
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.286:
T
h
e
E
arly
U
n
iv
erse

S
ep
tem
b
er
22,
2018

P
rof.
A
lan
G
u
th

L
e
c
t
u
r
e

N

o
t
e
s
3

T
H

E

D
Y

N

A

M

I
C
S

O

F

N

E
W

T
O

N

I
A

N

C
O

S
M

O

L
O

G

Y

IN
T
R
O
D
U
C
T
IO
N
:

T
h
e
d
y
n
am
ics
of
th
e
u
n
iv
erse
on
th
e
large
scale
seem
s
to
b
e
con
trolled
b
y
grav
ity,

a
n
d
so
a
n
y
th
eoretical
w
ork
in
cosm
ology
rests
h
eav
ily
on
th
e
fou
n
d
ation
s
of
a
th
eory

of
grav
ity.
A
m
on
g
p
rofession
als,
th
e
d
y
n
am
ics
of
cosm
ology
is
alw
ay
s
treated
in
th
e

con
tex
t
of
th
e
relativ
istic
th
eory
of
grav
ity
d
evelop
ed
b
y
E
in
stein
in
1915
|

th
e
th
eory

w
h
ich
is
k
n
ow
n
b
y
th
e
m
islead
in
g
n
am
e
of
\G
en
eral
R
elativ
ity
".
W
e
b
eliev
e
th
at,
at

th
e
classical
lev
el,
gen
eral
relativ
ity
is
alm
ost
certain
ly
th
e
correct
th
eory
of
grav
ity.
(A
t

ex
traord
in
arily
h
igh
en
ergies,
lik
e
th
ose
en
cou
n
tered
d
u
rin
g
th
e
�
rst
10
�

4
5

secon
d
after

th
e
b
ig
b
an
g,
a
q
u
an
tu
m

th
eory
of
grav
ity
w
ou
ld
b
e
req
u
ired
.
A
t
p
resen
t,
h
ow
ev
er,

grav
ity
a
t
th
e
q
u
an
tu
m
level
is
n
ot
w
ell-u
n
d
ersto
o
d
.
M
an
y
p
h
y
sicists
b
elieve
th
at
strin
g

th
eory
is
lik
ely
to
b
e
th
e
correct
q
u
an
tu
m
th
eory
of
grav
ity,
b
u
t
th
ere
are
m
an
y
q
u
estion
s

ab
ou
t
strin
g
th
eory
th
at
h
ave
n
ot
y
et
b
een
an
sw
ered
.)
In
cosm
ology,
gen
eral
relativ
ity

is
n
ecessary
to
m
ak
e
su
re
th
at
th
e
p
ossib
ly
n
on
-E
u
clid
ean
geom
etry
of
th
e
u
n
iv
erse
is

b
ein
g
treated
correctly.
G
en
eral
relativ
ity
is
a
lso
req
u
ired
to
giv
e
an
accu
rate
treatm
en
t

of
th
e
grav
itation
al
e�
ect
of
electrom
agn
etic
rad
iation
(e.g.,
ligh
t),
w
h
ich
is
sign
i�
can
t

in
th
e
ea
rly
u
n
iverse
an
d
w
h
ich
is
certain
ly
a
relativ
istic
p
h
en
om
en
on
.
H
ow
ever,
a
go
o
d

d
eal
of
cosm
ology
can
b
e
u
n
d
ersto
o
d
strictly
in
term
s
of
N
ew
ton
ian
grav
ity,
an
d
in

th
ese
n
otes
w
e
w
ill
ex
p
lore
cosm
ology
in
th
at
con
tex
t.
E
v
en
th
e
grav
itation
al
e�
ects
of

electrom
agn
etic
rad
iation
can
b
e
in
ferred
correctly
b
y
u
sin
g
N
ew
ton
ian
p
h
y
sics
com
b
in
ed

w
ith
som
e
w
ell-m
otiva
ted
g
u
esses.

T
h
e
u
n
iv
erse
is
b
eliev
ed
to
b
e
h
om
ogen
eou
s,
so
th
e
k
ey
p
rob
lem
is
to
u
n
d
erstan
d

th
e
grav
itation
al
d
y
n
am
ics
o
f
a
h
om
ogen
eou
s
d
istrib
u
tion
of
m
ass.
W
e
w
ill
con
sid
er
a

d
istrib
u
tion
of
m
ass
w
ith
in
�
n
ite
ex
ten
t,
w
ith
a
u
n
iform
m
ass
d
en
sity
�
.

T
h
is
is
a
su
b
tle
p
rob
lem
,
a
n
d
in
fact
Isaac
N
ew
ton
h
im
self
got
it
w
ron
g.
N
ew
ton

assu
m
ed
th
at
sin
ce
th
e
m
ass
d
istrib
u
tion
is
sy
m
m
etric
ab
ou
t
an
y
p
oin
t,
th
e
grav
itation
al

�
eld
at
an
y
p
oin
t
m
u
st
van
ish
,
sin
ce
th
ere
is
n
o
p
referred
d
irection
in
w
h
ich
it
cou
ld

p
o
in
t.
H
e
th
erefore
b
eliev
ed
th
at
a
static
con
�
gu
ration
of
\�
x
ed
stars"
cou
ld
ex
ist
in

eq
u
ilib
riu
m
.
N
ew
ton
d
iscu
ssed
th
is
issu
e
in
a
series
of
letters
h
e
w
rote
to
th
e
y
ou
n
g

th
eologian
,
R
ich
a
rd
B
en
tley,
d
u
rin
g
1
692-93*

*
T
h
e
origin
al
letters
are
still
k
ep
t
at
T
rin
ity
C
ollege,
C
am
b
rid
ge,an
d
are
p
u
b
lish
ed
in

H
.
W
.
T
u
rn
b
u
ll,
ed
.,
T
h
e
C
orresp
o
n
d
en
ce
of
Isaac
N
ew
ton
,
V
olu
m
e
III,
1688-1694
(C
am
-

b
rid
ge
U
n
iv
ersity
P
ress,
C
am
b
rid
ge,
E
n
glan
d
,
1961,
p
.
233).
T
h
ey
are
also
rep
rin
ted

T
H
E
D
Y
N
A
M
IC
S
O
F
N
E
W
T
O
N
IA
N

C
O
S
M
O
L
O
G
Y

p
.
2

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
3
,
F
A
L
L
2
0
1
8

\A
s
to
you
r
�
rst
q
u
ery,
it
seem
s
to
m
e
th
at
if
th
e
m
atter
o
f
ou
r
su
n
a
n
d

p
lan
ets
an
d
all
th
e
m
a
tter
of
th
e
u
n
iv
erse
w
ere
ev
en
ly
scattered
th
rou
gh
o
u
t

all
th
e
h
eaven
s,
an
d
ev
ery
p
a
rticle
h
ad
a
n
in
n
ate
grav
ity
tow
a
rd
all
th
e
rest,

an
d
th
e
w
h
ole
sp
ace
th
rou
gh
ou
t
w
h
ich
th
is
m
atter
w
as
scattered
w
a
s
b
u
t

�
n
ite,
th
e
m
atter
on
th
e
ou
tsid
e
of
th
is
sp
ace
w
o
u
ld
,
b
y
its
grav
ity,
ten
d

tow
ard
all
th
e
m
atter
on
th
e
in
sid
e
a
n
d
,
b
y
con
seq
u
en
ce,
fa
ll
d
ow
n
in
to

th
e
m
id
d
le
of
th
e
w
h
o
le
sp
ace
an
d
th
ere
co
m
p
o
se
o
n
e
grea
t
sp
h
erical
m
ass.

B
u
t
if
th
e
m
atter
w
as
ev
en
ly
d
isp
osed
th
ro
u
gh
ou
t
an
in
�
n
ite
sp
ace,
it
co
u
ld

n
ever
con
ven
e
in
to
on
e
m
ass;
b
u
t
som
e
of
it
w
o
u
ld
con
v
en
e
in
to
on
e
m
ass

an
d
som
e
in
to
an
oth
er,
so
as
to
m
a
k
e
an
in
�
n
ite
n
u
m
b
er
of
g
rea
t
m
a
sses,

scattered
at
great
d
ista
n
ces
fro
m
o
n
e
to
a
n
oth
er
th
rou
gh
ou
t
a
ll
th
a
t
in
�
n
ite

sp
ace.
A
n
d
th
u
s
m
igh
t
th
e
su
n
an
d
�
x
ed
stars
b
e
form
ed
,
su
p
p
osin
g
th
e

m
atter
w
ere
of
a
lu
cid
n
a
tu
re. y"
(D
ecem
b
er
10,
16
92)

T
h
e
p
o
in
t
o
f
v
iew
th
at
N
ew
ton
d
escrib
ed
in
h
is
resp
o
n
se
to
B
en
tley
a
p
p
a
ren
tly
rep
resen
ts

a
d
ep
artu
re
from
h
is
earlier
reaso
n
in
g.
P
rev
iou
sly
N
ew
ton
h
ad
b
eliev
ed
th
a
t
th
e
�
x
ed

stars
o
ccu
p
ied
a
�
n
ite
region
in
an
in
�
n
ite
v
o
id
,
b
u
t
n
ow
h
e
realized
th
a
t
su
ch
a
co
n
�
g-

u
ration
w
ou
ld
b
e
d
riven
b
y
g
rav
ity
to
collap
se.
If
th
e
stars
w
ere
d
istrib
u
ted
u
n
iform
ly

over
th
e
in
�
n
ity
of
sp
ace,
h
ow
ev
er,
N
ew
ton
con
clu
d
ed
th
a
t
sta
tic
eq
u
ilib
riu
m

co
u
ld
b
e

m
ain
tain
ed
.*

in
M
ilton
K
.
M
u
n
itz,
ed
.,
T
h
eories
of
th
e
U
n
iv
erse:
F
rom
B
ab
y
lon
ian
M
y
th
to
M
o
d
ern

