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A Little About Me

I’m an Assistant Professor at Princeton

Grew up and went to college in Spain

Got interested in robot safety while working with drones

PhD at UC Berkeley

same lab as Vicenç!

→ Research Scientist at Waymo



The Safe Robotics Lab

Goal: enable robots to operate safely around people

Theory + algorithms for active safety under uncertainty

Focus on changing & interactive environments

Control theory + AI + game theory + cognitive scienceSince 2020





Why Have Robots Learn?
Robotics has existed for decades as a field primarily focused on industrial processes.

Repetitive (though complex) tasks

Structured environments

Well-understood dynamics

Isolated from humans



Advances in sensing, decision-making and control → new opportunities extend beyond factories

Repetitive (though complex) tasks

Structured environments

Well-understood dynamics

Isolated from humans

Why Have Robots Learn?



Mitigating Uncertainty Through Adaptation

Design a fixed control policy that works in all conditions the system may find.

Exploit new information as it comes in.

Maintain consistent performance in the presence of changing conditions.

Adjust the variable control policy to the specific conditions encountered.



Optimal Control (1950s–60s)
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Performance Objective

Can we adjust the control policy  over time based on the robot’s experience?πθ



Adaptive Control (1960s–70s)

SystemController
u

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Performance Objective

Can we adjust the control policy  over time based on the robot’s experience?πθ
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Learning-Based Control
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Adaptive Control Reinforcement Learning

Continual operation (single shot) Episodic operation (many trials)

Typical objectives: accrued rewardTypical objectives: stability, tracking error

World model: dynamical system World model: Markov chain (MDP)



The Dual Role of Control

Action

Investigation

Exploitation

Exploration

VS

Adaptive Control Reinforcement Learning

VS

Note: neither of these functions can succeed if we fail to preserve safety.



[Mnih et al (DeepMind). Nature 2015]



[Silver et al (DeepMind). Nature 2016]



[Heess et al. (DeepMind). 2017]



[Heess et al. (DeepMind). 2017]



[Heess et al. (DeepMind). 2017]









Safety-Critical System
Any system in which there exist potential outcomes or failure modes that are deemed 
unacceptable, typically due to injury, loss of life, or severe material damage.

Failure Set: all system states that are unacceptable (we never want to reach them).

Unsafe Set: states from which it is not possible to avoid entering a failure state in the future.

Safe Unsafe Failure



Is This a Safety-Critical System?



Is This a Safety-Critical System?





2003 Northeast Blackout

Critical Failures of Cyber-Physical Systems

+50M people without power for 2 days $1T loss in market value



Autonomous System Safety Analysis



The Long Tail



Safety is not just up to the Autonomous System

?



Hit by driver who did not yield

Uber, 2017Google, 2016

Turned into bus that did not stop

Safety is compromised when humans don’t behave

the way AI systems assume, or vice versa.

Tesla, 2018

Driver did not take over “fast enough”



YouTube: “Tesla Autopilot tried to kill me.”



Towards Intelligible if-then Safety Guarantees

Reliable “hard” guarantees on under what conditions the system can/cannot fail.

Transparent to both system designers and the public.

Checkable and enforceable at runtime by autonomy stack.

Traceable retrospectively/counterfactually in the event of a failure/near miss.

Social contract

Trust

Active safety

Accountability



Operational Design Domain (ODD) Safety Theory
ODD: set of conditions under which the system must operate correctly and safely.
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ODD Theorems: let the environment realization satisfy           , then the system’s operation 
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Reinforcement Learning and Constraints
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Property Satisfaction



The Safe Learning Problem

Can the learned control policy maintain safety once it is deployed on the robot?

Can the learning process maintain safety while the robot is learning its control policy?

CAN ROBOTIC SYSTEMS LEARN BY EXPERIENCE 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F
<latexit sha1_base64="wAiYAx2qiE6WdNj32nZzk60xGVQ=">AAACBXicbVDLSsNAFJ3UV62vqktdBIvgqiQi6LIoiMsK9gFtKZPJTTt0MgkzN2IJ2bjxV9y4UMSt/+DOv3HSdqGtBwYO59zXHC8WXKPjfFuFpeWV1bXiemljc2t7p7y719RRohg0WCQi1faoBsElNJCjgHasgIaegJY3usr91j0ozSN5h+MYeiEdSB5wRtFI/fJhF+EBJ3NSBX6WdkOKQ0ZFep1l/XLFqToT2IvEnZEKmaHeL391/YglIUhkgmrdcZ0YeylVyJmArNRNNMSUjegAOoZKGoLupZPtmX1sFN8OImWeRHui/u5Iaaj1OPRMZX6jnvdy8T+vk2Bw0Uu5jBMEyaaLgkTYGNl5JLbPFTAUY0MoU9zcarMhVZShCa5kQnDnv7xImqdV1/Dbs0rtchZHkRyQI3JCXHJOauSG1EmDMPJInskrebOerBfr3fqYlhasWc8++QPr8wcwWJmi</latexit><latexit sha1_base64="wAiYAx2qiE6WdNj32nZzk60xGVQ=">AAACBXicbVDLSsNAFJ3UV62vqktdBIvgqiQi6LIoiMsK9gFtKZPJTTt0MgkzN2IJ2bjxV9y4UMSt/+DOv3HSdqGtBwYO59zXHC8WXKPjfFuFpeWV1bXiemljc2t7p7y719RRohg0WCQi1faoBsElNJCjgHasgIaegJY3usr91j0ozSN5h+MYeiEdSB5wRtFI/fJhF+EBJ3NSBX6WdkOKQ0ZFep1l/XLFqToT2IvEnZEKmaHeL391/YglIUhkgmrdcZ0YeylVyJmArNRNNMSUjegAOoZKGoLupZPtmX1sFN8OImWeRHui/u5Iaaj1OPRMZX6jnvdy8T+vk2Bw0Uu5jBMEyaaLgkTYGNl5JLbPFTAUY0MoU9zcarMhVZShCa5kQnDnv7xImqdV1/Dbs0rtchZHkRyQI3JCXHJOauSG1EmDMPJInskrebOerBfr3fqYlhasWc8++QPr8wcwWJmi</latexit><latexit sha1_base64="wAiYAx2qiE6WdNj32nZzk60xGVQ=">AAACBXicbVDLSsNAFJ3UV62vqktdBIvgqiQi6LIoiMsK9gFtKZPJTTt0MgkzN2IJ2bjxV9y4UMSt/+DOv3HSdqGtBwYO59zXHC8WXKPjfFuFpeWV1bXiemljc2t7p7y719RRohg0WCQi1faoBsElNJCjgHasgIaegJY3usr91j0ozSN5h+MYeiEdSB5wRtFI/fJhF+EBJ3NSBX6WdkOKQ0ZFep1l/XLFqToT2IvEnZEKmaHeL391/YglIUhkgmrdcZ0YeylVyJmArNRNNMSUjegAOoZKGoLupZPtmX1sFN8OImWeRHui/u5Iaaj1OPRMZX6jnvdy8T+vk2Bw0Uu5jBMEyaaLgkTYGNl5JLbPFTAUY0MoU9zcarMhVZShCa5kQnDnv7xImqdV1/Dbs0rtchZHkRyQI3JCXHJOauSG1EmDMPJInskrebOerBfr3fqYlhasWc8++QPr8wcwWJmi</latexit><latexit sha1_base64="wAiYAx2qiE6WdNj32nZzk60xGVQ=">AAACBXicbVDLSsNAFJ3UV62vqktdBIvgqiQi6LIoiMsK9gFtKZPJTTt0MgkzN2IJ2bjxV9y4UMSt/+DOv3HSdqGtBwYO59zXHC8WXKPjfFuFpeWV1bXiemljc2t7p7y719RRohg0WCQi1faoBsElNJCjgHasgIaegJY3usr91j0ozSN5h+MYeiEdSB5wRtFI/fJhF+EBJ3NSBX6WdkOKQ0ZFep1l/XLFqToT2IvEnZEKmaHeL391/YglIUhkgmrdcZ0YeylVyJmArNRNNMSUjegAOoZKGoLupZPtmX1sFN8OImWeRHui/u5Iaaj1OPRMZX6jnvdy8T+vk2Bw0Uu5jBMEyaaLgkTYGNl5JLbPFTAUY0MoU9zcarMhVZShCa5kQnDnv7xImqdV1/Dbs0rtchZHkRyQI3JCXHJOauSG1EmDMPJInskrebOerBfr3fqYlhasWc8++QPr8wcwWJmi</latexit>

9u :
<latexit sha1_base64="McCJ8/oup01pE8KUqKQFOnkckDQ="></latexit><latexit sha1_base64="McCJ8/oup01pE8KUqKQFOnkckDQ="></latexit><latexit sha1_base64="McCJ8/oup01pE8KUqKQFOnkckDQ="></latexit><latexit sha1_base64="McCJ8/oup01pE8KUqKQFOnkckDQ="></latexit>

