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 → Billions ($) in savings/profit

George Nemhauser, Plenary at EURO INFORMS, 2013“[…] the overall value of linear 

optimization to the economy 
probably surpasses 5% overall or 

more than $1 trillion each year in the 
United States alone.”


Birge, J. R. (2022). George Bernard Dantzig. Production and Operations Management, 31, 1909– 1911. 

https://doi.org/10.1111/poms.13751 
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Data Center Resource Management Online Matching….

Matching users to movies MDP for Online Bipartite Matching



Optimization Formulation
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Local or Large Neighborhood search

Pierre Selim, 2-opt procedure, distributed 
under a CC BY-SA 3.0 license.

Mixed Integer 
Programming (MIP)

Problem Instance Algorithm Feasible Solution

9

…
(Unseen test instance)

Training dataset of TSP instances ML model or RL policy “fit” to training instances

{Tree search

Survey on the topic: Bengio, Yoshua, Andrea Lodi, and Antoine Prouvost. "Machine learning for 
combinatorial optimization: a methodological tour d’horizon." EJOR 290.2 (2021): 405-421.
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• Modeling iterative algorithms or online policies as MDPs


• Representation via Feedforward Networks or Graph Neural Networks


• Evaluation best practices in the context of combinatorial optimization
&RPSXWHUV DQG 2SHUDWLRQV 5HVHDUFK ��� ������ ������

�

N. Mazyavkina et al.

Fig. 1. Solving a CO problem with the RL approach requires formulating MDP. The environment is defined by a particular instance of CO problem (e.g. Max-Cut problem).
States are encoded with a neural network model (e.g. every node has a vector representation encoded by a graph neural network). The agent is driven by an RL algorithm
(e.g. Monte-Carlo Tree Search) and makes decisions that move the environment to the next state (e.g. removing a vertex from a solution set).

2.1. Combinatorial optimization problems

We start by considering mixed-integer linear programs (MILP) – a
constrained optimization problem, to which many practical applica-
tions can be reduced. Several industrial optimizers (e.g. Cplex, 2009;
Gleixner et al., 2017; Gurobi Optimization, 2020; The Sage Developers,
2020; Makhorin, 2012; Schrage, 1986) exist that use a branch-and-
bound technique to solve the MILP instance.

Definition 3 (Mixed-Integer Linear Program (MILP) (Wolsey, 1998)). A
mixed-integer linear program is an optimization problem of the form

argmin
x

�
cÒx  Ax f b, 0 f x, x À Zp ù Rn*p� ,

where c À Rn is the objective coefficient vector, A À Rmùn is the
constraint coefficient matrix, b À Rm is the constraint vector, and p f n
is the number of integer variables.

Next, we provide formulations of the combinatorial optimization
problems, their time complexity, and the state-of-the-art algorithms for
solving them.

Definition 4 (Traveling Salesman Problem (TSP)). Given a complete
weighted graph G = (V ,E), find a tour of minimum total weight, i.e. a
cycle of minimum length that visits each node of the graph exactly
once.

TSP is a canonical example of a combinatorial optimization prob-
lem, which has found applications in planning, data clustering, genome
sequencing, etc. (Applegate et al., 2006). TSP problem is NP-hard (Pa-
padimitriou and Steiglitz, 1998), and many exact, heuristic, and ap-
proximation algorithms have been developed, in order to solve it.
The best known exact algorithm is the Held–Karp algorithm (Held
and Karp, 1962). Published in 1962, it solves the problem in time
O(n22n), which has not been improved in the general setting since
then. TSP can be formulated as a MILP instance (Dantzig et al.,
1954; Miller et al., 1960), which allows one to apply MILP solvers,
such as Gurobi (Gurobi Optimization, 2020), in order to find the

exact or approximate solutions to TSP. Among them, Concorde (Ap-
plegate et al., 2006) is a specialized TSP solver that uses a combina-
tion of cutting-plane algorithms with a branch-and-bound approach.
Similarly, an extension of the Lin–Kernighan–Helsgaun TSP solver
(LKH3) (Helsgaun, 2017), which improves the Lin–Kernighan algo-
rithm (Lin and Kernighan, 1973), is a tour improvement method
that iteratively decides which edges to rewire to decrease the tour
length. More generic solvers that avoid local optima exist such as
OR-Tools (Perron and Furnon, 2019) that tackle vehicle routing prob-
lems through local search algorithms and metaheuristics. In addi-
tion to solvers, many heuristic algorithms have been developed, such
as Christofides–Serdyukov algorithm (Christofides, 1976; van Bevern
and Slugina, 2020), the Lin–Kernighan–Helsgaun heuristic (Helsgaun,
2000), 2-OPT local search (Mersmann et al., 2012). (Applegate et al.,
2006) provides an extensive overview of various approaches to TSP.

Definition 5 (Maximum Cut Problem (Max-Cut)). Given a graph G =
(V ,E), find a subset of vertices S œ V that maximizes a cut C(S,G) =≥

iÀS,jÀV ‰S wij where wij À W is the weight of the edge-connecting
vertices i and j.