S
cien
ce
(T
h
e
F
ree
P
ress,
N
ew
Y
ork
,
195
7,
p
.
211).
B
est
o
f
all,
th
an
k
s
to
G
o
og
le
B
o
o
k
s

an
d
th
e
N
ew
ton
P
ro
ject,
th
e
com
p
lete
letters
from

N
ew
ton
to
B
en
tley
are
n
ow
ava
il-

ab
le
on
lin
e:

h
ttp
://b
o
ok
s.go
o
gle.com
/b
o
ok
s?id
=
8
D
k
C
A
A
A
A
Q
A
A
J
&
p
g=
P
A
20
1
an
d

h
ttp
://w
w
w
.n
ew
ton
p
ro
ject.su
ssex
.ac.u
k
/
v
iew
/tex
ts/n
o
rm
alized
/T
H
E
M
0
02
54,

h
ttp
://w
w
w
.n
ew
ton
p
ro
ject.su
ssex
.ac.u
k
/
v
iew
/tex
ts/n
o
rm
alized
/T
H
E
M
0
02
55,

h
ttp
://w
w
w
.n
ew
ton
p
ro
ject.su
ssex
.ac.u
k
/
v
iew
/tex
ts/n
o
rm
alized
/T
H
E
M
0
02
56,

an
d

h
ttp
://w
w
w
.n
ew
ton
p
ro
ject.su
ssex
.ac.u
k
/
v
iew
/tex
ts/n
o
rm
alized
/T
H
E
M
0
02
58.

y
B
y
\lu
cid
n
atu
re,"
N
ew
ton
w
as
ap
p
aren
tly
referrin
g
to
th
e
d
istin
ctio
n
th
at
h
e
su
p
-

p
osed
ex
ists
b
etw
een
th
e
\lu
cid
m
atter"
o
f
th
e
su
n
an
d
stars,
an
d
th
e
\
op
aq
u
e"
m
atter

of
th
e
earth
a
n
d
oth
er
p
lan
ets.
T
h
e
con
tin
u
ation
of
th
e
tex
t
sh
ow
s
N
ew
to
n
's
th
ou
gh
ts
o
n

th
is
issu
e,
an
d
also
on
th
e
ro
le
of
d
iv
in
e
in
terv
en
tion
in
th
e
creation
of
th
e
so
lar
sy
stem
:

\B
u
t
h
ow
th
e
m
atter
sh
ou
ld
d
iv
id
e
itself
in
to
tw
o
sorts,
an
d
th
a
t
p
art
o
f
it
w
h
ich
is
to

com
p
ose
a
sh
in
in
g
b
o
d
y
sh
o
u
ld
fa
ll
d
ow
n
in
to
on
e
m
ass
an
d
m
ak
e
a
su
n
a
n
d
th
e
rest

w
h
ich
is
�
t
to
com
p
ose
an
op
aq
u
e
b
o
d
y
sh
ou
ld
coa
lesce,
n
o
t
in
to
on
e
great
b
o
d
y,
like
th
e

sh
in
in
g
m
atter,
b
u
t
in
to
m
an
y
little
on
es;
or
if
th
e
su
n
at
�
rst
w
ere
a
n
o
p
aq
u
e
b
o
d
y
lik
e

th
e
p
lan
ets
or
th
e
p
lan
ets
lu
cid
b
o
d
ies
like
th
e
su
n
,
h
ow
h
e
alon
e
sh
ou
ld
b
e
ch
a
n
g
ed
in
to

a
sh
in
in
g
b
o
d
y
w
h
ilst
all
th
ey
con
tin
u
e
op
aq
u
e,
or
all
th
ey
b
e
ch
a
n
g
ed
in
to
op
aq
u
e
on
es

w
h
ilst
h
e
rem
ain
s
u
n
ch
an
ged
,
I
d
o
n
ot
th
in
k
ex
p
lica
b
le
b
y
m
ere
n
atu
ra
l
cau
ses,
b
u
t
a
m

forced
to
ascrib
e
it
to
th
e
cou
n
sel
an
d
con
trivan
ce
o
f
a
vo
lu
n
ta
ry
A
gen
t."

*
N
ew
ton
's
in
volv
em
en
t
in
th
is
p
rob
lem
w
as
d
iscu
ssed
in
a
fascin
atin
g
article
b
y
E
d
-

w
ard
H
arrison
,
\N
ew
ton
an
d
th
e
In
�
n
ite
U
n
iv
erse,"
P
h
y
sic
s
T
od
a
y,
F
eb
ru
ary
1
986
,

p
.
24,
w
h
ich
is
availab
le
o
n
lin
e
w
ith
an
M
IT

certi�
cate
at
h
ttp
://
scita
tion
.aip
.org.



T
H
E
D
Y
N
A
M
IC
S
O
F
N
E
W
T
O
N
IA
N

C
O
S
M
O
L
O
G
Y

p
.
3

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
3
,
F
A
L
L
2
0
1
8

T
h
e
fallacy
of
N
ew
ton
's
argu
m
en
t
w
as
n
ot
really
u
n
d
ersto
o
d
u
n
til
th
e
b
egin
n
in
g
of

th
e
20th
cen
tu
ry.
W
h
en
E
in
stein
�
rst
d
evelop
ed
h
is
th
eory
of
gen
eral
relativ
ity,
h
e
very

q
u
ick
ly
tried
to
ap
p
ly
it
to
th
e
u
n
iv
erse
as
a
w
h
ole,
a
n
d
at
�
rst
h
e
w
as
rath
er
sh
o
cked

to
learn
th
at
th
e
th
eory
d
id
n
ot
a
llow
a
static
solu
tion
.
A
ccord
in
g
to
th
e
m
ath
em
atics

of
th
e
th
eory,
an
in
itially
static
con
�
gu
ration
w
ou
ld
lead
to
a
u
n
iv
ersal
collap
se,
as
each

p
article
o
f
m
atter
in
th
e
u
n
iv
erse
attracted
all
of
th
e
oth
ers.
E
in
stein
ch
ose
to
m
o
d
ify

gen
eral
relativ
ity
b
y
a
d
d
in
g
a
\
cosm
ological
term
"
|

a
k
in
d
of
u
n
iv
ersal
rep
u
lsion
|

so

th
at
a
static
solu
tion
w
ou
ld
b
e
p
o
ssib
le.
In
h
in
d
sigh
t,
on
e
can
see
th
at
th
e
sam
e
reason
s

w
h
ich
p
reclu
d
e
a
static
solu
tion
in
th
e
th
eory
of
gen
eral
relativ
ity
(w
ith
ou
t
a
cosm
ological

con
stan
t)
ap
p
ly
a
lso
to
th
e
N
ew
ton
ian
case.

T
h
e
n
on
ex
isten
ce
of
a
static
eq
u
ilib
riu
m
for
an
in
�
n
ite
h
om
ogen
eou
s
d
istrib
u
tion
of

m
ass
can
b
e
seen
v
ery
easily
b
y
u
sin
g
som
e
m
ath
em
atics
th
at
w
as
u
n
availab
le
to
N
ew
ton
.

N
ew
ton
form
u
lated
h
is
law
o
f
u
n
iversa
l
g
rav
itation
in
th
e
lan
gu
age
o
f
a
n
in
verse
sq
u
are

fo
rce
law
,
b
u
t
w
e
n
ow
k
n
ow
h
ow
to
reform
u
late
su
ch
a
law
in
term
s
of

u
x
in
tegrals.
J
u
st

as
C
ou
lom
b
's
law
im
p
lies
G
au
ss's
law
,
N
ew
ton
's
in
verse
sq
u
are
law
of
grav
ity
g
ives
rise

to
a
G
au
ss's
law
of
grav
ity
:

~E
=

qr
2
^r

im
p
lies

I
~E
�
d~a
=
4
�
q
e
n
c
lo
s
e
d

(3.1)

~g
=
�
G
Mr

2

^r

im
p
lies

I
~g
�
d~a
=
�
4
�
G
M
e
n
c
lo
s
e
d

;

(3.2)

w
h
ere
~g
is
th
e
g
rav
itation
al
acceleration
v
ector,
an
d
th
e
in
tegrals
are
ov
er
an
arb
itrary

\G
au
ssian
"
su
rface.
If
E
q
.
(3.2)
is
ap
p
lied
to
a
u
n
iform
d
istrib
u
tion
of
m
ass,
th
en
clearly

M
e
n
c
lo
s
e
d

>
0
fo
r
a
n
y
G
au
ssian
su
rface
th
at
en
closes
a
n
on
zero
v
olu
m
e.
T
h
u
s
th
e
left

h
an
d
sid
e
m
u
st
a
lso
b
e
n
on
zero,
an
d
so
o
n
e
can
n
ot
h
ave
~g
=
0,
as
a
static
u
n
iv
erse
w
ou
ld

d
em
an
d
.

A
n
oth
er
form
u
lation
of
N
ew
ton
ian
grav
ity
ta
kes
th
e
fo
rm
of
a
grav
itation
al
P
oisson
's

eq
u
ation
:

r
2�
=
4
�
G
�
;
w
h
ere
~g
=
�
~r
�
;

(3.3)

an
d
�
is
th
e
m
ass
d
en
sity.
H
ere
r
2

is
th
e
L
ap
lacian
,

r
2
�

@
2

@
x
2

+

@
2

@
y
2

+

@
2

@
z
2

;

lib
p
rox
y
.m
it.ed
u
/con
ten
t/aip
/m
agazin
e/p
h
y
sicsto
d
ay
/article/39/2/10.1063/1.881049
or

for
p
u
rch
a
se
a
t
h
ttp
://scitation
.aip
.org/con
ten
t/aip
/m
agazin
e/p
h
y
sicsto
d
ay
/article/39/

2/10.1063/1.881049.

T
H
E
D
Y
N
A
M
IC
S
O
F
N
E
W
T
O
N
IA
N

C
O
S
M
O
L
O
G
Y

p
.
4

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
3
,
F
A
L
L
2
0
1
8

an
d
~r
is
th
e
g
rad
ien
t,

~r
�
^{
@@

x
+
^|
@@

y
+
^k
@@

z
:

In
th
is
form
alism
on
e
can
also
see
th
at
~g
=
0
im
p
lies
�
=
con
sta
n
t,
w
h
ich
in
tu
rn
im
p
lies

�
=
0,
so
a
static
u
n
iverse
is
p
ossib
le
on
ly
if
it
is
em
p
ty.

