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w
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b
y
th
e

statem
en
t
th
a
t
th
e
w
av
elen

g
th

is
in
creased

b
y
a
factor

of
(1

+
z
).

S
in
ce

th
e
w
av
elen

g
th

λ
is

rela
ted

to
th
e
p
erio

d
∆
t
b
y
λ
=

u
∆
t,
w
e
ca
n
w
rite

th
e
d
efi

n
itio

n
o
f
red

sh
ift

a
s

λ
O

λ
S

=
∆
t
O

∆
t
S

≡
1
+

z
,

(1
.4
)

w
h
ere

λ
S

a
n
d
λ
O

a
re

th
e
w
av
elen

g
th

a
s
m
ea
su
red

a
t
th
e
so
u
rce

a
n
d

a
t
th
e
o
b
serv

er,
resp

ectiv
ely.

C
o
m
b
in
in
g
th
is

d
efi

n
itio

n
w
ith

E
q
.
(1
.3
),

w
e
fi
n
d
th
a
t
th
e
red

sh
ift

fo
r
th
is

ca
se

is
g
iv
en

b
y

z
=

v
/
u

(n
o
n
rela

tiv
istic,

so
u
rce

m
ov

in
g
).

(1
.5
)

S
u
p
p
o
se

n
ow

th
a
t
th
e
so
u
rce

sta
n
d
s
still,

b
u
t
th
e
o
b
serv

er
is

reced
in
g
a
t
a
sp
eed

v
:
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.
5

8
.2
8
6
L
E
C
T
U
R
E

N
O
T
E
S
1
,
F
A
L
L
2
0
1
8

In
th
is

case,
th
e
seq

u
en

ce
b
ecom

es

(1 ′)
T
h
e
so
u
rce

em
its

a
w
av
e
crest.

(2 ′)
A
t
a
tim

e
∆
t
S
la
ter,

th
e
so
u
rce

em
its

a
seco

n
d
w
av
e
crest.

T
h
e
so
u
rce

is
sta

n
d
in
g
still.

(3 ′)
T
h
e
m
ov

in
g
ob

serv
er

receiv
es

th
e
fi
rst

w
av
e
crest.

(4 ′)
A
t
a
tim

e
∆
t
O
a
fter

(3 ′),
th
e
o
b
serv

er
receiv

es
th
e
secon

d
w
av
e
crest.

D
u
rin

g
th
e
tim

e
in
terva

l
b
etw

een
(3 ′)

a
n
d
(4 ′),

th
e
o
b
serv

er
h
a
s
m
ov
ed

a
d
ista

n
ce

∆
�
=

v
∆
t
O

fu
rth

er
fro

m
th
e
so
u
rce.

U
sin

g
th
e
sa
m
e
stra

teg
y
a
s
in

th
e
fi
rst

ca
se,

w
e
n
o
te

th
a
t
in

th
is

ca
se,

th
e
seco

n
d
w
av
e

crest
m
u
st

trav
el

a
n
ex
tra

d
istan

ce
∆
�
=

v
∆
t
O
.
T
h
u
s,

∆
t
O
=

∆
t
S
+

∆
�

u
=

∆
t
S
+

v
∆
t
O

u
.

(1
.6
)

In
th
is

ca
se

∆
t
O

a
p
p
ea
rs

o
n
b
o
th

sid
es

o
f
th
e
eq
u
a
tio

n
,
b
u
t
w
e
ca
n
ea
sily

so
lv
e
fo
r
∆
t
O

to
fi
n
d

∆
t
O
= (

1−
vu )−

1

∆
t
S
.

(1
.7
)

R
eca

llin
g
th
e
d
efi

n
itio

n
o
f
z
,

z
=

∆
t
O

∆
t
S
−

1
=

1

1−
(v
/
u
) −

1

=
v
/
u

1−
(v
/
u
)

(n
o
n
rela

tiv
istic,

o
b
serv

er
m
ov

in
g
).

(1
.8
)

T
H
E

D
O
P
P
L
E
R

E
F
F
E
C
T

A
N
D

S
P
E
C
IA

L
R
E
L
A
T
IV

IT
Y

p
.
6

8
.2
8
6
L
E
C
T
U
R
E

N
O
T
E
S
1
,
F
A
L
L
2
0
1
8

N
otice

th
at

th
e
d
iff
eren

ce
b
etw

een
th
e
tw

o
cases

is
g
iv
en

b
y

zob
serv

er
m
ov

in
g −

zso
u
rce

m
ov

in
g
=

(v
/
u
)
2

1−
(v
/
u
)
,

(1
.9
)

w
h
ich

is
p
ro
p
o
rtio

n
a
l
to

(v
/
u
)
2.

If
th
e
sp
eed

o
f
recessio

n
is

m
u
ch

sm
a
ller

th
a
n
th
e
w
av
e

sp
eed

,
v
/
u�

1,
th
en

th
e
d
iff
eren

ce
b
etw

een
th
e
tw

o
ex
p
ression

s
for

z
is
v
ery

sm
a
ll,

sin
ce

it
is

p
ro
p
o
rtio

n
a
l
to

th
e
sq
u
a
re

o
f
th
e
sm

a
ll
q
u
a
n
tity

v
/
u
.
B
u
f
if
th
e
sp
eed

of
recession

is
com

p
arab

le
to

th
e
w
av
e
sp
eed

,
th
en

th
e
d
iff
eren

ce
b
etw

een
th
e
tw

o
ex
p
ression

s
can

b
e

v
ery

sig
n
ifi
ca
n
t.

T
H
E

D
O
P
P
L
E
R

S
H
IF

T
F
O
R

L
IG

H
T

W
A
V
E
S
:

T
o
d
eriv

e
th
e
D
o
p
p
ler

sh
ift

fo
r
lig

h
t
w
av
es,

o
n
e
m
u
st

d
ecid

e
w
h
ich

,
if
eith

er,
o
f
th
e

a
b
ov
e
ca
lcu

la
tio

n
s
is

a
p
p
lica

b
le.

