 𝑟) − 𝛾max+#
𝑄* 𝑠),&, 𝑎-

.
Adapted from Morales, Grokking Deep 
Reinforcement Learning, 2020.

“Target network”
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Solution: slowly update a target network
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§ Moves the TD target slowly à more stable training

Sample batch of 𝑛 
states actions

Compute TD targets 𝑦% 
for the batch

Solve regression 
problem

Update 𝜃 towards 
solution

Replay buffer

Env

Target Network 𝜃′

Occasionally update 𝜃- ← 𝜃
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DQN – Atari

* Caveats: Human-level is indicated by 75% of the game score achieved by a professional human game tester, not 
necessarily an expert Atari player.

Performance
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Aside: Evaluation is tricky!

* Caveats: Human-level is indicated by 75% of 
the game score achieved by a professional 
human game tester, not necessarily an expert 
Atari player.

M. Toromanoff, et al., “Is Deep Reinforcement Learning Really Superhuman on Atari? Leveling the playing field,” 2019, 10.48550/arXiv.1908.04683.

https://doi.org/10.48550/arXiv.1908.04683
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AblaKon
DQN – Atari

* Caveats: 1) Reported results are from a single trial. 2) Abla7ons were not hyperparameter tuned, while the full 
method was, so their performances may underes7mate a similarly tuned abla7on.
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1. Policy learning with approximate value func8ons
a. Approximate value itera,on
b. Fi6ed Q itera,on
c. Deep Q-network (DQN)
d. Double DQN (DDQN)
e. Rainbow DQN
f. Revisi,ng Rainbow
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§ DQN 
over-estimates 
Q values

§ Over-estimation 
leads to training 
instability, 
variance, & 
harms overall 
performance

Limitations of DQN

Deep Reinforcement Learning with Double Q-Learning, Hasselt et al., 2015

35
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Double DQN - Atari

Deep Reinforcement Learning with Double Q-Learning, Hasselt et al., 2015

39
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Double DQN - Atari

van Hasselt, Guez, Silver, 2015 

~3 lines of code
Always worth trying
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1. Policy learning with approximate value func8ons
a. Approximate value itera,on
b. Fi6ed Q itera,on
c. Deep Q-network (DQN)
d. Double DQN (DDQN)
e. Rainbow DQN
f. Revisi,ng Rainbow
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Rainbow DQN

Hessel, Matteo, et al. ”Rainbow: 
Combining Improvements in Deep 
Reinforcement Learning.” 2017. 

gap
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A menu of value-based (RL) algorithms
43

§ Dynamic programming
§ Value iteraKon
§ Q-value iteraKon
§ Q-learning
§ FiMed Q-iteraKon
§ DQN
§ DDQN
§ PrioriKzed experience replay
§ Rainbow DQN

Complexity
(hard to debug)

Efficiency
(fast)

Easy to debugSlow

Tip: Use the simplest algorithm the solves your problem
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1. Policy learning with approximate value functions
a. Approximate value iteration
b. Fitted Q iteration
c. Deep Q-network (DQN)
d. Double DQN (DDQN)
e. Rainbow DQN
f. Revisiting Rainbow
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Revisiting Rainbow: more is not always better
45

→ More accessible 
deep RL research

Obando-Ceron J. S., Castro P. S. Revisi1ng Rainbow: Promo1ng more insigheul and inclusive deep reinforcement learning research. ICML, 2021.
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Arcade Learning Environment (ALE)
46

57 Atari 2600 games

Documentation: https://ale.farama.org/index.html 

https://ale.farama.org/index.html
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Montezuma RevengeAsterix

https://ale.farama.org/environments/montezuma_revenge
https://ale.farama.org/environments/asterix
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RevisiAng Rainbow: more is not always beSer
48

§ Careful choice of 
smaller yet 
representative tasks

§ Training time for 
Rainbow: 
34,200 GPU hours

§ Training time for 
Revisiting Rainbow:
≈ 78 GPU hours = 
3.25 days

§ 438x less compute to 
get the same results

Obando-Ceron J. S., Castro P. S. Revisiting Rainbow: Promoting more insightful and inclusive deep reinforcement learning research. ICML, 2021.
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Revisiting Rainbow: more is not always better
49