H
istorically,
I
b
eliev
e
th
a
t
th
e
in
con
sisten
cy
of
th
e
sta
tic
u
n
iv
erse
w
a
s
overlo
o
ked

in
th
e
con
tex
t
of
N
ew
ton
ian
m
ech
an
ics
b
ecau
se
N
ew
to
n
ian
g
rav
ity
is
u
su
a
lly
d
escrib
ed

in
term
s
of
an
action
at
a
d
istan
ce.
In
th
is
form
u
latio
n
,
th
e
releva
n
t
issu
es
a
re
su
b
tle.

G
en
eral
relativ
ity,
o
n
th
e
oth
er
h
an
d
,
is
a
lw
ay
s
fo
rm
u
lated
in
term
s
of
lo
ca
l
d
i�
eren
tial

eq
u
ation
s
an
alogou
s
to
E
q
.
(3.3
),
an
d
in
th
is
form
u
lation
th
e
resu
lt
is
u
n
m
istaka
b
le.

I
h
ave
n
ow
d
iscu
ssed
th
e
rea
son
s
w
h
y
a
h
om
o
gen
eou
s
m
ass
d
istrib
u
tio
n
m
u
st
p
ro
d
u
ce

a
grav
itation
al
�
eld
,
b
u
t
I
h
av
e
n
o
t
y
et
d
iscu
ssed
w
h
at
go
es
w
ron
g
if
on
e
tries
to
calcu
la
te

th
e
force
on
a
giv
en
p
article
b
y
su
m
m
in
g
th
e
N
ew
ton
ian
grav
itatio
n
al
fo
rces
cau
sed
b
y

all
th
e
oth
er
p
articles.
S
in
ce
th
ese
o
th
er
p
articles
ex
ten
d
w
ith
u
n
iform
d
en
sity
to
in
�
n
ity

in
all
d
irection
s,
it
seem
s
ob
v
io
u
s
th
at
th
e
in
teg
ratio
n
over
th
e
m
ass
d
istrib
u
tion
ca
n
n
o
t

p
ick
ou
t
an
y
p
referred
d
irection
,
an
d
th
erefore
m
u
st
giv
e
n
o
g
rav
ita
tion
al
fo
rce.
T
h
e

p
rob
lem
w
ith
u
sin
g
th
is
m
eth
o
d
,
h
ow
ev
er,
is
th
a
t
th
e
in
teg
ration
is
am
b
igu
o
u
s.
W
e
w
ill

sh
ow
th
at,
d
u
e
to
th
e
p
o
o
r
co
n
v
ergen
ce
p
rop
erties
o
f
th
e
in
tegra
l,
th
e
in
tegratio
n
h
a
s
n
o

u
n
iq
u
e
an
sw
er,
b
u
t
in
stead
can
giv
e
an
y
a
n
sw
er
th
at
o
n
e
w
an
ts,
d
ep
en
d
in
g
o
n
th
e
o
rd
er

w
ith
w
h
ich
th
e
d
i�
eren
t
regio
n
s
of
th
e
in
tegration
v
olu
m
e
are
in
clu
d
ed
.

T
o
see
h
ow
th
is
can
h
ap
p
en
,
let
u
s
�
rst
con
sid
er
som
e
gen
eral
p
ro
p
erties
of
in
tegrals.

S
u
p
p
ose
th
at
f
(x
)
is
a
fu
n
ction
su
ch
th
a
t

Z
1

�

1

f
(x
)
d
x

(3
.4)

con
verges,
in
th
e
sen
se
th
at

lim
L
!

1 Z
L

�

L
f
(x
)
d
x

(3
.5)

ex
ists.
S
u
p
p
ose,
h
ow
ever,
th
at

Z
1

�

1

jf
(x
)j
d
x

(3.6
)

d
iverges
(i.e.,
is
in
�
n
ite).
S
u
ch
in
tegrals
are
called
co
n
d
itio
n
a
lly
co
n
v
e
rg
e
n
t,
an
d
in
gen
eral

th
eir
valu
e
is
am
b
igu
ou
s.
T
h
e
an
sw
er
d
ep
en
d
s
o
n
th
e
o
rd
er
in
w
h
ich
th
e
d
i�
eren
t
reg
ion
s

of
th
e
x
-in
tegration
are
ad
d
ed
u
p
.
C
on
versely,
if
th
e
in
teg
ral
(3.6)
con
verges,
th
en
th
e

in
tegral
(3.4)
is
called
ab
solu
tely
co
n
vergen
t,
an
d
its
valu
e
is
in
d
ep
en
d
en
t
o
f
th
e
ord
er
in

w
h
ich
th
e
d
i�
eren
t
region
s
o
f
in
tegra
tion
are
a
d
d
ed
.



T
H
E
D
Y
N
A
M
IC
S
O
F
N
E
W
T
O
N
IA
N

C
O
S
M
O
L
O
G
Y

p
.
5

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
3
,
F
A
L
L
2
0
1
8

A
s
a
sim
p
le
ex
am
p
le,
con
sid
er
th
e
fu
n
ction

f
(x
)
= (
+
1

if
x
>
0

�
1

if
x
<
0
,

(3.7)

th
e
in
tegral
of
w
h
ich
clearly
satis�
es
th
e
p
rop
erties
of
con
d
ition
al
con
vergen
ce
as
d
escrib
ed

ab
ove.
T
o
illu
strate
th
e
am
b
igu
ity
o
f
th
e
in
tegral,
n
ote
�
rst
th
at

lim
L
!

1 Z
L

�

L
f
(x
)d
x
=
0
:

(3.8)

T
h
is
lim
it
is
triv
ial,
sin
ce
th
e
in
tegral
is
zero
for
an
y
valu
e
of
L
.
N
ow
let's
ad
d
th
e

con
trib
u
tion
s
in
a
d
i�
eren
t
ord
er,
startin
g
at
som
e
a
rb
itrary
p
o
in
t
x
=
a
.
W
e
take
th
e

region
of
in
tegration
larger
an
d
larger,
b
u
t
alw
ay
s
cen
tered
on
x
=
a
.
T
h
at
is,
w
e
can

d
e�
n
e
th
e
in
tegral

lim
L
!

1 Z
a
+
L

a
�

L

f
(x
)d
x
:

(3.9)

Y
ou
sh
ou
ld
b
e
ab
le
to
con
v
in
ce
y
ou
rself
th
at
th
e
in
tegral
is
eq
u
al
to
2
a
for
an
y
L
�
a
,

an
d
th
erefore
th
e
lim
it
is
2
a
.
S
in
ce
w
e
can
ch
o
ose
a
to
b
e
an
y
th
in
g
w
e
like,
w
e
can
get

an
y
an
sw
er
th
at
w
e
lik
e.
N
o
te
th
a
t
th
e
in
tegrals
sh
ow
n
as
(3.5)
an
d
(3.9)
are
b
oth
w
ay
s

of
giv
in
g
p
recise
m
ean
in
g
to
th
e
in
tegral
(3.4),
so
on
e
con
clu
d
es
th
at
th
e
in
tegral
(3.4)
is

am
b
igu
ou
s.
M
ath
em
atically
on
e
can
(an
d
u
su
ally
d
o
es)
d
e
�
n
e

th
e
in
tegral
(3.4)
to
b
e

th
e
ex
p
ression
(3.5),
b
u
t
o
n
e
m
u
st
keep
in
m
in
d
th
at
th
is
is
an
a
rb
itrary
ch
oice
th
at
is

u
n
lik
ely
to
h
ave
p
h
y
sical
m
ean
in
g.
W
h
en
x
rep
resen
ts
a
sp
atial
co
ord
in
ate,
as
it
d
o
es

h
ere,
th
en
th
e
ex
p
ression
s
(3.5)
an
d
(3.9)
d
i�
er
on
ly
b
y
th
e
ch
oice
of
w
h
ere
th
e
origin
of

th
e
co
ord
in
ate
sy
stem
is
p
laced
,
w
h
ile
p
h
y
sically
th
is
ch
oice
is
com
p
letely
arb
itrary.

F
or
an
in
�
n
ite
d
istrib
u
tion
o
f
m
ass
w
ith
u
n
iform
d
en
sity
�
,
th
e
grav
itation
al
accel-

eration
at
a
p
oin
t
P
is
g
iv
en
form
ally
b
y
th
e
in
tegral

~g
(P
)
= Z
G
�
d
3~r
0

~r
0

�
~r
P

j~r
0

�
~r
P
j 3
;

(3.10)

w
h
ere
~r
P

is
a
v
ector
from
th
e
o
rigin
to
th
e
p
oin
t
P
.
W
e
w
ill
see
th
at
th
is
in
tegral
is

con
d
ition
ally
con
v
erg
en
t,
an
d
th
erefore
~g
(P
)
can
h
ave
a
n
y
valu
e,
d
ep
en
d
in
g
on
th
e
ord
er

in
w
h
ich
th
e
con
trib
u
tion
s
from
d
i�
eren
t
va
lu
es
o
f
~r
0

are
ad
d
ed
.
N
ew
ton
's
law
of
grav
ity

say
s
n
o
th
in
g
ab
o
u
t
th
e
ord
er
in
w
h
ich
th
e
co
n
trib
u
tion
s
sh
ou
ld
b
e
ad
d
ed
,
sin
ce
in
n
orm
al

situ
ation
s
v
ector
ad
d
ition
is
com
m
u
tativ
e.

T
o
see
h
ow
th
is
in
tegral
b
eh
av
es,
su
p
p
ose
w
e
�
rst
d
eterm
in
e
th
e
valu
e
of
~g
at
an

arb
itrary
p
oin
t
P
b
y
su
m
m
in
g
th
e
con
trib
u
tion
s
from
sp
h
erical
sh
ells
th
at
are
cen
tered
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at
P
:

In
th
is
case
on
e
can
a
rgu
e
b
y
sy
m
m
etry
th
at
each
sh
ell
con
trib
u
tes
ex
actly
zero
to
~g
,
an
d

h
en
ce
th
e
su
m
m
u
st
b
e
zero.