D
u
rin

g
th
e
1
9
th

cen
tu
ry

p
h
y
sicists

th
o
u
g
h
t
th
a
t
th
e
situ

a
tio

n
fo
r
lig

h
t
w
av
es

w
a
s

id
en
tica

l
to

th
a
t
fo
r
so
u
n
d
w
av
es.

S
o
u
n
d
w
av
es

p
ro
p
a
g
a
te

in
a
ir,

a
n
d
it
w
a
s
th
o
u
g
h
t
th
a
t

lig
h
t
w
av
es

p
ro
p
a
g
a
te

in
a
m
ed

iu
m

ca
lled

th
e
a
eth

er
w
h
ich

p
erm

ea
tes

a
ll
o
f
sp
a
ce.

T
h
e

a
eth

er
d
eterm

in
es

a
p
riv

ileg
ed

fra
m
e
o
f
referen

ce,
in

w
h
ich

th
e
law

s
o
f
p
h
y
sics

h
av
e
th
eir

sim
p
lest

fo
rm

.
In

p
a
rticu

la
r,
M
a
x
w
ell’s

eq
u
a
tio

n
s
w
ere

b
eliev

ed
to

h
av
e
th
eir

u
su
a
l
fo
rm

o
n
ly

in
th
is

fra
m
e,

a
n
d
it

is
in

th
is
fra

m
e
th
a
t
th
e
sp
eed

o
f
lig

h
t
w
a
s
th
o
u
g
h
t
to

h
av
e
its

sta
n
d
a
rd

va
lu
e
o
f
c
=

3
.0×

1
0
8
m
/
sec

in
a
ll
d
irectio

n
s.

In
a
fram

e
o
f
referen

ce
w
h
ich

is
m
ov

in
g
w
ith

resp
ect

to
th
e
a
eth

er,
th
e
sp
eed

of
lig

h
t
w
o
u
ld

b
e
d
iff
eren

t.
L
igh

t
m
ov

in
g
in

th
e
sam

e
d
irectio

n
a
s
th
e
fram

e
o
f
referen

ce
w
o
u
ld

a
p
p
ear

to
m
ov
e
m
ore

slow
ly,

sin
ce

th
e

o
b
serv

er
w
o
u
ld

b
e
ca
tch

in
g
u
p
to

it.
L
ig
h
t
m
ov

in
g
in

th
e
o
p
p
o
site

d
irectio

n
w
o
u
ld

a
p
p
ea
r

to
m
ov
e
fa
ster

th
a
n
n
o
rm

a
l.
T
h
u
s,
if
th
e
so
u
rce

is
m
ov

in
g
w
ith

resp
ect

to
th
e
a
eth

er
a
n
d

th
e
o
b
serv

er
is

sta
n
d
in
g
still,

th
en

th
e
fi
rst

ca
lcu

la
tio

n
sh
ow

n
a
b
ov
e
w
o
u
ld

a
p
p
ly.

If
th
e

o
b
serv

er
is

m
ov

in
g
w
ith

resp
ect

to
th
e
a
eth

er
a
n
d
th
e
so
u
rce

is
sta

n
d
in
g
still,

th
en

th
e

seco
n
d
w
o
u
ld

a
p
p
ly.

In
eith

er
ca
se

o
n
e
w
o
u
ld

o
f
co
u
rse

rep
la
ce

th
e
so
u
n
d
sp
eed

u
b
y
th
e

sp
eed

of
lig

h
t,
c.

In
1
9
0
5
A
lb
ert

E
in
stein

p
u
b
lish

ed
h
is

la
n
d
m
a
rk

p
a
p
er,

“
O
n
th
e
E
lectro

d
y
n
a
m
ics

o
f
M
ov

in
g
B
o
d
ies”

,
in

w
h
ich

th
e
th
eo
ry

o
f
sp
ecia

l
rela

tiv
ity

w
a
s
p
ro
p
o
sed

.
T
h
e
en
tire

con
cep

t
o
f
th
e
aeth

er,
a
fter

h
a
lf
a
cen

tu
ry

of
d
ev
elo

p
m
en
t,
w
a
s
rem

ov
ed

from
ou

r
p
ictu

re
o
f
n
a
tu
re.

In
its

p
la
ce

w
a
s
th
e
p
rin

cip
le
o
f
rela

tiv
ity

:
T
h
e
re

e
x
ists

n
o
p
riv

ile
g
e
d
fra

m
e

o
f
re

fe
re

n
c
e
.
A
cco

rd
in
g
to

th
is

p
rin

cip
le,

th
e
sp
eed

o
f
lig

h
t
w
ill

a
lw
ay

s
b
e
m
ea
su
red

a
t

th
e
sta

n
d
a
rd

va
lu
e
o
f
c,

in
d
ep

en
d
en
t
o
f
th
e
v
elo

city
o
f
th
e
so
u
rce

o
r
th
e
o
b
serv

er.
T
h
e

th
eo
ry

sh
o
o
k
th
e
v
ery

fo
u
n
d
a
tio

n
s
o
f
p
h
y
sics

(w
h
ich

is
in

g
en

era
l
a
v
ery

risk
y
th
in
g
to

d
o
),
b
u
t
it
h
a
s
b
eco

m
e
clea

r
ov
er

tim
e
th
a
t
th
e
p
rin

cip
le
o
f
rela

tiv
ity

a
ccu

ra
tely

d
escrib

es
th
e
b
eh

av
io
r
o
f
n
atu

re.

