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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics

Physics 8.01 Fall 1997

FINAL EXAMINATION ERRATA
Monday, December 15, 1997

1) The exam as printed is too long!

The following parts are therefore deleted from the exam:

Problem 3(e) @3 points
Problem 4(e) @3 points
Problem 5(d) @6 points
Problem 6(d) @3 points
Total: 15 points

The maximum score on the exam, after the deletions, is therefore 85. The scores

will be multiplied by 100/85 before they are averaged with the other components

to compute your final course grade.

Recommendation: Put X’s over the deleted problems before you start.

Do not waste time on the deleted parts, because they will not be graded.
2) Clarification for Problem 5(c):

Recall that vo is the orbital speed of the shuttle before the cannon is fired.

3) Clarification for Problem 7(d):

You may express your answer in terms of any of the quantities m, vo, h, R, and I,
where I is the moment of inertia of the disk about the pivoted axis. Please leave
your answer in terms of I, whether or not you evaluated it in part (b). Consider
this a challenge problem, so don’t feel frustrated if you can’t get it.
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FORMULA SHEETS: A five page “formula sheet” was handed out as part of this

examination. It is available on the 8.01 website at
http://web.mit.edu/8.01 /www/gen97/{if1197.html.

Problem 1 (10 points):
This problem 1s based on Problem &8 of the Unit 7 Quaz of this term.

A rocket-propelled railroad flatcar begins at rest at time ¢ = 0, and then accelerates
along a straight track with a speed given by

v(t) = bt?

where b is a constant, for 0 < ¢t < t. Then the acceleration ends, and the flatcar continues
at a constant speed of vy = btZ, as shown on the graph below. A coin is initially at rest
on the floor of the flatcar. At ¢ = ¢; the coin begins to slip, and it stops slipping at ¢ = ¢3.
You may assume that 0 < t; < t3 < t3, as shown in the graph. Gravity acts downward

with an acceleration of magnitude g.

’Uf __________

Velocity of Flatcar

Coin starts
slipping
slipping

a) (5 points) What is the coefficient of static friction us between the coin and the floor?

b) (5 points) What is the coefficient of kinetic friction p between the coin and the floor?
(Hint: Note that between t = t; and t = t3, the coin has a constant acceleration.
Can you find this acceleration from some or all of the quantities b, tq, t2, t3, and

vr?)
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Problem 2 (10 points):
This problem 15 based on Problem 6.8 of the Study Guide.

An Eskimo child of mass M is using her parents’ hemispherical igloo as a slide. She
starts off from rest at the top and slides down under the influ-
ence of gravity. The surface of the igloo is effectively frictionless.

0

a) (2 points, no partial credit) What is her potential energy ;
at point P (see diagram)? Define the potential energy so =
that it is zero when the child is on the ground. (Note the
sphere has radius r, and that a straight line between P and
O, the center of the sphere of which the igloo is a part,
makes an angle § with the vertical.)

v

b) (8 points) On the diagram above, indicate (and clearly label) the forces acting on
her at point P.

¢) (5 points) Does she remain in contact with the igloo all the way to the ground? If
not, at what angle @ does she lose contact?
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Problem 3 (15 points):
This problem 1s based on Problem 13.13 of the Study Guide.

A cylindrical container of length L is full to the brim
with a liquid which has mass density p. It is placed on a
weigh-scale (which measures the downward force on the
pan of the scale), and the scale reading is W. A light
ball (which would float on the liquid if allowed to do
so) of volume V and mass m is pushed gently down and
held beneath the surface of the liquid with a rigid rod of
negligible volume, as shown.

In each of the following parts, you can express your
answer in terms of the given variables and /or the answers
to the previous parts, whether or not you have correctly
answered the previous parts.

a) (8 points, no partial credit) What is the mass M of liquid which overflowed while
the ball was being pushed into the container?

b) (8 points, no partial credit) What is the reading R; on the scale when the ball is
fully immersed?

¢) (8 points, no partial credit) If instead of being pushed down by a rod the ball is held
in place by a fine string attached to the bottom of the container, what is the tension
T in the string?

d) (8 points, no partial credit) In part (c), what is the reading R2 on the scale?

e) (8 points, no partial credit) If the string is cut, what will be the initial acceleration
a of the ball? Assume that viscosity effects are negligible.
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Problem 4 (15 points):

a)

(8 points, no partial credit) A ball is thrown straight upward with an initial speed vo.
Denoting the magnitude of the acceleration of gravity as ¢g, and neglecting friction,
what will be the maximum height A that the ball will reach?

(8 points) A ball of mass M and velocity v; = [var,0,0] collides with a ball of mass
m and velocity v, = [0,0,v,,]. The two stick together. Ignoring friction, what is the
speed of the combined mass after the collision?

(8 points, no partial credit) A block of mass m slides down a frictionless hill, starting
at a height h and finishing at height zero. Let g be the magnitude of the acceleration
of gravity. What is the kinetic energy of the block at the bottom of the hill?

(8 points, no partial credit) A ball of radius R and mass m rolls without slipping
down a hill, starting at a height A and finishing at height zero. Again let g be the
magnitude of the acceleration of gravity. Neglecting all friction besides the force
needed to keep the ball from slipping, what is the kinetic energy of the ball at the
bottom of the hill?

(8 points) A compressed spring of negligible mass, which provides a fixed but un-
calibrated force, is placed in contact with an unknown mass labeled A. When the
spring is released, so that it pushes on the block, the initial acceleration of the block
is measured to have magnitude a4. In an identical experiment with the same spring
compressed by the same amount, a block labeled B is found to have an initial accel-
eration of magnitude ap. If the two blocks are glued together (neglect the mass of
the glue) and the identical experiment is carried out with the pair, what will be the
magnitude of the initial acceleration?
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Problem 5 (17 points):

A space shuttle is in a circular orbit of radius R about the Earth. The shuttle and

its contents have mass M, and the Earth has mass Mpg.

a)

(8 points) In the frame of the Earth, which you may treat as an inertial frame, what
is the orbital speed vy of the shuttle? You may express your answer in terms of any
of the quantities R, M, Mg, and G (Newton’s constant), and you may assume that
M < Mg.

(4 points) What is the gravitational potential energy of the shuttle, relative to the
potential energy it would have at infinite distance from the Earth? Again you may
express your answer in terms of any of the quantities R, M, Mg, and G (Newton’s
constant).

(4 points) A cannon on the shuttle fires a probe of mass m in the direction opposite
to the shuttle’s velocity. After the firing, the probe has a speed Awv relative to the
shuttle, where Av < vg. What is the speed v; of the probe, relative to the Earth,
immediately after the firing? You may assume that no other mass is ejected in the
firing of the probe. Do not assume, however, that m is negligible compared to M.
You may express your answer in terms of any of the quantities B, m, M, Mg, G,
vo, and Av.