Max-Cut solutions have found numerous applications in real-life
problems including protein folding (Perdomo-Ortiz et al., 2012), finan-
cial portfolio management (Elsokkary et al., 2017), and finding the
ground state of the Ising Hamiltonian in physics (Barahona, 1982).
Max-Cut is an NP-complete problem (Karp, 1972), and, hence, does not
have a known polynomial-time algorithm. Approximation algorithms
exist for Max-Cut, including deterministic 0.5-approximation (Mitzen-
macher and Upfal, 2005; Gonzalez, 2007) and randomized 0.878-
approximation (Goemans and Williamson, 1995). Industrial solvers can
be used to find a solution by applying the branch-and-bound routines.
In particular, Max-Cut problem can be transformed into a quadratic un-
constrained binary optimization problem and solved by CPLEX (Cplex,
2009), which takes within an hour for graph instances with hundreds
of vertices (Barrett et al., 2020). For larger instances several heuristics
using the simulated annealing technique have been proposed that could
scale to graphs with thousands of vertices (Yamamoto et al., 2017;
Tiunov et al., 2019; Leleu et al., 2019).

Mazyavkina, Nina, et al. "Reinforcement learning for 
combinatorial optimization: A survey." Computers & 

Operations Research (2021): 105400.
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Deep Reinforcement Learning for 
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The Case of Bipartite Matching

Joint work with Mohammad Ali Alomrani & Reza Morajev (Toronto)

arXiv:2109.10380

Published in Transactions of Machine Learning Research (TMLR)

https://arxiv.org/abs/2109.10380
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Mehta, Aranyak. "Online Matching and Ad Allocation." Foundations 
and Trends in Theoretical Computer Science 8.4 (2013): 265-368.
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Potential for ML
Online vs Offline optimization

The following make ML very suitable for Online Combinatorial Optimization:


✓“Data” more likely to exist since online means quick/repeated tasks


✓Approximation require lots of assumptions for online problems!


✓Online optimization fits nicely with Reinforcement Learning
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‣ Deterministic transitions

‣ Per-step rewards of all actions are observed before decisions

‣ Per-step reward of a given action may or may not be state-dependent
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Step 1 Step 2

…

Graph Neural Nets
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f(v4) =

Combinatorial optimization and reasoning with graph neural networks.

Q. Cappart, D. Chételat, E.B. Khalil, A. Lodi, C. Morris, P. Veličković.

https://arxiv.org/abs/2102.09544 

https://arxiv.org/abs/2102.09544
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Figure 3: Illustration of the neighborhood aggregation step of a GNN around node v4.

characterizing the goodness of each action, and policy-based methods, aiming to learn the
policy directly.

Imitation learning Imitation learning (Ross, 2013) attempts to solve sequential decision-
making problems by imitating another (“expert”) policy rather than relying on rewards for
feedback as done in RL. This makes imitation learning attractive for CO because, for many
control problems, one can devise rules that make excellent decisions but are not practical
because of computational cost or because they cheat by using information that would not
be available at solving time.

Imitation learning algorithms can be o✏ine or online. When o✏ine, examples of expert
behavior are collected beforehand, and the student policy’s training is done subsequently. In
this scenario, training is simply a form of supervised learning. When online, however, the
training occurs while interacting with the environment, usually by querying the expert for
advice when encountering new states. Online algorithms can be further subdivided into on-
policy and o↵-policy algorithms. In on-policy algorithms, the distribution of states from which
examples of expert actions were collected matches the student policy’s stationary distribution
to be updated. In o↵-policy algorithms, there is a mismatch between the distribution of
states from which the expert was queried and the distribution of states the student policy is
likely to encounter. Some o↵-policy algorithms attempt to correct this mismatch accordingly.

2.5 Graph Neural Networks

Intuitively, GNNs compute a vectorial representation, i.e., a d-dimensional real vector,
representing each node in a graph by aggregating information from neighboring nodes;
see Figure 3 for an illustration. Formally, let (G, l) be a labeled graph with an initial
node coloring f (0) : V (G) ! R1⇥d that is consistent with l. This means that each node
v is annotated with a feature f (0)(v) in R1⇥d such that f (0)(u) = f (0)(v) if l(u) = l(v).
Alternatively, f (0)(v) can be an arbitrary real-valued feature vector associated with v, such
as a cost function of a CO problem. A GNN model consists of a stack of neural network
layers. Each layer aggregates local neighborhood information, i.e., neighbors’ features, within
each node and then passes this aggregated information to the next layer.

GNNs are often realised as follows (Morris et al., 2019): in each layer t > 0, we compute
new features

f (t)(v) = �
⇣
f (t�1)(v) ·W (t)

1 +
X

w2N(v)

f (t�1)(w) ·W (t)
2

⌘
(1)

12Combinatorial optimization and reasoning with graph neural networks.