x
<latexit sha1_base64="Cw1/rLllmMAndmnkataDKFawOeA=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF71VsK3YhrLZbtqlm03YfRFL6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMb6PqCGS6F4CwVKfp9oTqNA8k4wvsr9ziPXRsTqDicJ9yM6VCIUjKKVHnoRxVEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1GNgkk+rfRSwxPKxnTIu5YqGnHjZ7PEU3JilQEJY22fQjJTf29kNDJmEgV2Mk9oFr1c/M/rphhe+plQSYpcsflHYSoJxiQ/nwyE5gzlxBLKtLBZCRtRTRnakiq2BG/x5GXSPqt7bt27Pa81boo6ynAEx3AKHlxAA66hCS1goOAZXuHNMc6L8+58zEdLTrFzCH/gfP4A/1SRIw==</latexit><latexit sha1_base64="Cw1/rLllmMAndmnkataDKFawOeA=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF71VsK3YhrLZbtqlm03YfRFL6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMb6PqCGS6F4CwVKfp9oTqNA8k4wvsr9ziPXRsTqDicJ9yM6VCIUjKKVHnoRxVEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1GNgkk+rfRSwxPKxnTIu5YqGnHjZ7PEU3JilQEJY22fQjJTf29kNDJmEgV2Mk9oFr1c/M/rphhe+plQSYpcsflHYSoJxiQ/nwyE5gzlxBLKtLBZCRtRTRnakiq2BG/x5GXSPqt7bt27Pa81boo6ynAEx3AKHlxAA66hCS1goOAZXuHNMc6L8+58zEdLTrFzCH/gfP4A/1SRIw==</latexit><latexit sha1_base64="Cw1/rLllmMAndmnkataDKFawOeA=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF71VsK3YhrLZbtqlm03YfRFL6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMb6PqCGS6F4CwVKfp9oTqNA8k4wvsr9ziPXRsTqDicJ9yM6VCIUjKKVHnoRxVEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1GNgkk+rfRSwxPKxnTIu5YqGnHjZ7PEU3JilQEJY22fQjJTf29kNDJmEgV2Mk9oFr1c/M/rphhe+plQSYpcsflHYSoJxiQ/nwyE5gzlxBLKtLBZCRtRTRnakiq2BG/x5GXSPqt7bt27Pa81boo6ynAEx3AKHlxAA66hCS1goOAZXuHNMc6L8+58zEdLTrFzCH/gfP4A/1SRIw==</latexit><latexit sha1_base64="Cw1/rLllmMAndmnkataDKFawOeA=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF71VsK3YhrLZbtqlm03YfRFL6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMb6PqCGS6F4CwVKfp9oTqNA8k4wvsr9ziPXRsTqDicJ9yM6VCIUjKKVHnoRxVEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1GNgkk+rfRSwxPKxnTIu5YqGnHjZ7PEU3JilQEJY22fQjJTf29kNDJmEgV2Mk9oFr1c/M/rphhe+plQSYpcsflHYSoJxiQ/nwyE5gzlxBLKtLBZCRtRTRnakiq2BG/x5GXSPqt7bt27Pa81boo6ynAEx3AKHlxAA66hCS1goOAZXuHNMc6L8+58zEdLTrFzCH/gfP4A/1SRIw==</latexit>

l

0
t

<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

l

0
t

<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

Environment

Agent

r
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

u
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

l
�
x(t)

�
<latexit sha1_base64="r57zQFA5pOgOCPwDA8eewAoE4gU="></latexit><latexit sha1_base64="r57zQFA5pOgOCPwDA8eewAoE4gU="></latexit><latexit sha1_base64="r57zQFA5pOgOCPwDA8eewAoE4gU="></latexit><latexit sha1_base64="r57zQFA5pOgOCPwDA8eewAoE4gU="></latexit>

Safety Bellman Equation

<latexit sha1_base64="v0ktBUsv95ITAxSprVT+6HyuJSw="></latexit>

xt+1 = f(xt, ut)



ẋ = f(x, u)

8t,x(t) 62 F
<latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="Gxz9Wdn8g64LV9/haU9yrEU28Jc=">AAACG3icbVBNS8NAFHzxs9av6tXLYhEURBIvehEEQTxWsFVoStlsX3Rxswm7L2IJ+TVe/CtePCgi/hu3aQ9qfbAwzLxl5k2UKWnJ97+8mdm5+YXF2lJ9eWV1bb2xsdKxaW4EtkWqUnMTcYtKamyTJIU3mUGeRAqvo/uzkX79gMbKVF/RMMNewm+1jKXg5Kh+4ySMU8OVYrTPwoTTXRQXj+Uu7bFQpxRKzULCR6qMCoODsqi2BFfFeVn2G03/wK+GTYNgApowmVa/8RYOUpEnqEkobm038DPqFdyQFArLephbzLi457fYdVDzBG2vqNxLtuOYAXN53dPEKvbnj4In1g6TyG2OMtq/2oj8T+vmFB/3CqmznFCLsVGcu05SNuqMDaRBQWroABdGuqxM3HHDBblm666E4O/J06BzeBA4fOlDDbZgG3YhgCM4hQtoQRsEPMELvMG79+y9eh/juma8SW+b8Gu8z2/nyKU6</latexit><latexit sha1_base64="Gxz9Wdn8g64LV9/haU9yrEU28Jc=">AAACG3icbVBNS8NAFHzxs9av6tXLYhEURBIvehEEQTxWsFVoStlsX3Rxswm7L2IJ+TVe/CtePCgi/hu3aQ9qfbAwzLxl5k2UKWnJ97+8mdm5+YXF2lJ9eWV1bb2xsdKxaW4EtkWqUnMTcYtKamyTJIU3mUGeRAqvo/uzkX79gMbKVF/RMMNewm+1jKXg5Kh+4ySMU8OVYrTPwoTTXRQXj+Uu7bFQpxRKzULCR6qMCoODsqi2BFfFeVn2G03/wK+GTYNgApowmVa/8RYOUpEnqEkobm038DPqFdyQFArLephbzLi457fYdVDzBG2vqNxLtuOYAXN53dPEKvbnj4In1g6TyG2OMtq/2oj8T+vmFB/3CqmznFCLsVGcu05SNuqMDaRBQWroABdGuqxM3HHDBblm666E4O/J06BzeBA4fOlDDbZgG3YhgCM4hQtoQRsEPMELvMG79+y9eh/juma8SW+b8Gu8z2/nyKU6</latexit><latexit sha1_base64="O/c4uu4BYAT8Xx/OpjOdge9pwvs=">AAACJnicbVBNS8NAFNz4bf2qevSyWIQKUhIvehGKgnisYFVoStlsX3TpZhN2X6Ql5Nd48a948aCIePOnuEl7UOvAwjBvHvN2gkQKg6776czMzs0vLC4tV1ZW19Y3qptb1yZONYc2j2WsbwNmQAoFbRQo4TbRwKJAwk0wOCvmNw+gjYjVFY4S6EbsTolQcIZW6lVP/DDWTEqKB9SPGN4HYTbM67hPfRWjLxT1EYZYBmUa+nlWujiT2Xme96o1t+GWoNPEm5AamaDVq776/ZinESjkkhnT8dwEuxnTKLiEvOKnBhLGB+wOOpYqFoHpZmV6Tves0qf2XvsU0lL9uZGxyJhRFFhncaP5OyvE/2adFMPjbiZUkiIoPg4KU9tJTIvOaF9o4ChHljCuhb2V8numGUfbbMWW4P398jS5Pmx4ll+6tebppI4lskN2SZ145Ig0yQVpkTbh5JE8k1fy5jw5L8678zG2zjiTnW3yC87XNwwNpsc=</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit>

F
<latexit sha1_base64="wAiYAx2qiE6WdNj32nZzk60xGVQ=">AAACBXicbVDLSsNAFJ3UV62vqktdBIvgqiQi6LIoiMsK9gFtKZPJTTt0MgkzN2IJ2bjxV9y4UMSt/+DOv3HSdqGtBwYO59zXHC8WXKPjfFuFpeWV1bXiemljc2t7p7y719RRohg0WCQi1faoBsElNJCjgHasgIaegJY3usr91j0ozSN5h+MYeiEdSB5wRtFI/fJhF+EBJ3NSBX6WdkOKQ0ZFep1l/XLFqToT2IvEnZEKmaHeL391/YglIUhkgmrdcZ0YeylVyJmArNRNNMSUjegAOoZKGoLupZPtmX1sFN8OImWeRHui/u5Iaaj1OPRMZX6jnvdy8T+vk2Bw0Uu5jBMEyaaLgkTYGNl5JLbPFTAUY0MoU9zcarMhVZShCa5kQnDnv7xImqdV1/Dbs0rtchZHkRyQI3JCXHJOauSG1EmDMPJInskrebOerBfr3fqYlhasWc8++QPr8wcwWJmi</latexit><latexit sha1_base64="wAiYAx2qiE6WdNj32nZzk60xGVQ=">AAACBXicbVDLSsNAFJ3UV62vqktdBIvgqiQi6LIoiMsK9gFtKZPJTTt0MgkzN2IJ2bjxV9y4UMSt/+DOv3HSdqGtBwYO59zXHC8WXKPjfFuFpeWV1bXiemljc2t7p7y719RRohg0WCQi1faoBsElNJCjgHasgIaegJY3usr91j0ozSN5h+MYeiEdSB5wRtFI/fJhF+EBJ3NSBX6WdkOKQ0ZFep1l/XLFqToT2IvEnZEKmaHeL391/YglIUhkgmrdcZ0YeylVyJmArNRNNMSUjegAOoZKGoLupZPtmX1sFN8OImWeRHui/u5Iaaj1OPRMZX6jnvdy8T+vk2Bw0Uu5jBMEyaaLgkTYGNl5JLbPFTAUY0MoU9zcarMhVZShCa5kQnDnv7xImqdV1/Dbs0rtchZHkRyQI3JCXHJOauSG1EmDMPJInskrebOerBfr3fqYlhasWc8++QPr8wcwWJmi</latexit><latexit sha1_base64="wAiYAx2qiE6WdNj32nZzk60xGVQ=">AAACBXicbVDLSsNAFJ3UV62vqktdBIvgqiQi6LIoiMsK9gFtKZPJTTt0MgkzN2IJ2bjxV9y4UMSt/+DOv3HSdqGtBwYO59zXHC8WXKPjfFuFpeWV1bXiemljc2t7p7y719RRohg0WCQi1faoBsElNJCjgHasgIaegJY3usr91j0ozSN5h+MYeiEdSB5wRtFI/fJhF+EBJ3NSBX6WdkOKQ0ZFep1l/XLFqToT2IvEnZEKmaHeL391/YglIUhkgmrdcZ0YeylVyJmArNRNNMSUjegAOoZKGoLupZPtmX1sFN8OImWeRHui/u5Iaaj1OPRMZX6jnvdy8T+vk2Bw0Uu5jBMEyaaLgkTYGNl5JLbPFTAUY0MoU9zcarMhVZShCa5kQnDnv7xImqdV1/Dbs0rtchZHkRyQI3JCXHJOauSG1EmDMPJInskrebOerBfr3fqYlhasWc8++QPr8wcwWJmi</latexit><latexit sha1_base64="wAiYAx2qiE6WdNj32nZzk60xGVQ=">AAACBXicbVDLSsNAFJ3UV62vqktdBIvgqiQi6LIoiMsK9gFtKZPJTTt0MgkzN2IJ2bjxV9y4UMSt/+DOv3HSdqGtBwYO59zXHC8WXKPjfFuFpeWV1bXiemljc2t7p7y719RRohg0WCQi1faoBsElNJCjgHasgIaegJY3usr91j0ozSN5h+MYeiEdSB5wRtFI/fJhF+EBJ3NSBX6WdkOKQ0ZFep1l/XLFqToT2IvEnZEKmaHeL391/YglIUhkgmrdcZ0YeylVyJmArNRNNMSUjegAOoZKGoLupZPtmX1sFN8OImWeRHui/u5Iaaj1OPRMZX6jnvdy8T+vk2Bw0Uu5jBMEyaaLgkTYGNl5JLbPFTAUY0MoU9zcarMhVZShCa5kQnDnv7xImqdV1/Dbs0rtchZHkRyQI3JCXHJOauSG1EmDMPJInskrebOerBfr3fqYlhasWc8++QPr8wcwWJmi</latexit>