(6 points) After being fired from the cannon, the probe will follow an elliptical orbit.
Assume that it remains far enough from the Earth so that friction with the atmo-
sphere can be ignored. Write two equations which could be solved to determine r,
and v, the radius and speed of the orbit at perigee, the nearest point to the center
of the Earth. Do not attempt to solve these equations. Note that r, is to be
measured from the center of the Earth. You may express your answer in terms of
any of the quantities vy, B, m, Mg, and G.
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Problem 6 (15 points):

A piston chamber of volume Vj is filled with an ideal monatomic gas at temperature

To and pressure Py. Denote Boltzmann’s constant by k, and Avogadro’s number by N4.

a)

(2 points, no partial credit) In terms of the given quantities, what is the number N
of atoms of the gas present in the chamber?

(2 points, no partial credit) What is the number N of moles of the gas present in the
chamber?

(2 points, no partial credit) The gas is allowed to expand, so the volume increases
by an amount AV. The gas is heated while it expands by just the right amount to
keep it at constant pressure Py. How much work AW does the gas do during this
expansion?

(8 points) By what amount AU does the internal energy change during this expan-
sion? Define AU so that a positive value denotes an increase in internal energy.

(6 points) Starting again from the initial values of V. =V, T = Ty, and P = P, the
gas is allowed to expand without the addition or emission of any heat. As the gas
expands the values of T and P can both be measured as a function of V. Find an

dP
expression for — that depends on no variables other than P and V.

dv
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Problem 7 (18 points):

A uniform disk of mass M and radius R is ori-
ented in a vertical plane. The y axis is vertical, and Pivot
the z axis is horizontal. The disk is pivoted about
the origin of the coordinate system, with the center
of the disk hanging a distance h below the pivot, as I h
shown. The disk is free to rotate without friction p
about the pivot in the z-y plane. The magnitude
of the acceleration of gravity is ¢, directed in the
negative y direction.

HV

a) (4 points) If the disk is rotated by an an-
gle 6 from its equilibrium position, as shown,
what is the magnitude of the torque about the
pivot? (In this part, do not assume that the
angle 6 is necessarily small.)

Y A

b) (4 points) What is the moment of inertia I of the disk about the pivoted axis?

¢) (4 points) If the disk is allowed to oscillate about its equilibrium position, what
will be the period of small oscillations? Your answer may be written in terms of I,
whether or not you answered the previous part.

d) (6 points) A ball of putty of mass m collides
with the disk from the right, hitting it at the
point [R,—h,0], as shown. At the moment
just before the impact, the ball of putty has a
velocity v = [~v0,0,0], and the disk is at rest.
If the putty sticks to the side of the disk, what
will be its velocity vector Vf immediately after
the collision?
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FINAL EXAMINATION SOLUTIONS
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FAMILY (LAST) NAME

GIVEN (FIRST) NAME

STUDENT ID NUMBER

Cl1 MW 1:00 R. Remillard
Cl 2 MW 2:00 R. Remillard
Your class (check one) = L3 | MW 1.00 A Kermon
Cl 4 MW 2:00 A. Kerman
Instructions: Cl 5 TR 2:00 W. Busza
1. SHOW ALL WORK. All work is to be done in this Cl 6 TR 3:00 W. Busza
booklet. Extra blank pages are provided. CL 7 TR 9:00 S. Nahn
2. This is a closed book test.
3. CALCULATORS, BOOKS, and NOTES are NOT CL8 | TR 10:00 5. Nahn
ALLOWED. ClL 9 TR 2:00 E. Lomon
4. Do all SEVEN (7) problems. Cl. 10 TR 3:00 E. Lomon
5. Print your name on each page of this booklet. Cl. 11 MW 12:00 I. Pless
6. Exams will be collected 5 minutes before the hour. CL 12 MW 1:00 I. Pless
Cl 13 TR 10:00 R. Hulsizer
] Cl 14 TR 11:00 R. Hulsizer
Problem | Maximum Score Grader ClL 15 MW 2:00 . Gao
1 10 Cl. 16 MW 3:00 H. Gao
5 10 Cl 17 MW 3:00 M. Feld
Cl. 18 MW 4:00 M. Feld
3 12 CL 19 | TR 9:00 L. Royden
4 12 Cl. 20 TR 10:00 L. Royden
Cl 21 TR 10:00 W. Smith
5 11 CL22 | TR 11:00 | W. Smith
6 12 Cl. 23 TR 10:00 R. Aggarwal
7 18 Cl. 24 TR 11:00 R. Aggarwal
Cl. 25 TR 2:00 P. Haridas
TOTAL 85 CL26 | TR 3:00 | P.Haridas

468



8.01 Final Examination Solutions, Fall 1997, p. 2

MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics

Physics 8.01 Fall 1997

FINAL EXAMINATION ERRATA
Monday, December 15, 1997

1) The exam as printed is too long!

The following parts are therefore deleted from the exam:

Problem 3(e) @3 points
Problem 4(e) @3 points
Problem 5(d) @6 points
Problem 6(d) @3 points
Total: 15 points

The maximum score on the exam, after the deletions, is therefore 85. The scores

will be multiplied by 100/85 before they are averaged with the other components

to compute your final course grade.

Recommendation: Put X’s over the deleted problems before you start.

Do not waste time on the deleted parts, because they will not be graded.
2) Clarification for Problem 5(c):

Recall that vo is the orbital speed of the shuttle before the cannon is fired.

3) Clarification for Problem 7(d):

You may express your answer in terms of any of the quantities m, vo, h, R, and I,
where I is the moment of inertia of the disk about the pivoted axis. Please leave
your answer in terms of I, whether or not you evaluated it in part (b). Consider
this a challenge problem, so don’t feel frustrated if you can’t get it.
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FORMULA SHEETS: A five page “formula sheet” was handed out as part of this

examination. It is available on the 8.01 website at
http://web.mit.edu/8.01 /www/gen97/{if1197.html.

Problem 1 (10 points):
This problem 1s based on Problem &8 of the Unit 7 Quaz of this term.

A rocket-propelled railroad flatcar begins at rest at time ¢ = 0, and then accelerates
along a straight track with a speed given by

v(t) = bt?

where b is a constant, for 0 < ¢t < t. Then the acceleration ends, and the flatcar continues
at a constant speed of vy = btZ, as shown on the graph below. A coin is initially at rest
on the floor of the flatcar. At ¢ = ¢; the coin begins to slip, and it stops slipping at ¢ = ¢3.
You may assume that 0 < t; < t3 < t3, as shown in the graph. Gravity acts downward

with an acceleration of magnitude g.