Q. Cappart, D. Chételat, E.B. Khalil, A. Lodi, C. Morris, P. Veličković.

https://arxiv.org/abs/2102.09544 
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‣ Invariant/Equivariant to node permutations


‣ Model parameters ( ) are shared                       
—> applies to graphs of arbitrary size 

‣ Expressive local/global features are learned 
through non-linear layers

W1, W2
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Graph Neural Nets
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characterizing the goodness of each action, and policy-based methods, aiming to learn the
policy directly.

Imitation learning Imitation learning (Ross, 2013) attempts to solve sequential decision-
making problems by imitating another (“expert”) policy rather than relying on rewards for
feedback as done in RL. This makes imitation learning attractive for CO because, for many
control problems, one can devise rules that make excellent decisions but are not practical
because of computational cost or because they cheat by using information that would not
be available at solving time.

Imitation learning algorithms can be o✏ine or online. When o✏ine, examples of expert
behavior are collected beforehand, and the student policy’s training is done subsequently. In
this scenario, training is simply a form of supervised learning. When online, however, the
training occurs while interacting with the environment, usually by querying the expert for
advice when encountering new states. Online algorithms can be further subdivided into on-
policy and o↵-policy algorithms. In on-policy algorithms, the distribution of states from which
examples of expert actions were collected matches the student policy’s stationary distribution
to be updated. In o↵-policy algorithms, there is a mismatch between the distribution of
states from which the expert was queried and the distribution of states the student policy is
likely to encounter. Some o↵-policy algorithms attempt to correct this mismatch accordingly.

2.5 Graph Neural Networks

Intuitively, GNNs compute a vectorial representation, i.e., a d-dimensional real vector,
representing each node in a graph by aggregating information from neighboring nodes;
see Figure 3 for an illustration. Formally, let (G, l) be a labeled graph with an initial
node coloring f (0) : V (G) ! R1⇥d that is consistent with l. This means that each node
v is annotated with a feature f (0)(v) in R1⇥d such that f (0)(u) = f (0)(v) if l(u) = l(v).
Alternatively, f (0)(v) can be an arbitrary real-valued feature vector associated with v, such
as a cost function of a CO problem. A GNN model consists of a stack of neural network
layers. Each layer aggregates local neighborhood information, i.e., neighbors’ features, within
each node and then passes this aggregated information to the next layer.

GNNs are often realised as follows (Morris et al., 2019): in each layer t > 0, we compute
new features
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varying |U|, |V|, weight distributions
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Other Details 

Train/Validation/Test split

Policy Gradient (REINFORCE) for RL training

<latexit sha1_base64="DJnyxPORiy8fHz62MmwXDwugTf8="></latexit>
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Distributions of the 
Optimality Ratios for E-OBM 
on BA graphs

Higher is better
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Distributions of the 
Optimality Ratios for OSBM 
on MovieLens graphs

Higher is better
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arXiv:2109.10380

• Online combinatorial optimization is very amenable to RL.


• Careful combination of feature engineering + MLP-based architecture 
design  seems to go a long way!


• GNN provides some edge when the data is rich and complex.

code linked in paper

Takeaways #1

https://arxiv.org/abs/2109.10380


Learning Combinatorial 
Optimization over Graphs
Our first attempt at RL for algorithm design

Joint work with Hanjun Dai (co-first author), Yuyu Zhang, Bistra Dilkina, Le Song

arXiv:2109.10380

NeurIPS 2017

https://arxiv.org/abs/2109.10380


Greedy Graph Optimization
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Minimum Vertex Cover  
Find smallest vertex subset such that each edge is covered

2-Approximation: 
Greedily add vertices of edge 
with max degree sum



Problem Statement 
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Given a graph optimization problem !
and a distribution " of problem instances, 
can we learn better greedy heuristics that 

generalize to unseen instances from #?

~	#
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Challenge #1: How to Learn
Possible approach: Supervised learning
• Given a partial solution, predict next vertex to add to solution
• Data: collect (partial solution, next vertex) pairs

features label
• Task: multi-class classification
• [Vinyals, et al., NIPS 2015]: a smarter approach with recurrent 

neural networks

Partial Solution 
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Challenge #1: How to Learn
Vinyals, Oriol, Meire Fortunato, and Navdeep Jaitly. 
"Pointer networks." NIPS. 2015.Pointer Networks

• For an instance !, desired output is "!
• Supervised Learning with Pointer-Networks:

!

Probability of outputting !! given:
• Instance "
• Parameters #
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Challenge #1: How to Learn
Vinyals, Oriol, Meire Fortunato, and Navdeep Jaitly. 
"Pointer networks." NIPS. 2015.Pointer Networks

• For an instance !, desired output is "!
• Supervised Learning with Pointer-Networks:

!

