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Analogies are useful when it is desired to compare an unfamiliar system with one
that is better known. The relations and actions are more easily visualized, the
mathematics more readily applied, and the analytical solutions more readily obtained
in the familiar system. Analogies make it possible to extend the line of reasoning into
unexplored fields. In view of the tremendous amount of study which has been
directed toward the solution of circuits, particularly electric circuits, and the engineer’s
familiarity with electric circuits, it is logical to apply this knowledge to the solutions
of vibration problems in other fields by the same theory as that used in the solution of
electric circuits. The objective in this section is the establishment of analogics
between electrical, mechanical, and acoustical systems.

31-1. Resistance. Electric Resistance. Electric energy is changed into heat by the
passage of an electric current through an electric resistance. Electric resistance Ry,
in abohms, is defined as

Re =

LNy

(31-1)

where e = voltage across the eléctric resistance, abvolts
¢t = current through the electric resistance, abamp
Mechanical Rectilineal Resistance. Mechanical rectilineal energy is changed into
heat by a rectilinear motion which is opposed by mechanical rectilineal resistance
(friction). Mechanical rectilineal resistance (termed mechanical resistance when
there is no ambiguity) Ry, in mechanical ohms, is defined as

= fr
Ry = - (31-2)
where fy = applied mechanical force, dynes
u = velocity at the point of application of the force, cm /sec
Mechanical Rotational Resistance. Mechanical rotational energy is changed into
heat by a rotational motion which is opposed by a rotational resistance (rotational

friction). Mechanical rotational resistance (termed rotational resistance when there
is no ambiguity) Re, in rotational ohms, is defincd as

Rr = fé—e (31-3)

where fzr = applied torque, dyne-em
Q = angular velocity about tle axis at the point of the torque, radians /sec
Acoustic Resistance. Acoustic energy is changed into heat either by a motion in a
fluid which is opposed by acoustic resistance due to a fluid resistance incurred by
viscosity or by the radiation of sound. Acoustic resistance B4, in acoustical ohms, is
defined as ‘
3-166
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Ri=% (31-4)

where p = pressure, dynes/cm?
U = volume velocity, cm?/sec
31-2. Inductance, Mass, Moment of Inertia, Inertance. Inductance. Electro-

magnetic energy is associated with inductance. Inductance is the electric-circuit

element that opposes a change in current. Inductance L, in abhenrys, is defined as

di
e=L% (31-5)
where e = voltage, emf, or driving force, abvolts
% — rate of change of current, abamp/sec

Mass. Mechanical rectilineal inertial energy is associated with mass in the mechan-
ical rectilineal system. Mass is the mechanical element which opposes a change in
velocity. Mass m, in grams, is defined as

d
fu=m% (31-6)

du . -
where 7= acceleration, cm/sec?

Ju
Moment of Imertia. Mechanical rotational energy is associated with moment of
inertia in the mechanical rotational system. Moment of inertia is the rotational
element which opposes a change in angular velocity. Moment of inertia I, in gram
(centimeter)?, is defined as '

driving force, dynes

I

aQ

fr=1% ' (31-7)
aQ . . 2
where vl angular acceleration, radians /sec
fr = torque, dyne-viu '

Inertance. Acoustic inertial energy is associated with inertance in the gcoustic
system. Inertanceisthe acoustic element which opposes a change in volume velocity.
Inertance M, in grams per (centimeter)?, is defined as

dU
p =3~ (31-8)

where %lt—] = rate of change of volume velocity, cm?/sec?

p = driving pressure, dynes/cm?

31-3. Electric Capacitance, Rectilineal Compliance, Rotational Compliance,
Acoustic Capacitance. Electric Capacitance. Electric capacitance is associated with
capacitance. LElectric capacitance is the electric-cireuit element which opposes a
change in voltage. Electric capacitance (', in abfarads, is defined as

. de
i=Cry (31-9)
1 : Q
= — dt = =~ -
e =G, f 1 o (31-10)
where Q = charge on the electrical capacitance, abeoulombs
e = emf, abvolts