S
in
ce

sp
ecial

rela
tiv

ity
d
en

ies
th
e
ex
isten

ce
of

a
p
riv

ileged
referen

ce
fram

e,
it

can
m
a
k
e
n
o
d
iff
eren

ce
w
h
eth

er
it

is
th
e
so
u
rce

o
r
th
e
o
b
serv

er
th
a
t
is
m
ov

in
g
.
T
h
e
D
o
p
p
ler

sh
ift,

a
n
d

fo
r
th
a
t
m
a
tter

a
n
y

p
h
y
sica

lly
m
ea
su
ra
b
le

eff
ect,

ca
n

d
ep

en
d

o
n
ly

o
n

th
e

re
la
tiv

e
v
elo

city
of

so
u
rce

an
d
o
b
serv

er.
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.
7

8
.2
8
6
L
E
C
T
U
R
E

N
O
T
E
S
1
,
F
A
L
L
2
0
1
8

T
H
E

D
E
V
E
L
O
P
M

E
N
T

O
F

S
P
E
C
IA

L
R
E
L
A
T
IV

IT
Y
:

O
n
th
e
fa
ce

o
f
it,

th
e
p
rin

cip
le

o
f
rela

tiv
ity

a
p
p
ea
rs

to
b
e
self-co

n
tra

d
icto

ry.
It

d
o
es

n
o
t
seem

p
o
ssib

le
th
a
t
th
e
sp
eed

o
f
lig

h
t
co
u
ld

b
e
in
d
ep

en
d
en
t
o
f
th
e
v
elo

city
o
f
th
e

o
b
serv

er.
S
u
p
p
o
se,

fo
r
ex
a
m
p
le,

th
a
t
w
e
o
b
serv

e
a
lig

h
t
p
u
lse

w
h
ich

p
a
sses

u
s
a
t
sp
eed

c.
S
u
p
p
o
se

th
en

th
a
t
a
seco

n
d
o
b
serv

er
ta
k
es

o
ff
a
fter

th
e
lig

h
t
p
u
lse

in
“
su
p
er-sp

a
ce-

sh
ip
”
th
a
t
a
tta

in
s
a
sp
eed

o
f
0
.5
c
rela

tiv
e
to

u
s.

S
u
rely,

o
n
e
w
o
u
ld

th
in
k
,
th
e
sp
a
ce

sh
ip

o
b
serv

er
w
o
u
ld

ten
d
to

ca
tch

u
p
to

th
e
lig

h
t
p
u
lse,

a
n
d
w
o
u
ld

m
ea
su
re

its
sp
eed

a
t
0.5

c.
H
ow

co
u
ld

it
p
o
ssib

ly
b
e
o
th
erw

ise?

T
h
e
g
en

iu
s
o
f
A
lb
ert

E
in
stein

is
th
a
t
h
e
w
a
s
a
b
le

to
fi
g
u
re

o
u
t
h
ow

it
co
u
ld

b
e

o
th
erw

ise.
T
h
e
su
b
tlety

a
n
d
th
e
b
rillia

n
ce

o
f
th
e
th
eo
ry

lie
in

th
e
fa
ct

th
a
t
it

fo
rces

u
s
to

ch
a
n
g
e
o
u
r
m
o
st

fu
n
d
a
m
en
ta
l
b
eliefs

a
b
o
u
t
th
e
n
a
tu
re

o
f
sp
a
ce

a
n
d

tim
e.

W
e

h
av
e
to

accep
t
th
e
id
ea

th
at

at
h
igh

v
elo

cities
(i.e.,

v
elo

cities
n
o
t
n
eglig

ib
le

com
p
ared

to
th
a
t
o
f
lig

h
t),

so
m
e
o
f
o
u
r
in
g
ra
in
ed

in
tu
itio

n
s
a
b
o
u
t
sp
a
ce

a
n
d
tim

e
a
re

n
o
lo
n
g
er

va
lid

.
In

p
articu

la
r,

w
e
h
av
e
to

accep
t
th
e
n
o
tion

th
at

m
easu

rem
en
ts

of
tim

e
in
tervals,

m
ea
su
rem

en
ts

o
f
len

g
th
s,
a
n
d
ju
d
g
m
en
ts

a
b
o
u
t
th
e
sim

u
lta

n
eity

o
f
ev
en
ts

ca
n
a
ll
d
ep

en
d

u
p
o
n
th
e
v
elo

city
o
f
th
e
o
b
serv

er.
W
e
ca
n
,
h
ow

ev
er,

m
a
in
ta
in

o
u
r
n
o
tio

n
a
b
o
u
t
w
h
a
t

it
m
ea
n
s
fo
r
tw

o
ev
en
ts

to
co
in
cid

e:
if

tw
o
ev
en
ts

a
p
p
ea
r
to

o
ccu

r
a
t
th
e
sa
m
e
p
la
ce

a
n
d

tim
e
to

o
n
e
o
b
serv

er,
th
en

th
ey

w
ill

a
p
p
ea
r
to

o
ccu

r
a
t
th
e
sa
m
e
p
la
ce

a
n
d
tim

e
to

a
n
y
o
b
serv

er.
(It

is
sta

n
d
a
rd

p
ra
ctice

in
rela

tiv
ity

ja
rg
o
n
to

u
se

th
e
w
o
rd

“
ev
en
t”

to
d
en

o
te

a
p
o
in
t
in

sp
a
cetim

e—
i.e.,

a
n
id
ea
l
ev
en
t
o
ccu

rs
a
t
a
sin

g
le

p
o
in
t
in

sp
a
ce

a
n
d
a
t
a
sin

g
le

in
sta

n
t
o
f
tim

e.)
In

a
d
d
itio

n
,
w
e
h
av
e
n
o
n
eed

to
ch
a
n
g
e
th
e
d
efi

n
itio

n
o
f
v
elo

city,
v
=

d
x
/
d
t,

o
r
th
e
resu

ltin
g
eq
u
a
tio

n
∆
x
=

v
∆
t,

w
h
ich

h
o
ld
s
w
h
en

v
is

a
co
n
sta

n
t.

F
u
rth

erm
o
re,

in
co
n
tra

st
to

th
e
1
9
th

cen
tu
ry

v
iew

p
o
in
t,

w
e
n
ow

b
eliev

e
th
a
t

th
e
fu
n
d
a
m
en
ta
llaw

s
o
f
p
h
y
sics

h
av
e
th
e
sa
m
e
fo
rm

in
a
n
y
in
ertia

l
referen

ce
fra

m
e.

W
h
ile

m
ea
su
rem

en
ts

o
f
sp
a
ce

a
n
d
tim

e
d
ep

en
d
o
n
th
e
o
b
serv

er,
th
e
fu
n
d
a
m
en
ta
l
law

s
o
f
p
h
y
sics

a
re

u
n
iv
ersa

l.