Probability of outputting !! given:
• Instance "
• Parameters #

PROBLEM
Supervised learning → Need to compute 

good/optimal solutions to NP-Hard 
problems in order to learn!!
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Reinforcement Learning as Alternative

IJCAI 
1995

• Optimization problem: scheduling jobs under resource and 
precedence constraints

• Domain: NASA space shuttle processing
• Key Idea: learn to construct schedules by trial-and-error over a set 

of instances
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RL with Deep Neural Nets

15

• Key contribution: using Pointer-Networks as model for Q-function
• Improved TSP results: can train on larger instances
• Drawback: may not fully exploit graph structure for sparse graphs 

(more details in a few slides)

ArXiv
2016



Learning Greedy Heuristics

35

Learning Greedy Algorithms

Given a graph optimization problem P and a distribu-
tion D over problem instances, can we learn better greedy
heuristics that generalize to unseen instances from D?

Problem Minimum Vertex Cover Maximum Cut Traveling Salesman Problem

Domain Social network snapshots Spin glass models Package delivery

Greedy operation Insert nodes into cover Insert nodes into subset Insert nodes into sub-tour

Elias B. Khalil Towards Tighter Integration of ML and DO March 12, 2018 33 / 53

Given: graph problem, family of graphs

Learn: a scoring function to guide a greedy algorithm



Reinforcement Learning
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Repeat until all edges are covered:

1. Compute node scores  
2. Select best node w.r.t. score 
3. Add best node to partial sol.

Partial Solution 

Scoring function         Q-function≡
Select best node         Greedy Policy≡

Partial solution           State≡
Greedy Algorithm Reinforcement Learning
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Representing Nodes
• Action value function: !"($! , &; Θ)
• Estimate of goodness of vertex ! in state "!

• Representation of *
• A feature vector that describes ! in state "!

Challenge #2:
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• Representation of *
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Challenge #2:

PROBLEMS
1- Task-specific engineering needed
2- Hard to tell what is a good feature
3- Difficult to generalize across diff. graph sizes
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• Action value function: !"($! , &; Θ)
• Estimate of goodness of vertex ! in state "!

• Representation of *
• A feature vector that describes ! in state "!

Challenge #2:
Representing Nodes
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• Estimate of goodness of vertex ! in state "!

• Representation of *: Feature engineering
• Degree, 2-hop neighborhood size, other centrality measures…
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Representing Nodes
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• Action value function: !"($! , &; Θ)
• Estimate of goodness of vertex ! in state "!

• Representation of *: Feature engineering
• Degree, 2-hop neighborhood size, other centrality measures…

PROBLEMS
1- Task-specific engineering needed
2- Hard to tell what is a good feature
3- Difficult to generalize across diff. graph sizes

Challenge #2:
Representing Nodes
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Learning Node Features

40

= Q(St, v; Θ)
v

St = { }

Scoring Function: Need to represent node with a feature vector first
Problem: Not clear what good node features are!
Solution: Parametrize a Graph Neural Network with parameters Θ

SOLUTION
1- No feature engineering needed
2- Features’ parameters trained to be good
3- Can handle different graph sizes



Graph Neural Nets in a Nutshell

41

Combinatorial optimization and reasoning with graph neural networks.

Q. Cappart, D. Chételat, E.B. Khalil, A. Lodi, C. Morris, P. Veličković. arXiv:2102.09544 2021.
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Reinforcement Learning Algorithm

that at step t+ n, the tuple (St, at, Rt,t+n, St+n) is added to E, with Rt,t+n =
P

n�1
i=0 r(St+i, at+i).

Instead of performing a gradient step in the loss of the current sample as in (6), stochastic gradient
descent updates are performed on a random sample of tuples drawn from E.
It is known that off-policy reinforcement learning algorithms such as Q-learning can be more sample
efficient than their policy gradient counterparts [9]. This is largely due to the fact that policy gradient
methods require on-policy samples for the new policy obtained after each parameter update of the
function approximator.

5 Experimental Evaluation

Algorithm 1 Q-learning for the Greedy Algorithm
1: Initialize experience replay memory M to capacity N

2: for episode e = 1 to L do
3: Draw graph G from distribution D
4: Initialize the state to empty S1 = ()
5: for step t = 1 to T do

6: vt =

⇢
random node v 2 St, w.p. ✏
argmax

v2St
bQ(h(St), v;⇥), otherwise

7: Add vt to partial solution: St+1 := (St, vt)
8: if t � n then
9: Add tuple (St�n, vt�n, Rt�n,t, St) to M

10: Sample random batch from B
iid.⇠ M

11: Update ⇥ by SGD over (6) for B
12: end if
13: end for
14: end for
15: return ⇥