’Uf __________

Velocity of Flatcar

Coin starts
slipping
Coin stops
slipping

a) (5 points) What is the coefficient of static friction us between the coin and the floor?

b) (5 points) What is the coefficient of kinetic friction p between the coin and the floor?
(Hint: Note that between t = t; and t = t3, the coin has a constant acceleration.
Can you find this acceleration from some or all of the quantities b, tq, t2, t3, and

vr?)
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Solution:

(a) As the flatcar begins to accelerate, the coin vs held at a fized position relative to
the car by static friction. The coefficient
of static friction can be computed from the N
time at which 1t starts to slip, t1, which 1s 4
when static friction has reached its maxi-
mal force. The acceleration along the track
during the period 0 <t <ty 1s given by

mg

dv d
= — = —bt* = 2bt .
“Tu T
It slips when
ma = psN ,

where m is the mass of the coin and N = mg 1s the normal force. So

2bt
m(2bt;) = usmg — s = 71 .

(b) As the hint suggests, the coefficient of kinetic friction is found from acceleration
during the time interval t; < t < tz, while the coin is slipping. The acceleration
along the track is given by

a_&_ﬂkmg_
m m

Kkg -

Knowing that the acceleration is constant, we can express its value in terms of the
inittal and final velocities:

,_ vta) —v(t) _ b(t3 — %) ‘

t3 — 11 t3 — 11

Equating the two expressions for a,

_ b -1
:u’k - (t3 —tl)g 9
or equivalently
v — bt%
k=1 -
. (ts —t1)g

471



8.01 Final Examination Solutions, Fall 1997, p. 5

Problem 2 (10 points):
This problem 15 based on Problem 6.8 of the Study Guide.

An Eskimo child of mass M is using her parents’ hemispherical igloo as a slide. She
starts off from rest at the top and slides down under the influ-
ence of gravity. The surface of the igloo is effectively frictionless.

a) (2 points, no partial credit) What is her potential energy
at point P (see diagram)? Define the potential energy so
that it is zero when the child is on the ground. (Note the
sphere has radius r, and that a straight line between P and
O, the center of the sphere of which the igloo is a part,
makes an angle § with the vertical.)

Solution: In general

U=Mgh,
where h 1s the height above the zero of potential, which in this case 1s the ground.
Since
h=rcosf ,
we have
U= Mgrcosf .
y A N
P
My
0 /"
0 az:=

b) (8 points) On the diagram above, indicate (and clearly label) the forces acting on
her at point P.

¢) (5 points) Does she remain in contact with the igloo all the way to the ground? If
not, at what angle @ does she lose contact?
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Solution: She will remain in contact as long as the normal force 1s positive, but
she will lose contact if it ever falls to zero. To find the normal force, balance forces
in the radial direction. To know the radial acceleration, we must know v, which
can be found by energy conservation:

1
Mgrcosﬂ—i—EMvz:Mgr —>  v?® =2¢gr(1 —cosb) .

The radial component of the F = Ma equation reads:

02
N —Mgcosf =—-M— ,
r

50
N = Mgcosf —2Mg(1 — cos9)

= Mg(3cosf —2) .
So N = 0 when 3cos—2 =0, at which point the child would lose contact. Finally,

2
Child loses contact at § = cos ™! <§>
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Problem 3 (12 points, after deletion):
This problem 1s based on Problem 13.13 of the Study Guide.

A cylindrical container of length L is full to the brim
with a liquid which has mass density p. It is placed on a
weigh-scale (which measures the downward force on the
pan of the scale), and the scale reading is W. A light
ball (which would float on the liquid if allowed to do
so) of volume V and mass m is pushed gently down and L
held beneath the surface of the liquid with a rigid rod of
negligible volume, as shown.

——-fixed rigid rod

In each of the following parts, you can express your
answer in terms of the given variables and /or the answers
to the previous parts, whether or not you have correctly
answered the previous parts.

a) (8 points, no partial credit) What is the mass M of liquid which overflowed while
the ball was being pushed into the container?

Solution: The displaced volume 1s V and the density of the liquid 1s p, so the
displaced mass 1s

M =pV .

b) (8 points, no partial credit) What is the reading R; on the scale when the ball is
fully immersed?

Solution: The ball experiences a buoyant force upward with magnitude equal to
the weight of the displaced liquid, Fg = pV g. By Newton’s third law, the ball must
exert a force on the liquid of equal magnitude, acting downward. Since the weight
of liguid on the scale has been reduced from its initial value by pV g, the reading is

Ri=W —pVg+Fg=| W.
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¢) (8 points, no partial credit) If instead of being pushed down by a rod the ball is held
in place by a fine string attached to the bottom of the container, what is the tension
T in the string?

Solution:

The vertical component of the net force acting on the ball must
be zero, so 4
Fgp—mg—T=0. Fp

But Fp = pVg, so

T=pVg—mg=(pV —m)g .

d) (8 points, no partial credit) In part (c), what is the reading R2 on the scale?

Solution: There are no forces acting on the items on the scale other than the
usual forces of gravity and the normal force of the scale acting upward. So, the
scale simply weighs the items. The weight started as W, was reduced by the weight
of the displaced liquid pV g, and increased by the weight of the ball mg:

“ Ry =W —pVg+mg.

e) (8 points, no partial credit) If the string is cut, what will be the initial acceleration
a of the ball? Assume that viscosity effects are negligible.

‘ DELETED FROM EXAM
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Problem 4 (12 points, after deletion):

a) (8 points, no partial credit) A ball is thrown straight upward with an initial speed vo.
Denoting the magnitude of the acceleration of gravity as ¢g, and neglecting friction,
what will be the maximum height A that the ball will reach?

Solution: By conservation of energy,

Emvg = mgh ,

where m is the mass of the ball. So

b) (8 points) A ball of mass M and velocity vi = [vas,0,0] collides with a ball of mass

m and velocity v, = [0,0,v,,]. The two stick together. Ignoring friction, what is the
speed of the combined mass after the collision?

Solution: By conservation of momentums,

P; =p1 + D2 = [Munp,0,mup| = (M +m)vy .

So
- [Muva,0,mup|
M+m ’

Vf—

and

\/M2v12\,1 + m2v2,

Vel = M m

¢) (8 points, no partial credit) A block of mass m slides down a frictionless hill, starting
at a height h and finishing at height zero. Let g be the magnitude of the acceleration
of gravity. What is the kinetic energy of the block at the bottom of the hill?

Solution: Conservation of energy implies

Eg ;= mgh)|
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(8 points, no partial credit) A ball of radius R and mass m rolls without slipping
down a hill, starting at a height A and finishing at height zero. Again let g be the
magnitude of the acceleration of gravity. Neglecting all friction besides the force
needed to keep the ball from slipping, what is the kinetic energy of the ball at the
bottom of the hill?