S
U
M

M
A
R
Y

O
F

S
P
E
C
IA

L
R
E
L
A
T
IV

IT
Y
:

W
e
w
ill

n
o
t
d
iscu

ss
th
e
d
erivatio

n
o
f
sp
ecial

rela
tiv

ity
h
ere,

b
u
t
th
e
k
ey

con
seq

u
en

ces
o
f
sp
ecia

l
rela

tiv
ity

fo
r
k
in
em

a
tics

—
i.e.,

fo
r
m
ea
su
rem

en
ts
o
f
tim

e
a
n
d
d
ista

n
ce

—
ca
n
b
e

su
m
m
a
rized

in
th
ree

sta
tem

en
ts.

O
n
ly

th
e
fi
rst

o
f
th
ese

—
tim

e
d
ila

tio
n
—

w
ill

b
e
n
eed

ed
fo
r
th
e
D
o
p
p
ler

sh
ift

ca
lcu

la
tio

n
,
b
u
t
I
in
clu

d
e
a
ll
th
ree

eff
ects

fo
r
co
m
p
leten

ess.
A
ll
th
ree

sta
tem

en
ts

u
se

th
e
w
o
rd

“
a
p
p
ea
r,”

th
e
p
recise

m
ea
n
in
g
o
f
w
h
ich

w
ill

b
e
d
escrib

ed
la
ter.

(1
)
T
IM

E
D
IL
A
T
IO

N
:
A
n
y
clo

ck
w
h
ich

is
m
ov

in
g
a
t
sp
eed

v
rela

tiv
e
to

a
g
iv
en

referen
ce

fra
m
e
w
ill

“ap
p
ear”

(to
an

ob
serv

er
u
sin

g
th
a
t
referen

ce
fram

e)
to

ru
n
slow

er
th
a
n
n
o
rm

a
l
b
y
a
fa
cto

r
d
en

o
ted

b
y
th
e
G
reek

letter
γ
(g
a
m
m
a
),

a
n
d
g
iv
en

b
y

γ≡
1

√
1−

β
2
,

β
≡

v
/
c
.

(1
.1
0
)

T
H
E

D
O
P
P
L
E
R

E
F
F
E
C
T

A
N
D

S
P
E
C
IA

L
R
E
L
A
T
IV

IT
Y

p
.
8

8
.2
8
6
L
E
C
T
U
R
E

N
O
T
E
S
1
,
F
A
L
L
2
0
1
8

(2
)
L
O
R
E
N
T
Z
-F

IT
Z
G
E
R
A
L
D

C
O
N
T
R
A
C
T
IO

N
:
A
n
y
ro
d
w
h
ich

is
m
ov

in
g
a
t

a
sp
eed

v
a
lo
n
g
its

len
g
th

rela
tiv

e
to

a
g
iv
en

referen
ce

fra
m
e
w
ill

“
a
p
p
ea
r”

(to
an

ob
serv

er
u
sin

g
th
a
t
referen

ce
fram

e)
to

b
e
sh
orter

th
a
n
its

n
o
rm

al
len

g
th

b
y
th
e
sa
m
e
fa
cto

r
γ
.
A

ro
d
w
h
ich

is
m
ov

in
g
p
erp

en
d
icu

la
r
to

its
len

g
th

d
o
es

n
o
t
u
n
d
erg

o
a
ch
a
n
g
e
in

a
p
p
a
ren

t
len

g
th
.

(3
)
R
E
L
A
T
IV

IT
Y

O
F
S
IM

U
L
T
A
N
E
IT

Y
:
S
u
p
p
o
se

a
ro
d
w
h
ich

h
a
s
rest

len
g
th

�
0
is
eq
u
ip
p
ed

w
ith

a
clo

ck
a
t
ea
ch

en
d
.
T
h
e
clo

ck
s
ca
n
b
e
sy
n
ch
ro
n
ized

in
th
e
rest

fra
m
e
o
f
th
e
sy
stem

b
y
u
sin

g
lig

h
t
p
u
lses.

(T
h
a
t
is,

a
lig

h
t
p
u
lse

can
b
e
sen

t
o
u
t
from

th
e
cen

ter,
an

d
th
e
clo

ck
s
at

b
o
th

en
d
s
can

b
e
started

w
h
en

th
ey

receiv
e
th
e
p
u
lses.)

If
th
e
sy
stem

m
ov
es

a
t
sp
eed

v
a
lo
n
g
its

len
g
th
,
th
en

th
e
tra

ilin
g
clo

ck
w
ill

“
a
p
p
ea
r”

to
rea

d
a
tim

e
w
h
ich

is
la
ter

th
a
n

th
e
lea

d
in
g
clo

ck
b
y
a
n

a
m
o
u
n
t
β
�
0 /
c.

If,
o
n

th
e
o
th
er

h
a
n
d
,
th
e

sy
stem

m
ov
es

p
erp

en
d
icu

la
r
to

its
len

g
th
,
th
en

th
e
sy
n
ch
ro
n
iza

tio
n
o
f
th
e

clo
ck
s
is

n
o
t
d
istu

rb
ed

.

A
s
m
en
tio

n
ed

a
b
ov
e,

th
e
w
o
rd

“
a
p
p
ea
r”

in
th
ese

sta
tem

en
ts

h
a
s
a
sp
ecia

l
m
ea
n
in
g
.

In
p
la
in

E
n
g
lish

,
th
e
w
o
rd

“
a
p
p
ea
r”

n
o
rm

a
lly

refers
to

th
e
p
ercep

tio
n
o
f
th
e
h
u
m
a
n
ey
es.

H
ow

ev
er,

in
th
ese

situ
a
tion

s
th
e
p
ercep

tion
of

th
e
h
u
m
an

ey
es

w
o
u
ld

b
e
v
ery

com
p
licated

.
T
h
e
co
m
p
lica

tio
n
is
th
a
t
o
n
e
sees

w
ith

lig
h
t,
a
n
d
th
e
sp
eed

o
f
lig

h
t
is

n
o
t
in
fi
n
ite.