Instance generation. To evaluate the proposed method against other approximation/heuristic algo-
rithms and deep learning approaches, we generate graph instances for each of the three problems.
For the MVC and MAXCUT problems, we generate Erdős-Renyi (ER) [10] and Barabasi-Albert
(BA) [11] graphs which have been used to model many real-world networks. For a given range on the
number of nodes, e.g. 50-100, we first sample the number of nodes uniformly at random from that
range, then generate a graph according to either ER or BA. For the two-dimensional TSP problem,
we use an instance generator from the DIMACS TSP Challenge [12] to generate uniformly random
points in the 2-D grid, or clustered points in the 2-D grid. We refer the reader to the Appendix D.1 for
complete details on instance generation. We have also tackled the Set Covering Problem, for which the
description and results are deferred to Appendix B.
Structure2Vec Deep Q-learning. For our method, S2V-DQN, we use the graph representations and
hyperparameters described in Appendix D.4. The hyperparameters are selected via preliminary results
on small graphs, and then fixed for large ones. Note that for TSP, where the graph is fully-connected,
we build the K-nearest neighbor graph (K = 10) to scale up to large graphs. For MVC, where we train
the model on graphs with up to 500 nodes, we use the model trained on small graphs as initialization
for training on larger ones. We refer to this trick as ‘pre-training’, which is illustrated in Figure D.2.
Pointer Networks with Actor-Critic. We compare our method to an RNN-based method which does
not make full use of graph structure [3]. We implement and train their algorithm (PN-AC) for all
three problems. The original model only works on the Euclidian TSP problem, where each node is
represented by its (x, y) coordinates, and is not designed for problems with graph structure. To handle
other graph problems, we describe each node by its adjacency vector instead of coordinates. To handle
different graph sizes, we use a singular value decomposition (SVD) to obtain a rank-8 approximation
for the adjacency matrix, and use the low-rank embeddings as inputs to the pointer network.
Baseline Algorithms. Besides the PN-AC, we also include powerful approximation or heuristic
algorithms from the literature. These algorithms are specifically designed for each type of problem:

• MVC: MVCApprox iteratively selects an uncovered edge and adds both of its endpoints [13]. We
designed a stronger variant, called MVCApprox-Greedy, that greedily picks the uncovered edge with
maximum sum of degrees of its endpoints. Both algorithms exhibit a 2-approximation guarantee.

• MAXCUT: We include MaxcutApprox, which maintains the cut set (S, V \ S) and moves a node
from one side to the other side of the cut if that operation results in cut weight improvement [14].
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Sample graph instance

Explore or 
Exploit according to current policy
Update state

Optimize model parameters

!: model parameters
Depend on vertex features

4 Training: Q-learning
We show how reinforcement learning is a natural framework for learning the evaluation function
bQ. The definition of the evaluation function bQ naturally lends itself to a reinforcement learning (RL)
formulation [6], and we will use bQ as a model for the state-value function in RL. We note that we
would like to learn a function bQ across a set of m graphs from distribution D, D = {Gi}mi=1, with
potentially different sizes. The advantage of the graph embedding parameterization in our previous
section is that we can deal with different graph instances and sizes in a unified way.

4.1 Reinforcement learning formulation
We will set up the states, actions and rewards in the reinforcement learning framework as follows:
1. States: a state S is a sequence of actions (nodes) on a graph G. Since we have already represented

nodes in the tagged graph with their embeddings, the state is a vector in p-dimensional space,P
v2V

µv. It is easy to see that this embedding representation of the state can be used across
different graphs. The terminal state bS will depend on the problem at hand;

2. Transition: transition is deterministic here, and corresponds to tagging the node v 2 G that was
selected as the last action with feature xv = 1;

3. Actions: an action v is a node of G that is not part of the current state S. Similarly, we will
represent actions as their corresponding p-dimensional node embedding µv, and such a definition
is applicable across graphs of various sizes;

4. Rewards: the reward function r(S, v) at state S is defined as the change in the cost function after
taking action v and transitioning to a new state S0 := (S, v). That is,

r(S, v) = c(h(S0), G)� c(h(S), G), (5)

and c(h(;), G) = 0. As such, the cumulative reward R of a terminal state bS coincides exactly with
the objective function value of the bS, i.e. R(bS) =

P|bS|
i=1 r(Si, vi) is equal to c(h(bS), G);

5. Policy: based on bQ, a deterministic greedy policy ⇡(v|S) := argmax
v02S

bQ(h(S), v0) will be
used. Selecting action v corresponds to adding a node of G to the current partial solution, which
results in collecting a reward r(S, v).

Table 1 shows the instantiations of the reinforcement learning framework for the three optimization
problems considered herein. We let Q⇤ denote the optimal Q-function for each RL problem. Our graph
embedding parameterization bQ(h(S), v;⇥) from last section will then be a function approximation
model for it, which will be learned via n-step Q-learning.
Table 1: Definition of reinforcement learning components for each of the three problems considered.