9u :
<latexit sha1_base64="McCJ8/oup01pE8KUqKQFOnkckDQ="></latexit><latexit sha1_base64="McCJ8/oup01pE8KUqKQFOnkckDQ="></latexit><latexit sha1_base64="McCJ8/oup01pE8KUqKQFOnkckDQ="></latexit><latexit sha1_base64="McCJ8/oup01pE8KUqKQFOnkckDQ="></latexit>

x
<latexit sha1_base64="Cw1/rLllmMAndmnkataDKFawOeA=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF71VsK3YhrLZbtqlm03YfRFL6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMb6PqCGS6F4CwVKfp9oTqNA8k4wvsr9ziPXRsTqDicJ9yM6VCIUjKKVHnoRxVEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1GNgkk+rfRSwxPKxnTIu5YqGnHjZ7PEU3JilQEJY22fQjJTf29kNDJmEgV2Mk9oFr1c/M/rphhe+plQSYpcsflHYSoJxiQ/nwyE5gzlxBLKtLBZCRtRTRnakiq2BG/x5GXSPqt7bt27Pa81boo6ynAEx3AKHlxAA66hCS1goOAZXuHNMc6L8+58zEdLTrFzCH/gfP4A/1SRIw==</latexit><latexit sha1_base64="Cw1/rLllmMAndmnkataDKFawOeA=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF71VsK3YhrLZbtqlm03YfRFL6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMb6PqCGS6F4CwVKfp9oTqNA8k4wvsr9ziPXRsTqDicJ9yM6VCIUjKKVHnoRxVEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1GNgkk+rfRSwxPKxnTIu5YqGnHjZ7PEU3JilQEJY22fQjJTf29kNDJmEgV2Mk9oFr1c/M/rphhe+plQSYpcsflHYSoJxiQ/nwyE5gzlxBLKtLBZCRtRTRnakiq2BG/x5GXSPqt7bt27Pa81boo6ynAEx3AKHlxAA66hCS1goOAZXuHNMc6L8+58zEdLTrFzCH/gfP4A/1SRIw==</latexit><latexit sha1_base64="Cw1/rLllmMAndmnkataDKFawOeA=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF71VsK3YhrLZbtqlm03YfRFL6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMb6PqCGS6F4CwVKfp9oTqNA8k4wvsr9ziPXRsTqDicJ9yM6VCIUjKKVHnoRxVEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1GNgkk+rfRSwxPKxnTIu5YqGnHjZ7PEU3JilQEJY22fQjJTf29kNDJmEgV2Mk9oFr1c/M/rphhe+plQSYpcsflHYSoJxiQ/nwyE5gzlxBLKtLBZCRtRTRnakiq2BG/x5GXSPqt7bt27Pa81boo6ynAEx3AKHlxAA66hCS1goOAZXuHNMc6L8+58zEdLTrFzCH/gfP4A/1SRIw==</latexit><latexit sha1_base64="Cw1/rLllmMAndmnkataDKFawOeA=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF71VsK3YhrLZbtqlm03YfRFL6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMb6PqCGS6F4CwVKfp9oTqNA8k4wvsr9ziPXRsTqDicJ9yM6VCIUjKKVHnoRxVEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1GNgkk+rfRSwxPKxnTIu5YqGnHjZ7PEU3JilQEJY22fQjJTf29kNDJmEgV2Mk9oFr1c/M/rphhe+plQSYpcsflHYSoJxiQ/nwyE5gzlxBLKtLBZCRtRTRnakiq2BG/x5GXSPqt7bt27Pa81boo6ynAEx3AKHlxAA66hCS1goOAZXuHNMc6L8+58zEdLTrFzCH/gfP4A/1SRIw==</latexit>

l

0
t

<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

l

0
t

<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

Environment

Agent

r
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

u
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

l
�
x(t)

�
<latexit sha1_base64="r57zQFA5pOgOCPwDA8eewAoE4gU="></latexit><latexit sha1_base64="r57zQFA5pOgOCPwDA8eewAoE4gU="></latexit><latexit sha1_base64="r57zQFA5pOgOCPwDA8eewAoE4gU="></latexit><latexit sha1_base64="r57zQFA5pOgOCPwDA8eewAoE4gU="></latexit>

A Safety Bellman Backup



l

0
t

<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

<latexit sha1_base64="bIWdZ9Jo3bb/4vsRBe31DkygmCM="></latexit>

V (x) = max
u

min
�
l(x), V

�
f(x, u)

� 

Keep the lowest value between now and later.
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<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

<latexit sha1_base64="bIWdZ9Jo3bb/4vsRBe31DkygmCM="></latexit>

V (x) = max
u

min
�
l(x), V

�
f(x, u)

� 

Keep the lowest value between now and later.



Reachability (min)

Lagrange (sum) J(x) =
1X

t=0

�tr
�
x(t)

�

<latexit sha1_base64="Ur3oDzMGTJ2KTJHvJAHQjSCoueQ="></latexit><latexit sha1_base64="Ur3oDzMGTJ2KTJHvJAHQjSCoueQ="></latexit><latexit sha1_base64="Ur3oDzMGTJ2KTJHvJAHQjSCoueQ="></latexit><latexit sha1_base64="Ur3oDzMGTJ2KTJHvJAHQjSCoueQ="></latexit>

J(x) = inf
t�0

l
�
x(t)

�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="RFVzvhReyMxELn017BjW5KkoGSk="></latexit>

V (x) = max
u

h
r(x, u) + �V

�
f(x, u)

�i

<latexit sha1_base64="dNJlrJMyxsS7BKkfMCaRNJyNW5A="></latexit>

V (x) = max
u

h
min

�
l(x), V

�
f(x, u)

� i

8t,x(t) 62 F
<latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="Gxz9Wdn8g64LV9/haU9yrEU28Jc=">AAACG3icbVBNS8NAFHzxs9av6tXLYhEURBIvehEEQTxWsFVoStlsX3Rxswm7L2IJ+TVe/CtePCgi/hu3aQ9qfbAwzLxl5k2UKWnJ97+8mdm5+YXF2lJ9eWV1bb2xsdKxaW4EtkWqUnMTcYtKamyTJIU3mUGeRAqvo/uzkX79gMbKVF/RMMNewm+1jKXg5Kh+4ySMU8OVYrTPwoTTXRQXj+Uu7bFQpxRKzULCR6qMCoODsqi2BFfFeVn2G03/wK+GTYNgApowmVa/8RYOUpEnqEkobm038DPqFdyQFArLephbzLi457fYdVDzBG2vqNxLtuOYAXN53dPEKvbnj4In1g6TyG2OMtq/2oj8T+vmFB/3CqmznFCLsVGcu05SNuqMDaRBQWroABdGuqxM3HHDBblm666E4O/J06BzeBA4fOlDDbZgG3YhgCM4hQtoQRsEPMELvMG79+y9eh/juma8SW+b8Gu8z2/nyKU6</latexit><latexit sha1_base64="Gxz9Wdn8g64LV9/haU9yrEU28Jc=">AAACG3icbVBNS8NAFHzxs9av6tXLYhEURBIvehEEQTxWsFVoStlsX3Rxswm7L2IJ+TVe/CtePCgi/hu3aQ9qfbAwzLxl5k2UKWnJ97+8mdm5+YXF2lJ9eWV1bb2xsdKxaW4EtkWqUnMTcYtKamyTJIU3mUGeRAqvo/uzkX79gMbKVF/RMMNewm+1jKXg5Kh+4ySMU8OVYrTPwoTTXRQXj+Uu7bFQpxRKzULCR6qMCoODsqi2BFfFeVn2G03/wK+GTYNgApowmVa/8RYOUpEnqEkobm038DPqFdyQFArLephbzLi457fYdVDzBG2vqNxLtuOYAXN53dPEKvbnj4In1g6TyG2OMtq/2oj8T+vmFB/3CqmznFCLsVGcu05SNuqMDaRBQWroABdGuqxM3HHDBblm666E4O/J06BzeBA4fOlDDbZgG3YhgCM4hQtoQRsEPMELvMG79+y9eh/juma8SW+b8Gu8z2/nyKU6</latexit><latexit sha1_base64="O/c4uu4BYAT8Xx/OpjOdge9pwvs=">AAACJnicbVBNS8NAFNz4bf2qevSyWIQKUhIvehGKgnisYFVoStlsX3TpZhN2X6Ql5Nd48a948aCIePOnuEl7UOvAwjBvHvN2gkQKg6776czMzs0vLC4tV1ZW19Y3qptb1yZONYc2j2WsbwNmQAoFbRQo4TbRwKJAwk0wOCvmNw+gjYjVFY4S6EbsTolQcIZW6lVP/DDWTEqKB9SPGN4HYTbM67hPfRWjLxT1EYZYBmUa+nlWujiT2Xme96o1t+GWoNPEm5AamaDVq776/ZinESjkkhnT8dwEuxnTKLiEvOKnBhLGB+wOOpYqFoHpZmV6Tves0qf2XvsU0lL9uZGxyJhRFFhncaP5OyvE/2adFMPjbiZUkiIoPg4KU9tJTIvOaF9o4ChHljCuhb2V8numGUfbbMWW4P398jS5Pmx4ll+6tebppI4lskN2SZ145Ig0yQVpkTbh5JE8k1fy5jw5L8678zG2zjiTnW3yC87XNwwNpsc=</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit><latexit sha1_base64="PkXUQ/RYUtzRTNjKxlpqEEwZx5M=">AAACJnicbVBNS8NAFNzU7/pV9ehlsQgVRBIR9CKIgnisYG2hKWWzfdGlm03YfZGWkF/jxb/ixUNFxJs/xW3sQasDC8O8eczbCRIpDLruh1OamZ2bX1hcKi+vrK6tVzY2b02cag4NHstYtwJmQAoFDRQooZVoYFEgoRn0L8bz5gNoI2J1g8MEOhG7UyIUnKGVupVTP4w1k5LiPvUjhvdBmA3yGu5RX8XoC0V9hAEWQZmGXp4VLs5kdpnn3UrVPXAL0L/Em5AqmaDerYz8XszTCBRyyYxpe26CnYxpFFxCXvZTAwnjfXYHbUsVi8B0siI9p7tW6VF7r30KaaH+3MhYZMwwCqxzfKOZno3F/2btFMOTTiZUkiIo/h0UpraTmI47oz2hgaMcWsK4FvZWyu+ZZhxts2Vbgjf95b/k9vDAs/z6qHp2PqljkWyTHVIjHjkmZ+SK1EmDcPJInsmIvDpPzovz5rx/W0vOZGeL/ILz+QUNTabL</latexit>

