8c. Atomic Mass Formulas
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8c-1, Introduction. The nuclear or atomic mass is a direct measure of the total
binding energy of the nucleus, and thus of the ground state of the nuclear Hamiltonian.
If the Hamiltonian were known, the mass-law problem would be solved: it would be
possible in principle.to write the binding energy in terms of the atomic number Z
and the mass number A = N + Z. Note that the mass is

MZA) = A u+2-8My + (4 ~ 2 oM, - ZZA)

{8c-1)

where « is the atomic mass unit = 031.487 McV /c?, AM 4 = 7.82519 mu is the mass
excess of the hydrogen atom, AM, = 8.66520 mu is the neutron mass excess, and
B(Z,4) is the binding energy in MeV.

Even an incomplete nuclear theory can be used to predict the forms of some terms
in the mass law. Weiziicker {1] pointed out that arbitrary multipliers could be used
with such terms to gain insight both for the theory and the masses. His mass law,
as simplified by Bethe and Bacher {2}, has formed the basis for most subsequent studies.
Many recent formulations and summaries are given in proceedings of topical confer-
ences held at Vienna [3], Lysekil [4], and Winnipeg {5].

8c-2. Usesof the Mass Law. The complexity of a mass law depends on its mtended
use. For instance, in the calculation of nuclear kinematics, the mass number 4 is
often a sufficient spproximation, whereas for nuclear reaction theory quite sophisti- -
cated treatments are required. Uses may be classed as theoretical or experimental,

Theoretical uses include the comparison of calculated cosfficients to values fitted
to experimental data. Another use is an indirect determination of arbitrary constants
in the theory: e.g., parameters in a proposed form of the nucleon-nucleon interaction
can be found by calculating mass-law terms as functions of the interaction [6]. A
third theoretical use is subtraction of the smoothly varying part of the mass law
from the experimental data to isolate the small terms.

The mass law is used '"‘experimentally” to estimate binding energies for use in
other calculations or experiments. For “interpolation’’—finding binding energies
in the region of known data—the mass law should be discarded whenever practical
in favor of tabulated experimental values. If it is necessary to use a mass law, a
formula such as that of Zeldes et al. [7], which uses a large number of parameters to
reproduce the experimental data as well as possible, may be used. Extrapolaticn

o unknown masses requires the mass law. If the extrapolation is only a short
-’y .n. 2 from known data, and if only a few binding energies are needed, the values
givon by the mass law should be corrected by comparison of calculated and experi-
mental data in the neighborhood, or a local extrapolation should be made. If a long
extrapolation or a large number of calculations must be performed, a sophisticated
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mass-law formula must be used, and it should then be used for all binding energies
in the problem, including known data. Two suitable formulas are those of Myers
and Swiatecki [8] and of Seeger [9]; the latter is presented below.

8c-8. Terms in the Mass Law. Mathematically, the function B(Z,A) can be
expanded in terms of any two functions of Z and A which remain small over the
ranges of Z and A to be considered. Since the binding energy per particle is nearly
constant for A > 10, it is convenient to expand B(Z,A)/A. The range of nuclear
force being short compared to the nuclear radius, a convenient expansion parameter
is 1/R. Constancy of nuclear density implies that R~ A%, and so the usual expan-
sion parameter is 1/44. ,

The distance of Z from the line of beta stability is a possible choice for the other
parameter. In deriving terms from a model of the nucleus, however, the beta-
stability line is not explicitly known, and it is more natural to .expand about the
symmetry line Z = A/2; from the statistical model [2] the form is [(4 — 2Z)/4]2.