T
h
e
in
tegral
clearly
con
verg
ed
(in
fa
ct
it
van
ish
ed
!),
b
u
t
it
is
n
ot
a
b
solu
tely
con
ver-

gen
t.
If
w
e
in
serted
ab
solu
te
valu
e
sign
s
in
th
e
in
tegran
d
,
w
e
can
eva
lu
ate
th
e
in
teg
ra
l

b
y
tran
sform
in
g
to
p
o
lar
co
o
rd
in
a
tes
w
ith
P
at
th
e
origin
.
W
e
�
n
d
a
lin
ea
r
d
ivergen
ce:

Z
G
�
d
3~r
0

1

j~r
0

�
~r
P
j 2
=
4
�
G
� Z
r
02
d
r
0

1r
02

=
1

:

T
h
u
s
th
e
in
tegral
is
con
vergen
t
b
u
t
n
o
t
ab
solu
tely
con
verg
en
t,
so
it
is
co
n
d
itio
n
a
lly
co
n
-

vergen
t.

T
o
see
th
e
am
b
igu
ity
th
a
t
w
e
ex
p
ect
d
u
e
to
th
e
co
n
d
ition
al
con
verg
en
ce,
w
e
n
eed

to
carry
ou
t
th
e
in
tegration
o
f
E
q
.
(3
.10)
w
ith
a
d
i�
eren
t
o
rd
erin
g.
S
p
h
erical
sh
ells
are

still
very
con
ven
ien
t,
b
u
t
su
p
p
ose
w
e
ch
o
ose
sp
h
erical
sh
ells
cen
tered
arou
n
d
a
d
i�
eren
t

origin
.
T
o
see
w
h
at
w
e
�
n
d
,
let
u
s
calcu
late
~g
a
t
P
b
y
su
m
m
in
g
th
e
co
n
trib
u
tio
n
s
from

sp
h
erical
sh
ells
w
h
ich
a
re
cen
tered
at
som
e
oth
er
p
oin
t
Q
,
lo
cated
a
d
istan
ce
b
aw
ay
:

T
h
e
grav
itation
al
�
eld
d
u
e
to
a
th
in
sp
h
erica
l
sh
ell
of
m
a
ss
is
w
ell
k
n
ow
n
|

in
sid
e
th
e

sh
ell
th
e
�
eld
van
ish
es
id
en
tica
lly,
a
n
d
o
u
tsid
e
th
e
sh
ell
th
e
�
eld
is
th
e
sam
e
as
it
w
o
u
ld
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b
e
if
th
e
sam
e
m
ass
w
ere
con
cen
trated
at
th
e
p
oin
t
in
th
e
cen
ter
of
th
e
sp
h
ere.
F
or
th
e

sh
ells
cen
tered
a
t
Q
,
n
ote
th
at
th
e
p
oin
t
P
w
ill
lie
in
sid
e
th
e
sh
ell
for
all
sh
ells
w
ith
rad
iu
s

r
>
b.
T
h
ese
sh
ells
w
ill
th
erefore
giv
e
n
o
con
trib
u
tion
to
th
e
grav
itation
al
�
eld
at
P
.

T
h
e
sh
ells
w
ith
r
<
b,
on
th
e
oth
er
h
an
d
,
w
h
ich
a
re
sh
ow
n
w
ith
sh
ad
in
g
in
th
e
d
iagram

ab
ove,
w
ill
p
ro
d
u
ce
a
g
rav
itation
al
�
eld
at
P
.
S
p
eci�
cally,
th
ey
w
ill
p
ro
d
u
ce
a
�
eld
at
P

w
h
ich
is
th
e
sa
m
e
a
s
th
e
�
eld
th
a
t
w
ou
ld
b
e
p
ro
d
u
ced
if
th
e
en
tire
m
ass
(for
r
<
b)
w
ere

con
cen
trated
at
Q
.
T
h
u
s,
b
y
th
is
m
eth
o
d
of
su
m
m
ation
w
e
�
n
d

~g
=
G
Mb

2

^e
Q
P

;

(3.11)

w
h
ere
M

=

4
�3
b
3�
is
th
e
com
b
in
ed
m
ass
of
all
th
e
sh
ells
w
ith
r
<
b,
an
d
^e
Q
P

is
a
u
n
it

vecto
r
p
o
in
tin
g
fro
m
P
to
Q
.
S
o
th
e
an
sw
er
w
e
g
et
d
ep
en
d
s
on
th
e
ord
er
of
su
m
m
ation
.

S
in
ce
w
e
cou
ld
h
av
e
ch
osen
th
e
p
o
in
t
Q
to
b
e
a
n
y
d
istan
ce
an
d
in
an
y
d
irection
,
w
e
co
u
ld

h
av
e
gotten
a
n
y
a
n
sw
er
w
e
w
an
ted
.

T
h
u
s
w
e
can
con
clu
d
e
th
at
th
e
in
tegral
w
h
ich
d
eterm
in
es
~g
is
ill-d
e�
n
ed
.
B
y
su
m
m
in
g

th
e
grav
itation
al
force
u
sin
g
con
cen
tric
sp
h
erical
sh
ells
cen
tered
a
t
d
i�
eren
t
p
oin
ts
Q
,
w
e

can
get
a
n
y
an
sw
er
w
e
w
an
t.
B
u
t
w
h
at
ab
ou
t
th
e
sim
p
le
sy
m
m
etry
argu
m
en
t,
w
h
ich

say
s
th
at
th
e
g
rav
itation
al
force
m
u
st
b
e
zero
b
ecau
se
th
ere
is
n
o
p
referred
d
irection
for

it
to
p
oin
t?
It
w
as
th
is
argu
m
en
t
th
at
N
ew
ton
fou
n
d
p
ersu
asiv
e
in
th
e
letter
to
B
en
tley

cited
earlier.
N
ew
ton
m
igh
t
p
h
rase
th
e
reason
in
g
in
th
e
follow
in
g
w
ay
:
If
th
ere
is
to
b
e

a
force
on
th
e
m
ass
lo
cated
at
P
,
th
en
th
e
fo
rce
w
o
u
ld
h
ave
to
p
oin
t
in
som
e
d
irection
.

B
u
t
sin
ce
all
d
irection
s
are
id
en
tical
in
th
is
p
rob
lem
,
th
e
force
m
u
st
van
ish
.
T
o
con
v
in
ce

N
ew
ton
th
at
h
e
w
a
s
w
ro
n
g
,
w
e
w
ou
ld
h
av
e
to
p
ersu
ad
e
h
im
th
at
th
is
p
rob
lem
is
v
ery

sp
ecial,
b
ecau
se
th
ere
is
n
o
w
ay
to
d
e�
n
e
an
in
ertial
referen
ce
fram
e.
O
rd
in
arily
on
e
can

d
e�
n
e
a
n
in
ertial
fram
e
b
y
im
agin
in
g
test
p
articles
at
in
�
n
ite
d
istan
ces
from
all
oth
ers

|

th
e
in
ertial
fram
es
are
th
ose
in
w
h
ich
th
ese
test
p
articles
h
ave
con
stan
t
v
elo
cities.
In

th
e
p
rob
lem
o
f
a
n
in
�
n
ite
u
n
iform
m
ass
d
istrib
u
tion
,
h
ow
ev
er,
th
ere
is
n
o
p
lace
to
p
u
t

th
ese
test
p
articles.
T
h
u
s,
on
e
can
n
ot
m
easu
re
th
e
a
b
solu
te
acceleration
of
an
y
p
article,

b
u
t
in
stead
on
e
m
u
st
settle
for
m
easu
rin
g
th
e
r
e
la
tiv
e
acceleration
of
on
e
p
article
w
ith

resp
ect
to
an
oth
er.
O
n
e
can
d
ecid
e,
for
ex
am
p
le,
to
m
easu
re
th
e
acceleration
s
of
all

p
articles
relativ
e
to
P
.
O
n
e
th
en
�
n
d
s,
a
s
w
e
w
ill
see
later,
th
at
all
th
e
acceleration
s

p
o
in
t
tow
ard
P
,
an
d
th
at
th
e
acceleration
of
an
y
given
p
article
h
as
a
m
agn
itu
d
e
w
h
ich

is
p
rop
o
rtion
al
to
th
e
d
istan
ce
from
P
.
If
on
e
h
ad
ch
osen
to
m
easu
re
all
acceleration
s

relativ
e
to
Q
,
on
e
w
ou
ld
h
ave
fou
n
d
a
sim
ilar
p
attern
cen
tered
on
Q
.

T
H
E
M
A
T
H
E
M
A
T
IC
A
L
M
O
D
E
L
:

T
h
e
ap
p
roach
th
at
I
w
ill
follow
h
ere
is
a
b
it
m
ore
in
volved
th
an
th
at
u
sed
in
m
ost

tex
tb
o
ok
s,
b
u
t
it
a
lso
lead
s
to
a
stron
ger
resu
lt.
M
ost
tex
tb
o
ok
s
sim
p
ly
assu
m
e
th
at
a

u
n
iform
d
istrib
u
tion
of
m
ass
w
ill
rem
ain
u
n
iform
,
b
u
t
h
ere
w
e
w
ill
sh
ow
th
at
th
e
in
verse

sq
u
are
law
of
g
rav
ity
lead
s
to
th
is
resu
lt.
M
ost
o
th
er
force
law
s
w
ou
ld
n
ot.
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In
ord
er
to
m
ake
th
e
p
rob
lem
of
an
in
�
n
ite
u
n
ifo
rm
m
ass
d
istrib
u
tion
w
ell
d
e�
n
ed
,

it
is
n
ecessary
to
treat
th
e
co
n
cep
t
of
in
�
n
ity
carefu
lly.
S
p
eci�
ca
lly,
th
e
safest
w
ay
to

th
in
k
ab
ou
t
in
�
n
ity
is
to
th
in
k
of
it
a
s
a
lim
it
of
�
n
ite
q
u
a
n
tities.
T
h
e
easiest
a
p
p
roa
ch
,

w
h
ich
w
e
w
ill
u
se,
is
to
treat
th
e
m
a
ss
d
istrib
u
tion
a
s
a
u
n
iform
sp
h
ere
of
ra
d
iu
s
R
m
a
x .