T
h
u
s,

w
h
en

y
o
u
lo
o
k
a
t
a
n
o
b
ject,

th
e
lig

h
t
w
h
ich

y
o
u
see

co
m
in
g
fro

m
th
e
p
a
rts

o
f
th
e
o
b
ject

th
at

are
n
ear

y
ou

h
a
s
left

th
e
ob

ject
m
o
re

recen
tly

th
a
n
th
e
lig

h
t
w
h
ich

y
ou

see
com

in
g

fro
m

p
a
rts

o
f
th
e
o
b
ject

th
a
t
a
re

fu
rth

er.
T
h
u
s,
y
o
u
a
re

seein
g
d
iff
eren

t
p
a
rts

o
f
th
e
o
b
ject

a
s
th
ey

w
ere

a
t
d
iff
eren

t
tim

es
in

th
e
p
a
st.

If
th
e
o
b
ject

is
sta

tic,
th
is
m
a
k
es

n
o
d
iff
eren

ce,
b
u
t
if
it

is
m
ov

in
g
,
th
ese

eff
ects

ca
n
lea

d
to

co
m
p
lica

ted
d
isto

rtio
n
s.

T
h
ese

d
isto

rtio
n
s
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.
9

8
.2
8
6
L
E
C
T
U
R
E

N
O
T
E
S
1
,
F
A
L
L
2
0
1
8

are
n
ot

tak
en

in
to

a
ccou

n
t
in

th
e
statem

en
ts

ab
ov
e.

F
o
r
p
u
rp
o
ses

o
f
in
terp

retin
g
th
ese

sta
tem

en
ts,

o
n
e
ca
n
im

a
g
in
e
th
a
t
ea
ch

referen
ce

fra
m
e
is

cov
ered

b
y
a
n
in
fi
n
ite

n
u
m
b
er

of
lo
cal

o
b
serv

ers,
each

o
f
w
h
ich

ob
serv

es
on

ly
ev
en
ts

so
close

th
a
t
th
e
tim

e
d
elay

for
lig

h
t
trav

el
is

n
eg
lig

ib
le.

E
a
ch

lo
ca
l
o
b
serv

er
is

a
t
rest

in
th
e
fra

m
e,

a
n
d
ca
rries

a
clo

ck
th
a
t
h
a
s
b
een

sy
n
ch
ro
n
ized

w
ith

th
e
o
th
ers

b
y
lig

h
t
p
u
lses,

ta
k
in
g
in
to

a
cco

u
n
t
th
e
fi
n
ite

sp
eed

o
f
lig

h
t.

T
h
e
“
a
p
p
ea
ra
n
ce”

is
th
en

th
e
d
escrip

tio
n
th
a
t
is
a
ssem

b
led

a
fter

th
e
fa
ct

b
y
co
m
b
in
in
g
th
e
rep

o
rts

o
f
th
ese

lo
ca
l
o
b
serv

ers.

T
h
e
p
rev

iou
s
p
aragrap

h
m
ay

so
u
n
d
m
o
re

com
p
licated

th
en

it
is,

so
let’s

con
sid

er
a
sim

p
le

ex
a
m
p
le.

S
u
p
p
o
se

th
a
t
a
stra

ig
h
t
ro
d

is
m
ov

in
g
a
lo
n
g
th
e
x
-a
x
is

o
f
a
g
iv
en

referen
ce

fra
m
e.

S
u
p
p
o
se

fu
rth

er
th
a
t
th
e
p
o
sitio

n
s
o
f
th
e
tw

o
en

d
p
o
in
ts

o
f
th
e
ro
d
a
re

m
easu

red
b
y
lo
cal

o
b
serv

ers,
a
s
a
fu
n
ction

of
th
e
referen

ce
fram

e
tim

e
t,

a
n
d
fo
u
n
d
to

b
e
x
1 (t)

a
n
d
x
2 (t).

W
e
w
o
u
ld

th
en

say
th
a
t
th
e
len

g
th

o
f
th
e
ro
d
a
t
tim

e
t
“
a
p
p
ea
rs”

in
th
is

referen
ce

fra
m
e
to

b
e

�(t)≡
x
2 (t)−

x
1 (t).

(1
.1
1
)

If
�(t)

h
a
s
so
m
e
fi
x
ed

va
lu
e
�
in
d
ep

en
d
en
t
o
f
t,
th
en

w
e
w
o
u
ld

say
th
a
t
th
e
ro
d
“
a
p
p
ea
rs”

to
h
av
e
a
fi
x
ed

len
g
th

�.
W
e
say

th
a
t
th
e
ro
d
“
a
p
p
ea
rs”

to
h
av
e
th
is

len
g
th

ev
en

th
o
u
g
h

m
o
st

o
b
serv

ers
w
o
u
ld

n
o
t
a
ctu

a
lly

see
th
is

len
g
th
.
F
o
r
m
o
st

o
b
serv

ers
th
e
tw

o
en

d
s
o
f

th
e
ro
d
w
o
u
ld

n
o
t
b
e
eq
u
id
ista

n
t,
so

th
e
o
b
serv

er
w
o
u
ld

see
th
e
lo
ca
tio

n
o
f
th
e
tw

o
en

d
s

a
t
d
iff
eren

t
tim

es.

T
o
co
m
p
lete

th
e
su
m
m
a
ry,

w
e
m
u
st

sta
te

th
a
t
th
ese

ru
les

h
o
ld

o
n
ly

fo
r
in
e
rtia

l
referen

ce
fra

m
es

—
th
ey

d
o
n
o
t
h
old

for
ro
tatin

g
or

acceleratin
g
referen

ce
fram

es.
A
n
y

referen
ce

fra
m
e
w
h
ich

m
ov
es

a
t
a
u
n
ifo

rm
v
elo

city
rela

tiv
e
to

a
n
in
ertia

l
referen

ce
fra

m
e

is
a
lso

a
n
in
ertia

l
referen

ce
fra

m
e.

T
H
E

R
E
L
A
T
IV

IS
T
IC

D
O
P
P
L
E
R

S
H
IF

T
:

W
e
ca
n
n
ow

a
p
p
ly

th
ese

id
ea
s
to

th
e
D
o
p
p
ler

sh
ift

fo
r
lig

h
t.