There are some terms in the nuclear binding energy which it is not convenient
to expand. The Coulomb force, for example, does not have a short range, and the
Coulomb energy can be included explicitly if the charge distribution is assumed; for
a uniformly charged sphere of radius roAt,

B o 3Z%

< 57‘0."1}

The binding energy can be expressed quite generally as
-2
B(Z,4) = 4 ~f[(17£)’, A‘i] —E. (8c-2)

where f is a power series in its arguments, and E. represents Coulomb energy and any
other terms which are not expanded. Although the original derivation was in terms
of the liquid-drop model, the terms can be calculated analytically or numerically
from any model. A calculation for infinite nuclear matter with A’ = Z will yield
the zero-order term in the expansion, the volume term ad. (Adjustable multipliers
are denoted by Greek letters.) A mass law of this simple form, with one parameter
determined by least-squares fit to known odd-A binding energies (10, 11] and the
Coulomb energy derived from electron-scattering experiments [12], is illustrated in
Fig. 8c-1a; it is clear from the figure that finite nuclei cannot be adequately represented
by infinite nuclear matter.

The two first-order terms are the symmetry and the surface terms of the liquid
drop: —B8(4 — 22)*/A — yAl. ‘These can be found for other models by calculating
respectively infinite nuclear matter with N = Z and semi-infinite matter with a plane
surface. The negative signs indicate decreased binding energy. Inclusion of these
terms completes the Weizsicker formula [2]; the residual discrepancies following a
least-squares fit to odd-4 nuclides with 4 > 40 are shown in Fig. 8c-16. The cal-
culated binding encrgies are accurate to about 4 percent; the error is greater than
1 percent for only nine of the lightest nuclides included.

Myers [6], using a nuclear force with constants determined by fitting to the four-
parameter mass law above, has carried the expansion of Eq. (8¢c-2) to second-order
terms: A}, (4 — 2Z)2/A3, and (4 — 2Z)¢/A*. The expressions become very compli-
cated because the Coulomb force affects the density distribution of protons compared
to neutrons. Only one of the second-order terms, the surface-symmetry term
n(A — 2Z)*/A3, is commonly included in the mass law, and its effect is so weak that
the coefficient is determined only poorly.
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F16. 8c-1. Errors of calculated binding energies versus mass number 4 : (a) for mass law with
volume term and Coulomb energy only, fitted with 1 parameter to odd-A binding energies;
(b) for d4-parameter liquid-drop mass law; (¢) residual errors for odd-4 nuclides, for Eq.
(8¢-3) fitted to 1,148 odd- and even-4 nuclides; (d) same mass law, residual errors of even-

even (+) and odd-odd (0) nuclides.
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The expansion of Eq. (8c-2) is accurate only to the extent that the discrete levels
occupied by nucleons can be represented by a smooth distribution, and the structure
apparent in Fig. 8c-1b is due principally to the breaking down of this assumption.
A correction term to the liquid-drop mass law can be constructed by comparing a
single-particle-level diagram such as that of the Nilsson model to a smoothed average
of the same levels. The method used is that of Strutinsky, extended by Tsang (13},
who has shown that the results reach a limit which is independent of the details of
the smoothing. The calculations [9] yield two functions sUx(N,e) and 8Uz(Z,e),
where ¢is a measure of the spheroidal deformation of the nucleus. The coefficients of
these functions in the mass law depend only on the radii of the neutron and proton
distributions, ryA} and roA3, respectively. The parameter ry is new, but ry is the
same radius constant which describes the proton charge distribution in the Coulomb
energy.

Pairing correlation energy cannot be included in an average nuclear potential. It
is calculated by applying the Bardecn-Cooper-Schrieffer (BCS) formalism to the
single-particle levels, using as the average pairing matrix element G ~ 1/4. For a
given value of the one adjustable parameter Gyray? = Gpro?, the BCS ground-state
energy for each particle number is found, and the difference in binding energy between
it and the sum of the Nilsson levels is called Px(N,e)or Pz(Z,e) [9]. Since the presence
of an unpaired particle decreases the binding energy of the BCS solution, the even-
odd mass difference is calculated directly with no additional parameters. (A simple
alternative phenomenological form for the even-odd difference is +6/A4}, where the
+ sign is for even-even nuclides, — for odd-odd, and the term is omitted for odd 4.
The least-squares determined value for 8 is 10.6 £ 1.1 MeV.)