§ Rainbow sKll >> DQN

Obando-Ceron J. S., Castro P. S. Revisi1ng Rainbow: Promo1ng more insigheul and inclusive deep reinforcement learning research. ICML, 2021.

gap
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Developments in the ALE benchmark suite
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§ Go-Explore (2021) tackles hard exploration problems (sparse 
rewards in Montezuma’s Revenge)

§ World modeling
• MuZero (2020) extends AlphaGo to Atari via learned-model planning
• Followed by DreamerV2 (2021), EfficientZero (2021), IRIS (2023), 

EfficientZero V2 (2024), DreamerV3 (2025) 

§ Milestones
• Agent57 (2020) crosses the human baseline on every Atari57 game

§ Followed by MEME (2023)
• Beyond the Rainbow (2025)

§ Meta-learning
• DiscoRL (2025) discover the update rule via a population of agents
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How about LLMs for ALE?
51

§ Deep RL remains the top runner for ALE
§ But, ALE is a common benchmark for LLM (+RL) research
• Transfer from Wikipedia to Atari (2022)
• LLMs learn from Atari game manuals: Read and Reward (2023)
• LLM inside an RL policy: LLaRP (2024)
• LLM for RL reward design: HackAtari (2024)
• Mul,-modal LLM makes decisions from screenshots: Atari-GPT (2024)
• LLM for summarizing trajectories and proposing ac,ons: LLM-Explorer (2025)
• Textual harness for Atari: TextAtari (2025)
• LLMs for synthesizing Python code policies: Code to Control (2026)
• …
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Summary

§ Value function approximation: features vs function class
§ Unlike its tabular counterparts, approximate value function methods 

may diverge, even for policy evaluation
• Approximate TD, pseudo-gradient methods, and its linear version

§ Approximate Q-value iteration shares convergence properties with 
approximate value iteration and lends itself to regression.

§ Fitted Q iteration avoids enumeration of the state space by fitting 
the Q function to bootstrap targets.
• Basis for a value-based deep RL methods, including Deep Q Networks (DQN).

§ DQN: replay buffer, target networks, over-estimation and other 
advances



Wu

References
55

1. DPOC vol2 §2.5.3; SB 16.5

2. Alessandro Lazaric. INRIA Lille. Reinforcement Learning. 2017, 
Lecture 4.

3. Neuro-Dynamic Programming (NDP). §3.1-3.2, Ch 6.

http://incompleteideas.net/book/the-book-2nd.html


Wu

Reference: Detailed proof for Approximate Value Iteration
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And performance loss lemma
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Proof.  Let 𝜖 = max
!,",-

𝒯𝑉" −𝒜𝒯𝑉" ..  This is the largest 
approximation error done over the iterations.

𝑉∗ − 𝑉"#$ . ≤ 𝒯𝑉∗ − 𝒯𝑉" . + 𝒯𝑉" − 𝑉"#$ .
	 ≤ 𝛾 𝑉∗ − 𝑉" . + 𝜖

then 
𝑉∗ − 𝑉" . ≤ 1 + 𝛾 +⋯+ 𝛾-/$ 𝜖 + 𝛾- 𝑉∗ − 𝑉! .

≤
1

1 − 𝛾
𝜖 + 𝛾- 𝑉∗ − 𝑉! .	

Since from performance loss lemma we have that 𝑉∗ − 𝑉0" . ≤
12
$/2

𝑉∗ − 𝑉" ., then we obtain

𝑉∗ − 𝑉0- . ≤
2𝛾

1 − 𝛾 1 𝜖 +
2𝛾-#$

1 − 𝛾
𝑉∗ − 𝑉! .

Proof: Approximate Value Iteration
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From ApproximaAon Error to Performance Loss 
58
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Proof: ApproximaAon Error to Performance Loss 