Rectilineal Compliance. Mechanical rectilineal potential energy is associated with
the compression of a spring or compliant element. Rectilineal compliance is the
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mechanical element which opposes a change in the applied force. Rectilineal com-
pliance (termed compliance when there is no ambiguity) Cu, in centimeters per dyne,
is defined as

fa = Ex; (31-11)

where z = displacement, cm
fu = applied force, dynes

Rotational Compliance. \echanical rotational potential energy is associated with
the twisting of a spring or compliant element. Rotational compliance is the mechani-
cal element that opposes a change in the applied torque. Rotational compliance Cg,
in radians per centimeter per dyne, is defined as

fr =4 @31-12)
R
where ¢ = angular displacement, radians
fr = applied torque, dyne-cm v

Acoustic Capacitance. Acoustic potential energy is associated with the compression
of a fluid or a gas. Acoustic capacitance is the acoustic element which opposes a
change in the applied pressure. The acoustic capacitance Cy4, in (centimeters)® per
dyne, is defined as

- X
P=g, (31-13)
where X = volume displacement, cm?
P = pressure, dynes/cm?

81-4. Representation of Electrical, Mechanical Rectilineal, Mechanical Rotationai,

and Acoustical Elements. Electrical, mechanical rectilineal, mechanical rotational,
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Fig. 3l-1. Graphical representation of the three basio clements in electrical, mechanical
rectilineal, mechanical rotational, and acoustical systems.

and acoustical elements have been defined in the preceding sections. Figure 31-1
illustrates schematically the three elements in each of the four systems.
The electrical clements, clectric resistance, inductance, and
are represented by the conventiona] symbols.
Mechanical rectilineal resistance ig represented by sliding friction which causes
dissipation. Mechanical rotational resistance is represented by a wheel with g sliding-

electric capacitance,
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friction brake which causes dissipation. Acoustic resistance is represented by narrow
glits which cause dissipation due to viscosity when fluid is forced through the slits.
These elements are analogous to electrie resistance in the electrical system.

Inertia in the mechanical rectilineal system is represented by a mass. Moment of
inertia in the mechanical rotational system is represented by a flywheel. Inertance
in the acoustical system is represented as the fluid contained in a tube in which all the
particles move with the same phase when actuated by a force due to pressure. These
elements are analogous to inductance in the electrical system.

Compliance in the mechanical rectilineal system is represented as a spring. Rota-
tional compliance in the mechanical rotational system is represented as a spring.
Acoustic capacitance in the acoustical system is represented as a volume which acts
as a stiffness or spring element. These elements are analogous to electric capacitance
in the electrical system.

Table 31-1 shows the quantities, units, and symbols in the four systems.

81-5. Description of Systems of One Degree of Freedom. Electrical, mechanical
rectilineal, mechanical rotational, and acoustical systems of one degree of freedom are
shown in Fig. 31-2. In one degree of freedom the activity in every element of the
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Fia. 31-2. Electrical, mechanical rectilineal, mechanical rotational, and acoustical systems
of one degree of freedom and the current, velocity, angular velocity and volume velocity
response characteristics.

system can be expressed in terms of one variable. In the electrical system an electro-
motive force e acts upon an inductance L, an clectric resistance Rk, and an electric
capacitance Cr connected in series. In the mechanical rectilineal system a driving
force fir acts upon a particle of mass m fastened to a spring of compliance Ci and
sliding upon a plate with a frictional force which is proportional to the velocity and
designated as the mechanical rectilineal resistance Ra. In the mechanical rotational
system a driving torque fr acts upon a flywheel of moment of inertia I connected to a
spring or rotational compliance Cr and the periphery of the wheel sliding against a
brake with a frictional forece which is proportional to the velocity and designated as
the mechanical rotational resistance Rgr. In the acoustical system, an impinging
sound wave of pressure p acts upon an inertance )M and an acoustic resistance Ry4
comprising the air in the tubular opening which is connected to the volume or acous-
tical capacitance C4. The acoustic resistance 24 is due to viscosity.

The differential equations describing the four systems of Fig. 31-2 are as follows:
Electrical

L§ + Red + —C% = Eeiot (31-14)
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Mechanical rectilineal
mi + Rut + —— = Faeiot
Cu
Mechanical rotational
I1¢ + Rré + Ci = Fpelvt
R
Acoustical

MX + RuX + C—X; = Peivt

(31-15)

(31-16)

(31-17)

E, Fu, Fr, and P are the amplitudes of the driving forces in the four systems.