It is known that many nuclei, e.g., the rare earths and actinides, have nonspherical
equilibrium shapes which are represented approximately in the Nilsson model by
spheroids. The terms §U and P arc explicit functions of the deformation parameter ;
the surface and Coulomb terms in the liquid-drop mass law can also be expanded in
powers of e. Then by maximizing total binding energy with respect to ¢, the equilib-
rium deformation ¢ is found; the results [9] agree qualitatively with experiment.

Several other small terms are included in the mass law. In the Coulomb energy
there are an exchange term [2] and a correction for the diffuseness of the nuclear
surface [S}. A first-order term in (4 — 2Z)/4 seems to be required to represent extra
binding of nuclei with N = Z; a rapidly decreasing exponential is used [8]. The bind-
ing of the atomic electrons {14] is included, although small, to prevent falsification of
other terms. The complete formula is, in MeV,

—_ 2 - 2
B(Z’A) =agA —~ ?_(‘4____22_) —_ [‘YA‘ ~— M] (1 +4_8'_)602 + - 8?4 e03)

A Al 2,835
3 Z? 0.76361  2.453 4 92
— - et—— ————“-—'——:eo’—'———:éo‘)
5 reAt FA] Totdl 45 2,835
+ 7 exp (-9'_4__4?—“12—‘) + 14.33 X 10-422

+ 3UN(A = 2, &) + 8Uz(Z,e0) + Py(A — Z, &) + P2z(Z,e0) (8c-3)

The value used for e is 0.864 MeV-fm.

8c-4. Determination and Testing of Coefficients. The principal method used to
determine coefficients is least-squares fitting to tables of experimentally derived bind-
ing energies. From a statistician’s [15] point of view, this is not a valid procedure
because there are correlations among the data of the mass table. Therefore Eq.
(8¢c-3) has been fitted both to the mass table and to the raw experimental data. Other
methods, e.g., fitting the Coulomb radius to a fission barrier [8], have also been used.
In this mass law, the four parameters of the Nilsson model were chosen {9] by trial and
error to reproduce known level structures as well as possible. The value for the BCS
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parameter was found by solving the problem with several values of the BCS parameter,
iterating to find the solution which minimized the sum of residuals.

The least-squares solution fitting the remaining six parameters to 1,148 binding
energies from the 1964 [10} and 1967 [11] mass tables is given in the second column of
Table 8c-1, and the solution fitted to 552 mass-spectroscopic doublets [16] and 957

Tansre Sc-1. Mass-rLaw COEFFICIENTS

. Fitted to doublets

Parameter Fitted to mass table and reactions
a, MeV......... 15.8089 + 0.0170 15.8570 + 0.0322
B, MeV.... ... . 30.157 £ 0.142 31.402 + 0.168
v. MeV. .. .. ....1 20.230 + 0.052 20.337 £ 0.105
n, MeV.. . ... ... 47.66 + 0.94 53.52 + 0.92
ro, fm......... .. 1.18729 + 0.00229 1.17641 + 0.00376
v, fm. L 1.2285 + 0.0070 1.1983 + 0.0078
Gpro?, MeV-fm2...| 28.70 27.67
gy, MeV...... ... 0.805 1.916
o2, MeV. ... ... 0.464 0.449

nuclear reaction Q values (11,16} is given in the third column. The standard deviation
oy is the fit to total binding energies, and o, is the fit to the doublets and reaction
energies.

The quoted errors in Table 8c-1 are the square roots of the diagonal elements of
the error matrix adjusted to force x* = degrees of freedom. For the first column
they show only the relative uncertainties in the determination of the parameters; for
the second column they are a more accurate estimate of statistical uncertainties.
The values of the coefficients are slightly different from those in the “Winnipeg
Proceedings” [9] because of the eliminatioh of the free parameter in the Strutinsky
smoothing and the addition of a neutron radius different from the proton radius.
The residual errors of the calculated binding energies with the coefficients of the first
column are shown for odd-A nuclides in Fig. 8c-1c¢, and for even-4 in Fig. 8c-1d.
The systematic errors remaining above A = 200 are due to undercorrection for the
doubly closed shell at 2Pb and to higher-order shapes of deformation [13]. Figure
8c-1d indicates systematic differences between even-even and odd-odd nuclides,
demonstrating that the even-odd mass difference as calculated by BCS theory in this
mass law is not accurate. Different forms for the 4 dependence of the pairing matrix
element, e.g., G ~ 1/49%, were found to give a qualitatively better fit to even-odd
mass differences, but always with a considerably larger sum of residuals than the
solution presented here.

