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1. RL vs DP
a. Model-based vs model-free
b. Why learning from samples?
c. Types of approximation

2. Model-free policy evaluation
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Model-free learning

§ Model-free: No direct access to model P, r
§ Model-based: Yes direct access to model P, r
§ Recall: value iteration
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Key challenge: huge state spaces

<latexit sha1_base64="PVXPlVO1A26jhmHM4W+Ijegwtck=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyUpii6rbgQXVrQPaGOZTKft0MkkzEzEEvIrblwo4tYfceffOGmz0NYDA4dz7uWeOV7IqFS2/W3klpZXVtfy64WNza3tHXO32JRBJDBp4IAFou0hSRjlpKGoYqQdCoJ8j5GWN75M/dYjEZIG/F5NQuL6aMjpgGKktNQzi10fqRFGLL5Jytd3D9Xzo55Zsiv2FNYicTJSggz1nvnV7Qc48glXmCEpO44dKjdGQlHMSFLoRpKECI/RkHQ05cgn0o2n2RPrUCt9axAI/biypurvjRj5Uk58T0+mSeW8l4r/eZ1IDc7cmPIwUoTj2aFBxCwVWGkRVp8KghWbaIKwoDqrhUdIIKx0XQVdgjP/5UXSrFack4p9e1yqXWR15GEfDqAMDpxCDa6gDg3A8ATP8ApvRmK8GO/Gx2w0Z2Q7e/AHxucPzgOToA==</latexit>

O(KS2A)

39 ≈ 20K

Go: 319x19

|S|= ?

≈ 1090 x (# atoms in universe)
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Learning from Samples
8

§ Dynamic programming algorithms require an explicit definition of:
• transition probabilities 𝑝 ⋅ 𝑠, 𝑎)
• reward function 𝑟(𝑠, 𝑎)

§ State spaces may be too large to compute.
§ This knowledge is often unavailable (i.e., wind intensity, human-

computer-interaction) or expensive.
§ Can we relax this assumption?
§ Can we solve a DP problem incrementally?, as more knowledge 

about 𝑝 ⋅ 𝑠, 𝑎) and 𝑟(𝑠, 𝑎) is uncovered?
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From exact DP to approximate DP
9

Types of approximation
§ Model-free updates for policy evaluation (today)
• Techniques: Monte Carlo approximation, temporal differencing

§ Model-free updates for optimal value functions [“RL”]
• e.g., Q-learning; technique: stochastic approximation

§ Approximating value functions
• E.g., Approximate VI / PI

§ Finite sample approximation [“RL”]
• E.g., Fitted Q iteration, DQN

§ Approximating policies [“RL”]
• E.g., Policy gradient methods
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Notice

10

From now on we typically work in the
episodic discounted setting.

Most results smoothly extend to other settings.
Assume: The value functions can be represented exactly (e.g. tabular setting).
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Setting
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§ Learning with generative model.  A black-box simulator 𝑓 of the 
environment is available. Given (𝑠, 𝑎),

𝑓 𝑠, 𝑎 = 𝑠!, 𝑟 with 𝑠! ~ 𝑝 ⋅ 𝑠, 𝑎 , 𝑟 = 𝑟(𝑠, 𝑎)
§ Episodic learning.  Multiple trajectories can be repeatedly generated 

from some initial states and terminating when a reset condition is 
achieved:

𝑠",$ , 𝑠%,$ , … , 𝑠&!,$ $'%
(

§ Online learning.  At each time 𝑡 the agent is at state 𝑠), it takes 
action 𝑎), it observes a transition to state 𝑠)*%, and it receives a 
reward 𝑟). We assume that 𝑠)*%~ 𝑝 ⋅ 𝑠) , 𝑎) and 𝑟) = 𝑟 𝑠) , 𝑎) (i.e., 
MDP assumption).  No reset.
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1. RL vs DP

