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Readings

1. Neuro-dynamic Programming (NDP). §5.6, §4.1-4.3. Skim Ch
3-5 as needed.



Taxonomy of RL Methods

Methods for
sequential
decision making

Reinforcement learning (RL) is a framework for
sequential decision making under uncertainty.
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Outline

1.

State-action value function
Q-iteration
Q-learning
Exploration vs exploitation

On-policy vs off-policy learning



Policy Learning

Learn optimal policy "

Fori =1,...,n [each of n episodes]
Sett =0
Set initial state s
While (s;; not terminal) [execute one trajectory]

Observe next state s, ; and reward 73,1 ; = (S, ar;)
Sett =t+1

EndWhile
Endfor
Return:



Recall: Policy Evaluation

Fixed policy

Fori =1,...,n [each of n episodes]
Sett =0
Set initial state s

While (s;; not terminal) [execute one trajectory]

Take action
Observe and
Sett=t+1

EndWhile
Endfor
Return: Estimate of the value function 17”(-)



Recall: Value iteration algorithm
Let V/,(s) be any function V,: S - R.

At each iteration k =1,2,....,K

Compute V., =TV,
Equivalently: V., (s) = max r(s,a) + YEs . p(isa) Vi(s") Vs
! ,

Terminate when 1, stops improving
e.g. when max |Vies1(8) — Vi (s)] is small.

Return the greedy policy
T (s) € arg max r(s,a) + YEg . p(isay Ve (s")
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State-Action Value Function (“Q”)

In discounted infinite horizon problems, for any policy m, the state-action value

function (or Q-function) Q™ : SXA » R is
Q"(s,a) = [ZV r(se, aglso = s, a9 = a,a; =7(se), Ve = 1
The optimal Q-function is

Q*(s,a) = max Q™ (s, a)
and the optimal policy can be obtained as

n*(s) = arg max Q*(s,a)

= Recall: definition of value function, V™ (s) = IE[Z —oY r(st,n(st))|so =s; n]

Wu
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State-Action Value Function Operators™

TT[Q(S, ) = 7"(5, )+ ]/IE ’~P(-|s, )[Q(S’,ﬂ'(sl))]
Compare: TV (s) := r(s, ) +VEg p(ys, )[V (s"]

TQ(s,) = (5,0) + VEq1_ pe. [max O(5', )
Compare: TV (s) = r(s,a) + vEg_p(ys, )V(S’)

Still true:
QT = TTQ"

Note: Abuse of notation for the operators



State-Action and State Value Function
QT[(SJ Cl) — T(S, Cl) + yIEs'~P(-|s,a) [Vn(sl)]
V™ (s) = Q"(s,m(s))

0*(5,@) = 7(5,) + YEgr_ p( 15[V ("]
Vi(s) = Q"(s,m°(s") = max Q" (s, a)



Q-value Iteration
1. Let Q,(s,a) be any Q-function Q,: SxA - R

2. At each iteration k =1,2,....,K
= Compute Q1 = T0y

Equivalently: Q1 (s, a) = 7(s,a) + VEy_ prs.0) [g}gj{Qk(s', a’)]

3. Terminate when (@, stops improving
= e.g. when max |0k +1(s,a) — Qi (s,a)| is small.

4. Return the greedy policy
my(s) € argmax Oy (s, a)

Vs, a
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The Grid-World Problem

State: agent location

16



Example: Winter parking (with ice and potholes)

Simple grid world with a ¢oal state (green, desired parking spot) with
reward (+1), a “bad state” (red, pothole) with reward (-100), and all
other states neural (+0).

Ommnidirectional vehicle (ngent) can head in any direction. Actions
move in the desired direction with probably 0.8, in one of the
perpendicular directions with.

Taking an action that would bump into a wall leaves agent where it is.

0 0 0 1 .
Action = north

f

0 0 0 0 P =0.1 < —> P =0.1

[Source: adapted from Kolter, 2016]
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Example: value iteration

Running value iteration with v = 0.9

0 0 0 0

Original reward function

(@)

Running value iteration with v = 0.9

2.686 (3.527 [ 4.402 (5.812

2.021 1.095 |-98.82

1.390|0.903]0.7380.123

17 at 10 iterations

(d)

Running value iteration with v = 0.9

0 0 0.72

1.81

-elelieli

0 0 0

17 at one iteration

(b)

Running value iteration with v = 0.9

5.470(6.313|7.190

8.669

4.802 3.347

-96.67

4.161|3.654 | 3.222

1.526

17 at 1000 iterations

(e)

Running value iteration with v = 0.9

0.809 (1.5698 |2.475|83.745

0.268 . 0.302 [-99.59

0 ]0.034(0.122 (0.004

V at five iterations

(©)

Running value iteration with v = 0.9

—»—»—)T

N pape

Pl=]<1
Resulting policy after 1000 iterations

(f)
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State-Action Value Function (“Q table”)

Example: Winter parking (with ice and

potholes)
0 0 0 1 .
Action = north
P=08
0 o |-100 T
0 0 0 0 P =0.1 < —> P =0.1

Q(s,a)

Running value iteration with v = 0.9

It is convenient to keep

track of not only the long 5.470

6.313

7.190

8.669

term value of a state, but V(S) 4,802

-

-96.67

also the state, jointly with

. 4161
the next action.