Solution: Again, conservation of energy implies | Ex s = mgh|. [The energy will

be divided between translational and rotational kinetic energy, but the total kinetic
energy must equal the original potential energy.|

(8 points) A compressed spring of negligible mass, which provides a fixed but un-
calibrated force, is placed in contact with an unknown mass labeled A. When the
spring is released, so that it pushes on the block, the initial acceleration of the block
is measured to have magnitude a4. In an identical experiment with the same spring
compressed by the same amount, a block labeled B is found to have an initial accel-
eration of magnitude ap. If the two blocks are glued together (neglect the mass of
the glue) and the identical experiment is carried out with the pair, what will be the
magnitude of the initial acceleration?

DELETED FROM EXAM

477



8.01 Final Examination Solutions, Fall 1997, p. 11

Problem 5 (11 points, after deletion):

A space shuttle is in a circular orbit of radius R about the Earth. The shuttle and
its contents have mass M, and the Earth has mass Mpg.

a) (8 points) In the frame of the Earth, which you may treat as an inertial frame, what
is the orbital speed vy of the shuttle? You may express your answer in terms of any
of the quantities R, M, Mg, and G (Newton’s constant), and you may assume that

M < Mg.

Solution:

Writing the radial component of F = ma,

GMMg  Mu?

=T TR j
which implies that
. R
GME GME
2 _

b) (4 points) What is the gravitational potential energy of the shuttle, relative to the
potential energy it would have at infinite distance from the Earth? Again you may
express your answer in terms of any of the quantities R, M, Mg, and G (Newton’s

constant).

Solution: In general, for point masses or spherical bodies,

GMi M,

Ugrav = - R

So, in this case

GMMEg

GMMg { GMME]
Ugrav = 5 |\

R

o9
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¢) (4 points) A cannon on the shuttle fires a probe of mass m in the direction opposite
to the shuttle’s velocity. After the firing, the probe has a speed Awv relative to the
shuttle, where Av < vg. What is the speed v; of the probe, relative to the Earth,
immediately after the firing? You may assume that no other mass is ejected in the
firing of the probe. Do not assume, however, that m is negligible compared to M.
You may express your answer in terms of any of the quantities B, m, M, Mg, G,
vo, and Av.

Solution:

Before: M —» Vg

After: [ m |—» v M—-—m —» v,

Conservation of momentum tmplies that
mvy + (M — m)ve = Mug . (1)
The condition that the relative speed 1s Av implies that
vg —v1 = Av . (2)

Thus we have two equations and two unknowns (vi and vs), so the problem is
reduced to algebra. From (2),

vg = Av+ vy .
Substituting into (1),
mvy + (M — m)(Av +v1) = Moo .
& Mvy + (M —m)Av = Mug

(M —m)Av
-

- U1 = Vo —

d) (6 points) After being fired from the cannon, the probe will follow an elliptical orbit.
Assume that it remains far enough from the Earth so that friction with the atmo-
sphere can be ignored. Write two equations which could be solved to determine r,
and v, the radius and speed of the orbit at perigee, the nearest point to the center
of the Earth. Do not attempt to solve these equations. Note that r, is to be
measured from the center of the Earth. You may express your answer in terms of
any of the quantities vy, B, m, Mg, and G.

DELETED FROM EXAM
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Problem 6 (12 points, after deletion):

A piston chamber of volume Vj is filled with an ideal monatomic gas at temperature
To and pressure Py. Denote Boltzmann’s constant by k, and Avogadro’s number by N4.

a) (2 points, no partial credit) In terms of the given quantities, what is the number N

of atoms of the gas present in the chamber?

Solution:

PyVy
PV =NkT — | N= _
kT,

b) (2 points, no partial credit) What is the number N of moles of the gas present in the

chamber?
Solution:
N PV,
N = — fr— = 0¥o
NA NAkTO
or equivalently
~ PRVo

PV = NRT = .
N N RT:

¢) (2 points, no partial credit) The gas is allowed to expand, so the volume increases
by an amount AV. The gas is heated while it expands by just the right amount to
keep it at constant pressure Py. How much work AW does the gas do during this

expansion?

Solution: In general dW = P dV, so if the pressure is constant we have

AW = Py AV .

d) (8 points) By what amount AU does the internal energy change during this expan-
sion? Define AU so that a positive value denotes an increase in internal energy.

DELETED FROM EXAM
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e) (6 points) Starting again from the initial values of V. = V,, T = Tp, and P = Py, the
gas is allowed to expand without the addition or emission of any heat. As the gas
expands the values of T and P can both be measured as a function of V. Find an

dP
expression for v that depends on no variables other than P and V.

Solution: From the first law of thermodynamics,
dU =dQ — PdV ,
but in this case we are told that no heat is transferred, so d@QQ = 0. It follows that

dU
dU = —PdV, or = = _P .
T Qv

For an ideal monatomic gas, we also know that
1 3
U=N{-mv?)==-PV .
2 2

Differentiating this expression gives

dU_3P+3 dP
av 2 2 dv

dUu
FEquating the two expressions for v
3 3__dP
—P+-V—=-P
2t T3 v ’
° 3 dP 5
—V—=—-P
2 dV 27
and
dP 5P
v~ 3V
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Problem 7 (18 points):

A uniform disk of mass M and radius R is ori-
ented in a vertical plane. The y axis is vertical, and
the z axis is horizontal. The disk is pivoted about
the origin of the coordinate system, with the center

of the disk hanging a distance h below the pivot, as
shown. The disk is free to rotate without friction
about the pivot in the z-y plane. The magnitude
of the acceleration of gravity is ¢, directed in the
negative y direction.

a) (4 points) If the disk is rotated by an an-
gle 6 from its equilibrium position, as shown,
what is the magnitude of the torque about the
pivot? (In this part, do not assume that the

angle 6 is necessarily small.)

Pivot
[k z
b
R
YA
- “’

Solution:
In general, .
7T=rxF.
h . . ) .
In this case the force is gravity, Mg downward, which can
me 4 be taken to act on the center of mass. From the diagram,

|7| = Mghsiné ,

where by right-hand rule

the direction is into the page.

Ezpressed alternatively in components,

7 =[0,0,—Mghsin¥] .
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b) (4 points) What is the moment of inertia I of the disk about the pivoted axis?

Solution: This problem can be answered by using the parallel axis theorem. The
moment of inertia of a uniform disk about its central axis is given in the table at
the start of the exam as

1
I.., = ~MR? .
2

By the parallel axis theorem, the moment of inertia about a parallel azxis separated
by a distance h from the central axis 1s given by

I=1I.,+ MR,

S0

1
I:M<5R2+h2>

¢) (4 points) If the disk is allowed to oscillate about its equilibrium position, what
will be the period of small oscillations? Your answer may be written in terms of I,
whether or not you answered the previous part.

Solution: The disk is pivoted about the z axis, so the equation of motion is
ITa=17,=—Mghsin .
To discuss small oscillations, we approrimate sinf ~ 0, so

_ 0 Mok,
YT e I

To put this into the standard form we define
Mgh d?
w2ETg, soﬁz—uﬂﬂ.