Eelvt = ¢, Fpeivt = far, Freivt = fr and Peivt = p.
The steady-state solutions of Fqs. (31-14) to (31-17) are:
Electrical
e Eeiwt _ e
== R ¥ jol = G/alo) ~ Z»

Mechanical rectilineal

4= Felwt o &
T RM +jwm - (j,«"wc_u) Z_u

Mechanical rotational

$ = Pel _ Iz
" Rr + jol — (j/oCr) ~ Zn

Acoustical
X Pejwt _2.

T Ra +jod = (jJaCa) ~ Za

The vector electric impedance is

Zp = R + joL — —L_
O)CE

The vector mechanical rectilineal impedance is

Zy = Ry + jom — —2
w Car

The vector mechanical rotational impedance is

Zr = R + joI — —J—_
wCp
The vector acoustic impedance is

_ o d
Za = Ra + jul o

(31-18)

(31-19)

(31-20)

) (31-21)

(31-22)

(31-23)

(31-24)

(31-25)
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81-6.- Applications of Classical Electrodynamical Analogies. The fundamental
principles relating to electrical, mechanical rectilineal, mechanical rotaticnal, and
acoustical analogies have been established in the preceding sections. Employing
these fundamental principles, the vibrations produced in mechanical and acoustical
systems owing to impressed forces can be solved as follows: Draw the electrical
network which is analogous to the problem to be solved; solve the electrical network
by conventional electrical circuit theory; convert the electrical answer into the
original system. In this procedure any problem involving vibrating systems is
reduced to the solution of an electrical network. 1In the illustrations in the preceding
sections, the elements in the electrical network have been labeled 7z, and Cx. How-
ever, when analogies are used in actual practice, the conventional procedure is to
label the elements in the analogous electrical network with 7y, 37, and Cy for a

Cai Caz Caz
70 Ms 1) Me a2 73
ENGINE M) M2 M3 Mg OUT.
TCM TCAz TCA3

Fic. 31-3. Cross-sectional view and acoustical network of an automobile mufiler. In the
acoustical network: My, M., M3, and 4, the inertances of the series elements: 741, 74z,
and r 43, the acoustical resistances of the shunt elements; M;, Mg, and M7, the inertances of
the shunt elements; C 41, C42 and Cas, the acoustical capacitances of the shunt elements.
(After Olson, "‘Dynamical Analogies,’”” D. Van Nostrand Company, Inc., Princeton, N.J.,
1959.)

mechanical rectilineal system; with rg, I, and Cr for a mechanieal rotational system;
and with r4, A/, and C4 for an acoustical system. This procedure will be followed
in this section in labeling the elements in the analogous electrical network. The
customary procedure is to label the network with the caption mechanical network or
rotational network or acoustical network as the case may be. When there is only
one path, the term circuit will be used instead of network. A complete treatment
of the examples of the use of analogies in the solution of problems in mechanical and
acoustical systems is beyond the scope of this section. However, a few typical
examples will serve to illustrate the principles and method.

Acoustical—Automobile Muffler. The sound output from the exhaust of an auto-
mobile engine contains all audible frequencies in addition to frequencies below and
above the audible range. The purpose of a muffier is to reduce the sound output
in the audible frequency range without increasing the exhaust back pressure.

By the application of acoustical principles employing analogies improved mufllers
have been developed in which the following advantages have been chtained: smaller
size, higher attenuation in the audible frequency range, and reduction of back pressure
at the engine. A cross-sectiopal view of the improved muffler is shown in Fig. 31-3.
The acoustical network shows that the system is essentially a low-pass acoustieal
filter. The main channel is of the same diameter as the exhaust pipe. Therefore,
there is no increase in the direct flow of exhaust gases as compared with a plain pipe.
In order not to impair the efficiency of the engine, the muffler should not increase the
acoustical impedance tu subaudible frequencies. The system of Fig. 3l-3 can be
designed so that the subaudible frequencies are not attenuated and at the same time
high attenuation is introduced in the audible frequency range.
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The terminations at the two ends of the network are not ideal. Therefore, it is
pecessary to use shunt arms tuned to different frequencies in the low-frequency
range. Acoustical resistance is obtained by employing slit-type openings into the
side chambers.