O
n
ly
at
th
e
en
d
of
th
e
calcu
latio
n
w
ill
w
e
tak
e
th
e
lim
it
R
m
a
x
!

1
.

W
h
en
w
e
ch
o
ose
to
u
se
a
sp
h
ere
of
m
ass
to
d
e�
n
e
ou
r
p
rob
lem
,
it
is
im
p
ortan
t
to

ask
if
th
e
an
sw
er
w
ou
ld
h
av
e
tu
rn
ed
ou
t
d
i�
eren
tly
if
w
e
h
ad
ch
osen
som
e
o
th
er
sh
ap
e.

I
w
ill
n
ot
try
to
d
em
on
strate
th
e
an
sw
er
to
th
is
q
u
estio
n
,
b
u
t
I
w
ill
tell
y
ou
w
h
at
it

is.
M
an
y
sh
ap
es,
su
ch
as
an
y
o
f
th
e
regu
lar
p
oly
h
ed
ra
(tetrah
ed
ron
,
cu
b
e,
o
ctah
ed
ron
,

d
o
d
ecah
ed
ron
,
or
icosah
ed
ron
),
w
o
u
ld
giv
e
th
e
sam
e
an
sw
er
in
th
e
lim
it
in
w
h
ich
th
e

size
ap
p
roach
es
in
�
n
ity.
If
w
e
h
a
d
u
sed
a
rectan
gu
lar
solid
,
h
ow
ev
er,
th
e
an
sw
er
w
ou
ld

h
ave
b
een
d
i�
eren
t.
[F
or
th
o
se
stu
d
en
ts
w
h
o
h
ave
lea
rn
ed
ab
ou
t
m
u
ltip
o
le
ex
p
a
n
sion
s,

I
m
en
tion
th
at
it
is
on
ly
th
e
q
u
ad
ru
p
o
le
m
om
en
t
of
th
e
sh
ap
e
th
at
m
atters
in
th
e
lim
it

of
in
�
n
ite
size.]
T
h
e
solu
tion
o
b
tain
ed
from
th
e
rectan
gu
lar
solid
w
ou
ld
corresp
o
n
d
to

an
an
isotrop
ic
m
o
d
el
of
th
e
u
n
iv
erse,
in
w
h
ich
th
e
grav
itatio
n
al
�
eld
w
o
u
ld
b
e
d
i�
eren
t

in
d
i�
eren
t
d
irection
s.
G
en
eral
relativ
ity
also
a
llow
s
for
th
e
p
o
ssib
ility
of
an
isotrop
ic

h
om
ogen
eou
s
solu
tion
s,
b
u
t
I
h
av
e
n
ever
ex
p
lored
h
ow
closely
th
e
p
rop
erties
a
gree.
S
in
ce

ou
r
u
n
iverse
is
h
igh
ly
isotro
p
ic,
w
e
are
ju
sti�
ed
in
u
sin
g
th
e
sp
h
ere
to
fo
rm
u
late
o
u
r

p
rob
lem
.

W
e
w
ill
treat
th
e
m
atter
as
a
n
on
relativ
istic
d
u
st
of
p
articles
w
h
ich
can
m
ove
freely,

w
ith
grav
ity
su
p
p
ly
in
g
th
e
on
ly
sign
i�
ca
n
t
force.
T
h
e
assu
m
p
tion
th
at
th
e
u
n
iverse
is

d
om
in
ated
b
y
n
on
relativ
istic
m
a
tter
a
n
d
th
at
g
rav
ity
is
th
e
o
n
ly
sign
i�
can
t
force
ap
p
ear

to
b
e
valid
assu
m
p
tion
s
for
ou
r
ow
n
u
n
iv
erse
for
m
ost
of
its
h
isto
ry,
b
u
t
n
ot
for
a
ll

of
it.
R
ecall
th
at
in
th
e
co
n
tex
t
of
relativ
ity,
en
erg
y
an
d
m
a
ss
are
really
th
e
sam
e

th
in
g,
related
b
y
th
e
celeb
ra
ted
form
u
la
E

=
m
c
2,
w
h
ere
c
is
th
e
sp
eed
of
lig
h
t.
In

th
e
early
u
n
iverse
th
ere
w
a
s
a
h
igh
d
en
sity
of
en
ergy
in
electro
m
agn
etic
ra
d
iatio
n
,
an
d

th
is
en
ergy
d
en
sity
can
b
e
ex
p
ressed
a
s
a
m
a
ss
d
en
sity
b
y
d
iv
id
in
g
it
b
y
c
2.
F
or
th
e

�
rst
ap
p
rox
im
ately
50,000
years
of
cosm
ic
h
istory,
th
e
m
ass
d
en
sity
of
th
e
u
n
iverse
w
a
s

d
om
in
ated
b
y
th
e
electrom
ag
n
etic
rad
iatio
n
a
n
d
h
igh
ly
relativ
istic
p
articles,
b
o
th
of
w
h
ich

lead
to
sign
i�
can
t
p
ressu
re
forces.
T
h
ese
p
ressu
re
fo
rces,
in
tu
rn
,
lead
to
a
con
trib
u
tion

to
th
e
g
rav
itation
al
force,
sin
ce
gen
eral
relativ
ity
im
p
lies
th
a
t
p
ressu
res
a
s
w
ell
as
m
a
ss

or
en
ergy
d
en
sities
can
serv
e
a
s
th
e
sou
rce
of
a
grav
itatio
n
a
l
�
eld
.
C
osm
olo
gists
call
th
is

early
p
erio
d
\rad
iation
-d
om
in
ated
",
an
d
th
e
p
erio
d
in
w
h
ich
th
e
u
n
iverse
is
d
o
m
in
a
ted
b
y

n
on
relativ
istic
d
u
st
is
called
\
m
atter-d
om
in
a
ted
".
S
tartin
g
in
ab
o
u
t
19
98
,
astron
om
ers

h
ave
b
een
gath
erin
g
ev
id
en
ce
th
at
for
th
e
p
ast
5
b
illion
y
ears
or
so
th
e
ex
p
an
sion
o
f
th
e

u
n
iverse
h
as
n
ot
b
een
slow
in
g
a
s
it
w
ou
ld
in
a
m
atter-d
om
in
ated
u
n
iv
erse,
b
u
t
in
stea
d

it
h
as
b
een
acceleratin
g.
T
h
ese
ob
servation
s
w
ere
a
b
ig
su
rp
rise
to
m
o
st
of
u
s,
a
n
d
th
ey

su
ggest
th
at
th
e
u
n
iv
erse
to
d
ay
is
d
om
in
ated
b
y
a
n
on
zero
en
ergy
d
en
sity
in
th
e
va
cu
u
m

|

w
h
ich
is
eq
u
ivalen
t
to
w
h
at
E
in
stein
ca
lled
th
e
cosm
ological
co
n
stan
t
|

or
so
m
e
form

of
p
ecu
liar
m
atter
th
at
b
eh
av
es
very
sim
ila
rly.
T
h
e
term
\d
ark
en
ergy
"
h
as
b
een
coin
ed

to
d
escrib
e
th
is
form
of
en
erg
y,
w
h
ich
rem
a
in
s
ra
th
er
m
y
sterio
u
s
as
th
e
n
am
e
su
g
gests.
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S
o,
it
n
ow
a
p
p
ears
th
at
th
e
u
n
iv
erse
w
as
rad
iation
-d
om
in
ated
for
th
e
�
rst
50,000
y
ears,

th
en
b
ecam
e
m
atter-d
om
in
ated
for
ab
ou
t
9
b
illion
y
ears,
an
d
th
en
\recen
tly
"
b
ecam
e

d
ark
-en
ergy
-d
om
in
ated
,
for
ab
ou
t
th
e
last
5
b
illion
y
ears.
L
ater
on
w
e
w
ill
see
h
ow
th
e

p
ressu
re
forces
of
th
e
rad
iation
-d
om
in
ated
p
erio
d
can
b
e
in
corp
orated
in
to
th
e
m
o
d
el,

an
d
w
e
w
ill
also
learn
h
ow
to
calcu
late
th
e
e�
ects
of
vacu
u
m
en
ergy.
F
or
n
ow
,
h
ow
ev
er,

w
e
w
ill
con
�
n
e
ou
r
atten
tion
to
th
e
m
atter-d
om
in
ated
era.

W
e
w
ill
b
egin
th
e
m
ath
em
atical
m
o
d
el
of
ou
r
id
ealized
u
n
iv
erse
at
som
e
arb
itrary

in
itial
tim
e
t
i .
A
t
th
at
tim
e
w
e
w
ill
assu
m
e
th
at
th
e
u
n
iv
erse
con
sists
of
a
sp
h
ere
of
m
atter

w
ith
rad
iu
s
R
m
a
x
;i ,
w
ith
u
n
iform
m
ass
d
en
sity
�
i .
F
o
r
co
n
ven
ien
ce
w
e
w
ill
in
tro
d
u
ce
an

x
-y
-z
co
ord
in
ate
sy
stem
,
w
ith
th
e
o
rigin
lo
cated
at
th
e
cen
ter
of
th
e
sp
h
ere.
W
e
w
ill

treat
th
e
m
atter
as
a
n
on
relativ
istic
d
u
st
of
p
articles
w
h
ich
can
m
ove
freely,
w
ith
grav
ity

su
p
p
ly
in
g
th
e
o
n
ly
sign
i�
can
t
force.

T
h
e
n
ex
t
step
is
to
sp
ecify
th
e
in
itia
l
velo
city
of
each
of
th
e
p
articles.
In
ord
er
to
agree

w
ith
th
e
ob
serv
ed
p
rop
erties
of
th
e
u
n
iv
erse,
w
e
ch
o
ose
th
is
in
itial
v
elo
city
d
istrib
u
tion

accord
in
g
to
H
u
b
b
le's
law
:
th
e
p
articles
at
p
osition
~r
are
giv
en
an
in
itial
v
elo
city
of
th
e

form

~v
i
=
H
i ~r
;

(3.12)

w
h
ere
H
i
d
en
otes
th
e
in
itial
valu
e
of
th
e
H
u
b
b
le
\con
stan
t".
T
h
u
s,
th
e
in
itial
state
of

th
e
m
o
d
el
is
d
escrib
ed
b
y
th
e
p
aram
eters
�
i ,
H
i ,
an
d
R
m
a
x
;i .