As listed in the Formula Sheet, this equation has the solution § = Asinwt, where
A is any constant. The sine function has a period of 2w, so § will go through one
full cycle in a time T, where wT = 27w. So
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d) (6 points) A ball of putty of mass m collides
with the disk from the right, hitting it at the
point [R,—h,0], as shown. At the moment
just before the impact, the ball of putty has a
velocity v = [~v0,0,0], and the disk is at rest.
If the putty sticks to the side of the disk, what
will be its velocity vector Vf immediately after
the collision?

Solution: The collision 1s inelastic, so mechanical energy is not conserved. The
pivot will exert a force to prevent the axis of rotation of the disk from mouving, so
momentum 1s also not conserved. But nothing in the problem can exert a torque
about the axis of rotation, so angular momentum about the axis i1s conserved.

The angular momentum of the putty 1s given by L=7x p, where T is the displace-
ment vector from the origin (the point about which the angular momentum is to
be computed), and p is the momentum. Right-hand rule shows that the direction

is into the page. |L| = prsinf = prt, where r- = rsin@ is the component of T in

the direction perpendicular to p. r+ can be described as the length of a line which
extends from the point about which the torque 1s calculated to the line along which
the object 1s mouving, intersecting the line at a right angle. In this case, that line
has length r- = h, so

—

L = [0,0, —muoh] .
After the collision the putty and disk will move together. Since the putty 1s at a
distance vVh2 + R? from the origin, the total moment of inertia will be
Lot = I +m(h* + R?) .
Conservation of angular momentum implies that the angular velocity just after the
collision, wy, can be found from
muvoh
I+m(h?+ R?)

L, = Itotwf = —mvoh — wr =

The velocity of the putty can be found from
muvgh
I+ m(h? + R?)

Using the component definition of the cross product from the Formula Sheet, one

has finally,

Vf:&fxfz 0,0,

X [R,—h,0] .

5 muvoh
Vi=—
T = T+ m(r? + R?)

[k, R,0] .
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Problem 1 (10 points, no partial credit)

At a location where the acceleration due to gravity is 10 m/s?, a 2 kg ball is dropped
from rest in vacuum at £ = 0. On the scale below, indicate the vertical position of the
ball at one second intervals after the ball is released (i.e., at t = 1s, 25, 35, ...) until
it falls off of the scale.

10

15

20

25

30

Vertical position in meters

35

40

45

50

55
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Problem 2 (10 points)

You are walking on a horizontal road. At some instant of time you accelerate forward.
Your acceleration has magnitude a. Your mass is M.

a) In words, state what forces are acting on you and which force causes the acceleration.

b) What is the magnitude of that force?
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Problem 3 (10 points)

The diagram shows a Venturi
meter installed in a water main.
The pipe has a circular cross sec-
tion at all points, with diame-
ter D, in the first segment and
D, in the second segment, with
D; < D;. The mass density of
the water is p, and the acceler-
ation of gravity is g (¢ > 0). If
the water in the pipe is flowing
at volume flow rate R (measured,
for example, in m3/s), what is:

a) the speed of flow v; in the first section of pipe (of diameter D;), and the speed of
flow vy in the second section of pipe (of diameter D2)?

b) the difference in the water level Ak in the two tubes?
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Problem 4 (10 points)

A monatomic ideal gas, originally at a pressure P, volume V and temperature T, is
compressed to one half of its initial volume.

A)If the compression is isothermal (i.e., at constant temperature)

a) The final pressure is:
i) P ii) 2P iii) 3P iv) 4P v) 5P
vi) P/2 vii) P/3 viii) P/4 ix) P/5

b) The work done by the gas during the compression is:
i) —PVIn2 ii) PV In2 iii)— & In 2 iv)Z In2 v) —2PV

vi) 2PV vii) —2E7 viii) 28Y ix) —£¥
ix) %

B) If the compression is isobaric (i.e., at constant pressure)

a) The final temperature is:
i) T/2 ii) 2T iii) T'/4 iv) 4T v) Tln2
vi) T/In2 vii) T'In 4 viii) T'/In4

b) The amount of heat supplied to the gas during the compression is :

) -ipPv i) 1PV i) —1PV  iv) 1PV v) 3PV

vi) 2PV vii) —2PV viii) 2PV ix) —1L PV

ix) 1L PV
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Problem 5 (10 points)

Two cars collide at an intersection. They remain locked together after the collision
and travel a distance s, at an angle @ to car 1’s original direction. Car 1 has mass M;
and car 2 has mass M. The accident happened in conditions when the coefficient of
kinetic friction between rubber and the road is ux. What were the speeds of the two
cars immediately before the collision?

You may assume that the acceleration due to gravity is g, and that the force of the

collision causes the wheels of the cars to immediately lock, so that the rotation of
wheels can be ignored.
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Problem 6 (10 points)

A uniform plank of wood with mass M and length £ rests against the top of a free
standing wall which has height A and a frictionless top. The plank makes an angle 6
with the horizontal.

a) On the picture on the right, draw a free body diagram for the plank.

b) In the boxes below, write a complete set of independent equations which when
solved give the minimum value of § for which the plank will not slip. Express
your equations in terms of only M, £, h, g, and u., the coefficient of static friction
between the plank and the floor. Do not solve the equations.

Note: The number of equations you write could depend on how you have defined
your variables, so some correct answers will not fill all boxes.
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Problem 7 (10 points)

A Dball is placed on a vertical massless spring which obeys Hooke’s Law and which
initially has its natural uncompressed length. It is observed that at first the ball
makes vertical simple harmonic oscillations with period T'.

After a very large number of oscillations the ball comes to rest because of air resistance
and losses in the spring. What is the final compression of the spring in terms of only
T and g¢.

A

g iy Lt — —
Final
Compression

ol son y

e
Uncompressed spring Ball oscillates Ball at rest
before ball is (Long time later)

put in place
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Problem 8 (10 points)

You have been given a nugget which you are told is a mixture of gold and zinc. You
want to find out how much gold you have been given. Being an MIT student you make
the following observations:

1. You put a cup partly full of water on an electronic (weight) scale and observe that
it reads M7, meaning that the force on the scale is equivalent to the gravitational
force of a mass M;.

2. You attach the nugget to a very thin stiff piece of wire and hold the nugget in the
water fully submerged but not touching the bottom of the cup. The water does not
overflow. You observe that the scale now reads Ms.