In a development of this kind, the frequency spectrum of the sound which issues
from the exhaust is usually determined. From these data the amount of suppression
required for each part of the audible frequency range can be ascertained. The
acoustical network can be determined from these data and the terminating acoustical
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F16. 31-4. Schematic view, mechanical rectilineal system, and mechanical circuit of a machine
mounted directly upon the floor. In the mechanical circuit: far, the vibrating force devel-
oped by the machine; m. the mass of the machine; Zyr, the mechanical impedance of the
floor. (After Olson, “Dynamical Analogies,” D. Van Nostrand Company, Inc., Princeton,
N.J., 1959)
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Fic. 31-5. Schematic view, mechanical rectilineal system, and mechanical network of a
machine mounted upon a vibration isolating system. In the mechanical network: fi, the
vibrating force developed by the machine; m, the mass of the machine; Ca, the compliance
of one of the four spring mounts; rar, the mechanical rectilineal resistance of one of the
spring mounts. . (After Olson, ‘“Dynamical Analogies,” D. Van Nostrand Company, Inc.,
Princeton, N.J., 1959.)

networks. In general, changes are required to compensate for the approximations.
In this empirical work the acoustical network serves as the guide in directing the
appropriate changes.

"~ Mechanical Rectilineal—Machine Vibration Isolator. The vibration of a machine
is transmitted from its supports to all parts of the surrounding building structure.
In many cases, the vibrations are §o intense as to be intolerable. The reduction of
the transmission of machinery vibrations is one of the most common problems in
noise control. For these conditions, the solution of the problem is to provide suitable
vibrational isolation between the machine and the floor upon which it is placed.

A machine mounted directly on the floor is shown in Fig. 31-4. The mechanical
rectilineal system and the mechanical circuit for vertical vibrations are shown in
Fig. 31-4. The driving ferce fy is due to the vibrations of the machine. The
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mechanical circuit shows that the only isolation in the system of Fig. 31-4 is due to
the mass of the machine.

In the simple isolating system of Fig. 31-5 the machine is mounted on springs with
mechanical resistance added to serve as damping. The compliance and mechanical
resistance of each support are Cy and ry. Since there are four supports, these
values become Car/4 and 473 in the mechanical rectilineal svstem and the mechanical
network for vertical vibrations. The mechanical network depicts the action of the
shunt circuit Cxrar in reducing the force of the vibration transmitted to the floor 2 p.

Mechanical Rotalional-—Vibration Damper. In reciprocating engines and other
rotating machinery, rotational vibrations of large amplitudes occur at certain speeds.
These rotational vibrations are sometimes of such high amplitude that the shafts

MOMENT OF INERTIA I FLYWHEEL I,
COMPLIANCE Cy I,

_ UM
Cr="2" SHAFT h
- CR !R
FRICTION
BEARING
RESISTANCE
'R
END VIEW SIDE VIEW ROTATIONAL NETWORK

Fic. 31-6. End and side views and the rotational network of a vibration damper. In the
rotational network: I, the moment of inertia of the flywheel; I, the moment of inertia of
the damper; Cg, the rotational compliance of the damper; rgr, the mechanical rotational
resistance between the damper and the shaft. (After Olson, “Dynamical Analogies,'
D. Van Nostrand Company, Inc., Princeton, N.J., 1959.)

will fail after a few hours of operating. A number of various rotational dampers
have been developed for reducing these rotational vibrations. A typical example of
a vibration damper used to control the vibrations of the flywheel is shown in Fig.
31-6. The damper consists of a rotational element having a moment of inertia I,
rotating on a shaft with a mechanical rotational resistance rr between the inertia
element and shaft. The inertial element is coupled to the flywheel by means of a
spring of compliance C'y. The rotational compliance is Cr = Cy/a? where a is the
radius at the point of attachment of the spring with respect to the center line of the
shaft. Referring to the rotational network it will be seen that the rotational damper
forms a shunt mechanical rotational system. The shunt rotational circuit Crrgpl,
is tuned to the frequency of the vibration. Since the mechanical rotational imped-
ance of the shunt resonant rotational circuit is very high at the resonant frequency,
the angular velocity (or amplitude) of vibration of the flywheel will be reduced.
A consideration of the rotational network illustrates the principle of the device.

