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To determine the acoustic properties of gases, liquids, and solids and to utilize them
in acoustic systems, it is necessary to generate the appropriate waves by means of
transducer materials which convert electrical energy into mechanical energy and vice
versa. For liquids and solids, the most common types of materials are piezoelectric
crystals, ferroelectric materials of the barium titanate type, and magnetostrictive
materials.

3g-1. Piezoelectric Crystals. The static relations for a piezoelectric quartz crystal
producing a single longitudinal mode are for rationalized mks units

Sz = 522ET 2 + dnE: D, =duT: + «7E; (3g-1)

where S, and T’ are the longitudinal strain and stress, respectively, s:2* the elastic
compliance along the length measured at constant electric field, d»: the piezoelectric
constant relating the strain with the applied ficld E:, D. the electric displacement,
and e the dielectric constant measured at constant stress. Equations of this type
suffice to determine the static and luw-frequency behavior of piezoelectric crystals.
Using the first equation, one finds that the increase in length for no external stress and
the external force for no increase in length are, respectively,’

Vi
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where V is the applied potential, [, w, and ¢ are the length, width, and thickness of the
ervstal, and F is the foree which is considered positive for an extensional stress. From
the second equation one finds that the open-circuit voltage and the short-circuited
charge for a given applied force are, respectively,

dai\ IF 1l [w Fl
V = — —_— —_— = z = —_ -

. (B)E e foﬂ) D dldw = dn (3g-3)
~ Another important criterion for transducer use is the electromechanical-coupling
factor k whose square is defined as the ratio of the energy stored in mechanical form
to the total input clectrical energy. TUsing Egs. (3g-1), this ean be shown to be

da1®
k= e (3g-4)
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Tt is readily shown that the elamped dielectric constant ¢, obtained by setting
S; = 0, and the constant-displacement clastic compliance sP, obtained by setting
D, = 0, are related to the constant-stress dielectric constant 7 and the constant-field
elastic compliance sz2” by the equations

=1-& (3g-5)
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Equivalent circuits in which the properties of the crystal are expressed in terms of
equivalent electrical elements are often useful (see Sec. 3l). An equivalent cir-
cuit for a piezoelectric crystal for static conditions is shown by Fig. 3g-14. In this
network the compliance C, = s:.¥l/wt represents the compliance of the crystal with
the electrodes short-circuited, the capacitance Cy is the capacitance of the clamped
crystal, i.e., Co = lwe,/t, while the transformer shown is a perfect transformer, i.e., a
transformer having no loss between zero frequency and the highest frequency for
which the piezoelectric effect is operative, having a turns ratio of ¢ to 1 where

w
¢ = —dn g-zz_E (3g-6)

The fact that this equivalent circuit presents the same information as Eq. (3g-1) is
readily verified by substitution and integration over the area of the crystal.
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Fig. 3g-1. Equivalent circuit for a piezoelectric crystal for clamped and free conditions.

As an example of the use of such a network, one can calculate from it the efficiency
of transformation of mechanical to electrical energy, or vice versa, under various
conditions. Suppose that we clamp one end of the crystal and apply a force through
the sending-end mechanical resistance Ry and receive the power generated into an
clectrical resistance Rz. Solving the network equations and obtaining the conditions
for maximum power ontput, it is readily shown that the maximum power is obtained
if

1 V1= k2
Ry = ———— Rp = ——— (3g-7)
wCy \/ 1 — k®? wCo
where w = 2r times the frequency f. With these values the power in the termination
ie
F2kA
PO = 4‘P2RE (38‘8)




3-12¢ ACOUSTICS

The available power that can be obtained from a source having an open-circuit force
with an internal impedance Ry is maximum when ¢*Ryp = Ru. This power is then

Fe
i2?Rp = 15, (3g-9)
and hence the power-conversion efficiency is
Pp = k# (3g-10)

Hence, unless the coupling is high, the efficiency of conversion by static means is low.