3. You remove the wire and drop the nugget into the cup. No water is spilled. The
scale now reads Ms.

4. In a reference book you find that gold has a density pau, zinc pzn, and water py, 0.

Using these observations determine
a) the volume of the nugget
b) the mass of the nugget
¢) the mass of the gold in the nugget.
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Problem 9 (10 points)

A uniform disk of mass M, and radius R is pivoted on a frictionless horizontal axle
through its center.

a) A small mass M, is attached to the disk at
radius R/2, at the same height as the axle. If
this system is released from rest:

i) What is the angular acceleration of the disk immediately after it is released?

ii) What will be the magnitude of the maximum angular velocity that the disk will
reach?

b) Now consider the situation if the mass M; is
a disk of radius R/2 located with its center
at the same place where M is located in part
(a). For this case, find the angular accelera-
tion immediately after the system is released
from rest. g
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Problem 10 (10 points)

A satellite follows an elliptical orbit. Its closest approach to the earth is Ry, at which
point it has speed v;, and the furthest point is R,, at which point it has speed vs.
Both distances are measured from the center of the earth. At the surface of the earth
the acceleration due to gravity is ¢ and the earth’s radius is R.

What is the magnitude of vy in terms of only R;, R2, R and ¢?
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Problem | Maximum| Score Grader RO7 MW 3:00 |M. Feld
1 10 RO8 MW 4:00 |M. Feld
R16 TR 11:00 |D. Fernie
2 10 R15 TR 10:00 |A.Guth
3 10 R23 TR 11:00 |J. Hager
2 R24 TR 12:00 [J. Hager
0 RO9 MW 1:00 |P. Joss
5 10 R10 MW 2:00 |P. Joss
6 R11 MW 3:00 |P. Joss
o R26(M) |TR 3:00 |McBride/Bove
7 10 R17 TR 12:00 |TA- Ribeiro
8 m R13 TR 2:00 |J. Shelton
R14 {TR 3:00 |J. Shelton
9 10 R04 . {MW 1:00 |G. Stephans
10 10 505 o MW 2:00 |G. Stephans
TOTAL 100
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Note: this exam included a 6-page formula sheet, which can be downloaded separately.

Problem 1 (10 points, no partial credit)

At a location where the acceleration due to gravity is 10 m/s?, a 2 kg ball is dropped
from rest in vacuum at £ = 0. On the scale below, indicate the vertical position of the
ball at one second intervals after the ball is released (i.e., at t = 1s, 25, 35, ...) until
it falls off of the scale.

0 —ip—
5 ———
10 ——
EE g s=1gt? =5m(t/s)?
.
s = ]
% 20 —t— 1s 5m
: ————————
= [ - 2s 20m
PR e
'g s 3s 45m
Q Arve—————
R
> -
35 e
40 —————
45 —@—
-
50 ——
5
B
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Problem 2 (10 points)

You are walking on a horizontal road. At some instant of time you accelerate forward.
Your acceleration has magnitude a. Your mass is M.

a) In words, state what forces are acting on you and which force causes the acceleration.

b) What is the magnitude of that force?

Solution:

a) The forces are that of gravity acting downward, the normal force of the road acting
upward, and the force of friction acting forward. It is the force of friction that causes
the acceleration.

b) Since F = Ma, the magnitude of the frictional force must be

Ffriction = Ma .
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Problem 3 (10 points)

The diagram shows a Venturi
meter installed in a water main.
The pipe has a circular cross sec-
tion at all points, with diame-
ter D, in the first segment and
D, in the second segment, with
D; < D;. The mass density of
the water is p, and the acceler-
ation of gravity is g (¢ > 0). If
the water in the pipe is flowing
at volume flow rate R (measured,
for example, in m3/s), what is:

a) the speed of flow v; in the first section of pipe (of diameter D;), and the speed of
flow vy in the second section of pipe (of diameter D2)?

b) the difference in the water level Ak in the two tubes?

Solution:

a) The volume flow rate R is constant throughout the pipe and vs given by the product
of the cross sectional area A of the pipe and the speed of the flow v. Hence

R 4R 4R

MN=—=| —s Vg =| —s .
Aq WD% ’ WD%

b) First, we use Bernoulli’s equation to relate the pressures Py and Py at the center of

the pipe in the regions of large and small cross sections
)
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1 1 1
P1—|—§pv%:P2—|—§pv§ - P1—P2:§p(v§—v%).

We have defined the vertical y-coordinate to be zero at the center of the pipe. Now we
use Pascal’s law to relate the pressures Py and Py to the pressure P4 at the heights y;
and yo of the water levels in the two tubes. Since the two tubes are in contact with the
surrounding air, the pressure at the top of either column of liquid 1s just the ambient
air pressure P,. We find

Py = Py + pgy1, Po = Ps+pgy2 —

P — Py, w202 8R? [ 1 1
Ah=y1 —y2 = = -2 L = 3 = ai=vy
g 2g m4g \D; Dj

Note on subtle point: In this problem one has to be careful about where to ap-
ply Bernoulli’s equation, and where to use Pascal’s law. The correct solution uses
Bernoulli’s equation to find the pressure differences along the flow line through the
center of the pipe, but Pascal’s law must be used to find how the pressure varies with
height.

Along the y-axis, for example, Pascal’s law says that the pressure should vary according
to

P(y) = P, — pgy ,

where p is the density of water and g is the acceleration of gravity. Note that Bernoulli’s
equation would give a different result, since it would imply that

1

1
P(y) + 500" (v) + pgy = Py + o pv} .
(If Bernoulli’s eq

were valid)

The two equations agree when v(y) = vs, a relation which holds inside the horizontal
pipe but not in the vertical pipes (where v & 0).

To understand which equation is valid, we need to examine the behavior of the water
where its velocity v changes, at the interface of the horizontal and vertical pipes. While
the actual flow of water at such an interface can be complicated, for our purposes we
can approximate the change in the water velocity as happening discontinuously along
a horizontal line:
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Recall that the derivation of Bernoulli’s equation showed that the Bernoulli quantity
is constant along flow lines. Since there are no flow lines that cross the dotted line
along the velocity discontinuity, we can see that there is no reason to believe that the
Bernoulli quantity has the same value on both sides. Pascal’s equation, on the other
hand, was derived by examining the forces on the water in the vertical direction. Since
the vertical acceleration of the water is zero both above and below the dotted line, the
derivation of Pascal’s equation remains valid. The pressure varies continuously across
the dotted line, while the velocity and the Bernoulli quantity undergo a jump at the
dotted line.

Note, however, that Bernoulli’s equation does describe the pressure variation along the
flow lines of a pipe, even when those flow lines are vertical. In that case the derivation
of Pascal’s equation can break down, since the vertically flowing liquid can undergo
acceleration in the vertical direction, if the pipe changes diameter.

504



8.01 Final Exam Solutions, Fall 2000, p. 6

Problem 4 (10 points)

A monatomic ideal gas, originally at a pressure P, volume V and temperature T, is
compressed to one half of its initial volume.