F
<latexit sha1_base64="wAiYAx2qiE6WdNj32nZzk60xGVQ=">AAACBXicbVDLSsNAFJ3UV62vqktdBIvgqiQi6LIoiMsK9gFtKZPJTTt0MgkzN2IJ2bjxV9y4UMSt/+DOv3HSdqGtBwYO59zXHC8WXKPjfFuFpeWV1bXiemljc2t7p7y719RRohg0WCQi1faoBsElNJCjgHasgIaegJY3usr91j0ozSN5h+MYeiEdSB5wRtFI/fJhF+EBJ3NSBX6WdkOKQ0ZFep1l/XLFqToT2IvEnZEKmaHeL391/YglIUhkgmrdcZ0YeylVyJmArNRNNMSUjegAOoZKGoLupZPtmX1sFN8OImWeRHui/u5Iaaj1OPRMZX6jnvdy8T+vk2Bw0Uu5jBMEyaaLgkTYGNl5JLbPFTAUY0MoU9zcarMhVZShCa5kQnDnv7xImqdV1/Dbs0rtchZHkRyQI3JCXHJOauSG1EmDMPJInskrebOerBfr3fqYlhasWc8++QPr8wcwWJmi</latexit><latexit sha1_base64="wAiYAx2qiE6WdNj32nZzk60xGVQ=">AAACBXicbVDLSsNAFJ3UV62vqktdBIvgqiQi6LIoiMsK9gFtKZPJTTt0MgkzN2IJ2bjxV9y4UMSt/+DOv3HSdqGtBwYO59zXHC8WXKPjfFuFpeWV1bXiemljc2t7p7y719RRohg0WCQi1faoBsElNJCjgHasgIaegJY3usr91j0ozSN5h+MYeiEdSB5wRtFI/fJhF+EBJ3NSBX6WdkOKQ0ZFep1l/XLFqToT2IvEnZEKmaHeL391/YglIUhkgmrdcZ0YeylVyJmArNRNNMSUjegAOoZKGoLupZPtmX1sFN8OImWeRHui/u5Iaaj1OPRMZX6jnvdy8T+vk2Bw0Uu5jBMEyaaLgkTYGNl5JLbPFTAUY0MoU9zcarMhVZShCa5kQnDnv7xImqdV1/Dbs0rtchZHkRyQI3JCXHJOauSG1EmDMPJInskrebOerBfr3fqYlhasWc8++QPr8wcwWJmi</latexit><latexit sha1_base64="wAiYAx2qiE6WdNj32nZzk60xGVQ=">AAACBXicbVDLSsNAFJ3UV62vqktdBIvgqiQi6LIoiMsK9gFtKZPJTTt0MgkzN2IJ2bjxV9y4UMSt/+DOv3HSdqGtBwYO59zXHC8WXKPjfFuFpeWV1bXiemljc2t7p7y719RRohg0WCQi1faoBsElNJCjgHasgIaegJY3usr91j0ozSN5h+MYeiEdSB5wRtFI/fJhF+EBJ3NSBX6WdkOKQ0ZFep1l/XLFqToT2IvEnZEKmaHeL391/YglIUhkgmrdcZ0YeylVyJmArNRNNMSUjegAOoZKGoLupZPtmX1sFN8OImWeRHui/u5Iaaj1OPRMZX6jnvdy8T+vk2Bw0Uu5jBMEyaaLgkTYGNl5JLbPFTAUY0MoU9zcarMhVZShCa5kQnDnv7xImqdV1/Dbs0rtchZHkRyQI3JCXHJOauSG1EmDMPJInskrebOerBfr3fqYlhasWc8++QPr8wcwWJmi</latexit><latexit sha1_base64="wAiYAx2qiE6WdNj32nZzk60xGVQ=">AAACBXicbVDLSsNAFJ3UV62vqktdBIvgqiQi6LIoiMsK9gFtKZPJTTt0MgkzN2IJ2bjxV9y4UMSt/+DOv3HSdqGtBwYO59zXHC8WXKPjfFuFpeWV1bXiemljc2t7p7y719RRohg0WCQi1faoBsElNJCjgHasgIaegJY3usr91j0ozSN5h+MYeiEdSB5wRtFI/fJhF+EBJ3NSBX6WdkOKQ0ZFep1l/XLFqToT2IvEnZEKmaHeL391/YglIUhkgmrdcZ0YeylVyJmArNRNNMSUjegAOoZKGoLupZPtmX1sFN8OImWeRHui/u5Iaaj1OPRMZX6jnvdy8T+vk2Bw0Uu5jBMEyaaLgkTYGNl5JLbPFTAUY0MoU9zcarMhVZShCa5kQnDnv7xImqdV1/Dbs0rtchZHkRyQI3JCXHJOauSG1EmDMPJInskrebOerBfr3fqYlhasWc8++QPr8wcwWJmi</latexit>

9u :
<latexit sha1_base64="McCJ8/oup01pE8KUqKQFOnkckDQ="></latexit><latexit sha1_base64="McCJ8/oup01pE8KUqKQFOnkckDQ="></latexit><latexit sha1_base64="McCJ8/oup01pE8KUqKQFOnkckDQ="></latexit><latexit sha1_base64="McCJ8/oup01pE8KUqKQFOnkckDQ="></latexit>

x
<latexit sha1_base64="Cw1/rLllmMAndmnkataDKFawOeA=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF71VsK3YhrLZbtqlm03YfRFL6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMb6PqCGS6F4CwVKfp9oTqNA8k4wvsr9ziPXRsTqDicJ9yM6VCIUjKKVHnoRxVEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1GNgkk+rfRSwxPKxnTIu5YqGnHjZ7PEU3JilQEJY22fQjJTf29kNDJmEgV2Mk9oFr1c/M/rphhe+plQSYpcsflHYSoJxiQ/nwyE5gzlxBLKtLBZCRtRTRnakiq2BG/x5GXSPqt7bt27Pa81boo6ynAEx3AKHlxAA66hCS1goOAZXuHNMc6L8+58zEdLTrFzCH/gfP4A/1SRIw==</latexit><latexit sha1_base64="Cw1/rLllmMAndmnkataDKFawOeA=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF71VsK3YhrLZbtqlm03YfRFL6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMb6PqCGS6F4CwVKfp9oTqNA8k4wvsr9ziPXRsTqDicJ9yM6VCIUjKKVHnoRxVEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1GNgkk+rfRSwxPKxnTIu5YqGnHjZ7PEU3JilQEJY22fQjJTf29kNDJmEgV2Mk9oFr1c/M/rphhe+plQSYpcsflHYSoJxiQ/nwyE5gzlxBLKtLBZCRtRTRnakiq2BG/x5GXSPqt7bt27Pa81boo6ynAEx3AKHlxAA66hCS1goOAZXuHNMc6L8+58zEdLTrFzCH/gfP4A/1SRIw==</latexit><latexit sha1_base64="Cw1/rLllmMAndmnkataDKFawOeA=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF71VsK3YhrLZbtqlm03YfRFL6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMb6PqCGS6F4CwVKfp9oTqNA8k4wvsr9ziPXRsTqDicJ9yM6VCIUjKKVHnoRxVEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1GNgkk+rfRSwxPKxnTIu5YqGnHjZ7PEU3JilQEJY22fQjJTf29kNDJmEgV2Mk9oFr1c/M/rphhe+plQSYpcsflHYSoJxiQ/nwyE5gzlxBLKtLBZCRtRTRnakiq2BG/x5GXSPqt7bt27Pa81boo6ynAEx3AKHlxAA66hCS1goOAZXuHNMc6L8+58zEdLTrFzCH/gfP4A/1SRIw==</latexit><latexit sha1_base64="Cw1/rLllmMAndmnkataDKFawOeA=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeCF71VsK3YhrLZbtqlm03YfRFL6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIJHCoOt+O6WV1bX1jfJmZWt7Z3evun/QNnGqGW+xWMb6PqCGS6F4CwVKfp9oTqNA8k4wvsr9ziPXRsTqDicJ9yM6VCIUjKKVHnoRxVEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkacYVMUmO6npugn1GNgkk+rfRSwxPKxnTIu5YqGnHjZ7PEU3JilQEJY22fQjJTf29kNDJmEgV2Mk9oFr1c/M/rphhe+plQSYpcsflHYSoJxiQ/nwyE5gzlxBLKtLBZCRtRTRnakiq2BG/x5GXSPqt7bt27Pa81boo6ynAEx3AKHlxAA66hCS1goOAZXuHNMc6L8+58zEdLTrFzCH/gfP4A/1SRIw==</latexit>

min
t

l
�
x(t)