This efficiency can be improved by resonating the capacitance C, by an electrice coil
Lo at the frequency of operation and can be further improved by mechanically reso-
nating the static compliance of the crystal. The simplest way to analyze these
circuits for their optimum conditions is to observe that, if the perfect transformer is
moved to the end of the circuit, both equivalent sections are half sections of well-
known filters. Equation (3g-11) gives the element valucs of the first filter resonated
by an electrical coil, while Eq. (3g-14) gives the clement values for the scction tuned

on both -ends.
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where f1 is the lower cutoff, f» the upper cutoff, Z, the mid-shunt impedance oceurring
on the electrical side, and Z, the mid-series impedance occurring on the mechanical
side. Solving for fi, fs, Zo, and Zy(o?), i.e., the actual mechanical resistance, we find

, 1 V1= R 1 -k 1+3V1 -k
fo= ——— fi = ——F— Zo = Re = . 2
2r VLoCo 21 V L()Co 27l'f1C0 k

Co = (3g-11)

Ry = *Zy = 2nf1(lse:f /tw)  (3g-12)

Hence, if there is no dissipation in the elements of the crystal, perfect power conversion
can be obtained but only over a bandwidth of

f2 LT fl I 7.9
L =1 — V1 = k? -13)
7 vV (3g-13)
‘We consider next a wider bandpass filter having the element values
R o Y. %) S O
t t s2af  2afif2Ze ' w \dn 2x(f2 — f1)
s S = (2 = 11Z \
" T mGs 0% T T wnn OFH
Solving for the bandwidth and the impedances
fo—fi k f N 1 1
— m = f = —_— =
Im V1 = k2 ok 2 VL:Co  2r VLG,
V1 — g k 1 1
Zo=Rp = 55 Du=¢"% = L
0 E Onf Ok Ly = ¢°4q N (3g-15)

This flter scetion can efficiently transform mechanical into eleetrieal encrgy and vice
versa with a loss determined only by the dissipation in the elements of the crystal.
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The simplest method for mechanically resonating the erystal is to use it near its
natural mechanical resonance. An exact equivalent circuit for a vibrating crystal is
shown by Fig. 3g-1B. Near the first resonant frequency, the equivalent circuit for a
clamped quarter-wave crystal is shown by Fig. 3g-1C while the equivalent circuit for a
half-wave crystal is shown by Fig. 3g-1D.  When the haif-wave crystal resonated by
a shunt coil is applied to converting electrical into mechanical energy, the same
formulas given in Egs. (3g-14) and (3g-15) are applicable except that k2/(1 — k?) is
replaced by (8/=2)[k*/(1 — k?)]. By using the complete representation of Fig. 3g-1B
the effect can be calculated by using various backing plates on the radiation from the
front surface.

The general form of Eq. (3g-1) holds for any single mode whether it is longitudinal
or transverse as long as the appropriate constants are used. For longitudinal thick-
ness modes when the radiating surface is a number of wavelengths in diameter, s22F is
replaced by 1/cuf and da by en/cu®, the appropriate thickness piezoelectric con-
stant. For a thickness shear mode, the appropriate shear stiffness (csy, Cssy OF Ces)
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Fra. 3g-2. Use of equivalent circuit in determining the optimum conditions for energy
transmission.

replaces 1,/s22 and the appropriate shear piezoelectric constant replaces ds;.  Table
3g-1 lists the constants in mks units for a number of standard erystal cuts.

3g-2. Electrostrictive and Magnetostrictive Materials. Other types of materials
that have been used in transducers are ferroelectric crystals and ceramics of the barium
titanate type and ferromagnetic erystals, polyerystals, and sintered materials of the
ferrite type. All these materials have changes in lengths proportional to squares
and even powers of the polarization and to obtain a linear response they have to be
polarized. These polarized materials have relations between stresses, strains, electric
and magnetic fields, and electric displacement and magnetic flux similar to those for a
piezoelectric crystal shown by Eq. (3g-1) and hence these materials can be said to
have “equivalent” constants which depend not only on the material but also on the
degree of poling and in some cases on aging cffects. The dielectric and permeability
constants are those associated with the polarized medium as are also the elastic
constants.

To obtain these equivalent piezoelectric and plezomagnetic constants, one can start
with the more fundamental potential equations which have the same form for either
electrostrictive or magnctostrictive materials. For polycrystalline or sintered mate-
rials, these potential equations can be written in the form
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= —-é-[suD(TLZ + Ts? + Taz) T+ 28021 T's + 11715 + ToT3)
+ 2(si? — 8122)(T4? + T5* + T*)] — {Qu(D:2T + DTy + D3*T5)
+ QuT:(Dg? + D3?) + Ta(Di? + Ds?) + Ts(D1? + D»?)]
4+ 2(Qn — Qu)(TsD:Ds + T5D1D3 + TsD1D2)} + 3817 (D1 + D2? + Ds?)
+ KnT(D1 + Dot + Di¥) + K127(Di2Do? + Di*Ds? + D2?Dy?)
+ EinT(D:S + D28 + Dsf) + Ki"T[Di#(D2? + Di*) + Do*(Di* + Di?)
+ D34(D1? + D?)] + Ki23TDi2D1?Ds? : (3g-16) T

