
Lecture 3

Introduction to Dynamic Programming (DP)



• Notation and Terminology

• Principle of Optimality

• Dynamic Programming Algorithm for Finite 

Horizon Problems

• Inventory Control Example Revisited
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Outline: Dynamic Programming (DP)



Dynamic Programming

Dynamic Programming: A general mathematical framework for 

sequential decision making under uncertainty. The goal is to 

minimize a certain (additive) cost subject to the rules of evolution 

of the system.
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“Dynamic programming: a name not even a Congressman could object to.”
—Richard Bellman



Introduction to Dynamic Programming

A mathematical framework of sequential decision making under uncertainty
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DP Variations: Discounted Problems
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DP Variations: Infinite Horizon Discounted Cost
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DP Variations: Infinite Horizon Average Cost



Variations
• Simplification: Assume stationarity!!

The simplest case is finite-horizon, discrete-time, 
deterministic with perfect information. 
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Stationary policy

Stationary system

DP Simplification: Stationarity



Markov Decision Processes (MDP) : Finite states and actions
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Deterministic Problems



Solving DPs: Deterministic, Finite-Horizon Case
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Solving DPs: What would you do?
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Solving DPs: What would you do?
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Solving DPs: What would you do?
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Solving DPs: What would you do?

Now minimize both sides!
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Solving DPs: What would you do?



Tail subproblem starting at stage k

Optimal control policy

• The truncated (tail) optimal policy is optimal for the truncated sub-problem.
• Optimization of the future does not depend on the past.

Bellman’s Principle of Optimality:
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Principle of Optimality
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Dynamic Programming Algorithm

Dynamic Programming: Do what we did already: Solve all tail subproblems 
of a given length using the solution of shorter tail subproblems!
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DP Algorithm: With Stochastic Uncertainty 

Good news: The algorithm works in the same way.
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DP Algorithm: Computing Cost in Uncertain Case
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Define



Cost Evaluation
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Cost Evaluation: Summary
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How about the optimal solution
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The Last Step



Bellman’s Equation for Uncertain Problems
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Can we switch averaging with minimization?



Bellman’s Equation for Uncertain Problems
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Can we switch averaging with minimization?

Immediate Inequality:



Bellman’s Equation for Uncertain Problems
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Can we switch averaging with minimization?

Suppose the right-hand side is achieved at an optimal policy 

Immediate Inequality:

Equality holds!



Bellman’s Equation for Uncertain Problems
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Switching averaging with minimization:
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Motivation: Inventory control
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Inventory control example: Convexity of Cost to go

.

• Induction

• Assume true for t

• Expectation preserves convexity. 

• Need to show the convexity of 
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DP Algorithm: Inventory control example



Shortest Path: Deterministic Case
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Shortest Path: Deterministic Case
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Shortest Path: Deterministic Case
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Shortest Path: State and Time?
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• Observe

• Show

• Define



Optimal Characterization
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• Show
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Questions
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