�
> 0

<latexit sha1_base64="4hW6nl64fpMA7Q6OgopFc6S5tlw="></latexit><latexit sha1_base64="4hW6nl64fpMA7Q6OgopFc6S5tlw="></latexit><latexit sha1_base64="4hW6nl64fpMA7Q6OgopFc6S5tlw="></latexit><latexit sha1_base64="4hW6nl64fpMA7Q6OgopFc6S5tlw="></latexit>

l

0
t

<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

l

0
t

<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

min
t

l
�
x(t)

�
< 0

<latexit sha1_base64="AWC5Md7XWP1v4APUL+ZanQtW13c="></latexit><latexit sha1_base64="AWC5Md7XWP1v4APUL+ZanQtW13c="></latexit><latexit sha1_base64="AWC5Md7XWP1v4APUL+ZanQtW13c="></latexit><latexit sha1_base64="AWC5Md7XWP1v4APUL+ZanQtW13c="></latexit>

Environment

Agent

r
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

u
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

l
�
x(t)

�
<latexit sha1_base64="r57zQFA5pOgOCPwDA8eewAoE4gU="></latexit><latexit sha1_base64="r57zQFA5pOgOCPwDA8eewAoE4gU="></latexit><latexit sha1_base64="r57zQFA5pOgOCPwDA8eewAoE4gU="></latexit><latexit sha1_base64="r57zQFA5pOgOCPwDA8eewAoE4gU="></latexit>

Safety Bellman Equation

<latexit sha1_base64="v0ktBUsv95ITAxSprVT+6HyuJSw="></latexit>

xt+1 = f(xt, ut)



Hamilton-Jacobi Safety Analysis

0 = min

⇢
l(x, t)� V (x, t),

@V (x, t)

@t
+max

u2U
min
d2D

rxV (x, t)>f(x, u, d)

�

<latexit sha1_base64="RfXemGdckVFxhnfsndvCGZDxGuU="></latexit>

l(x, t)
<latexit sha1_base64="PQshdJWV/7Hx84HeyTy2mdWqips="></latexit> V (x, t)

<latexit sha1_base64="BXQImVMAg6PLEniEawnhP6jumFA="></latexit><latexit sha1_base64="BXQImVMAg6PLEniEawnhP6jumFA="></latexit><latexit sha1_base64="BXQImVMAg6PLEniEawnhP6jumFA="></latexit><latexit sha1_base64="BXQImVMAg6PLEniEawnhP6jumFA="></latexit>

[Fisac, Chen, Tomlin, and Sastry. HSCC 2015]

Continuous-Time Dynamic Programming

[Animation by Sylvia Herbert.]

V (x, t) = max
u2U

min
d2D

min
�
l(x, t), V

�
x+ f(x, u, d)�t, t+�t

� 
<latexit sha1_base64="zb8bJ6ZgXs7v9ILkNROgh3kVfC0="></latexit>

Discrete-Time Dynamic Programming

Safe set: states from which the controller can keep the system 
from entering any failure state in the future  ⟺

<latexit sha1_base64="oqZxrvhtSAXIHkuKbCRXechpY5s="></latexit>

V (x) � 0

ẋ = f(x, u, d)



Learning with Safety Filters

<latexit sha1_base64="esyX9rJMo7wjr+NxBDhdSsCGzkI="></latexit>

Qs

<latexit sha1_base64="YdsCd/E8LBg0ODb3ZO0+C/oOG9g="></latexit>

⇡l

HJI safety 
analysis

<latexit sha1_base64="z+1v3w+9biHd9zRQvxsc1QqWTRM="></latexit>

ul
t

<latexit sha1_base64="7O9w+NAIwQNebRqqN+Lo7CcJ60U=">AAACJXicbVDLSgNBEJz1GWPURI9eFoMgHsJuCOoxoIIXMaJ5QHYJs5NOMmT2wUyvGJb9BK/6CX6NNxE8+StOHgeTWDBQVHdPdZcXCa7Qsr6NldW19Y3NzFZ2O7ezu5cv7DdUGEsGdRaKULY8qkDwAOrIUUArkkB9T0DTG16O680nkIqHwSOOInB92g94jzOKWnqIO9jJF62SNYG5TOwZKZIZap2CkXO6IYt9CJAJqlTbtiJ0EyqRMwFp1okVRJQNaR/amgbUB+Umk11T81grXbMXSv0CNCfq34mE+kqNfE93+hQHarE2Fv+rtWPsXbgJD6IYIWBTo14sTAzN8eFml0tgKEaaUCa53tVkAyopQx3PnIvn6xuuQN8m4Vb73EUgKYbyNHHgOdKfpIkz9ve85DpNdX72YlrLpFEu2Welyn2lWC3PksyQQ3JETohNzkmV3JAaqRNG+uSFvJI34934MD6Nr2nrijGbOSBzMH5+Ad9hpWo=</latexit>ut
<latexit sha1_base64="eKwdO0JZvGf4NUe5OmXrpIwbSFA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMrqd+65FrI2L1gOOE+xEdKBEKRtFK90897JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqnd5nEU4QiO4RQ8uIQa3EAdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wd2RY3z</latexit>xt

Control barrier 
function

Model-
predictive 
shielding

Safety 
critic

maintains safety for all time from any initial state 
that is safe under     , i.e.                               .

Theorem: any safety filter       that enforces

<latexit sha1_base64="5isrEVzY+eighGEPJ6d1kw7jci8="></latexit>

Qs
�
x,⇡⇤(x, ul)

�
> 0

<latexit sha1_base64="IYFuAf5ECAuDJJLArpbtlK6wVyI="></latexit>

Qs
�
x0,⇡

s(x0)
�
> 0

<latexit sha1_base64="LDqsRr6tz8aDDl9CJYyFY8tdXGM="></latexit>x0

<latexit sha1_base64="b7xHY8KIMugI2xz3ASjAg60hEmc="></latexit>

⇡⇤

<latexit sha1_base64="loEKh/5uGnaiSUTYHfTMRSGPnRc="></latexit>

⇡s

Moreover, (1) is recursively enforceable, since 
can always choose           .

<latexit sha1_base64="rdx3rss7E4RZ0CEWgFxHbMzeITA="></latexit>

⇡s(x)

(1)

<latexit sha1_base64="b7xHY8KIMugI2xz3ASjAg60hEmc="></latexit>

⇡⇤

<latexit sha1_base64="MHZoIcIHdRCBHCLYGKI/4AQ+fJI="></latexit>

Qs(x, u) > 0 =) known     maintains safety after taking action     from    .<latexit sha1_base64="XSZZhUOpYRpj1u4uav3iPhM9sE4="></latexit>x<latexit sha1_base64="K2H3OynUIFbqNqTbfypib0VnDmE="></latexit>u
<latexit sha1_base64="LRFWKAm+ygOwdAokoD7Ns188aOg="></latexit>

⇡s
Safety Discriminator

modifies the proposed action to avoid future safety violations. 
Safety Filter

<latexit sha1_base64="tBOxyfVhjOONXgsFLOWYKUNbbDE="></latexit>

⇡⇤(x, u)

Safety Filter

Safety Discriminator

Learning Policy

<latexit sha1_base64="b7xHY8KIMugI2xz3ASjAg60hEmc="></latexit>

⇡⇤



Model-Predictive Shielding

<latexit sha1_base64="esyX9rJMo7wjr+NxBDhdSsCGzkI="></latexit>

Qs

<latexit sha1_base64="YdsCd/E8LBg0ODb3ZO0+C/oOG9g="></latexit>

⇡l

<latexit sha1_base64="z+1v3w+9biHd9zRQvxsc1QqWTRM="></latexit>

ul
t

<latexit sha1_base64="7O9w+NAIwQNebRqqN+Lo7CcJ60U=">AAACJXicbVDLSgNBEJz1GWPURI9eFoMgHsJuCOoxoIIXMaJ5QHYJs5NOMmT2wUyvGJb9BK/6CX6NNxE8+StOHgeTWDBQVHdPdZcXCa7Qsr6NldW19Y3NzFZ2O7ezu5cv7DdUGEsGdRaKULY8qkDwAOrIUUArkkB9T0DTG16O680nkIqHwSOOInB92g94jzOKWnqIO9jJF62SNYG5TOwZKZIZap2CkXO6IYt9CJAJqlTbtiJ0EyqRMwFp1okVRJQNaR/amgbUB+Umk11T81grXbMXSv0CNCfq34mE+kqNfE93+hQHarE2Fv+rtWPsXbgJD6IYIWBTo14sTAzN8eFml0tgKEaaUCa53tVkAyopQx3PnIvn6xuuQN8m4Vb73EUgKYbyNHHgOdKfpIkz9ve85DpNdX72YlrLpFEu2Welyn2lWC3PksyQQ3JETohNzkmV3JAaqRNG+uSFvJI34934MD6Nr2nrijGbOSBzMH5+Ad9hpWo=</latexit>ut
<latexit sha1_base64="eKwdO0JZvGf4NUe5OmXrpIwbSFA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi94q2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMrqd+65FrI2L1gOOE+xEdKBEKRtFK90897JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqnd5nEU4QiO4RQ8uIQa3EAdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wd2RY3z</latexit>xt

maintains safety for all time from any initial state 
that is safe under     , i.e.                               .