W
e
w
ill

fi
rst

co
n
sid

er
th
e
ca
se

in
w
h
ich

th
e
so
u
rce

is
m
ov

in
g
rela

tiv
e
to

o
u
r
referen

ce
fra

m
e,

w
ith

th
e
o
b
serv

er
sta

tio
n
a
ry.

W
e
w
ill

th
en

co
n
sid

er
th
e
o
p
p
o
site

p
o
ssib

ility.
T
h
e
d
eriva

tio
n
s
w
ill

lo
o
k
v
ery

d
iff
eren

t
in

th
ese

tw
o
ca
ses,

b
u
t
th
e
p
rin

cip
le

o
f
rela

tiv
ity

g
u
a
ra
n
tees

u
s
th
a
t
th
e
resu

lts
m
u
st

b
e
th
e
sa
m
e
—

w
e
a
re

sim
p
ly

d
escrib

in
g
th
e
sa
m
e
situ

a
tio

n
fro

m
th
e
p
o
in
t
o
f
v
iew

of
tw

o
d
iff
eren

t
referen

ce
fram

es.

F
o
r
th
e
case

of
th
e
m
ov

in
g
sou

rce,
w
e
can

refer
b
a
ck

to
th
e
n
on

rela
tiv

istic
d
eriva

-
tio

n
.
W
e
d
escrib

e
ev
ery

th
in
g
fro

m
th
e
p
o
in
t
o
f
v
iew

o
f
th
e
referen

ce
fra

m
e
sh
ow

n
in

th
e

d
ia
g
ra
m
s,
in

w
h
ich

th
e
o
b
serv

er
is
a
t
rest.

W
e
w
ill

refer
to

th
is
a
s
“
o
u
r”

referen
ce

fra
m
e.

T
h
e
seq

u
en

ce
o
f
ev
en
ts

is
th
e
sa
m
e
as

in
th
e
n
on

rela
tiv

istic
case,

ex
cep

t
for

step
(2
).

T
h
e

so
u
rce

is
a
d
ev
ice

th
a
t
em

its
w
av
e
crests

at
fi
x
ed

in
tervals

in
tim

e,
an

d
h
en

ce
it
is
a
k
in
d

o
f
clo

ck
.
S
in
ce

it
is
m
ov

in
g
rela

tiv
e
to

o
u
r
fra

m
e,
it
w
ill

a
p
p
ea
r
to

u
s
to

b
e
ru
n
n
in
g
slow

ly,
b
y
a
fa
cto

r
o
f
γ
.
B
u
t
∆
t
S
still

refers
to

th
e
tim

e
a
s
m
ea
su
red

o
n
th
is

clo
ck
,
so

th
e
tim

e

T
H
E

D
O
P
P
L
E
R

E
F
F
E
C
T

A
N
D

S
P
E
C
IA

L
R
E
L
A
T
IV

IT
Y

p
.
1
0

8
.2
8
6
L
E
C
T
U
R
E

N
O
T
E
S
1
,
F
A
L
L
2
0
1
8

in
terval

b
etw

een
step

s
(1)

an
d
(2
),

as
m
easu

red
in

ou
r
referen

ce
fram

e,
is

γ
∆
t
S
.
T
h
u
s,

step
(2
)
w
o
u
ld

rea
d
:

(2
)
A
t
a
tim

e
γ
∆
t
S
la
ter,

a
s
m
ea
su
red

o
n
o
u
r
clo

ck
s,
th
e
so
u
rce

em
its

a
seco

n
d

w
av
e
crest.

D
u
rin

g
th
is

tim
e
in
terva

l
th
e
so
u
rce

h
a
s
m
ov
ed

a
d
ista

n
ce

∆
�
=

γ
v
∆
t
S
fu
rth

er
aw

ay
fro

m
th
e
o
b
serv

er.

If
th
e
tw

o
crests

trav
eled

th
e
sam

e
d
istan

ce,
th
e
tim

e
b
etw

een
th
eir

recep
tion

w
o
u
ld

b
e
th
e
sam

e
a
s
th
e
tim

e
b
etw

een
th
eir

em
ission

,
w
h
ich

in
ou

r
referen

ce
fram

e
is

γ
∆
t
S
.

T
a
k
in
g
in
to

a
cco

u
n
t
th
e
ex
tra

d
ista

n
ce

∆
�
=

γ
v
∆
t
S
trav

eled
b
y
th
e
secon

d
crest,

an
d

settin
g
th
e
w
av
e
sp
eed

u
eq
u
a
l
to

th
e
sp
eed

of
lig

h
t
c,

th
e
tim

e
b
etw

een
th
e
recep

tion
of

th
e
tw

o
crests

is

∆
t
O
=

γ
∆
t
S
+

∆
�c
=

γ
∆
t
S
+

γ
v
∆
t
S

c

=
γ (

1
+

vc )
∆
t
S
= √

1
+

β

1−
β
∆
t
S
.

(1
.1
2
)

N
ow

co
n
sid

er
th
e
ca
se

in
w
h
ich

th
e
o
b
serv

er
is

m
ov

in
g
,
w
ith

th
e
so
u
rce

sta
tio

n
a
ry.

T
o
d
escrib

e
th
is

case
w
e
ch
o
o
se

th
e
referen

ce
fram

e
o
f
th
e
d
iagram

s
(1 ′),

etc.,
in

w
h
ich

th
e
so
u
rce

is
a
t
rest.

W
e
let

∆
t ′

d
en

o
te

th
e
tim

e
in
terva

l
b
etw

een
th
e
recep

tion
of

th
e

fi
rst

an
d
secon

d
crest,

as
m
easu

red
in

o
u
r
fra

m
e.

T
h
e
d
ista

n
ce

th
a
t
th
e
o
b
serv

er
trav

els
b
etw

een
th
e
receip

t
of

th
e
tw

o
crests

is
th
en

giv
en

b
y
∆
�
=

v
∆
t ′.