here Th1, Ta, T3 are the three extensional stresses, Ty, T's, T's the three shearing
resses, Dy, Ds, Ds the three components of the electrical displacement for ferro-
ectric materials or the three components of the magnetic flux B for ferromagnetic
aterials, the s constants are the compliance constants for an isotropic material
casured at constant electric or magnetic displacement, the @’s are the electro-
rictive or magnetostrictive constants, 3117 the inverse of the initial dielectric constant
- permeability measured at constant stress, and the K”’s are constants determining
. total energy stored for higher polarizations. The static equations can be obtained
7 differentiation of G according to the relations

G a@q

Si=‘—'ﬁ," Em:é_.b—y;

(3g-17)
Since linear cquations are obtained only if a permanent polarization P, is intro-
1ced, we assume that

D; = Py + Dy* (3g-18)

here D;*is a small variable component superposed on Po.  Also, Dy and D, are small
that their squares and higher powers can he neglected compared with Po.  Intro-
icing these into (3g-16) and differentiating, we have

8y = s PTh + s12P(T2 + T) + Q12(Pe* + 2PoDs¥)

Sy = s1:2Ts + s12P(T1 + T3) + Qu2(Po® + 2PoDs™)

S; = s 2T + 5122(T1 + Th) + QuiPo® + 2PoDs*)

Sy = 2(su? — s12P) Ty + 2(Qu — @12)PoD:

Sy = 2(su? — $12”) 75 4+ 2(Qu — Q12)PoDi . (3g-19)
Se = 2(si? — $122) T

E, = —2(Q1u — Q1o)PoTs + Di(BuT + 2K 12T P¢? + 2K 112TPo?)

Ey = —2(Q1 — Qi2)PoT s + D2(Bn” + 2K17Po* + 2K 1127 Po%)

E; = —2Q01PoTs — 2Q12Po(T1 + T2) + D3*(Bu” + 12K1,7Po® + 30K 111TP¢%)

It is obvious that the variable components of Eq. (3g-19) follow the same rule as for
piezoelectric crystal. There are three longitudinal modes and a shearing mode.
he length longitudinal mode has the following constants:
40 1,2P? dy = 201280
T 33T (Po)
€337 (Po) =

E = D A T/P Ne.. D
L. mode sn Su [1.+ BssT (Po)s1i?

1
Bap) 820

here B3 T(Pg) = (BT + 12K, TP + 30K 111 7Py*) is the dielectric impermeability
the ceramic when it has a permanent polarization Po

4Q1,%P? ] _ 2QuPo
T. E — g,,D —_— 57 BT
bar sy, 11 [1 + B3 T (Po)sii? ’ Ba” (Po)
1
T = ——r— -

T If higher-order terms than those considered here are used, second-order electrostrictive
«d magnetostrictive terms and the change in elastic constants with polarization can be
ken care of. For example, sce W, P, Mason, Phys. Bev. 82 (5), 715-723 (June 1, 1951).
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These formulas hold for a bar which is long in the direction of vibration compared with
the cross-sectional dimensions. When a plate is used which is a number of wave-
lengths across, the sidewise motions S; and S, are zero and the constants are

1

1.T. plate iE dis  e53(Po) (3g-22)
where
1 1 ’ 25,0 . v
0—179 = m, + d;ge;;,(Po) dy; = 2P, (Qu - mv_s_l}_s';_ff) Q12) €33(Po)
efy (Po) = . and ¢

BssT (Po) + [4Q12*Po*/(sn? + s12P)]
_ $112 + 8122
T (sn? — s12P) (s + 2s120)

The thickness shear mode has the fundamental constants 2(sinZ — $12F); dis; enT(Po),
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Fic. 3g-3. Temperature variation of kp, permittivity, and bar frequency constant for pre-
stabilized PZT-4.
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i.e., the dielectric constant perpendicular to the poling direction, where

9 — Q12)Ps _ . 4(Qu — Qi2)?Po?
du = f—(—gﬁmg* 2(snE — 812F) = 2(s1.2 — s12P) + BT (Po)
1
en?(Po) = Buf + 2K12"Ps? + 2K1127Po%)

(3g-23)