Electrical Mechanical—Direct Radiator Dynamic Loudspeaker. The direct radiator
dynamic loudspeaker shown in Fig. 31-7 is almost universally used for radio, phono-
graph, television, and other small-scale sound reproductions.

The mechanical circuit of the loudspeaker is shown in Fig. 31-7. The mechanical
rectilineal impedance at the voice coil, where a force fy is applied, can be determined
from the coustauts of the elements of the mochanical circuit. The mass my and
the mechanical resistance 72 of the air load can be obtained from Sec. 3i-2 on the
acoustic impedance of vibrating pistons.

The electrical circuit of the loudspeaker is also shown in Fig. 31-7. The motional
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Fie. 81-7. Cross-sectional view, electrical circuit. and mechanical circuit of a direct radiator
loudspeaker. In the electrical circuit: e, the open-circuit voltage of the generator or
vacuum tube: rze, the electrical resistance of the voice coil; L, the inductance of the voice
coil; Zgyr, the motional electrical impedance of the driving syvstem. In the mechanical
circuit: my, the mass of the cone; 71, the mechanical resistance of the suspension system;
C31, the compliance of the suspension system; me, the mass of the airload; 732, the mechani-
cal rectilineal resistance of the air load. (dfter Olson, **Dynamical Analogies,” D. Van
Nostrand Company, Inc., Princeton, N.J., 1959.)

electrical impedance in the electrical cireuit is given by

(B

ey = = (31-26)

tur
where zgy = motional electrical impedance, abohms
B = flux density in air, gauss
I = length of conductor in voice coil
zur = mechanical impedance at location f) in mechanical circuit, mechanical
ohms ,
The mechanical driving force is given by

fy = Bli (31-27)

where fay = driving force, dynes
t = current in voice coil, abamp
The velocity can be determined from the mechanieal ecircuit of Tig. 31-7 and the
following equation:

= Ju (31-28)

fMT
where & is the velocity in centimeters per second. The sound output is given by
P = rya? (31-29}

where P = sound power output, ergs/sec
7y = mechanical ohms
T = velocity of cone from Eq. (31-28)
The object is to select the constants so that the power output as given by Eq.
(31-29) is practically independent of the frequency over the desired frequency range.
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TasLe 3l-1. QuanTiTiES, UNITS, AND SYMBOLS FOR ELECTRICAL, MECHANICAL
RECTILINEAL, MECHANICAL ROTATIONAL, AND AcCOUSTICAL ELEMENTS

Electrical Mechanical rectilineal
Quantiy Cnit Sg:;° Quantity Unit Sg;xll-
Electromotive
force........ Volts X 108 e Force Dynes fu
Charge or Coulombs X 107! Q Linear dis- Centimeters x
quantity placement
Current........ Amperes X 107! | ¢ Linear velocity | Centimeters Z or u
per second
Electric imped- | Ohms X 10° Zg Mechanical Mechanical Zy
ance : impedance ohms
Electric resist- | Ohms X 10° Ry Mechanical Mechanical R
ance resistance ohms
Electri¢c react- { Ohms X 10° Xk Mechanical Mechanical X
ance reactance ohms
Inductance. .. .| Henrys X 10° L Mass Grams m
Electric capaci- | Farads X 107 1 Cg Compliance Centimeters Cu
tance { per dyne
Power.........| Ergs per second i Pg Power Ergs per second' Py
Mechanical rotational Acoustical
Q . Unit Sym- Quantit Unit Sym-
uantity ni bol uantity ni bol
Torque..... ... Dyne-centimeters fz Pressure Dynes per P
square centi-
meter
Angular Radians ) Volume dis- Cubic centi- X
displacement placement meters
Angular Radians per é or Q| Volume Cubic centi- | XorU
velocity second veloeity meters per |
second
Rotational Rotational ohms | Zg Acoustic Acoustic ohms | Z,
impedance impedance
Rotational Rotational ohms | Rz Acoustic Acoustic ohms | Ry
resistance resistance
Rotational Rotational ohms | Xz Acoustic Acoustic ohms | X4
reactance . reactance
Moment of (Gram) (centi- 1 Inertance Grams per M
inertia meter)? (centimeter)*
Rotational Radians per dyne | Cp Acoustic (Centimeter)s | Cy
compliance per centimeter capacitance per dyne
Power.........| Ergs per second | Pr Power Ergs per second| P4