T
h
e
p
rob
lem
n
ow
is
to
calcu
late
th
e
ev
olu
tion
o
f
th
is
m
o
d
el,
u
sin
g
N
ew
ton
's
law
of

grav
ity.
S
in
ce
each
p
article
is
started
alon
g
a
rad
ial
tra
jectory,
a
n
d
sin
ce
th
e
on
ly
forces

w
ill
b
e
rad
ial,
it
follow
s
th
at
each
p
article
con
tin
u
es
to
m
ove
alon
g
a
rad
ial
tra
jectory.

T
h
u
s
w
e
n
eed
on
ly
keep
track
o
f
th
e
ra
d
iu
s
o
f
ea
ch
p
article
as
a
fu
n
ction
of
tim
e.
W
e

w
ill
follow
an
arb
itrary
p
article
w
ith
in
itial
rad
iu
s
r
i ,
an
d
w
e
w
ill
d
en
ote
its
tra
jectory
b
y

r(r
i ;t).
T
o
com
p
u
te
th
e
force
on
th
is
p
article
d
u
e
to
a
ll
th
e
oth
er
p
articles
in
th
e
m
o
d
el

u
n
iv
erse,
w
e
can
d
iv
id
e
th
e
m
ass
d
istrib
u
tion
in
to
th
in
sp
h
erical
sh
ells
|

w
ith
each
sh
ell

cen
tered
on
th
e
origin
an
d
ex
ten
d
in
g
from
som
e
rad
iu
s
r
to
r
+
d
r.
W
e
th
en
u
se
th
e

resu
lt
q
u
oted
earlier
for
th
e
grav
itation
al
�
eld
of
a
th
in
sp
h
erical
sh
ell.
O
n
e
con
clu
d
es
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th
at
all
sh
ells
w
ith
r
<
r
i
w
ill
p
ro
d
u
ce
a
grav
itation
al
�
eld
at
r
i
eq
u
iva
len
t
to
th
at
o
f
a

p
oin
t
m
ass
at
th
e
origin
,
w
h
ile
a
ll
sh
ells
w
ith
r
>
r
i
w
ill
co
n
trib
u
te
n
oth
in
g
at
all
to
th
e

grav
itation
al
�
eld
at
r
i .
T
h
e
m
ass
of
a
ll
th
e
sh
ells
w
ith
r
<
r
i
is
giv
en
b
y

M
(r
i )
=
4
�3

r
3i �

i
:

(3
.13
)

It
is
con
ceivab
le
th
at
at
som
e
p
oin
t
in
th
e
evolu
tion
of
th
e
sy
stem

th
ere
co
u
ld
b
e
a

crossin
g
of
sh
ells
|

th
at
is,
tw
o
tra
jecto
ries
r(r
i ;t)
co
rresp
on
d
in
g
to
tw
o
d
i�
eren
t
valu
es

of
r
i
cou
ld
cross.
H
ow
ever,
sin
ce
in
itially
th
e
H
u
b
b
le
ex
p
an
sion
is
carry
in
g
each
sh
ell
aw
ay

from
its
n
eigh
b
ors,
it
is
clear
th
at
a
sh
ell
crossin
g
w
ill
n
o
t
h
a
p
p
en
u
n
til
som
e
n
o
n
zero

tim
e
in
terval
h
as
elap
sed
.
(W
e
w
ill
in
fact
�
n
d
th
at
sh
ell
crossin
g
s
n
ev
er
o
ccu
r,
b
u
t
w
e

h
ave
n
o
w
ay
of
k
n
ow
in
g
th
is
b
efore
w
e
start.)
A
s
lo
n
g
a
s
n
o
sh
ell
crossin
g
s
h
ave
o
ccu
rred
,

th
e
m
ass
in
terior
to
th
e
sh
ell
w
h
ich
b
eg
an
at
ra
d
iu
s
r
i
is
alw
ay
s
eq
u
a
l
to
th
e
ex
p
ression

for
M
(r
i )
given
in
E
q
.
(3.13
),
sin
ce
m
ass
is
con
serv
ed
.
T
h
e
grav
itation
al
accelera
tion

actin
g
at
an
arb
itrary
tim
e
t
on
a
p
article
w
ith
in
itial
rad
iu
s
r
i
is
th
en
giv
en
b
y

~g
=
�
G
M
(r
i )

r
2(r

i ;t)
^r
;

(3
.14
)

w
h
ere
^r
d
en
otes
a
u
n
it
vector
in
th
e
rad
ial
d
irection
.
T
ak
in
g
th
e
rad
ial
co
m
p
on
en
t
o
f

th
is
vector
eq
u
ation
an
d
u
sin
g
E
q
.
(3.13),
on
e
h
as

�r
=
�
4
�3
G
r
3i �

i

r
2

;

(3
.15
)

w
h
ere
r
�
r(r
i ;t),
an
d
an
overd
ot
d
en
o
tes
a
d
erivative
w
ith
resp
ect
to
t.
T
h
e
in
itia
l

con
d
ition
on
th
e
velo
city
given
in
E
q
.
(3
.12)
can
b
e
rew
ritten
in
th
is
n
otation
a
s

_r(t=
t
i )
=
H
i r
i
:

(3
.16
)

F
in
ally,
th
e
in
itial
valu
e
of
r(r
i ;t)
is
g
iv
en
b
y

r(r
i ;t
i )
=
r
i
:

(3.1
7)

T
h
e
m
ath
em
atical
p
rob
lem
is
th
en
to
solv
e
E
q
.
(3.15),
su
b
ject
to
th
e
in
itia
l
co
n
d
itio
n
s

of
E
q
s.
(3.16)
a
n
d
(3.17).

F
irst,
n
ote
th
at
th
e
d
ep
en
d
en
ce
o
n
r
i
in
th
ese
eq
u
a
tion
s
can
b
e
elim
in
ated
b
y
a

sim
p
le
rescalin
g
of
th
e
as
yet
u
n
k
n
ow
n
fu
n
ction
r(r
i ;t).
T
h
at
is,
d
e�
n
e

u
(r
i ;t)
�
r(r
i ;t)=
r
i
:

(3
.18
)
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N
ote
th
at
r
i
d
o
es
n
ot
d
ep
en
d
o
n
t,
an
d
it
can
th
erefore
b
e
treated
as
a
con
stan
t
as
far

as
tim
e
d
eriva
tiv
es
are
con
cern
ed
.
E
q
s.
(3.15)-(3.17)
can
th
en
b
e
rew
ritten
as

�u
=
�
4
�3
G
�
i

u
2

;

(3.19)

_u(t=
t
i )
=
H
i
;

(3.20)

u
(r
i ;t
i )
=
1
:

(3.21)

T
h
ese
eq
u
ation
s
sp
ecify
th
e
in
itial
valu
e
an
d
tim
e
d
erivativ
e
of
u
,
an
d
its
acceleration
at

all
tim
es,
an
d
th
ey
th
erefore
com
p
letely
d
eterm
in
e
th
e
fu
n
ction
.
S
in
ce
th
ese
eq
u
ation
s
d
o

n
ot
in
vo
lve
r
i ,
it
fo
llow
s
th
at
u
(r
i ;t)
d
o
es
n
ot
actu
ally
d
ep
en
d
on
r
i
at
all.
T
h
is
m
ean
s

th
at
u
(r
i ;t)
is
really
ju
st
an
overa
ll
sca
le
fa
cto
r,
a
n
d
w
e
ca
n
d
e�
n
e

a
(t)
�
u
(r
i ;t)
:

(3.22)

E
q
.
(3.18)
th
en
b
ecom
es
r(r
i ;t)
=
a
(t)r
i ,
w
h
ich
m
ean
s
th
at
th
e
p
article
lo
cation
s
at
an
y

giv
en
tim
e
t
are
giv
en
b
y
a
rescalin
g
o
f
th
eir
o
rigin
al
p
o
sition
s,
b
y
th
e
scale
factor
a
(t).

N
ote
also
th
at
th
e
m
ean
m
ass
d
en
sity
in
sid
e
a
sp
h
ere
of
rad
iu
s
r(r
i ,t)
is
given
b
y

�
(t)
=
M
(r
i )

4
�3
r
3

=

4
�3
r
3i �

i

4
�3
r
3

=

�
i

a
3(t)
;

(3.23)

an
d
is
also
in
d
ep
en
d
en
t
of
r
i .
T
h
e
m
ass
d
en
sity
th
u
s
rem
ain
s
com
p
letely
u
n
iform
.
U
sin
g

E
q
s.
(3
.2
2
)
a
n
d
(3
.2
3
),
E
q
.
(3
.1
9
)
ca
n
b
e
rew
ritten
a
s

�a
=
�
4
�3

G
�
(t)a
:

(3.24)

E
q
.
(3
.2
4
)
d
escrib
es
h
ow
th
e
ex
p
an
sion
of
th
e
scale
factor
is
slow
ed
d
ow
n
b
y
th
e
grav
ita-

tion
al
e�
ects
of
th
e
m
ass
d
en
sity
�
(t).

W
e
can
n
ow
retu
rn
to
th
e
issu
e
of
sh
ell
crossin
g,
an
d
see
th
at
it
n
ev
er
o
ccu
rs.
F
rom

E
q
s.
(3.18)
an
d
(3.22)
w
e
k
n
ow
th
at
r(r
i ;t)
=
a
(t)r
i ,
a
s
lon
g
as
ou
r
eq
u
ation
s
are
valid
.

T
h
u
s,
if
th
e
�
rst
sh
ell
crossin
g
o
ccu
rs
at
tim
e
t
s
h
e
ll ,
th
en
th
e
relation
r(r
i ;t)
=
a
(t)r
i

m
u
st
h
old
for
all
t
b
etw
een
t
i
an
d
t
s
h
e
ll .
B
u
t
if
r(r
i ;t)
=
a
(t)r
i
h
old
s
at
tim
e
t
s
h
e
ll �
�,
for

arb
itrarily
sm
all
�
>
0
,
th
en
th
ere
ca
n
b
e
n
o
sh
ell
cro
ssin
g
a
t
t
=
t
s
h
e
ll ,
sin
ce
r(r
i ;t)
=

a
(t)r
i
im
p
lies
th
at
n
o
tw
o
sh
ells
w
ith
d
i�
eren
t
va
lu
es
o
f
r
i
are
ab
ou
t
to
tou
ch
.
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T
h
e
lim
it
R
m
a
x

!