Theorem: the safety filter       given by

<latexit sha1_base64="LDqsRr6tz8aDDl9CJYyFY8tdXGM="></latexit>x0

<latexit sha1_base64="b7xHY8KIMugI2xz3ASjAg60hEmc="></latexit>

⇡⇤

<latexit sha1_base64="loEKh/5uGnaiSUTYHfTMRSGPnRc="></latexit>

⇡s

<latexit sha1_base64="NlY3gRdzJYW6OlZH5lNiqKthGsU="></latexit>

⇡⇤(x, ul) :=

(
ul, Qs

�
x, ul

�
= 1

⇡s(x), Qs
�
x, ul

�
= 0

<latexit sha1_base64="IYFuAf5ECAuDJJLArpbtlK6wVyI="></latexit>

Qs
�
x0,⇡

s(x0)
�
> 0

Safety Discriminator

Safety Filter
<latexit sha1_base64="tBOxyfVhjOONXgsFLOWYKUNbbDE="></latexit>

⇡⇤(x, u)

Safety Filter

Safety Discriminator

Learning Policy

<latexit sha1_base64="b7xHY8KIMugI2xz3ASjAg60hEmc="></latexit>

⇡⇤

<latexit sha1_base64="75qxPcC0tEqwfnPaPbWTe4fir/k="></latexit>

⇡s

Safety Policy
<latexit sha1_base64="K9KAje+TnIiR45fuYpMOtu/M3f4="></latexit>

us
t

: Policy Rollout

: Policy Switch

<latexit sha1_base64="oX4bSicx+Bk0e1wsEK9f6PAmVoE="></latexit>

Qs(x, u) :=
�
9⌧ 2 [t1, T ],x

⇡s

x1,t1(⌧) 2 ⌦⇡ ^ 8s 2 [t1, ⌧ ],x
⇡s

x1,t1(s) 62 F
 

replaces   by   whenever  . 
<latexit sha1_base64="DFfeCAx6JTz5Y3chjWMzY1PAvvw="></latexit>

ul <latexit sha1_base64="8IOBxOKQONGIKCcrVSduLiaA3mI="></latexit>

us <latexit sha1_base64="dAV90P7xIND8JUgXDq9xkmQakR8="></latexit>

Qs(x, ul) = 0

<latexit sha1_base64="/nxeI9hu3deeUCfxEs1l1jCctxo="></latexit>

x1 := xu
x,t0(t1)

<latexit sha1_base64="owJR3OwBNc18kqTI7tq+NAypq/k="></latexit>

t1 := t0 +�t

<latexit sha1_base64="z+1v3w+9biHd9zRQvxsc1QqWTRM="></latexit>

ul
t

<latexit sha1_base64="75qxPcC0tEqwfnPaPbWTe4fir/k="></latexit>

⇡s



Safe

Unsafe

Unsafe

V (x) � 0

V (x) < 0

V (x) < 0

u 2 U
<latexit sha1_base64="pi0J4eKwZyTTjdMlppjosxJCpzM=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4kGGmvncFXbisYB/QGUomTdvQTGZI7ohlmP9w46+4caGIK8GFf2P6WGjrgYTDOffe3JwgFlyD43xbuYXFpeWV/GphbX1jc6u4vVPXUaIoq9FIRKoZEM0El6wGHARrxoqRMBCsEQyuRn7jninNI3kHw5j5IelJ3uWUgJHaxbIH7AHGc1qqF/ipY5fPjhz79MJcl+dZmmTY4xJ7IYE+JSKtZe1iybGdMfA8caekhKaotoufXieiScgkUEG0brlODH5KFHAqWFbwEs1iQgekx1qGShIy7afjnTJ8YJQO7kbKHAl4rP7uSEmo9TAMTOVoRT3rjcT/vFYC3Qs/5TJOgEk6eaibCAwRHgWFO1wxCmJoCKGKm10x7RNFKJg4CyYEd/bL86Rett1j27k9KVWup3Hk0R7aR4fIReeogm5QFdUQRY/oGb2iN+vJerHerY9Jac6a9uyiP7C+fgCcUZ/o</latexit>

renders the safe set controlled-invariant 
if                 on the boundary                .

Theorem: the least-restrictive control law

u(x) 2
(
U V (x) � ✏ > 0

{u⇤(x)} V (x) < ✏

<latexit sha1_base64="srU0D4PfUooelEeSe8MKzN77wVs="></latexit>

d 2 intD̂(x)

<latexit sha1_base64="4sWu8ONgUMAeAWYBSAyDopqbaGQ="></latexit>

{V (x) = 0}
<latexit sha1_base64="zZkf4zbbECjPrRS84+lvnUTfjGc="></latexit>
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d 2 D̂(x)

<latexit sha1_base64="FREIeOwd6d83NxSkUc6t0HnWkNU="></latexit>

z̈ = kTu� g + d
<latexit sha1_base64="ybnO5TYDPBdGL0zOIMg2woWyZ7g="></latexit>

Hamilton-Jacobi Safety Analysis



Learning With Safety Envelope Protection
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A guarantee is as good as the model it is based on.

Model error is inevitable in real-world environments.



Guarantee: proven theoretical property of a model

Assurance: high-confidence statement about a real system

(typically based on model guarantees)



Safe

Unsafe

Unsafe

V (x) � 0

V (x) < 0

V (x) < 0

u 2 U
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renders the  safe   set controlled-invariant 
if                 on the boundary                .

Theorem: the least-restrictive control law

u(x) 2
(
U V (x) � ↵+ ✏

{u⇤(x)} V (x) < ↵+ ✏
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✏ > 0
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z̈ = kTu� g + d
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The Safety Onion

↵ � 0
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Use data-driven analysis to update the probability that each 

theoretical safety level curve is usable for the real system.



d(·) ⇠ GP
�
µ(·), k(·, ·)

�

d(x)

x

Gaussian process (GP)

Bayesian Quantification of Model Error

d 2 D̂(x)
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ẋ = f(x, u, d)

Observations: X,d
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GP prior

GP posterior
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Preserving Safety in Unforeseen Conditions
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Bayesian safety validation

Assume safety analysis holds
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Iteratively Recomputing Safety
As we acquire new information about the environment 
(in this case the unknown part  of the dynamics) 
we can recompute the safe set and safety policy.

d(x)
At the same time, online (local) safety validation 
helps prevent reliance on any overly optimistic analysis 
resulting from incomplete or misleading exploration.



Hamilton-Jacobi safety analysis is a powerful decision-making tool.

It is also extremely costly for high-dimensional nonlinear systems.



What if we don’t have a Hamilton-Jacobi safety value function? 





Empirical Safety: Rapid Motor Adaptation



Can we use learning to compute best-eff 





From Grids to Neural Networks

A grid discretization is essentially a (rather inefficient) function approximator.

Can we represent the value function/optimal policy in a more scalable form?

Nearest-neighbor interpolation Multilinear interpolation



From Grids to Neural Networks

A neural network is a “universal” gradient-trainable function approximator.

Similar to deep RL, we can approximate the safe control problem using neural networks.

can represent any continuous function to

arbitrary accuracy with enough units

(Universal Representation Theorem)

“Universal” approximator

Resolution-complete methods

“Universal” approximator

Resolution-complete methods ?



Self-Supervised Value Learning: DeepReach

Loss function: penalizes HJI error incurred by the learned value function .
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�� Training loss

Self-supervision: repeatedly sample a batch of space-time points  and update . 
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Deep representation: the value function is represented through a neural network .
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Self-Supervised Value Learning: DeepReach
Sinusoidal networks: sinusoidal activation function works well in practice. 

Comparison graphic 
by Somil Bansal (USC).

[Bansal and Tomlin. DeepReach: A Deep Learning Approach to High-Dimensional Reachability. ICRA 2021]

https://ieeexplore.ieee.org/document/9561949


Reinforcement Learning: Beyond Rewards

Environment

Agent
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How do we discount a minimum?

Contraction mapping

J(x) = inf
t�0

l
�
x(t)

�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="IyRH8JpN0JeITLa2qRNxSuoI9SQ="></latexit>

V (x) = min
n
l(x),max

u2U
V (x0)

o
Not a contraction mapping



l

0
t

<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

<latexit sha1_base64="xEY05lEJZ6+3iWUU0ellGyeZz1Y="></latexit>

V (x) = min

⇢
l(x),max

u2U
V (x0)

�

<latexit sha1_base64="SjR+xprVobcCobnS1f+bJ1jBiuE="></latexit>

V (x) = (1� �)l(x) + �min
n
l(x),max

u2U
V (x0)

o

� 2 [0, 1)
<latexit sha1_base64="7jIX0Fdu86oOPGY9POgGX2fCUEM="></latexit><latexit sha1_base64="7jIX0Fdu86oOPGY9POgGX2fCUEM="></latexit><latexit sha1_base64="7jIX0Fdu86oOPGY9POgGX2fCUEM="></latexit><latexit sha1_base64="7jIX0Fdu86oOPGY9POgGX2fCUEM="></latexit>

[Fisac*, Lugovoy*, et al. Bridging Hamilton-Jacobi safety analysis and reinforcement learning. ICRA 2019]

https://ieeexplore.ieee.org/document/8794107


Reinforcement Learning: Beyond Rewards

Environment

Agent

r
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

u
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="jiUcjjQoFr4WGU4u28JwqKAiOBc="></latexit>

V (x) = max
u2U

(1� �)r(x, u) + �
⇣
r(x, u) + V (x0)

⌘

Safety

Performance J(x) =
1X

t=0

�tr
�
x(t)

�

<latexit sha1_base64="Ur3oDzMGTJ2KTJHvJAHQjSCoueQ="></latexit><latexit sha1_base64="Ur3oDzMGTJ2KTJHvJAHQjSCoueQ="></latexit><latexit sha1_base64="Ur3oDzMGTJ2KTJHvJAHQjSCoueQ="></latexit><latexit sha1_base64="Ur3oDzMGTJ2KTJHvJAHQjSCoueQ="></latexit>

<latexit sha1_base64="3aZk+grluGCXMFBkMxgnIy3RLYY="></latexit>

V (x) = max
u2U

r(x, u) + �V (x0) Contraction mapping

J(x) = inf
t�0

l
�
x(t)

�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="IyRH8JpN0JeITLa2qRNxSuoI9SQ="></latexit>

V (x) = min
n
l(x),max

u2U
V (x0)

o

<latexit sha1_base64="SjR+xprVobcCobnS1f+bJ1jBiuE="></latexit>

V (x) = (1� �)l(x) + �min
n
l(x),max

u2U
V (x0)

o
Contraction mapping



Contraction Mapping Result
Theorem: The time-discounted safety Bellman equation 

    induces a contraction in the space of value functions under the supremum norm.