Two other modes have been used in electrostrictive and magnetostrictive materials,
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‘Fig. 3g-4. Temperature variation of ga1, da1, and mechanical @ for prestabilized PZT-4.
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Fig. 3g-5. Temperature variation of kp, permittivity K, and Young’s modulus (1/811E) for
BaTiO; ceramic.
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the radial mode and the torsional mode. The first is driven by polarizing the disk
perpendicular to the major surface and involves the same fundamental constants as the
length longitudinal mode of Eq. (3g-20). It has been shown! that the effective
coupling and the resonant frequency of such disks are given by the equations

2 4Q112PO2ET(P0)
1 -0 SuE

- 2.03 1
2ra VsuFp(l — a?)

fr

(3g-24)

where o is Poisson’s ratio, which is approximately 0.3 for barium titanate ceramics.
The torsional mode is generated in electrostrictive and magnetostrictive materials
when the alternating displacement is at right angles to the polarization. This is
easily accomplished for a magnetostrictive material by polarizing a cylinder radially
by one set of windings and driving the cylinder by a set of windings coaxial with the
cylinder. In an electrostrictive material, a torsional vibration can be obtained by
inducing a permanent polarization in different directions on two sides of the cylinder
and driving the cylinder by a set of two electrodes with the two gaps between them
coming in the region of greatest permanent polarization. The fundamental elastic
constant is the shear constant (suZ = sssE) while the fundamental piezoelectric con-
stant is the shear piezoelectric constant dis or the similar magnetostrictive constants.

Table 3g-2 gives some typical constants for a number of barium titanate composi-
tions with lead and calcium titanate additions. A number of new ceramics, particu-
larly lead zirconate titanate (trade name PZT), sodium potassium niobate, and lead
metaniobate, have recently appeared. These have higher Curie temperatures than
barium titanate combinations but lower values of electrical and mechanical Q’s.
The stored electrical polarization in lead zirconate titanate (nearly 30 microcoulombs/
em?) is higher than in any other ceramic and such materials are especially useful for
producing a high current when depolarized by a mechanical shock (E.E.T. trans-
ducers). Figures 3g-3, 4, and 5 show how the fundamental constants vary with
~ temperature over a wide temperature range for the most used ceramic PZT-4, and for
the original BaTiO; ceramic. Table 3g-3 gives some typical constants for a number
of magnetostrictive materials. .

3g-3. Equivalent Circuits for Magnetostrictive Transducers. The energy equation
(3g-16) is the same for magnetostrictive and electrostrictive materials, provided the
electric field and displacement are replaced by the magnetic field H and the magnetic
flux density B. Hence the equivalent circuit of Fig. 3g-1 also applies to a magneto-

!
strictive material, provided we replace E and ¢ by fo H; dl = U, the magnetomotive

force, and BS = &, where S is the cross-sectional area, ® the total flux through the
magnetostrictive transducer, and & the time rate of change of this flux. Hence all
the fundamental quantities and coupling factors can be expressed in terms of the
analogous quantities as shown by Table 3g-3. These hold for materials having a
closed magnetic circuit such as a ring or a rod with closing magnetic circuit having a
reluctance small compared with that for the rod. If this is not true, demagnetizing
factors and additional reluctance values have to be taken account of and the value of
& is the average value determined by all these factors.
In a transducer, however, it is not U and & that we deal with, but rather the input
voltage and current. These quantities are related by equations of the type
E-N® v=Mm (3g-25)
dt
where N is the number of turns and the voltage, current, flux, and magnetomotive
forces are directed as shown by Fig. 3g-6. These are the equations of a gyrator, shown

I W. P. Mason, “‘Piezoelectric Crystals and Their Application to Ultrasonies,” chap.
XI1I, D. Van Nostrand Company, Inc., Princeton, N.J., 1950.
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by the symbol of Fig. 3g-6, which does not satisfy the reciprocity relationship. If we
call Zy the magnetic impedance defined by

U

Zu = dd/dt

(3g-26)

it is evident that the electrical impedance at the terminals of the transducer is equal to

E N2
Zg = = Zn (3g-27)

Hence the effect of the gyrator coupling is to invert all the elements of the equivalent
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Fi1c. 3g-6. Equivalent circuit of a magnetostrictive rod.

circuit. Hence one should determine the clement values of Fig.3g-6 for the appro-
priate terminating conditions and then invert the values in accordance with Eq.
(3g-27) to determine the elements of a magnetostrictive transducer. The values
given in Fig. 32-6 are for a longitudinally vibrating rod where 8 is the cross-sectionzal
area and [ the length. S is the average value of the permeability in the equations for

the reluctance R
R = — (3g-28)

where 48 is for the constant stress condition.