The first test of a mass law is its ability to fit the known binding energies. In this
case the rms deviation is 805 keV. Much better fits have been obtained, e.g., 168 keV
by Zeldes [7], but generally by using a large number of phenomenological terms to
represent shell, pairing, and deformation effects. Since the probability of successful
extrapolation decreases with increased number of parameters, a ‘‘figure of merit” is
sometimes applied which is the product of the rms deviation and the number of
parameters. The mass law presented here has only 11 adjustable parameters, includ-
ing all model parameters,

To test interpolation the data were placed in random order and divided into two
groups of 574 binding energies each; to test extrapolation the 622 data with N less
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than the stability line were placed in one group and 526 neutron-rich data in another.
A scparate determination of the parameters was made for each of the four groups,
and the sums of residuals were compared to the sum of residuals for the mass law
fitted to all the data by applying the variance-ratio or F-distribution test.! The
respective values of F obtained for the four groups are 1.04, 0.95, 1.03, and 1.01; since
the F distribution for this number of degrees of freedom is approximately normal
about 1.00 with standard deviation +0.07, the statistical test is well satisfied both for
interpolation and for extrapolation from either side of the beta-stability line to the
other. There is, of course, no guarantee that the extrapolation continues accurately
beyond the known nuclides.

Wing [17] has developed and used tests for comprehensive comparison of various
mass formulas—based on alpha-decay energies as a function of N, neutron-pair separa-
tion energies as a function of Z, local roughness of beta-decay energies, the beta-
stability line and the steepness of the valley of beta stability, separation of even and
odd mass surfaces, and delayed neutron and proton precursors. No mass laws tested
to date satisfy all tests.

The ultimate test is use. Two examples of problems involving extrapolation to
neutron-rich isotopes which have been used to compare formulas are the r process of
nucleosynthesis {18] and the study of delayed neutron emitters {19). In both these
cases the mass law presented here behaved well.

€c-5. Table of Binding Energics. Binding energies for 2,827 nuclides calculated
from Eq. (8¢-3) with the coefficients of the second column of Table 8c-1 are given in
Table 8c-2. From 16 to 34 isotopes of each element from Z = 20 to Z = 114 are
given. The isotope nearest to Green’s [20] approximation of the beta-stability line,
N — Z = 0.44%/(A4 + 200), is indicated by a star. The four data columns give, in
MeV: the spherical liquid-drop part of the binding energy [first three lines of Eq.
(8c-3), with ¢ = 0]; the shell correction sUx(N,e) + 5U2(Z,e0); the BCS pairing
energy Pn(N,e0) + Pz(Z,e); and finally the total binding energy. The deformation
energy of the liquid drop is the difference between the final column and the other
three columns. ’ - '

Particle separation energies (binding energies of the last particles) for nucleus
(Z,A) can be found as follows:

S,(Z,A) = B(Z,A) — B(Z —-1,4 -1)
Sa(Z,A) = B(Z,A) - B(Z,4 — 1)
Sa(Z,A) = B(Z,A) — B(Z — 2, A — 4) — 28.3 MeV

The energy available for ground-state negative beta decay is
Qs(Z,A) = B(Z +1, A) — B(Z,A) + 0.8 MeV
and the end point of the positron energy for decay to the ground state is

Q8+(Z,A) = B(Z — 1, A) — B(Z,A) — 1.8 MeV
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1 Application of the F distribution is correctly described in report LA-3751 {9]: comments
concerning it in the corresponding paper in the ‘‘Winnipeg Proceedings’’ are not accurate,
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