1

is
n
ow
seen
to
b
e
triv
ial.
A
s
d
iscu
ssed
earlier
in
th
e
section

on
\T
h
e
H
om
ogen
eou
sly
E
x
p
an
d
in
g
U
n
iv
erse"
in
L
ectu
re
N
otes
2
,
th
is
k
in
d
o
f
u
n
iform

ex
p
an
sion
b
y
an
overall
sca
le
fa
ctor
a
(t)
ap
p
ears
to
b
e
ab
so
lu
tely
h
om
ogen
eo
u
s
to
th
e

in
h
ab
itan
ts
of
th
is
id
ealized
u
n
iv
erse.
L
o
ok
in
g
from
th
e
ou
tsid
e
w
e
see
a
sp
h
ere
w
ith
a

cen
ter
an
d
an
ed
ge,
b
u
t
som
eo
n
e
liv
in
g
an
y
w
h
ere
in
sid
e
th
e
sp
h
ere
w
o
u
ld
sim
p
ly
see
all

of
h
is
n
eigh
b
ors
reced
in
g
in
a
H
u
b
b
le
p
attern
,
w
ith
th
e
H
u
b
b
le
ex
p
an
sion
rate
giv
en
b
y

H
(t)
=
_a=
a
:

(3
.25
)

O
n
ly
som
eon
e
liv
in
g
so
n
ear
to
th
e
ed
ge
th
at
h
e
cou
ld
actu
ally
see
it
w
o
u
ld
h
ave
an
y
w
ay

of
k
n
ow
in
g
th
at
th
e
sy
stem
w
a
s
n
ot
glob
ally
h
o
m
ogen
eou
s.
T
h
u
s,
th
e
lim
it
R
m
a
x

!

1

w
h
ich
w
e
n
eed
to
tak
e
is
triv
ial.
In
fact,
fo
r
ob
serv
ers
on
th
e
in
terio
r
of
th
e
sp
h
ere,

n
oth
in
g
w
h
atever
d
ep
en
d
s
on
R
m
a
x .

A

C
O
N
S
E
R
V
A
T
IO
N

O
F
E
N
E
R
G
Y

E
Q
U
A
T
IO
N
:

T
h
e
eq
u
ation
s
of
th
e
la
st
sectio
n
co
m
p
letely
d
eterm
in
e
th
e
b
eh
av
ior
o
f
th
e
m
o
d
el

u
n
iverse,
so
ou
r
on
ly
rem
ain
in
g
task
is
to
ex
a
m
in
e
th
e
con
seq
u
en
ces
of
th
ese
eq
u
a
tion
s.

A
s
w
ith
m
ost
N
ew
ton
ian
sy
stem
s,
con
servation
of
en
erg
y
is
a
u
sefu
l
co
n
cep
t.
C
on
-

servation
of
en
ergy
is
of
cou
rse
n
ot
a
n
in
d
ep
en
d
en
t
statem
en
t,
b
u
t
in
stea
d
follow
s
as
a

con
seq
u
en
ce
of
th
e
N
ew
ton
ia
n
eq
u
ation
s
o
f
m
otion
.
In
th
is
ca
se
E
q
.
(3.19)
can
easily
b
e

u
sed
to
ob
tain
su
ch
an
eq
u
atio
n
.
[E
q
.
(3.24
),
w
h
ich
gives
th
e
d
eceleratio
n
in
term
s
o
f

th
e
m
ass
d
en
sity
�
,
is
m
ore
u
sefu
l
for
m
ost
p
u
rp
o
ses.
B
u
t
it
can
n
ot
b
e
u
sed
b
y
itself
to

give
a
con
servation
of
en
ergy
eq
u
a
tion
,
sin
ce
th
e
tim
e
d
ep
en
d
en
ce
is
n
ot
d
eterm
in
ed
u
n
til

on
e
ad
d
s
in
form
ation
ab
ou
t
th
e
tim
e
d
ep
en
d
en
ce
of
�
(t).
O
n
e
ca
n
of
cou
rse
com
b
in
e

E
q
.
(3.24)
w
ith
E
q
.
(3.23)
d
escrib
in
g
th
e
ev
olu
tion
of
�
(t),
b
u
t
th
is
is
eq
u
ivalen
t
to
u
sin
g

E
q
.
(3.19).]
T
h
e
con
servatio
n
eq
u
ation
is
ob
tain
ed
fro
m
E
q
.
(3.19)
b
y
�
rst
rep
lacin
g
u

b
y
a
,
th
en
b
rin
gin
g
b
oth
term
s
to
on
e
sid
e,
an
d
th
en
m
u
ltip
ly
in
g
b
y
_a:

_a �
�a
+
4
�3
G
�
i

a
2 �
=
0
:

U
sin
g
elem
en
tary
calcu
lu
s,
th
e
resu
lt
can
b
e
rew
ritten
as

d
Ed

t
=
0
;

(3.2
6)

w
h
ere

E
=
12

_a
2
�
4
�3
G
�
i

a

:

(3
.27
)
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.
1
3

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
3
,
F
A
L
L
2
0
1
8

E
is
n
ot
ex
actly
an
en
ergy,
an
d
d
o
es
n
ot
ev
en
h
ave
th
e
righ
t
u
n
its
to
b
e
an
en
ergy.

H
ow
ev
er,
if
on
e
con
sid
ers
a
test
p
article
of
m
ass
m
th
a
t
m
oves
w
ith
th
e
H
u
b
b
le
ex
p
an
sion

startin
g
at
rad
iu
s
r
i ,
th
en
th
e
q
u
an
tity
E
p
h
y
s
�
m
r
2i E
is
closely
related
to
th
e
en
ergy
o
f

th
at
p
article.
S
p
eci�
cally,

E
p
h
y
s
=
m
r
2i �
12

_a
2
�
4
�3
G
�
i

a �

=
12

m
(
_ar
i )
2
�
G
m
M
(r
i )

a
r
i

;

w
h
ere
M
(r
i )
is
giv
en
b
y
E
q
.
(3.13).
T
h
en
,
recogn
izin
g
th
at
a
(t)r
i
is
th
e
rad
iu
s
r
of
th
e

test
p
article
at
tim
e
t,
w
e
can
rew
rite
E
p
h
y
s
a
s

E
p
h
y
s
=
12

m �
d
r

d
t �

2
�
G
m
M
(r
i )

r

:

(3.28)

T
h
is
ex
p
ression
is
th
e
total
en
ergy
of
a
p
article
of
m
ass
m
m
ov
in
g
rad
ially
in
th
e
grav
ita-

tion
al
�
eld
of
a
p
oin
t
p
article
of
m
ass
M
(r
i )
lo
cated
at
th
e
origin
,
w
h
ere
w
e
h
ave
d
e�
n
ed

th
e
zero
o
f
p
oten
tial
en
ergy
at
in
�
n
ity.
If
th
e
test
p
article
is
at
th
e
ed
ge
of
th
e
sp
h
ere,

w
ith
r
=
R
m
a
x (t),
th
en
th
is
is
th
e
correct
ex
p
ression
for
th
e
total
en
ergy
of
th
e
test
p
arti-

cle,
sin
ce
fo
r
a
ll
r
�
R
m
a
x (t),
th
e
grav
itation
al
e�
ects
of
th
e
sp
h
ere
an
d
a
p
oin
t
m
ass
are

id
en
tical.
If
th
e
test
p
article
is
at
a
sm
aller
rad
iu
s,
h
ow
ev
er,
th
en
E
p
h
y
s
is
still
con
serv
ed
,

b
u
t
it
is
n
ot
really
th
e
total
en
ergy.
T
h
e
m
ass
th
at
is
lo
cated
b
etw
een
r
an
d
R
m
a
x (t)

w
ou
ld
a�
ect
th
e
am
ou
n
t
o
f
en
ergy
n
eed
ed
to
b
rin
g
th
e
test
p
article
from
in
�
n
ity,
an
d

h
en
ce
w
ou
ld
a�
ect
th
e
p
oten
tial
en
ergy
of
th
e
test
p
article,
b
u
t
th
e
e�
ect
of
th
is
m
ass
is

n
ot
in
clu
d
ed
in
E
p
h
y
s .
N
on
eth
eless,
th
e
m
ass
th
at
is
lo
cated
b
etw
een
r
an
d
R
m
a
x (t)
d
o
es

n
ot
a�
ect
th
e
m
otion
of
th
e
test
p
article,
so
w
e
can
d
e�
n
e
an
an
alogu
e
p
rob
lem
in
w
h
ich

th
is
m
ass
is
ab
sen
t.
T
h
at
is,
w
e
can
d
e�
n
e
an
an
alogu
e
p
rob
lem
in
w
h
ich
R
m
a
x
;i
is
ch
osen

so
th
at
th
e
test
p
article
is
on
th
e
ed
ge.
F
or
th
e
an
alogu
e
p
rob
lem
,
E
p
h
y
s
is
tru
ly
th
e
total

en
ergy
of
th
e
test
p
article.
T
h
e
m
otion
of
th
e
test
p
article
is
th
e
sam
e
for
th
e
an
alogu
e

p
rob
lem
an
d
th
e
origin
al
p
rob
lem
,
so
w
e
can
u
n
d
erstan
d
th
e
con
servation
of
E
p
h
y
s
as
a

con
seq
u
en
ce
of
en
ergy
con
servation
for
th
e
an
alogu
e
p
rob
lem
.
It
can
also
b
e
sh
ow
n
,
an
d

yo
u
w
ill
h
ave
to
o
p
p
ortu
n
ity
to
sh
ow
o
n
P
rob
lem
S
et
3,
th
at
E
is
p
rop
ortion
al
to
th
e

total
en
ery,
k
in
etic
p
lu
s
p
o
ten
tia
l,
o
f
th
e
en
tire
sp
h
ere.