F
o
llow

in
g
th
e
sa
m
e

stra
teg

y
a
s
in

th
e
n
o
n
rela

tiv
istic

ca
se,

w
e
ca
n
w
rite

∆
t ′
a
s
th
e
su
m

o
f
th
e
tim

e
b
etw

een
em

ission
s
p
lu
s
th
e
ex
tra

tim
e
n
eed

ed
for

th
e
secon

d
crest

to
trav

el
th
e
ex
tra

d
istan

ces.
T
h
u
s,

∆
t ′
=

∆
t
S
+

v
∆
t ′

c
,

(1
.1
3
)

w
h
ich

ca
n
b
e
so
lv
ed

to
g
iv
e

∆
t ′
= (

1−
vc )−

1

∆
t
S
.

(1
.1
4
)

B
u
t
n
ow

w
e
m
u
st

ta
k
e
in
to

a
cco

u
n
t
th
e
fa
ct

th
a
t
th
e
clo

ck
u
sed

b
y
th
e
o
b
serv

er
is
m
ov

in
g

rela
tiv

e
to

o
u
r
fra

m
e,

so
it
w
ill

b
e
ru
n
n
in
g
slow

ly
co
m
p
a
red

to
o
u
r
clo

ck
s.

T
h
u
s,
th
e
tim

e
∆
t
O

m
ea
su
red

o
n
th
e
o
b
serv

er’s
clo

ck
is

g
iv
en

b
y

∆
t
O
=

∆
t ′

γ
.

(1
.1
5
)

C
o
m
b
in
in
g
E
q
s.

(1
.1
4
)
a
n
d
(1
.1
5
),

w
e
fi
n
d

∆
t
O
=

1γ (
1−

vc )−
1

∆
t
S
= √

1
+

β

1−
β
∆
t
S
.

(1
.1
6
)
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.
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L
E
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U
R
E

N
O
T
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F
A
L
L
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0
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A
s
ex
p
ected

,
th
e
tw

o
a
n
sw

ers
agree.

E
q
s.
(1.1

2
)
o
r
(1.16)

d
escrib

e
th
e
relatio

n
sh
ip

in
sp
ecial

rela
tiv

ity
b
etw

een
th
e
D
op

p
ler

sh
ift

a
n
d
th
e
v
elo

city
o
f
recession

.
H
ere

v
d
en

o
tes

th
e
relativ

e
sp
eed

b
etw

een
so
u
rce

an
d
o
b
serv

er
(assu

m
ed

to
lie

on
th
e
lin

e
w
h
ich

join
s

th
e
so
u
rce

a
n
d
o
b
serv

er),
a
n
d
it

is
im

p
o
ssib

le
to

k
n
ow

w
h
ich

o
f
th
e
tw

o
is

a
ctu

a
lly

in
m
o
tio

n
.
T
h
e
q
u
a
n
tity

z
is

g
iv
en

b
y

z
= √

1
+

β

1−
β

−
1

(rela
tiv

istic).
(1
.1
7
)

N
ow

th
a
t
w
e
h
av
e
th
e
a
n
sw

er,
I
m
en
tio

n
a
n
im

p
o
rta

n
t
w
a
rn
in
g
.
W

h
ile

it
is

w
o
rth

-
w
h
ile

fo
r
u
s
to

u
n
d
ersta

n
d
th
e
sp
ecia

l-rela
tiv

istic
D
o
p
p
ler

sh
ift,

it
is
n
o
t
th
e
fi
n
a
l
p
ictu

re
fo
r
co
sm

o
lo
g
y.

T
h
e
co
sm

o
lo
g
ica

l
red

sh
ift

in
v
o
lv
es

a
lso

g
rav

ity,
so

it
is
p
ro
p
erly

d
escrib

ed
o
n
ly

in
th
e
co
n
tex

t
o
f
g
en

era
l
rela

tiv
ity.

T
h
e
g
o
o
d
n
ew

s,
h
ow

ev
er,

is
th
a
t
w
e
w
ill

lea
rn

en
o
u
g
h
g
en

era
l
rela

tiv
ity

in
th
is

co
u
rse

to
h
av
e
a
fu
ll
u
n
d
ersta

n
d
in
g
o
f
th
e
co
sm

o
lo
g
ica

l
red

sh
ift.

A
C
C
E
L
E
R
A
T
IN

G
C
L
O
C
K
S
:

I’ll
close

w
ith

a
sh
ort

d
iscu

ssion
of

acceleratin
g
clo

ck
s.

A
cceleratin

g
clo

ck
s
a
re

seld
om

releva
n
t
to

co
sm

o
lo
g
y,
b
u
t
th
ey

o
ften

sh
ow

u
p
in

elem
en
ta
ry

p
ro
b
lem

s
in

sp
ecia

l
rela

tiv
ity.

T
h
ere

is
a
w
id
esp

rea
d
ru
m
o
r
th
a
t
sp
ecia

l
rela

tiv
ity

d
escrib

es
clo

ck
s
m
ov

in
g
a
t
a
co
n
sta

n
t

v
elo

city
rela

tiv
e
to

an
in
ertialfram

e,
w
h
ile

gen
era

lrelativ
ity

is
n
eed

ed
to

p
rop

erly
d
escrib

e
an

acceleratin
g
clo

ck
.

If
y
ou

are
a
v
ictim

of
th
is

ru
m
o
r,

n
ow

is
th
e
tim

e
track

d
ow

n
w
h
o
ev
er

to
ld

it
to

y
o
u
a
n
d
stra

ig
h
ten

h
im

/
h
er

o
u
t.

W
e
h
av
e
lea

rn
ed

th
a
t
sp
ecia

l
rela

tiv
ity

p
red

icts
th
a
t
a
m
ov

in
g
clo

ck
ru
n
s
slow

er
b
y

a
fa
cto

r
o
f
γ
=

1
/ √

1−
β
2,

b
u
t
w
h
at

sh
ou

ld
w
e
say

a
b
o
u
t
an

acceleratin
g
clo

ck
?