Problem State Action Helper function Reward Termination
MVC subset of nodes selected so far add node to subset None -1 all edges are covered
MAXCUT subset of nodes selected so far add node to subset None change in cut weight cut weight cannot be improved
TSP partial tour grow tour by one node Insertion operation change in tour cost tour includes all nodes

4.2 Learning algorithm
In order to perform end-to-end learning of the parameters in bQ(h(S), v;⇥), we use a combination
of n-step Q-learning [6] and fitted Q-iteration [7], as illustrated in Algorithm 1. We use the term
episode to refer to a complete sequence of node additions starting from an empty solution, and until
termination; a step within an episode is a single action (node addition).
Standard (1-step) Q-learning updates the function approximator’s parameters at each step of an
episode by performing a gradient step to minimize the squared loss:

(y � bQ(h(St), vt;⇥))2, (6)

where y = �maxv0 bQ(h(St+1), v0;⇥) + r(St, vt) for a non-terminal state St. The n-step Q-learning
helps deal with the issue of delayed rewards, where the final reward of interest to the agent is only
received far in the future during an episode. In our setting, the final objective value of a solution is only
revealed after many node additions. As such, the 1-step update may be too myopic. A natural extension
of 1-step Q-learning is to wait n steps before updating the approximator’s parameters, so as to collect a
more accurate estimate of the future rewards. Formally, the update is over the same squared loss (6), but
with a different target, y =

P
n�1
i=0 r(St+i, vt+i) + �maxv0 bQ(h(St+n), v0;⇥). The fitted Q-iteration

approach has been shown to result in faster learning convergence when using a neural network as
a function approximator [7, 8], a property that also applies in our setting. Instead of updating the
Q-function sample-by-sample as in Equation (6), the fitted Q-iteration approach uses experience
replay to update the function approximator with a batch of samples from a dataset E, rather than the
single sample being currently experienced. The dataset E is populated during previous episodes, such
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Code:  
https://github.com/

Hanjun-Dai/graph_comb_opt 

https://github.com/Hanjun-Dai/graph_comb_opt
https://github.com/Hanjun-Dai/graph_comb_opt
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arXiv:1704.01665

• DRL tailors greedy search to your instances.


• Learn features jointly with greedy policy.


• Human priors encoded via (greedy) meta-algorithm.


• Interesting, novel strategies emerge!

code at https://github.com/Hanjun-Dai/graph_comb_opt 

Takeaways #2

https://arxiv.org/abs/1704.01665
https://github.com/Hanjun-Dai/graph_comb_opt


A Deep Reinforcement Learning 
Framework For Column Generation
or accelerating the solution of exponential LPs with RL 

Joint work with students Cheng Chi, Juyoung Wang, Zoha Sherkat-
Masoumi at Toronto — MIE, and Amine Aboussalah at NYU

NeurIPS 2022
arXiv:2206.02568
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Complicated real-world optimization problems
➔ Sometimes useful/natural to model with an exponential number of  

decision variables
➔ + Hard, combinatorial constraints (many infeasible solutions)
➔ In this work: Linear Programs with exponentially many variables
➔ Foundation for Integer Linear Programming with many variables

• Decision variable ⇔ one route through a 
subset of locations —> exponentially many!

• Search for a (binary) decision vector in a way 
that satisfy all the constraints, minimizes 
linear objective

Vehicle Routing Problem (VRP)
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RL

Minimizing CG solving iterations
Column Generation

● Handle exponentially many decision variables
● Handle feasibility in hard constraints
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Better performance & wide applicability 
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Finding Backdoors to 

Integer Programs

A Monte Carlo Tree Search Framework

Joint work with Pashootan Vaezipoor (Toronto — CS), Bistra Dilkina (USC-CS)
AAAI 2022

arXiv:2110.08423

https://arxiv.org/abs/2110.08423
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Pruned by infeasibility
Pruned by bound
Integer LP solution

Dilkina et al., CPAIOR, 2009

min
x

cTx s.t. Ax ≤ b, x ∈ {0,1}n, n ≫ 3
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{x1, x2, x4} is a Backdoor! 

Dilkina et al., CPAIOR, 2009

min
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cTx s.t. Ax ≤ b, x ∈ {0,1}n, n ≫ 3

This is a “certificate tree”
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• Selection (UCT)
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• Backpropagation: max or sum backup

• Simulation: random sampling

• Expansion: use “progressive 
widening” to get around huge 
branching factor by selectively 
expanding; results in more diving.

the action space, we leverage the empirical observation that
only a few of the integer variables take on fractional val-
ues in the solution of the LP relaxation of the MIP; for in-
stance, Berthold (2014) shows that, on average across 159
instances from older MIPLIB instance libraries, 71.7% of
the integer variables are integer in the LP relaxation solu-
tion. Rather than work with the full integer set I , we restrict
the action space to the subset Ifrac ✓ I of variables that are
fractional in the LP relaxation of the MIP instance. While
heuristic, this restriction has some grounds in empirical MIP
solving and reduces the action space dramatically.

Instantiating the four steps

Selection We adopt a variant of the UCT selection rule,
inspired by Gaudel and Sebag (2010), that adds a global ac-
tion score (average pseudocosts in our case) to UCT’s typi-
cal elements. Consider an MCTS search tree node (or state)
S whose child node S0 is being assessed; assume S0 extends
S with variable i 2 Ifrac.