A)If the compression is isothermal (i.e., at constant temperature)

a) The final pressure is:

i) P i) 2P iii) 3P iv) 4P v) 5P
vi) P/2  vii) P/3  viii) P/4  ix) P/5

b) The work done by the gas during the compression is:
i) —PVIn2 ii) PV In2 iif)— & In 2 iv) 2 In2 v) —2PV

vi) 2PV vii) —28¥ viii) 28F ix) —£¥
ix) 5
B) If the compression is isobaric (i.e., at constant pressure)
a) The final temperature is:
) T/2 ii) 2T iii) 7/4 iv) 4T  v) Tln2

vi) T/In2 vii) T'In 4 viii) T'/In4

b) The amount of heat supplied to the gas during the compression is:

i) —i1pPV ii) $PV iii) —2 PV iv) £ PV v) 3PV
vi) 2PV vii) —2PV viii) 2PV ix) —1LPV
ix) 11 PV

Solution:

A) a) Since PV = NkT, constant temperature implies that P o« 1/V. So if V 1s
halved, P vs doubled. The correct answer is | (i1) 2P.

b) Since the pressure is changing, we must integrate to find the total work done:
W = / PdV .
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Since P « 1/V, we can write P = Py(Vo/V), where Py and Vi denote the
original pressure and volume. So

Vo qv 1
W = PoVo/ 7 = PoVO |:lIl <5VO> —In V0:| = —PoVO In2 .
Vo

Since the problem called the instial values of pressure and volume P and V,

respectively, the right answer is | (1) —PV In 2.

B) a) For isobaric expansion (constant pressure), PV = NET implies that T « V.
So, if the volume 1s halved, then the temperature must be halved, and the correct

answer s | (1) T /2.

b) First we must calculate the work done by the gas. Since the pressure is constant,
this is stmply

W:PAV:—?W.

Next we must calculate the change in the internal energy of the gas. For a
monatomic tdeal gas, the internal energy is given by

1 3 3
U:JV<4mﬂ>:—NkT:—PV.
2 2 2

During the compression the temperature falls by a factor of 2, so the internal
energy also falls by a factor of 2, and therefore

AU = —2NkT =3PV .
4 4

By conservation of energy,

AU=Q-W ,

so the heat Q) supplied to the gas is given by

5
Q=AU+W =-_PV.

The correct answer s therefore | (vii) —%PV-

506



8.01 Final Exam Solutions, Fall 2000, p. 8
)
S
Car 1 > T

Problem 5 (10 points

Two cars collide at an intersection. They remain locked together after the collision
and travel a distance s, at an angle @ to car 1’s original direction. Car 1 has mass M;
and car 2 has mass M. The accident happened in conditions when the coefficient of
kinetic friction between rubber and the road is ux. What were the speeds of the two
cars immediately before the collision?

You may assume that the acceleration due to gravity is g, and that the force of the
collision causes the wheels of the cars to immediately lock, so that the rotation of
wheels can be ignored.

Solution: We treat the sequence of events as an instantaneous collision followed by a
period of skidding. During the skidding phase, the only horizontal force acting 1s that
of kinetic friction, which has a magnitude Fy = pr(M1 + M2)g. This force directly
opposes the motion, so the work done by friction is W = F.-T— — (M1 + M2)gs.
By the work-energy theorem this must equal the change in the kinetic energy of the
wreckage. Since the final kinetic energy is zero, the kinetic energy at the start of the
skidding phase must be Er = uip(My + Mz)gs. Thus the speed at the start of the
skidding phase 1s given by

1
§(M1 + Mo)v? = up(My + Ma)gs =  vs = \/2uxrgs .

This 1s the speed of the wreckage just after the collision.

The collision 1s inelastic, since the cars stick together, so kinetic energy is not con-
served. Momentum 1s conserved, however, as long as there are no external forces.
(Note that the downward force of gravity is canceled by the upward normal force, but
the force of friction can act horizontally during the collision. We use the approxima-
tion, however, that the collision happens during a very short length of time, so the
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change in momentum due to friction during the collision is negligible.) If we adopt a
coordinate system as shown above, conservation of momentum can be written as

Myv; = (M + M3)vs cos @ (z-component)
Mvs = (M7 + M2)vssiné (y-component) ,

where v, and vy are the speeds of the two cars, respectively, before the collision. Thus

M, + M.
vy = %\/mucgs cos@ ,

and

M, + M
ve = %V%Lkgs sin @ .
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Problem 6 (10 points)

A uniform plank of wood with mass M and length £ rests against the top of a free
standing wall which has height A and a frictionless top. The plank makes an angle 6
with the horizontal.

a) On the picture on the right, draw a free body diagram for the plank.

Nwall

Nﬂoor

Mg

Fy

b) In the boxes below, write a complete set of independent equations which when
solved give the minimum value of # for which the plank will not slip, in terms of
only M, £, h, g, and u,, the coeflicient of static friction between the plank and the
floor. Do not solve the equations.

Fo: Fr— Nyansind =0

Fy: Nfcor — Mg+ Nyancosf =0

14 Nyanh
7 (about contact with floor): —Mg— cosf + Zwall? g
2 sind

About to slip: Ff = psNaocor

Note: The number of equations you write could depend on how you have defined
your variables, so some correct answers will not fill all boxes.

Alternatively, you could have calculated the torque about different points:

12 12 h 12
About center of plank: —Ngoor- cos@ + Fr—sinf + Nyan | — — - ) =0
2 2 sind 2

) N¢h h 14
About contact with wall: Fh — tan 8 + Mg <m ~3 cos 0) =0
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Extension of solution: You were not asked to solve these equations, but now that
the exam is over you might be interested in trying. After the unknowns Nyaii,
Nioor, and Fy are eliminated, one is left with one equation to determine 8:

2ush
7

sin 6§ cos (sin @ + pscosf) =

If one solves this equation numerically, one finds that, depending on u; and the
ratio /¢, it might have zero, one, or two solutions in the allowed range, where the
allowed range extends from the case where the tip of the plank makes contact with
the wall (§ = sin~'(h/£)) to the case where the plank is vertical (§ = 7/2). You
might want to think about how the number of solutions is related to the description
of the circumstances under which the plank will or will not slip.
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Problem 7 (10 points)

A Dball is placed on a vertical massless spring which obeys Hooke’s Law and which
initially has its natural uncompressed length. It is observed that at first the ball
makes vertical simple harmonic oscillations with period T'.

After a very large number of oscillations the ball comes to rest because of air resistance
and losses in the spring. What is the final compression of the spring in terms of only
T and g¢.