Let                         then there exists a constant                 such thatV, Ṽ : X ! R
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|B[V ](x)�B[Ṽ ](x)| = �|min{l(x),max
u2U

V
�
x+ f(x, u)�t

�
}�min{l(x),max

ũ2U
Ṽ
�
x+ f(x, ũ)�t

�
}|

<latexit sha1_base64="Ahwkca8qY7/w8Qh7fZk5NcYVvRo="></latexit><latexit sha1_base64="Ahwkca8qY7/w8Qh7fZk5NcYVvRo="></latexit><latexit sha1_base64="Ahwkca8qY7/w8Qh7fZk5NcYVvRo="></latexit><latexit sha1_base64="Ahwkca8qY7/w8Qh7fZk5NcYVvRo="></latexit>

 �|max
u2U

V
�
x+ f(x, u)�t

�
�max

ũ2U
Ṽ
�
x+ f(x, ũ)�t

�
|

<latexit sha1_base64="hOgfGzI/mlT+OM3Mc6Ax9tU3RCU="></latexit><latexit sha1_base64="hOgfGzI/mlT+OM3Mc6Ax9tU3RCU="></latexit><latexit sha1_base64="hOgfGzI/mlT+OM3Mc6Ax9tU3RCU="></latexit><latexit sha1_base64="hOgfGzI/mlT+OM3Mc6Ax9tU3RCU="></latexit>

�|V
�
x+ f(x, u⇤)�t

�
� Ṽ

�
x+ f(x, u⇤)�t

�
|

<latexit sha1_base64="oe7TjSA2y9vrD1nAQ7p+/XDQbVQ="></latexit><latexit sha1_base64="oe7TjSA2y9vrD1nAQ7p+/XDQbVQ="></latexit><latexit sha1_base64="oe7TjSA2y9vrD1nAQ7p+/XDQbVQ="></latexit><latexit sha1_base64="oe7TjSA2y9vrD1nAQ7p+/XDQbVQ="></latexit>

 �max
u2U

|V
�
x+ f(x, u)�t

�
� Ṽ

�
x+ f(x, u)�t

�
|

<latexit sha1_base64="knW6ZJLVd5QKf0yGQz8Ux9yFH8g="></latexit><latexit sha1_base64="knW6ZJLVd5QKf0yGQz8Ux9yFH8g="></latexit><latexit sha1_base64="knW6ZJLVd5QKf0yGQz8Ux9yFH8g="></latexit><latexit sha1_base64="knW6ZJLVd5QKf0yGQz8Ux9yFH8g="></latexit>

 � sup
x̃

|V (x̃)� Ṽ (x̃)| = �kV � Ṽ k1
<latexit sha1_base64="koEBRH51hC4pKki0f7nvrGrJPBU="></latexit><latexit sha1_base64="koEBRH51hC4pKki0f7nvrGrJPBU="></latexit><latexit sha1_base64="koEBRH51hC4pKki0f7nvrGrJPBU="></latexit><latexit sha1_base64="koEBRH51hC4pKki0f7nvrGrJPBU="></latexit>

Let the first max be greater, 
and achieved by             .u⇤ 2 U

<latexit sha1_base64="iFuGhXlGpzG42qSRzY3Bf+mQYqE=">AAAB+nicdVDLSgMxFM3UV62vVpdugkUQF8NMnb52BTe6q2Af0BlLJk3b0ExmSDJKGfspblwo4tYvceffmGkrqOiBwOGce7knx48YlcqyPozMyura+kZ2M7e1vbO7ly/st2UYC0xaOGSh6PpIEkY5aSmqGOlGgqDAZ6TjT85Tv3NLhKQhv1bTiHgBGnE6pBgpLfXzhfjm1KXcDZAaY8SS1qyfL1pmyXZq5Qq0zLJ9VnZSUq869YoFbdOaowiWaPbz7+4gxHFAuMIMSdmzrUh5CRKKYkZmOTeWJEJ4gkakpylHAZFeMo8+g8daGcBhKPTjCs7V7xsJCqScBr6eTCPK314q/uX1YjWseQnlUawIx4tDw5hBFcK0BziggmDFppogLKjOCvEYCYSVbiunS/j6KfyftEumbZn2lVNsXC7ryIJDcAROgA2qoAEuQBO0AAZ34AE8gWfj3ng0XozXxWjGWO4cgB8w3j4Bz9iUZA==</latexit><latexit sha1_base64="iFuGhXlGpzG42qSRzY3Bf+mQYqE=">AAAB+nicdVDLSgMxFM3UV62vVpdugkUQF8NMnb52BTe6q2Af0BlLJk3b0ExmSDJKGfspblwo4tYvceffmGkrqOiBwOGce7knx48YlcqyPozMyura+kZ2M7e1vbO7ly/st2UYC0xaOGSh6PpIEkY5aSmqGOlGgqDAZ6TjT85Tv3NLhKQhv1bTiHgBGnE6pBgpLfXzhfjm1KXcDZAaY8SS1qyfL1pmyXZq5Qq0zLJ9VnZSUq869YoFbdOaowiWaPbz7+4gxHFAuMIMSdmzrUh5CRKKYkZmOTeWJEJ4gkakpylHAZFeMo8+g8daGcBhKPTjCs7V7xsJCqScBr6eTCPK314q/uX1YjWseQnlUawIx4tDw5hBFcK0BziggmDFppogLKjOCvEYCYSVbiunS/j6KfyftEumbZn2lVNsXC7ryIJDcAROgA2qoAEuQBO0AAZ34AE8gWfj3ng0XozXxWjGWO4cgB8w3j4Bz9iUZA==</latexit><latexit sha1_base64="iFuGhXlGpzG42qSRzY3Bf+mQYqE=">AAAB+nicdVDLSgMxFM3UV62vVpdugkUQF8NMnb52BTe6q2Af0BlLJk3b0ExmSDJKGfspblwo4tYvceffmGkrqOiBwOGce7knx48YlcqyPozMyura+kZ2M7e1vbO7ly/st2UYC0xaOGSh6PpIEkY5aSmqGOlGgqDAZ6TjT85Tv3NLhKQhv1bTiHgBGnE6pBgpLfXzhfjm1KXcDZAaY8SS1qyfL1pmyXZq5Qq0zLJ9VnZSUq869YoFbdOaowiWaPbz7+4gxHFAuMIMSdmzrUh5CRKKYkZmOTeWJEJ4gkakpylHAZFeMo8+g8daGcBhKPTjCs7V7xsJCqScBr6eTCPK314q/uX1YjWseQnlUawIx4tDw5hBFcK0BziggmDFppogLKjOCvEYCYSVbiunS/j6KfyftEumbZn2lVNsXC7ryIJDcAROgA2qoAEuQBO0AAZ34AE8gWfj3ng0XozXxWjGWO4cgB8w3j4Bz9iUZA==</latexit><latexit sha1_base64="iFuGhXlGpzG42qSRzY3Bf+mQYqE=">AAAB+nicdVDLSgMxFM3UV62vVpdugkUQF8NMnb52BTe6q2Af0BlLJk3b0ExmSDJKGfspblwo4tYvceffmGkrqOiBwOGce7knx48YlcqyPozMyura+kZ2M7e1vbO7ly/st2UYC0xaOGSh6PpIEkY5aSmqGOlGgqDAZ6TjT85Tv3NLhKQhv1bTiHgBGnE6pBgpLfXzhfjm1KXcDZAaY8SS1qyfL1pmyXZq5Qq0zLJ9VnZSUq869YoFbdOaowiWaPbz7+4gxHFAuMIMSdmzrUh5CRKKYkZmOTeWJEJ4gkakpylHAZFeMo8+g8daGcBhKPTjCs7V7xsJCqScBr6eTCPK314q/uX1YjWseQnlUawIx4tDw5hBFcK0BziggmDFppogLKjOCvEYCYSVbiunS/j6KfyftEumbZn2lVNsXC7ryIJDcAROgA2qoAEuQBO0AAZ34AE8gWfj3ng0XozXxWjGWO4cgB8w3j4Bz9iUZA==</latexit>