2. Model-free policy evaluation
a. Monte Carlo approximation
b. Convergence of random variables
c. Incremental Monte Carlo
d. Stochastic approximation of a mean
e. Temporal difference TD(0)
f. TD(𝜆), eligibility traces
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Warm-up: recall policy evaluation

15

𝑉+ 𝑠 = 𝔼 4
)'"

&

𝛾)𝑟 𝑠) , 𝜋 𝑠) |𝑠" = 𝑠; 𝜋
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The RL Interaction Protocol
16
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Policy Evaluation
17

Fixed policy 𝜋

For 𝑖 = 1,… , 𝑛
1. Set 𝑡 = 0
2. Set initial state 𝑠$
3. While (𝑠%,' not terminal)   [execute one trajectory]

1. Take action 𝑎!,# = 𝜋 𝑠!,#
2. Observe next state 𝑠!$%,# and reward 𝑟!$%,# = 𝑟 𝑠!,# , 𝑎!,#
3. Set 𝑡 = 𝑡 + 1

EndWhile
Endfor
Return: Estimate of the value function +𝑉((⋅)
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Policy Evaluation
18

Approach #1: Exploit State Value Function
Cumulative sum of rewards 

𝑉+ 𝑠 = 𝔼 4
)'"

&

𝛾)𝑟 𝑠) , 𝜋 𝑠) |𝑠" = 𝑠; 𝜋

§ Return of trajectory 𝑖 starting from 𝑠"

:𝑅$ 𝑠" =4
)'"

&

𝛾)𝑟),$

§ Estimated value function

:𝑉(+ 𝑠" =
1
𝑛
4
$'%

(

:𝑅$ 𝑠"
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Monte-Carlo Approximation of a Mean
19

Definition
Let 𝑋 be a random variable with mean 𝜇 = 𝔼 𝑋 and variance 𝜎,
= 𝕍 𝑋 and 𝑥(~ 𝑋 be 𝑛 i.i.d. realizations of 𝑋.  The Monte-Carlo 
approximation of the mean (i.e., the empirical mean) build on 𝑛 i.i.d. 
realizations is defined as:

𝜇( =
1
𝑛
4
$'%

(

𝑥$
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Monte-Carlo Approximation: Properties
20

Theorem
The returns used in the Monte-Carlo estimation starting from an initial 
state 𝑠" are unbiased estimators of 𝑉+

𝔼 :𝑅$ 𝑠" = 𝔼 𝑟" + 𝛾𝑟%,$ +⋯+ 𝛾&!𝑟&!,$ = 𝑉+ 𝑠"
Furthermore, the Monte-Carlo estimator converges to the value 
function

:𝑉(+ 𝑠"
-./.

𝑉+ 𝑠"
§ It applies to any state 𝑠 used as the beginning of a trajectory (sub-

trajectories could be used in practice)
§ Finite-sample guarantees are possible (after 𝑛 trajectories)
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Convergence of Random Variables
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Let 𝑋 be a random variable and 𝑋) )∈ℕ a sequence of random variables.

§ 𝑋) converges to 𝑋 almost surely, 𝑋)
,...
𝑋, if:

ℙ lim
)→0

𝑋) = 𝑋 = 1

§ 𝑋) converges to 𝑋 in probability, 𝑋)→
1
𝑋, if for any 𝜖 > 0:

lim
)→0

ℙ 𝑋) − 𝑋 > 𝜖 = 0

§ 𝑋) converges to 𝑋 in law, 𝑋)→
2
𝑋, if for any bounded continuous function 𝑓:

lim
)→0

𝔼 𝑓 𝑋) = 𝔼 𝑓 𝑋

§ 𝑋) converges to 𝑋 in expectation, 𝑋)→
3!
𝑋, if:

lim
)→0

𝔼 𝑋) = 𝔼 𝑋

Remark: 𝑋)
,...
𝑋 ⟹ 𝑋)→

1
𝑋 ⟹ 𝑋)→

2
𝑋
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Monte-Carlo Approximation of a Mean
24

§ Unbiased estimator: Then 𝔼 𝜇& = 𝜇 and 𝕍 𝜇& = 𝕍())
&

§ Weak law of large numbers: 𝜇&→
+
𝜇

§ Strong law of large numbers: 𝜇&
,...