We let TS denote the number of visits to node S;
EXP(S, S0) denotes the exploration score of S0, which is
large when TS0 is much smaller than TS ; µ̂S0 denotes the
current average reward of state S0; rS0 is the vector of re-
wards that have been observed in the subtree rooted at S0

and �2(rS0) is its variance. Our final scoring function for
node selection is given by (1):

SCORE(S, S0) = (1�↵PC)UCTscore(S, S
0)+↵PCP̂Ci. (1)

With ↵PC 2 [0, 1), the scoring function is a convex combi-
nation of a UCT-type score for state S0 and the average pseu-
docost score P̂Ci of variable i. The latter may be interpreted
as a RAVE score following (Gelly and Silver 2007). To ar-
rive at the final scoring function, we define the exploration
score (based on the standard UCT formula), the variance
score (based on the UCB1-Tuned of Auer, Cesa-Bianchi,
and Fischer (2002)), UCT without variance, UCT with vari-
ance, and the UCT score which is one of the two preceding
scores depending on the value of use variance, respec-
tively:

EXP(S, S0) =

s
ln (TS)

TS0

VAR(S0) =

vuutmin

(
1

4
,�2(rS0) + EXP(S, S0)

)

UCT(S, S0) = µ̂S0 + C · EXP(S, S0)

UCTvar(S, S
0) = µ̂S0 + C · EXP(S, S0) · VAR(S0)

UCTscore(S, S
0) =

⇢
UCTvar(S, S0) if use variance,
UCT(S, S0) otherwise.

To conclude, we note that the scoring function has three
hyperparameters whose effects will be analyzed experimen-
tally in the next section:
• ↵PC 2 [0, 1): the weight accorded to the global pseudo-

cost average;
• C 2 R>0: the exploration weight;

• use variance 2 {True, False}: a boolean that deter-
mines whether UCT with or without variance is used.

Expansion Besides the traditional uniform random expan-
sion rule, we consider a deterministic best score expansion
rule which simply expands using the available action (vari-
able) with the largest average pseudocost score. Together,
these two rules cover a wide range along the exploration-
exploitation spectrum.

Simulation We opt to stick with random simulation as de-
scribed in the preceding section.

Backpropagation We consider both the sum and max-
backup rules here. While the latter is typically considered to
be overly aggressive and wasteful (of reward information),
it is quite suitable for our setting and allows for a form of fo-
cused local search: if a high-reward candidate has been ob-
served in a node’s subtree, a max-backup encourages more
future visits to the same node. This may lead to slight modi-
fications to the candidate that bring about improved rewards.

Algorithm engineering

Our implementation of BaMCTS exploits certain properties
of the backdoor search problem to speed it up. One such
property is that the root node of the branch-and-bound tree
of each candidate evaluation is the same. Because solv-
ing the LP relaxation of the root node is typically much
more time-consuming than other subproblems’, we instru-
ment CPLEX to solve the root LP once for all in advance
and reuse its solution in subsequent evaluations. Rather than
simulate and evaluate a single candidate at a time, we lever-
age the independence between the simulations to execute
them and the candidate evaluation in parallel.

Experiments

To evaluate our method, we designed a set of experiments
to answer the following questions: 1) Backdoor Extrac-

tion: Can BaMCTS find backdoors with better tree weight
values (or rewards) compared to the biased random sam-
pling of Dilkina et al. (2009)? 2) Sensitivity Analysis: How
sensitive is BaMCTS to its hyperparameters? 3) Suitability

of Tree Weight as a Reward Function: Is branching on
higher tree weight backdoors conducive to smaller search
trees or (for instances that are not solved to optimality within
a time limit) a smaller optimality gap? In other words, is tree
weight a legitimate reward function for BaMCTS?

Experimental Setup

Instances We conducted our experiments on the MI-
PLIB2017 Benchmark set 1 (Gleixner et al. 2021) that con-
tains 240 instances. We only considered the 164 mixed-
binary instances, i.e., instances with no general integer vari-
ables, due to the ease of implementation of the tree weight
for binary problems; extension to general integer variables is
possible. We presolved the instances in advance to eliminate
redundant variables and constraints, and also let CPLEX

1http://miplib2017.zib.de/tag benchmark.html

Hyperparameter 
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Figure 2: BaMCTS is robust w.r.t. hyperparameter changes.
Each curve in the figure represents a hyperparameter con-
figuration (30 total) and indicates the values taken by that
config as well as the obtained mean reward after running
BaMCTS with that config on the dataset for 1 hour. Notice
the congregation of rewards within the [0.28, 0.35] band.
This shows that for most configs the reward does not change
drastically. The highlighted curves represent the best and
worst performing configs.