3.654

3.222

1.526

¥ at 1000 iterations

2.5 1.4 3.2 54
1.0 3.2 51 6.3
5.2 4.2 55 7.2
8.7 3.4 2.0 8.0
4.8 2.5 3.5 4.2
1.0 3.0 3.3 1.2
-180 | -172 | -99.7 | -150
4.2 2.1 3.2 3.7
2.1 2.0 3.7 3.1
3.0 1.2 3.2 2.7
0.1 1.5 0.1 1.0

4 L «— —>




Convenient for selecting next action!
= Winter parking (with ice and potholes)

0 0 0 1

0 0 -100

0 0 0 0
Before

Action = north
P =

f

Q(s,a)

0.8

P =0.1 <

— P =0.1

Running value iteration with v = 0.9

5.47016.313 [ 7.190

8.669

4.802 3.347

-96.67

4.161|3.654 | 3.222

1.526

V at 1000 iterations

Running value iteration with v = 0.9

—>—>—>T
— 4 — =
t<]<]

Resulting policy after 1000 iterations

g (s) = arg rglea}qxr(s, a) + YEs - pisa) Vi (87)

2.5 1.4 3.2 5.4
1.0 3.2 51 6.3
5.2 4.2 55 7.2
8.7 3.4 2.0 8.0
4.8 2.5 3.5 4.2
1.0 3.0 3.3 1.2
-180 | -172 | -99.7 | -150
4.2 2.1 3.2 3.7
2.1 2.0 3.7 3.1
3.0 1.2 3.2 2.7
0.1 1.5 0.1 1.0
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Policy Iteration (w/ Q-value function)

Let Ty be stationary policy

At each iterationk =1, 2, ..., K
. given 1, compute Q™
: compute the greedy policy
i1 (s) € arg max Qi (s,a)

Stop if Q™k = Q™k-1
Return the last policy my



Compare: Policy Iteration

1. Let Ty be any stationary policy

2. At each iterationk =1,2,....,K
= Policy evaluation: given 1, compute V"k

=  Policy improvement: compute the greedy policy

T, 4+1(S) € arg max r(s,a) + )/Z p(s'ls, a)V”k(S’)]
ae
Sl

1. Stop if V™k = [/ Ttk-1

2. Return the last policy my
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Q-learning update
Key idea: Update the value of one state at a time (a little bit)

Dynamic programming update

Qx(s,a) =1i(s,a) +vy max Vs, a
a'eA

Q-learning update
Qe+1(s,a) = (L —n)Q(s,a) + ¢ (7” + ¥ max )
a'€A
with learning rates n; < 1

Recall: Bellman equation
Q*(s,a) =r(s,a) + YEs ~ peisa) [rr}qu Q*(s', a’)]



Recall: Temporal-Difference TD(0) Estimation

Approach #3: Conduct incremental updates within trajectories,
leveraging the Bellman equation

Recall: The Bellman equation
V®(s) = r(s,n(s)) + YEs © p(sm(s)) [V (s)]

Incremental update: At each step t, observe s;,71¢,1, S;+1 and
update estimate I/ as

V”(St) =1 =nV"(s) + (Tt+1 + VVR(SL-H))



Q Learning Algorithm

Let Qy be any Q-function, s be an initial state,

At each iterationt =0,1,2,...,T

Use Q; to select an action a
Observe next state s’ and reward r

Update Q function: Q;,(s,a) = (1 —n.)0Q;(s,a) + n; (r + y max Q. (s’, a’))
a

learning rates n; € [0, 1].

/
Se s = Q.(s,a) +n; (r +y max 0.(s',a') — Q. (s, a))
Return the greedy policy ) 1D/ bootstran target
nr(s) = arg max
acA Current guess of value

Temporal difference (TD) error &,

Additional assumption needed for convergence:
Coverage: All the state-action pairs are visited infinitely often
Learning rates set appropriately (Robbins-Monro conditions)



Exploration vs exploitation

The agent’s dilemma:

The learner should by repeatedly selecting the best
action
arg
The learner should by repeatedly selecting all
actions
1
w(als) = —
| Al

Compromise:
e-greedy: with probability €, explore. Else, exploit



Learning the Optimal Policy

Let Q, be any Q-function, set t < 0, observe initial state s;
While (s; not terminal)

Take action a; according to a suitable exploration
policy

Observe reward 71,1 and next state s;,
And (for SARSA) take action a;; 1

Compute the temporal difference 6;
Ot =Tty tVY Q¢(Se+1,a") — Qe(sp,ar)  (Q-learning)

8¢ = 141 + ¥ Qe (Ser1, ) — Q¢(sy, ae) (SARSA)
Update the Q-function
Qr+1(5e,ar) < Qe(se, ap) + (s, ar)d;
Sett =t+1;sets; < Stqq
And a; < a;4, for SARSA

EndWhile

Terminology: on-policy vs off-policy learning

Two uses of policies

Behavior poIicY: Policy used for
(collecting data)

Target policy: Policy used for learning
(updating the representation)
Q-learning
Interacting policy:
Learning policy:
Different = off-policy
SARSA
Interacting policy:
Learning policy:
Same - on-policy
Off-policy = “learning from others”

On-policy = “learning from oneself”



Understanding this Proposition is the

Q_ I_e a rﬂ | ﬂ g . P rO p e rt I es main subject of today + next time.

If the learning rate satisfies the Robbins-Monro conditions in all states

s,a € SXA . .
znt(s,a) = 00 zn?(s,a) < o
i=0 1=0

And all state-action pairs are tried infinitely often, then for all s,a €
SXA

0(s, @) — Q*(s, a)

Remark: “infinitely often” requires a steady exploration policy.



Ssummary

= State-action value function (Q) vs state value function (V)
* State-action value function permits model-free extraction of the policy
* DP methods: Q-value iteration, Policy iteration with Q-value function

= Policy learning: O-learning and SARSA (definition, guarantees)

= Concepts:
* Tabular setting

* Exploration vs exploitation, e-greedy exploration strategy
» Off-policy vs on-policy learning
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