𝜇
§ Central limit theorem (CLT): 𝑛 𝜇& − 𝜇 →

/
𝒩 0,𝕍 𝑋

§ Finite sample guarantee:

ℙ
1
𝑛
1
#0%

&

𝑋! − 𝔼 𝑋% > 𝜖 ≤ 2 exp −
2𝑛𝜖1

𝑏 − 𝑎 1

ℙ
1
𝑛1
#0%

&

𝑋! − 𝔼 𝑋% > 𝜖 ≤ 𝛿

If 𝑛 ≥
23, * 456 *

+
17*

accuracy

deviation confidence
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Monte-Carlo Approximation: Extensions
25

Non-episodic problems: 
§ Interrupt trajectories after 𝐻 steps:

:𝑅$ 𝑠" =4
)'"

0

𝛾)𝑟),$

§ Every return is ignoring a term:

4
)'0*%

1

𝛾)𝑟),$
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Monte-Carlo Approximation: Properties
27

Theorem
The Monte-Carlo estimator computed over 𝐻 steps converges to a 
biased value function

:𝑉(+ 𝑠"
-./. F𝑉0+ 𝑠"

Such that
F𝑉0+ 𝑠" − 𝑉+ 𝑠" ≤ 𝛾0

𝑟234
1 − 𝛾
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Monte-Carlo: an Incremental Implementation
28

§ Return of trajectory 𝑖 starting from 𝑠"

:𝑅$ 𝑠" =4
)'"

&!

𝛾)𝑟),$

§ Estimated value function

:𝑉(+ 𝑠" =
1
𝑛
4
$'%

(

:𝑅$ 𝑠" =
𝑛 − 1
𝑛

:𝑉(5%+ 𝑠" +
1
𝑛
:𝑅( 𝑠"

≈ 1 − 𝜂 𝑛 :𝑉(5%+ 𝑠" + 𝜂 𝑛 :𝑅( 𝑠"



Wu

Incremental Monte-Carlo
29

For 𝑖 = 1,… , 𝑛
1. Set 𝑡 = 0
2. Set initial state 𝑥" [possibly random]
3. While (𝑥) not terminal)   [execute one trajectory]

1. Take action 𝑎" = 𝜋 𝑥"
2. Observe next state 𝑥"#$ and reward 𝑟" = 𝑟% 𝑥"
3. Set 𝑡 = 𝑡 + 1

EndWhile
4. Update :𝑉$+ 𝑥" using 𝑇𝐷(1) approximation
Endfor
Collect trajectories and compute :𝑉$+ 𝑥" using Monte-Carlo 
approximation
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Incremental Monte-Carlo: Properties
30

Theorem
Let the incremental Monte-Carlo estimator be computed using a 
learning rate 𝜂 𝑛 ( such that

4
)'"

1

𝜂 𝑡 = ∞ 4
)'"

1

𝜂 𝑡 , < ∞ [Robbins Monro′s condition]

Then
:𝑉(+ 𝑠"

-./.
𝑉+(𝑠")

§ Need some new mathematical tools
§ Incremental Monte-Carlo estimation converges to 𝑉( for a wide range 

of choices of learning rate schemes.
§ This scheme is often referred to as 𝑇𝐷 1 .



Wu

Stochastic Approximation of a Mean
32

Definition
Let 𝑋 be a random variable bounded in [0,1] with mean 𝜇 = 𝔼 𝑋 and 
𝑥(~ 𝑋 be 𝑛 i.i.d. realizations of 𝑋.  The stochastic approximation of 
the mean is,

𝜇( = 1 − 𝜂( 𝜇(5% + 𝜂(𝑥(
With 𝜇% = 𝑥% and where 𝜂( is a sequence of learning steps.
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Stochastic Approximation of a Mean
33

Proposition
If for any 𝑛, 𝜂( ≥ 0 are such that

4
(6"

𝜂( = ∞ 4
(6"

𝜂(, < ∞

Then
𝜇(

-./.
𝜇

And we say that 𝜇( is a consistent estimator.