V
<latexit sha1_base64="vg//e0DUByMA+bPVSDJ5c5X90m8=">AAACDXicbVC7TsMwFHXKq5RXgJEloiAxoCipgJatgoWxSPQhpVHluE5r1XnIvkFUUX6AhV9hYQAhVnY2/gY37QAtR7J1dM6919fHizmTYFnfWmFpeWV1rbhe2tjc2t7Rd/daMkoEoU0S8Uh0PCwpZyFtAgNOO7GgOPA4bXuj64nfvqdCsii8g3FM3QAPQuYzgkFJPf0o7QJ9gHyQIwaem1pm5eLUMs9r6rqsZmkry3p62TKtHMYisWekjGZo9PSvbj8iSUBDIBxL6dhWDG6KBTDCaVbqJpLGmIzwgDqKhjig0k3zJTLjWCl9w4+EOiEYufq7I8WBlOPAU5UBhqGc9ybif56TgF9zUxbGCdCQTB/yE25AZEyiMfpMUAJ8rAgmgqldDTLEAhNQAZZUCPb8lxdJq2Lait+eletXsziK6AAdohNkoyqqoxvUQE1E0CN6Rq/oTXvSXrR37WNaWtBmPfvoD7TPHw3rmjs=</latexit><latexit sha1_base64="vg//e0DUByMA+bPVSDJ5c5X90m8=">AAACDXicbVC7TsMwFHXKq5RXgJEloiAxoCipgJatgoWxSPQhpVHluE5r1XnIvkFUUX6AhV9hYQAhVnY2/gY37QAtR7J1dM6919fHizmTYFnfWmFpeWV1rbhe2tjc2t7Rd/daMkoEoU0S8Uh0PCwpZyFtAgNOO7GgOPA4bXuj64nfvqdCsii8g3FM3QAPQuYzgkFJPf0o7QJ9gHyQIwaem1pm5eLUMs9r6rqsZmkry3p62TKtHMYisWekjGZo9PSvbj8iSUBDIBxL6dhWDG6KBTDCaVbqJpLGmIzwgDqKhjig0k3zJTLjWCl9w4+EOiEYufq7I8WBlOPAU5UBhqGc9ybif56TgF9zUxbGCdCQTB/yE25AZEyiMfpMUAJ8rAgmgqldDTLEAhNQAZZUCPb8lxdJq2Lait+eletXsziK6AAdohNkoyqqoxvUQE1E0CN6Rq/oTXvSXrR37WNaWtBmPfvoD7TPHw3rmjs=</latexit><latexit sha1_base64="vg//e0DUByMA+bPVSDJ5c5X90m8=">AAACDXicbVC7TsMwFHXKq5RXgJEloiAxoCipgJatgoWxSPQhpVHluE5r1XnIvkFUUX6AhV9hYQAhVnY2/gY37QAtR7J1dM6919fHizmTYFnfWmFpeWV1rbhe2tjc2t7Rd/daMkoEoU0S8Uh0PCwpZyFtAgNOO7GgOPA4bXuj64nfvqdCsii8g3FM3QAPQuYzgkFJPf0o7QJ9gHyQIwaem1pm5eLUMs9r6rqsZmkry3p62TKtHMYisWekjGZo9PSvbj8iSUBDIBxL6dhWDG6KBTDCaVbqJpLGmIzwgDqKhjig0k3zJTLjWCl9w4+EOiEYufq7I8WBlOPAU5UBhqGc9ybif56TgF9zUxbGCdCQTB/yE25AZEyiMfpMUAJ8rAgmgqldDTLEAhNQAZZUCPb8lxdJq2Lait+eletXsziK6AAdohNkoyqqoxvUQE1E0CN6Rq/oTXvSXrR37WNaWtBmPfvoD7TPHw3rmjs=</latexit><latexit sha1_base64="vg//e0DUByMA+bPVSDJ5c5X90m8=">AAACDXicbVC7TsMwFHXKq5RXgJEloiAxoCipgJatgoWxSPQhpVHluE5r1XnIvkFUUX6AhV9hYQAhVnY2/gY37QAtR7J1dM6919fHizmTYFnfWmFpeWV1rbhe2tjc2t7Rd/daMkoEoU0S8Uh0PCwpZyFtAgNOO7GgOPA4bXuj64nfvqdCsii8g3FM3QAPQuYzgkFJPf0o7QJ9gHyQIwaem1pm5eLUMs9r6rqsZmkry3p62TKtHMYisWekjGZo9PSvbj8iSUBDIBxL6dhWDG6KBTDCaVbqJpLGmIzwgDqKhjig0k3zJTLjWCl9w4+EOiEYufq7I8WBlOPAU5UBhqGc9ybif56TgF9zUxbGCdCQTB/yE25AZEyiMfpMUAJ8rAgmgqldDTLEAhNQAZZUCPb8lxdJq2Lait+eletXsziK6AAdohNkoyqqoxvUQE1E0CN6Rq/oTXvSXrR37WNaWtBmPfvoD7TPHw3rmjs=</latexit>

Ṽ
<latexit sha1_base64="6/t5Xe6Q8XrvtIKNwVSrEXRe5Yc=">AAACFHicbVDLSgMxFM3Ud31VXboJFkFQyoz43IluXCrYB0yHkklv29DMg+SOWIb5CDf+ihsXirh14c6/MZ12oa0HEg7n3Htzc/xYCo22/W0VZmbn5hcWl4rLK6tr66WNzZqOEsWhyiMZqYbPNEgRQhUFSmjECljgS6j7/auhX78HpUUU3uEgBi9g3VB0BGdopFZpP20iPGA+yFVd30vtyuHJgV05PjPX+WlmfCHbQGtZ1iqV7Yqdg04TZ0zKZIybVumr2Y54EkCIXDKtXceO0UuZQsElZMVmoiFmvM+64BoasgC0l+a7ZHTXKG3aiZQ5IdJc/d2RskDrQeCbyoBhT096Q/E/z02wc+alIowThJCPHuokkmJEhwnRtlDAUQ4MYVwJsyvlPaYYR5Nj0YTgTH55mtQOK47ht0fli8txHItkm+yQPeKQU3JBrskNqRJOHskzeSVv1pP1Yr1bH6PSgjXu2SJ/YH3+AE6qnQ8=</latexit><latexit sha1_base64="6/t5Xe6Q8XrvtIKNwVSrEXRe5Yc=">AAACFHicbVDLSgMxFM3Ud31VXboJFkFQyoz43IluXCrYB0yHkklv29DMg+SOWIb5CDf+ihsXirh14c6/MZ12oa0HEg7n3Htzc/xYCo22/W0VZmbn5hcWl4rLK6tr66WNzZqOEsWhyiMZqYbPNEgRQhUFSmjECljgS6j7/auhX78HpUUU3uEgBi9g3VB0BGdopFZpP20iPGA+yFVd30vtyuHJgV05PjPX+WlmfCHbQGtZ1iqV7Yqdg04TZ0zKZIybVumr2Y54EkCIXDKtXceO0UuZQsElZMVmoiFmvM+64BoasgC0l+a7ZHTXKG3aiZQ5IdJc/d2RskDrQeCbyoBhT096Q/E/z02wc+alIowThJCPHuokkmJEhwnRtlDAUQ4MYVwJsyvlPaYYR5Nj0YTgTH55mtQOK47ht0fli8txHItkm+yQPeKQU3JBrskNqRJOHskzeSVv1pP1Yr1bH6PSgjXu2SJ/YH3+AE6qnQ8=</latexit><latexit sha1_base64="6/t5Xe6Q8XrvtIKNwVSrEXRe5Yc=">AAACFHicbVDLSgMxFM3Ud31VXboJFkFQyoz43IluXCrYB0yHkklv29DMg+SOWIb5CDf+ihsXirh14c6/MZ12oa0HEg7n3Htzc/xYCo22/W0VZmbn5hcWl4rLK6tr66WNzZqOEsWhyiMZqYbPNEgRQhUFSmjECljgS6j7/auhX78HpUUU3uEgBi9g3VB0BGdopFZpP20iPGA+yFVd30vtyuHJgV05PjPX+WlmfCHbQGtZ1iqV7Yqdg04TZ0zKZIybVumr2Y54EkCIXDKtXceO0UuZQsElZMVmoiFmvM+64BoasgC0l+a7ZHTXKG3aiZQ5IdJc/d2RskDrQeCbyoBhT096Q/E/z02wc+alIowThJCPHuokkmJEhwnRtlDAUQ4MYVwJsyvlPaYYR5Nj0YTgTH55mtQOK47ht0fli8txHItkm+yQPeKQU3JBrskNqRJOHskzeSVv1pP1Yr1bH6PSgjXu2SJ/YH3+AE6qnQ8=</latexit><latexit sha1_base64="6/t5Xe6Q8XrvtIKNwVSrEXRe5Yc=">AAACFHicbVDLSgMxFM3Ud31VXboJFkFQyoz43IluXCrYB0yHkklv29DMg+SOWIb5CDf+ihsXirh14c6/MZ12oa0HEg7n3Htzc/xYCo22/W0VZmbn5hcWl4rLK6tr66WNzZqOEsWhyiMZqYbPNEgRQhUFSmjECljgS6j7/auhX78HpUUU3uEgBi9g3VB0BGdopFZpP20iPGA+yFVd30vtyuHJgV05PjPX+WlmfCHbQGtZ1iqV7Yqdg04TZ0zKZIybVumr2Y54EkCIXDKtXceO0UuZQsElZMVmoiFmvM+64BoasgC0l+a7ZHTXKG3aiZQ5IdJc/d2RskDrQeCbyoBhT096Q/E/z02wc+alIowThJCPHuokkmJEhwnRtlDAUQ4MYVwJsyvlPaYYR5Nj0YTgTH55mtQOK47ht0fli8txHItkm+yQPeKQU3JBrskNqRJOHskzeSVv1pP1Yr1bH6PSgjXu2SJ/YH3+AE6qnQ8=</latexit>

x
<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit>
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[Watkins and Dayan. 1992] [Mnih et al. 2015]

Time-discounted state-action Safety Bellman Equation



Deep Q-Learning

Double Integrator 
(2D)

0
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Deep Q-Learning Lunar Lander (6D)



Learning to stay safe if staying safe is possible

Fraction of violations under the learned policy decreases towards volume of the true unsafe set.

Sample initial states uniformly throughout the state space and apply the learned safety policy.
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Sum of rewards (Lagrange objective)



Discounted safety Bellman equation



Discounted safety Bellman equation



Discounted safety Bellman equation



Works well in practice, but what about guarantees?

Do we have safety fi



Safety RL Meets Shielding!

Rollout Simulator

Safety Policy

Learning Policy
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⇡safe

Navigation task



How do we certify safety with fi

Learn policies to safely reach a known controlled-invariant set.



Reach-Avoid Reinforcement Learning

� 2 [0, 1)
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Time-discounted reach-avoid Bellman equation
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g(xs)
Convergent under-approximation:


The sublevel set  is a subset of  

and converges to  as .
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[Hsu, Rubies-Royo et al. Safety and Liveness Guarantees through Reach-Avoid Reinforcement Learning. RSS, 2021]

http://www.roboticsproceedings.org/rss17/p077.html


Reach-Avoid Reinforcement Learning



Simulation Stress Test

Baseline policy Safety policy

Previously unseen slippery terrain + randomly applied perturbation forces
Gait control task



Generalization Guarantees

[Majumdar et al. PAC-Bayes Control: Learning Policies that Provably Generalize to Novel Environments. CoRL, 2018]

PAC-Bayes theory: probabilistic bounds on performance and safety as long as 
deployment environments have the same distribution as training environments.

https://arxiv.org/abs/1806.04225


Sim-to-Lab-to-Real
Fine-tune control policies in controlled environments before deployment.

Co-training of performance and safety policies leads to stronger PAC-Bayes guarantees.

[Hsu, Ren, et al. Safe Reinforcement Learning with Shielding and Generalization Guarantees. Artificial Intelligence, 2022]

https://doi.org/10.1016/j.artint.2022.103811


Robustness beyond Training Conditions
Soft Actor-Critic trained with random disturbance (domain randomization) and no payload

Adversarial Safety Reinforcement Learning?





Some Takeaways

Safe Learning is critical for many real-world RL applications (can’t learn if you break).

Safety Filters allow RL systems to explore and learn within a safety envelope.

Learning-based Safety Analysis improves scalability, flexibility and robustness of Safe RL.





MIND THE GAP
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