
Lecture 4

The Linear Quadratic Regulator (LQR) Problem



• Formulation

• Assumptions

• Solution via Dynamic Programming

• Infinite Horizon 

• Controllability, Observability, and their Implications

Lecture Overview: The LQR Problem



Motivation



Motivation



Motivation



Formulation of the Linear Quadratic Regulator (LQR) Problem

• Assumptions:

• Objective:



Positive Definite Matrices



Positive Definite Matrices



Linear System

Solution

Linear Systems



Solving a linear system

Solution of Linear Systems



Solution of Linear Systems



Optimal Control: Open Loop

Recall:

How?



Solution via Dynamic Programming

Recall:

Bellman’s equation:

What happened to the noise term?



Solution via Dynamic Programming

Need solve the following optimization problem:

Quadratic Optimization?



Quadratic and Convex functions



Quadratic and Convex functions



Quadratic and Convex functions



Schur Complement



Quadratic and Convex functions



Quadratic and Convex functions (Direct Method)



Quadratic and Convex functions (Indirect Method)

Derivative Method (Hessian Test)



Quadratic and Convex functions

Stationary Point:

If the inverse exists

Plug in the solution

Why is this significant?



Solution via Dynamic Programming

Back to our optimal control problem:

Map to Quadratic Form



Solution via Dynamic Programming

Optimal Control

Optimal Value



Solution via Dynamic Programming

Optimal Value

Continue the iteration



Structure of Optimal Solution

Latter known as Riccati Equation



Assume Stationary System (LTI)

Equations



Asymptotic Behavior: Convergence Under Controllability

What happens asymptotically?

Need to show
• Convergence of Riccati Equation
• Stability of the linear system under the control law



More on linear systems



More on linear systems: Reachability

Reachability: A system is reachable if there exists a control law that takes 
every initial state        to every final state       in finite time



More on linear systems: Rechability

Reachability: A system is reachable if there exists a control law that takes 
every initial state        to every final state       in finite time



Reachability: Example

Reachability: A system is reachable if there exists a control law that takes 
every initial state        to every final state       in finite time



More on linear systems: Observability

Observability: A system is observable if there are no initial state       for 
which the output is identically equal to zero.



More on linear systems: Observability

Observability: A system is observable if there are no initial state       for 
which the output is identically equal to zero.



Observability: Example

Observability: A system is observable if there are no initial state       for 
which the output is identically equal to zero.



38

Questions



Stability dynamical systems



Lyapunov Stability



41



Lyapunov Stability: Proof



How about linear systems



Stability of Linear Systems



Stability of Linear Systems



Linear Systems: Stationary Policies

Under the optimal control law: 

Recall: Stability is equivalent to having the eigenvalues of                 
inside the unit disc!



Stability and Reachability

If the system is reachable, then there always exists a feedback gain to 
stabilize the system

Homework!

What are the implications of this result?



Asymptotic Behavior: Convergence



Asymptotic Behavior: Convergence

Convergence follows

Show boundedness and Monotonicity!

Show Convergence:



Asymptotic Behavior: Boundedness

Reachability implies 

How do we show this?



Asymptotic Behavior: Monotonicity



Asymptotic Behavior: Stability

• Show closed loop system is stable

• Closed loop dynamics:

• Construct a Lyapunov function!

• What is a good candidate for a Lyapunov function?



Asymptotic Behavior: Positivity 

Interpret      as an output! 



Proof of positivity



Asymptotic Stability



Asymptotic Stability



Example
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