A
fter

seein
g
th
e
w
o
n
d
ro
u
s
im

p
lica

tio
n
s
o
f
sp
ecia

l
rela

tiv
ity

fo
r
th
e
b
eh

av
io
r
o
f
m
ov

in
g
clo

ck
s,
it

is
tem

p
tin

g
to

th
in
k
th
a
t
g
en

era
l
rela

tiv
ity

m
ig
h
t
g
iv
e
u
s
eq
u
a
lly

p
ow

erfu
l
in
sig

h
ts

a
b
o
u
t

th
e
eff

ects
o
f
a
cceleratio

n
.
A

little
com

m
o
n
sen

se,
h
ow

ev
er,

is
a
ll
th
at

is
n
eed

ed
to

d
isp

el
th
is

tem
p
ta
tio

n
.
C
o
n
sid

er,
fo
r
ex
a
m
p
le,

a
co
n
crete

ex
p
erim

en
t
in
v
o
lv
in
g
th
e
eff

ects
o
f

acceleratio
n
o
n
a
clo

ck
.
T
o
m
a
k
e
th
e
p
oin

t,
let

u
s
con

sid
er

tw
o
clo

ck
s
in

p
articu

la
r.

T
h
e

fi
rst

is
a
d
ig
ita

l
w
ristw

a
tch

—
fo
r
d
efi

n
iten

ess,
let’s

m
a
k
e
it
a
d
a
ta
-b
a
n
k
-ca

lcu
la
to
r-a

la
rm

-
ch
ro
n
o
g
ra
p
h
.
F
o
r
a
seco

n
d
clo

ck
,
let’s

th
in
k
a
b
o
u
t
a
n
o
ld
-fa

sh
io
n
ed

h
o
u
rg
la
ss.

T
o
test

th
e
eff

ects
o
f
a
cceleratio

n
o
n
th
ese

tw
o
clo

ck
s,

w
e
can

im
agin

e
h
o
ld
in
g
each

clo
ck

tw
o

feet
a
b
ov
e
a
co
n
crete

fl
o
o
r
a
n
d
th
en

d
ro
p
p
in
g
it.

(Is
th
ere

a
n
y
o
n
e
o
u
t
th
ere

w
h
o
still

th
in
k
s
th
a
t
g
en

era
l
rela

tiv
ity

is
im

p
o
rta

n
t
to

u
n
d
ersta

n
d
th
e
resu

lts
o
f
th
is
ex
p
erim

en
t?)

I’ll
a
d
m
it

I
h
av
en

’t
a
ctu

a
lly

tried
th
is

ex
p
erim

en
t,

b
u
t
I
w
o
u
ld

g
u
ess

th
a
t
th
e
h
o
u
rg
la
ss

w
o
u
ld

sm
a
sh

to
sm

ith
ereen

s,
b
u
t
th
a
t
th
e
d
a
ta
-b
a
n
k
-ca

lcu
la
to
r-a

la
rm

-ch
ro
n
o
g
ra
p
h
w
o
u
ld

p
ro
b
a
b
ly

su
rv
iv
e
th
e
tw

o
fo
o
t
d
ro
p
.
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In
case

y
o
u
h
av
en

’t
gotten

th
e
d
rift,

th
e
con

clu
sio

n
is
th
a
t
th
e
eff

ects
o
f
a
cceleratio

n
o
n
a
clo

ck
a
re

co
m
p
lica

ted
,
a
n
d
stro

n
g
ly

d
ep

en
d
en
t
o
n
th
e
d
eta

ils
o
f
th
e
clo

ck
m
ech

a
n
ism

.
In

p
rin

cip
le
w
e
ca
n
k
n
ow

th
e
fu
ll
eq
u
a
tio

n
s
o
f
m
o
tio

n
in

o
u
r
(in

ertia
l)
referen

ce
fra

m
e,
a
n
d

th
ese

eq
u
a
tio

n
s
ca
n
b
e
so
lv
ed

to
d
escrib

e
th
e
ev
o
lu
tio

n
o
f
b
o
th

th
e
h
o
u
rg
la
ss

clo
ck

a
n
d

th
e
d
a
ta
-b
a
n
k
-ca

lcu
la
to
r-a

la
rm

-ch
ro
n
o
g
rap

h
a
s
th
ey

h
it

th
e
fl
o
o
r.

W
h
ile

n
a
tu
re

o
b
ey
s
a

sy
m
m
etry

—
L
oren

tz
in
varia

n
ce

—
w
h
ich

d
eterm

in
es

th
e
eff

ect
of

u
n
iform

m
o
tion

on
a

clo
ck
,
th
ere

is
n
o
sy
m
m
etry

th
a
t
d
eterm

in
es

th
e
eff

ect
of

acceleratio
n
.

It
is

p
o
ssib

le
to

d
efi

n
e
a
n
id
ea
l
clo

ck
,
w
h
ich

ru
n
s
a
t
a
ra
te

th
a
t
is

u
n
a
ff
ected

b
y

acceleratio
n
.
T
h
at

is,
o
n
e
can

d
efi

n
e
an

id
eal

clo
ck

as
on

e
th
a
t
ru
n
s
at

th
e
sam

e
rate

as
a
n
on

acceleratin
g
clo

ck
th
at

is
in
stan

tan
eou

sly
m
ov

in
g
a
t
th
e
sa
m
e
v
elo

city.
A

tru
ly

id
ea
l
clo

ck
is
im

p
o
ssib

le
to

co
n
stru

ct,
b
u
t
th
ere

is
n
o
th
in
g
in

p
rin

cip
le

th
a
t
p
rev

en
ts

o
n
e

from
com

in
g
arb

itrarily
close.

S
in
ce

a
cceleratio

n
(u
n
lik

e
u
n
iform

v
elo

city
)
is

d
etectab

le,
it

is
a
lw
ay

s
p
o
ssib

le
in

p
rin

cip
le

to
d
esig

n
a
d
ev
ice

to
co
m
p
en

sa
te

fo
r
a
n
y
eff

ects
th
a
t

acceleratio
n
m
ig
h
t
oth

erw
ise

p
ro
d
u
ce.

In
an

y
p
ro
b
lem

on
a
h
om

ew
ork

a
ssign

m
en
t
or

q
u
iz

in
8.2

86,
y
o
u
sh
o
u
ld

a
ssu

m
e
th
at

an
y
a
cceleratin

g
clo

ck
is

an
id
eal

o
n
e.