Remark: When 𝜂( =
%
(

this is the recursive (incremental) definition of 
empirical mean.
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Intuition: Incremental updates
§ Consider a simple setting: mean of a sequence of numbers

§ x = (xi) = (5, 2, 9, 10, 1, 3)

§ Mean = 

§ Incremental mean:

Success!Policy evaluation estimate increment

<latexit sha1_base64="5NmuJ1sGBXGYB1QTF65ESWCKw4E=">AAACDXicbVDLSgMxFL1TX7W+Rl26CVZBEMpMtb5AKLhxWcE+oB1KJs20oZkHSUYow/yAG3/FjQtF3Lp359+YabvQ1gsnHM65l5t73IgzqSzr28gtLC4tr+RXC2vrG5tb5vZOQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4U3mNx+okCwM7tUooo6P+wHzGMFKS13zoOMJTJIKOkZljUsN28oejZM0OUvRNap0zaJVssaF5ok9JUWYVq1rfnV6IYl9GijCsZRt24qUk2ChGOE0LXRiSSNMhrhP25oG2KfSScbXpOhQKz3khUIjUGis/p5IsC/lyHd1p4/VQM56mfif146Vd+EkLIhiRQMyWeTFHKkQZdGgHhOUKD7SBBPB9F8RGWAdj9IBFnQI9uzJ86RRLtmVknV3WqxeTePIwx7swxHYcA5VuIUa1IHAIzzDK7wZT8aL8W58TFpzxnRmF/6U8fkD58mWWw==</latexit>

5 + 2 + 9 + 10 + 1 + 3

6
= 5

𝜂) =
%
)

i.e., 1, %
,
, %
7
, %
8

…

𝜇& =
4
56.5 +

1
51 = 5.4

𝜇' =
5
65.4 +

1
63 = 5

𝜇)*% = (1 − 𝜂))𝜇) + 𝜂)𝑥)
𝜇)*% = 𝜇) + 𝜂)(𝑥)−𝜇))

𝜇( =
3
45.333 +

1
410 = 6.5

𝜇) =
2
33.5 +

1
39 = 5.333

𝜇* =
1
25 +

1
22 = 3.5

𝜇+ = 5
𝜇$ = 0
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Stochastic Approximation of a Mean
35

If 𝜂& =
%
&

, then 𝜇& =
%
&
∑#0%& 𝑥#.

Proof: Base case (𝑛 = 1): 𝜇% = 𝑥% (given).
Induction step.  Assume 𝜇& =

%
&
∑#0%& 𝑥#.

𝜇&$% = 1 −
1

𝑛 + 1 𝜇& +
1

𝑛 + 1𝑥&$%

=
𝑛

𝑛 + 1 𝜇& +
1

𝑛 + 1𝑥&$%

=
𝑛

𝑛 + 1
1
𝑛1
#0%

&

𝑥# +
1

𝑛 + 1𝑥&$%

=
1

𝑛 + 1
1
#0%

&

𝑥# +
1

𝑛 + 1
𝑥&$%

=
1

𝑛 + 1
1
#0%

&$%

𝑥#
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Intuition: Incremental updates
§ Consider a simple setting: mean of a sequence of numbers

§ x = (xi) = (5, 2, 9, 10, 1, 3)

§ Mean = 

§ Incremental mean:

<latexit sha1_base64="5NmuJ1sGBXGYB1QTF65ESWCKw4E=">AAACDXicbVDLSgMxFL1TX7W+Rl26CVZBEMpMtb5AKLhxWcE+oB1KJs20oZkHSUYow/yAG3/FjQtF3Lp359+YabvQ1gsnHM65l5t73IgzqSzr28gtLC4tr+RXC2vrG5tb5vZOQ4axILROQh6Klosl5SygdcUUp61IUOy7nDbd4U3mNx+okCwM7tUooo6P+wHzGMFKS13zoOMJTJIKOkZljUsN28oejZM0OUvRNap0zaJVssaF5ok9JUWYVq1rfnV6IYl9GijCsZRt24qUk2ChGOE0LXRiSSNMhrhP25oG2KfSScbXpOhQKz3khUIjUGis/p5IsC/lyHd1p4/VQM56mfif146Vd+EkLIhiRQMyWeTFHKkQZdGgHhOUKD7SBBPB9F8RGWAdj9IBFnQI9uzJ86RRLtmVknV3WqxeTePIwx7swxHYcA5VuIUa1IHAIzzDK7wZT8aL8W58TFpzxnRmF/6U8fkD58mWWw==</latexit>

5 + 2 + 9 + 10 + 1 + 3

6
= 5

𝜂) =
%
)

i.e., 1, %
,
, %
7
, %
8

…

𝜇)*% = (1 − 𝜂))𝜇) + 𝜂)𝑥)
𝜇)*% = 𝜇) + 𝜂)(𝑥)−𝜇))

Also works for Bellman operators!
((optimal) value functions)

Same basic idea
Analysis is more involved

Incremental update of a fixed point

Policy evaluation estimate
Optimal value estimate increment
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Temporal Difference 𝑇𝐷(1): Extensions
38

§ Non-episodic problems: Truncated trajectories

§ Multiple sub-trajectories
• Updates of all the states using sub-trajectories
• State-dependent learning rate 𝜂,(𝑥)
• 𝑖 is the index of the number of updates in that specific state
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Recall: Fixed point of the Bellman equation

40

𝑉+ 𝑠 = 𝑟 𝑠, 𝜋 𝑠 + 𝛾𝔼/-~ : ⋅ /,+ / ) 𝑉
+ 𝑠!
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Temporal-Difference 𝑇𝐷(0) Estimation
41

At each step 𝑡, observe 𝑠) , 𝑟) , 𝑠)*% and update estimate :𝑉+ as
:𝑉+ 𝑠) = 1 − 𝜂 :𝑉+ 𝑠) + 𝜂 𝑟) + 𝛾 :𝑉+ 𝑠)*%

= :𝑉+ 𝑠) + 𝜂 𝑟) + 𝛾 :𝑉+ 𝑠)*% − :𝑉+ 𝑠)
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Temporal-Difference 𝑇𝐷(0): Estimation
42

Interpretation: moving average
§ Mix between old and new estimate of 𝑉+ 𝑠) :

old estimate :𝑉+ 𝑠) new estimate 𝑟) + 𝛾 :𝑉+ 𝑠)*%
§ Weighted average:

:𝑉+ 𝑠) = 1 − 𝜂 :𝑉+ 𝑠) + 𝜂 𝑟) + 𝛾 :𝑉+ 𝑠)*%
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Temporal-Difference 𝑇𝐷(0): Properties
43

Theorem
Let 𝑇𝐷(0) run with learning rate 𝜂 𝑁% 𝑠% where 𝑁% 𝑠% is the number of 
visits to the state 𝑠%.  If all states are visited infinitely often and the learning 
rate is set such that:

@
%4$

0

𝜂 𝑡 = ∞ @
%4$

0

𝜂 𝑡 5 < ∞ Robbins Monro′s condition

Then for any state 𝑠 ∈ 𝒮
+𝑉( 𝑠

,...
𝑉( 𝑠
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Temporal-Difference 𝑇𝐷(0): Estimation
44

Interpretation: temporal-difference error

§ Bellman error for function +𝑉 at state 𝑠:
ℬ( +𝑉; 𝑠 = 𝒯( +𝑉 𝑠 − +𝑉 𝑠

= 𝑟( 𝑠 + 𝛾@
."
𝑝( 𝑠6 𝑠 +𝑉 𝑠6 − +𝑉 𝑠 [ℬ( 𝑉(; 𝑠 = 0]