A

g iy Lt — —
Final
Compression

ol son y

e
Uncompressed spring Ball oscillates Ball at rest
before ball is (Long time later)

put in place

Solution: The first step 1s to relate the period T to the spring constant k. Let y equal
the vertical coordinate of the wall, with y = O the position for which the spring is at
its uncompressed length. Then

d%y
M— =—ky— Mg,
dr2 Yy g
where M is the mass of the ball. The equiltbrium point is where the force vanishes, so
Mg
_kyeq_Mgzo — yeq:_T . A Y

The differential equation simplifies if we define a
new coordinate y which measures the vertical dis-
placement relative to the equilibrium point:

g Y — Yeq -

Since yeq 15 independent of time,

g _ d%

dit2 de2 ’
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SO 9
d“y
MEY — iy
at? y

This equation can be cast into the standard simple-harmonic-motion form by writing

where w = \/k/M. A solution to this differential equation can be written as
y(t) = Asinwt

where A 1s a constant. The period T is the time it takes for the argument of the sine

function to change by 27, so
27
T=—=2m/—.
w

The amount of compression Ah is equal to —yeq, 0

S

M T\?
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Problem 8 (10 points)

You have been given a nugget which you are told is a mixture of gold and zinc. You
want to find out how much gold you have been given. Being an MIT student you make
the following observations:

1.

4.

You put a cup partly full of water on an electronic (weight) scale and observe that
it reads M7, meaning that the force on the scale is equivalent to the gravitational
force of a mass M;.

. You attach the nugget to a very thin stiff piece of wire and hold the nugget in the

water fully submerged but not touching the bottom of the cup. The water does not
overflow. You observe that the scale now reads Ms.

. You remove the wire and drop the nugget into the cup. No water is spilled. The

scale now reads Ms.

In a reference book you find that gold has a density pay, zinc pzn, and water pn, 0.

Using these observations determine

a) the volume of the nugget
b) the mass of the nugget
¢) the mass of the gold in the nugget.

Solution:

a) the volume of the nugget: This can be determined by comparing the results of ob-

servations 1 and 2. From observation 1, we know that the mass of the beaker plus
the water in 1t 1s M,. When observation 2 is made, the forces acting on the beaker-
plus-water system are:

1) The force of gravity Mg downward.

2) The bouyant force F, downward that the nugget exerts on the water. By Newton’s
3rd law this 1s equal in magnitude to the bouyant force that the water exerts on
the nugget, which by Archimedes’ law ts equal to pu,oV g, where V is the volume
of the nugget.

8) The normal force of the scale acting upward on the beaker. Since the scale reads
M, this normal force 1s Mag.

Since the system is in equilibrium the total force must be zero, so

My - M,

PH,O

—Mig — pu,0Vg+Mg=0 — vV
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b) the mass of the nugget: This can be determined by comparing the results of obser-
vations 8 and 1. The extra mass when the nugget 1s added to the scale 1s just the
mass of the nugget, so

Mnugget =Mz — M, .

¢) the mass of the gold in the nugget: By knowing the mass and volume of the nugget,
and the relevant densities, the mass of gold can be found. We need to assume
that when metals are mized the resulting volume 1s equal to the sum of the original
volumes, which is certainly an accurate assumption. If we let Ma,, and Mgz, denote
the mass of gold and zinc in the nugget, respectively, then

Maw + Mz, = Mnugget =Mz — M, .

The volume of gold and zinc are then given by May/paw and Mzy /pzn, respectively,

so we can wrile Iy M M o
Au + Zn V= ( 2 — 1) )
PAu PZn PH,O

The two equations above can then be solved for the two unknowns (Ma, and Mzy ).
After some algebra, one finds
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Problem 9 (10 points)

A uniform disk of mass M, and radius R is pivoted on a frictionless horizontal axle
through its center.

a) A small mass M, is attached to the disk at
radius R/2, at the same height as the axle. If
this system is released from rest:

i) What is the angular acceleration of the disk immediately after it is released?

ii) What will be the magnitude of the maximum angular velocity that the disk will
reach?

b) Now consider the situation if the mass M,
is a disk of radius R/2 located with its cen-
ter at the same place where M is located
in part (a). For this case, find the angular
acceleration immediately after the system is
released from rest. (You may assume that Y
the two disks are fused together to make one

rigid body.)

Solution:

a) i) Since the azle goes through the center of mass of the disk of mass My, the
gravitational force on this disk does not result in any torque about the arle. But
there 1s a torque caused by the gravitational force on M, given by

1

The moment of inertia of the combined system about the axle 1s that of the disk
M plus the mass Ms, so

1., R\* 1 )
I: EMIR +M2 5 — Z(2M1 +M2)R 5
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where the moment of inertia of the disk is taken directly from the table in the
formula sheets. The angular acceleration immediately after release is therefore

T _ 2M2g
I (2M;+ MR-

it) The mazimum angular velocity will be attained when My is at the bottom of
its motion. The value of the angular velocity can be determined by using the
conservation of enerqgy. The potential energy of the disk M, does not change,
since its center of mass does not move, so the only potential energy that needs
to be considered is that of My. This potential energy can be written U = Mgy,
where y 1s the vertical coordinate, measured from an arbitrary origin. I will take
that origin as the height of the axle. Thus Uinitial = 0, and Usina) (at the bottom
of the motion) vs —MagR/2. Then

Einitial = 0

1 1
Eﬁnal = EIW]% - EMZQR

/ gR 4Msg
E nal — Eini ia — 2
final tial \/2M1—|—M2

b) The only difference between this case and the previous one is the moment of inertia
of the disk of mass M. According to the table, the moment of inertia of this disk
about its own center is $M,(R/2)?. But we need the moment of inertia about the
center of the larger disk, for which we have to use the parallel axis theorem:

1 R\? R\® 3
Iy=I,+Md>=-M,| = M, =] = M,R?.
I + 5 2<2> + 2<2> 3 2
So,
1 2 3 2 1 2
I= 5MIR + gM2R = g(8M1 +3M>)R

The torque is the same as in part (a)(i), since the torque due to the gravitational
force on My can be calculated as if the entire force acted on the center of mass.

Thus,

4M2g
(8M; + 3M3)R

~|
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Problem 10 (10 points)

A satellite follows an elliptical orbit. Its closest approach to the earth is Ry, at which
point it has speed v;, and the furthest point is R,, at which point it has speed vs.
Both distances are measured from the center of the earth. At the surface of the earth
the acceleration due to gravity is ¢ and the earth’s radius is R.

What is the magnitude of vy in terms of only R;, R2, R and ¢?

Solution: By conservation of angular momentum about the center of the earth,
r xply = [Fx Dz,
or
mvi Ry = mvaRo
where m 1s the mass of the satellite. Similarly, conservation of energy implies that
1 , GMm 1 , GMm

—muvy — = —mv; — ,
2 1 R, 2 2 R,

where M is the mass of the earth. These two equations can be solved for vy, giving

2GMR,
V] =4 ————— .
' R1(R1 + R»)

We are not given G or M, so this 1s not the final answer. However, we are allowed to
use ¢ tn our answer, where g i1s the acceleration caused by grawty at the surface of the
earth. Considering the gravitational force on an object of mass m at the surface of the
earth, we can write

. GMm

mg - R2 9
where R 1s the radius of the earth. So

GM = R%g ,

and

2R2R2g
vy =4 ——=2
R, (R; + R»)
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