Backup Exp.
Type

use
variance ↵PC C

Mean
Reward

10 max Uniform False 0.00
p
2 0.208

23 sum Uniform False 0.50 1/
p
2 0.286

22 max Uniform False 0.00 2 0.289
20 sum Uniform True 0.10 2 0.291
11 max Uniform True 0.00 2 0.293
19 max Uniform False 0.01 1/

p
2 0.295

21 sum Uniform False 0.00
p
2 0.297

16 sum Uniform False 0.50
p
3 0.304

12 max Uniform True 0.50 2 0.304
7 max Uniform True 0.00

p
3 0.306

3 max Uniform False 0.01
p
3 0.307

9 max Uniform True 0.10 2 0.313
0 sum Uniform False 0.01 2 0.313

17 sum Uniform False 0.50 1 0.315
6 sum Uniform True 0.00

p
2 0.315

26 max Uniform True 0.01 1/
p
2 0.320

2 max Uniform True 0.00 1/
p
2 0.322

4 sum Best False 0.00 2 0.327
25 max Best False 0.01 1 0.330
15 max Best True 0.50 2 0.332
5 max Best False 0.01

p
3 0.333

8 sum Best False 0.01
p
3 0.337

1 max Best False 0.50
p
2 0.337

13 max Best False 0.10 1 0.343
24 max Best True 0.01 1 0.351

Table 1: All BaMCTS parameter configurations sorted by
mean reward (tree weight); higher is better.

parameter configurations for BaMCTS as well as the aver-
age reward that each configuration achieved over the entire
dataset. Most of the configurations resulted in average re-
ward in the range of [0.28, 0.35], again indicating that at
least on average (across all instances) there is not a substan-
tial variability in terms of the reward, and BaMCTS can be

seed 1 (47, 56, 4) seed 2 (45, 61, 7) seed 3 (46, 60, 6)

CPX–def

CPX–BaMCTS

CPX–def

CPX–BaMCTS

CPX–def

CPX–BaMCTS
# of nodes
(solved by both) 6902.74 6097.70 6173.84 5030.13 7744.98 7001.99

total time
(solved by both) 179.53 175.97 156.61 138.34 169.41 156.83

optimality gap
(not solved by either) 23/56 33/56 24/61 37/61 20/60 40/60

# of instances
(solved by one method) 3 1 4 3 3 3

Table 2: Summary of MIP solving results. “seed 1 (47, 56,
4)” means that for this seed, 47 instances were solved by
both CPX–def and CPX–BaMCTS, 56 were not solved by
either within 1 hour, and 4 were solved by only one of the
two. Shifted geometric means are reported for “# of nodes”
and “total time”; the number of wins/losses are reported for
“optimality gap”. The better method for each metric is in
bold.

used out of the box with default hyperparameter values and
achieve a reasonable performance. Note that MIPLIB2017
is quite diverse and it is likely that testing on a more homo-
geneous dataset would result in even lower parameter sensi-
tivity.

Tree Weight and Branch-and-Bound Tree Size Table 2
summarizes the MIP solving results with a 1-hour time limit.
CPX–def is CPLEX 12.10.0 with traditional branch-and-
bound (i.e., with CPLEX’s “dynamic search” turned off);
results with “dynamic search” are similar. CPX–BaMCTS is
CPLEX 12.10.0 with branching priorities defined by the best
backdoor found for that instance by the best hyperparameter
configuration of BaMCTS (configuration 24 in Table 1). Of
the initial 142 instances, we restrict the MIP solving here to
115 instances for which BaMCTS found at least one back-
door candidate with non-zero tree weight. Within each ran-
dom seed, the instances are partitioned into three sets: (i) in-
stances that are solved by both methods, for which we com-
pare the shifted geometric means of the number of nodes
and total time (lower is better; see page 33 of (Hendel 2015)
for further discussion of the suitability of this metric), with
shifts 100 and 10 respectively; (ii) instances that are not
solved by either method, for which the optimality gap at ter-
mination after the 1-hour time limit tells us which method
made more progress; we count the number of instances for
which each a method achieved a smaller gap (higher is bet-
ter); and (iii) instances that are solved by exactly one of the
two methods, for which we simply count the number of such
instances for each method (higher is better).

Table 2 shows that CPX–BaMCTS wins on the first three
metrics consistently across the three seeds, with an average
reduction of 700 to 1100 in the number of nodes. The last
metric (and row of the table) records two wins for CPX–
def and one tie, but it is over 4 to 7 instances out of more
than 110. We’ve also used the two-sided Wilcoxon signed-
rank test, as described in (Hendel 2014), to compare the
distribution of values for the three metrics, and have found
the corresponding p-values to be typically small, implying
that the observed values for these metrics come from dis-
tributions with different medians for each of CPX–def and

Experimental Setup: 115/142 instances for which BaMCTS found backdoor with non-zero reward.
Solver: CPLEX 12.10, single-threaded, 1-hour time limit, no “dynamic search”, with primal heuristics.
Takeaways: 700-1100 fewer B&B nodes, slight reduction in time, smaller gaps for hard instances 



Concluding Remarks

1. RL for Online Combinatorial Optimization (TMLR-22)


2. RL for Offline Graph Optimization (NeurIPS-17)


3. MCTS for Integer Programming (without learning) (AAAI-22)


4. RL for Large-Scale Linear Programming (NeurIPS-22)
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Reinforcement Learning is an effective tool for designing 
algorithms for combinatorial optimization in many of its flavours!