§ Temporal difference error of estimate +𝑉( w.r.t. transition 𝑠%, 𝑟%, 𝑠%78 :
𝛿% = 𝑟% + 𝛾 +𝑉( 𝑠%78 − +𝑉( 𝑠%

§ Conditioned on 𝑠%, 𝛿% is an unbiased estimate of ℬ(:
𝔼9#,.#$! 𝛿% 𝑠% = 𝑟( 𝑠% + 𝛾𝔼.#$!|.# +𝑉

( 𝑠%78 − +𝑉( 𝑠% = ℬ( +𝑉(, 𝑠%
§ Expected dynamics of 𝑇𝐷(0):

Z𝑉( 𝑠% = Z𝑉( 𝑠% + 𝜂 𝑠% ℬ( Z𝑉( 𝑠% ; 𝑠%
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Temporal Difference 𝑇𝐷(0)
45

For 𝑖 = 1,… , 𝑛
1. Set 𝑡 = 0
2. Set initial state 𝑠"
3. While (𝑠) not terminal)   [execute one trajectory]

1. Take action 𝑎",, = 𝜋 𝑠",,
2. Observe next state 𝑠"#$,, and reward 𝑟",, = 𝑟 𝑠",, , 𝑎",,
3. Set 𝑡 = 𝑡 + 1
4. Update ;𝑉%(𝑠",,) using 𝑇𝐷(0) estimation

EndWhile
4. Update :𝑉$+ 𝑠" using incremental Monte-Carlo estimation
Endfor
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Incremental Monte-Carlo as a “TD method”
46

Temporal difference 𝛿! = 𝑟! + 𝛾 E𝑉8 𝑠!$% − E𝑉8(𝑠!)

E𝑉&$%8 𝑠9 = 1 − 𝜂&$% E𝑉&8 𝑠9 + 𝜂&$% E𝑅&$% 𝑠9
= E𝑉&8 𝑠9 + 𝜂&$% E𝑅&$% 𝑠9 − E𝑉&8 𝑠9
= E𝑉&8 𝑠9 + 𝜂&$% 𝑟9,& + 𝛾𝑟%,& + 𝛾1𝑟1,& + 𝛾:𝑟:,& +⋯− E𝑉&8 𝑠9
= E𝑉&8 𝑠9 + 𝜂&$% 𝑟9,& + 𝛾 E𝑉&8 𝑠%,& − E𝑉&8 𝑠9 − 𝛾 E𝑉&8(𝑠%,&) + 𝛾𝑟%,& + 𝛾1𝑟1,& + 𝛾:𝑟:,& +⋯
= E𝑉&8 𝑠9 + 𝜂&$% 𝛿9,& − 𝛾 E𝑉&8(𝑠%,&) + 𝛾𝑟%,& + 𝛾1𝑟1,& + 𝛾:𝑟:,& +⋯
= E𝑉&8 𝑠9 + 𝜂&$% 𝛿9,& + 𝛾𝑟%,& + 𝛾1 E𝑉&8 𝑠1,& − 𝛾 E𝑉&8 𝑠%,& − 𝛾1 E𝑉&8(𝑠1,&) + 𝛾1𝑟1,& + 𝛾:𝑟:,& +⋯
= E𝑉&8 𝑠9 + 𝜂&$% 𝛿9,& + 𝛾𝛿%,& − 𝛾1 E𝑉&8(𝑠1,&) + 𝛾1𝑟1,& + 𝛾:𝑟:,& +⋯
= E𝑉&8 𝑠9 + 𝜂&$% 𝛿9,& + 𝛾𝛿%,& + 𝛾1𝛿1,& + …+ 𝛾;,3%𝛿;,,&
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Temporal Difference 𝑇𝐷 𝜆
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Idea: Use the whole series of temporal differences to update :𝑉+

§ Temporal difference of a function :𝑉+ for a transition 𝑠) , 𝑟) , 𝑠)*%
𝛿) = 𝑟) + 𝛾 :𝑉+ 𝑠)*% − :𝑉+ 𝑠)

§ Estimated value function

:𝑉+ 𝑠) = :𝑉+ 𝑠) + 𝜂 𝑠) 4
=')

&

𝛾𝜆 =5)𝛿=

Weighting given in the 𝜆-return to 
each of the n-step returns 
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Comparison of 𝑇𝐷 1 [Incremental MC] and 𝑇𝐷 0
48

Temporal difference 𝛿) = 𝑟) + 𝛾 :𝑉+ 𝑠)*% − :𝑉+(𝑠))
§ Incremental Monte-Carlo, i.e. 𝑇𝐷(1):

:𝑉+ 𝑠" = :𝑉+ 𝑠" + 𝜂 𝛿" + 𝛾𝛿% + …+ 𝛾&5%𝛿&
⟹ No bias, large variance [long trajectory]

§ 𝑇𝐷(0): 
:𝑉+ 𝑠" = :𝑉+ 𝑠" + 𝜂𝛿"

⟹ Large bias [“bootstrapping” on wrong values], small variance
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The 𝒯!
" Bellman Operator

49

Definition
Given 𝜆 < 1, then the Bellman operator 𝒯>

+ is:

𝒯>
+ = 1 − 𝜆 4

?6"

𝜆? 𝒯+ ?*%

Remark: Convex combination of the 𝑚-step Bellman operators 𝒯+ ?

weighted by a sequence of coefficients defined as a function of a 𝜆.
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Temporal Difference 𝑇𝐷 𝜆
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Estimated value function

:𝑉+ 𝑠) = :𝑉+ 𝑠) + 𝜂 𝑠) 4
=')

&

𝛾𝜆 =5)𝛿=

⟹ Still requires the whole trajectory before updating…
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Temporal Difference 𝑇𝐷 𝜆 : Eligibility Traces
52

§ Eligibility traces 𝓏 ∈ ℝ@. Short-term memory vector.
§ At the start of the episode, reset the traces: 𝓏 = 0
§ For every transition 𝑠) → 𝑠)*%

1. Compute the temporal difference
𝛿" = 𝑟" 𝑠" + 𝛾 ;𝑉% 𝑠"#$ − ;𝑉% 𝑠"

2. Update the eligibility traces

𝓏 𝑠 = C 𝛾𝜆𝓏 𝑠
1 + 𝛾𝜆𝓏 𝑠 Cif 𝑠 ≠ 𝑠"

if 𝑠 = 𝑠"
3. For all state 𝑠 ∈ 𝑆 [all states are updated at each step]

;𝑉% 𝑠 ← ;𝑉% 𝑠 + 𝜂 𝑠 𝓏 𝑠 𝛿"

[decay the contribution]
[increment the contribution]
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Sensitivity to 𝜆
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§ 𝜆 < 1: smaller variance w.r.t. 𝜆 = 1 (≈ incremental Monte-Carlo)
§ 𝜆 > 0: faster propagation of rewards w.r.t. 𝜆 = 0
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Linear chain example

Error ∑/∈@ :𝑉+ 𝑠 − :𝑉+ 𝑠
,

after 𝑛 = 100 trajectories

Example: Sensitivity to 𝜆

0 0.2 0.4 0.6 0.8 1 l

0 1 2 3 4 5 0
-1 0 0 0 1
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Summary of methods

Table courtesy Youkow Homma, Emma Brunskill
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§ Reinforcement learning vs dynamic programming
§ Learning = incremental updates. Also called bootstrapping
§ Types of approximation in approximate dynamic programming
§ Incremental mean: warm-up for stochastic approximation
§ Policy evaluation: Monte-Carlo and Temporal Difference (definition, 

methods, pros and cons)

Summary