U
sin
g
(3.23)
to
ex
p
ress
�
i
in
term
s
o
f
�
(t),
E
q
.
(3.27)
can
b
e
con
verted
to
th
e
form

8>:
_aa 9>;
2

=
8
�3

G
�
+
2
Ea

2

:

(3.29)

It
is
m
ore
or
less
stan
d
ard
n
otation
to
in
tro
d
u
ce
th
e
variab
le
k
,
d
e�
n
ed
b
y

k
=
�
2
Ec

2

;

(3.30)
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p
.
1
4

8
.2
8
6
L
E
C
T
U
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E
N
O
T
E
S
3
,
F
A
L
L
2
0
1
8

an
d
th
en
to
rew
rite
E
q
.
(3.29
)
as8>:

_aa 9>;
2

=
8
�3

G
�
�
k
c
2

a
2

:

(3
.31
)

E
q
s.
(3.24)
an
d
(3.31)
a
re
th
e
tw
o
key
resu
lts
of
N
ew
ton
ia
n
cosm
olo
gy.
A
s
lon
g
as

th
e
m
ass
d
en
sity
is
d
om
in
a
ted
b
y
n
on
relativ
istic
m
atter,
as
h
as
b
een
th
e
case
fo
r
m
o
st

of
th
e
h
istory
of
ou
r
u
n
iverse,
th
ese
eq
u
ation
s
are
b
oth
id
en
tical
to
th
e
corresp
on
d
in
g

eq
u
ation
s
ob
tain
ed
from

gen
eral
relativ
ity.
T
h
ey
are
ca
lled
th
e
F
ried
m
an
n
eq
u
ation
s,

after
A
lex
an
d
er
F
ried
m
an
n
,
th
e
R
u
ssia
n
m
eteorologist
w
h
o
�
rst
d
eriv
ed
th
e
eq
u
a
tion
s

from
gen
eral
relativ
ity
in
19
2
2.
S
om
e
au
th
ors,
h
ow
ever,
in
clu
d
in
g
B
arb
a
ra
R
y
d
en
,
u
se

th
e
term
F
ried
m
an
n
eq
u
ation
on
ly
for
E
q
.
(3.31).

U
N
IT
S
:

In
L
ectu
re
N
otes
2
I
ta
lk
ed
ab
ou
t
a
com
ov
in
g
co
ord
in
a
te
sy
stem
,
w
ith
co
ord
in
ates

m
easu
red
in
\n
otch
es".
T
h
e
scale
facto
r
a
(t)
is
th
en
m
easu
red
in
m
/
n
otch
.
T
h
e
con
cep
t

of
a
n
otch
is
actu
ally
n
ot
u
sed
,
to
m
y
k
n
ow
led
ge,
in
a
n
y
o
f
th
e
sta
n
d
ard
co
sm
o
lo
gy
tex
ts,

b
u
t
n
on
eth
eless
I
�
n
d
it
a
v
ery
u
sefu
l
w
ay
o
f
th
in
k
in
g
|

it
h
elp
s
to
clarify
w
h
at
ex
a
ctly

th
e
scale
factor
is,
an
d
w
h
en
it
is
n
eed
ed
in
an
eq
u
ation
.

In
th
e
last
tw
o
section
s
th
e
con
cep
t
of
a
n
otch
d
id
n
ot
a
p
p
ear,
so
n
ow
I
w
o
u
ld
like

to
rein
state
it.
A
s
w
ritten
,
o
n
e
w
o
u
ld
in
fer
th
a
t
th
e
q
u
an
tity
r
i ,
d
en
otin
g
th
e
rad
ial

co
ord
in
ate
of
a
given
p
article
at
tim
e
t
i ,
is
to
b
e
m
ea
su
red
in
m
eters.
N
o
te,
h
ow
ev
er,

th
at
w
e
u
sed
th
e
co
ord
in
ate
r
i
n
ot
m
erely
to
d
escrib
e
th
e
p
ositio
n
o
f
th
e
p
article
a
t
t
i ,

b
u
t
also
as
a
p
erm
an
en
t
lab
el
of
th
e
tra
jecto
ry
r(r
i ;t).
T
h
e
co
ord
in
a
tes
r
i
are
in
fact

b
ein
g
u
sed
as
com
ov
in
g
co
ord
in
ates,
a
n
d
on
ly
at
th
e
sp
ecia
l
tim
e
t
i
d
o
es
th
e
u
n
it
of
th
ese

com
ov
in
g
co
ord
in
ates
corresp
o
n
d
to
th
e
m
eter.
It
th
u
s
m
akes
sen
se
to
ren
am
e
th
e
u
n
it

of
r
i
as
a
n
otch
.
T
h
e
tim
e
t
i
is
th
en
th
e
tim
e
at
w
h
ich
1
n
otch
corresp
on
d
s
to
1
m
.
T
h
e

tra
jectory
fu
n
ction
r(r
i ;t)
con
tin
u
es
to
b
e
m
easu
red
in
m
eters,
so
b
y
E
q
s.
(3.18)
a
n
d

(3.22),
th
e
scale
factor
a
(t)
h
a
s
th
e
u
n
its
of
m
/n
otch
.
T
h
e
varia
b
le
k
th
en
h
as
th
e
u
n
its

of
n
otch
�

2.

N
ote,
b
y
th
e
w
ay,
th
at
w
e
h
ave
still
n
ot
d
e�
n
ed
th
e
n
otch
,
sin
ce
th
e
tim
e
t
i
is

com
p
letely
arb
itrary.
T
h
ere
a
re
tw
o
com
m
on
con
v
en
tion
s.
S
om
e
b
o
ok
s,
su
ch
a
s
th
e
tex
t

b
y
B
arb
ara
R
y
d
en
,
d
e�
n
e
a
=
1
m
/n
otch
to
d
ay.
M
an
y
oth
er
b
o
ok
s,
h
ow
ever,
ad
op
t
th
e

con
ven
tion
th
at
w
h
en
ev
er
k
6=
0
,
on
e
d
e�
n
es
th
e
n
otch
su
ch
th
a
t
k
h
as
th
e
n
u
m
erical

valu
e
of
�
1.
T
h
ese
b
o
o
k
s
ten
d
to
leav
e
th
e
n
otch
arb
itra
ry
w
h
en
d
iscu
ssin
g
th
e
k
=
0

case.
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.
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R
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N
A
T
U
R
E
O
F
T
H
E
S
O
L
U
T
IO
N
S
:

T
h
e
eq
u
ation
s
of
N
ew
ton
ian
cosm
ology
h
ave
n
ow
b
een
w
ritten
d
ow
n
,
an
d
ou
r
o
n
ly

rem
ain
in
g
task
is
to
ex
am
in
e
th
e
b
eh
av
ior
of
th
e
solu
tion
s.

T
h
e
solu
tion
s
b
elon
g
to
th
ree
d
i�
eren
t
classes,
d
ep
en
d
in
g
o
n
w
h
eth
er
E
is
p
ositive,

n
egativ
e,
or
zero.
T
h
e
q
u
alitativ
e
b
eh
av
ior
can
b
e
seen
m
ost
clearly
from
E
q
.
(3.27),

E
=
12

_a
2
�
4
�3
G
�
i

a

:

If
E
is
p
o
sitiv
e
(k
<
0),
th
en
on
e
sees
th
at
d
a
=
d
t
can
n
ever
van
ish
,
sin
ce
it
g
iv
es
th
e

on
ly
p
ositiv
e
con
trib
u
tion
to
th
e
righ
t-h
an
d
sid
e.
T
h
u
s
an
ex
p
an
d
in
g
u
n
iv
erse
w
ith
k
<
0

w
ou
ld
con
tin
u
e
to
ex
p
an
d
forev
er.
In
a
u
n
iv
erse
of
th
is
ty
p
e
th
ere
is
n
ot
en
ou
gh
m
ass
to

rev
erse
th
e
ex
p
an
sion
of
th
e
H
u
b
b
le

ow
.
S
u
ch
a
u
n
iv
erse
is
called
op
en
.
O
n
th
e
oth
er

h
an
d
,
if
E
is
n
egativ
e
(k
>
0),
th
en
on
e
sees
th
at
d
a
=
d
t
eq
u
als
zero
w
h
en

a
=
�
4
�
G
�
i

3
E

:

(3.32)

T
h
is
u
n
iv
erse
reach
es
a
m
ax
im
u
m
size,
an
d
th
en
th
e
p
u
ll
o
f
grav
ity
overcom
es
th
e
ex
-

p
an
sion
an
d
cau
ses
th
e
u
n
iv
erse
to
collap
se
in
to
w
h
at
is
som
etim
es
called
a
\
b
ig
cru
n
ch
".

A
u
n
iv
erse
of
th
is
ty
p
e
is
called
closed
.
O
n
th
e
b
ord
er
b
etw
een
th
ese
tw
o
p
ossib
ilities
is

th
e
sp
ecial
case
o
f
E
=
0
(k
=
0
).
F
or
reason
s
th
at
w
ill
b
e
d
iscu
ssed
in
L
ectu
re
N
otes
5,

su
ch
a
u
n
iv
erse
is
ca
lled

a
t.

T
h
e
case
k
=
0
im
p
lies
th
at
th
e
m
ass
d
en
sity
�
m
u
st
h
av
e
a
sp
ecial
valu
e
�
c ,
w
h
ich

can
b
e
fou
n
d
from
E
q
.
(3.31)
(rem
em
b
erin
g
th
at
_a=
a
=
H
):

�
c
=
3
H
2

8
�
G

:

(3.33)

T
h
e
q
u
a
n
tity
�
c
is
called
th
e
critical
m
ass
d
en
sity
|

it
is
th
at
m
ass
d
en
sity
w
h
ich
p
u
ts

th
e
u
n
iv
erse
righ
t
o
n
th
e
b
ord
erlin
e
b
etw
een
etern
al
ex
p
an
sion
an
d
ev
en
tu
al
collap
se.

N
u
m
erically,
if
on
e
ta
kes
H
0
=
100
h
0

k
m
-s
�

1-M
p
c
�

1

(as
in
E
q
.
(3.3))
an
d
G
=
6
:674
�

10
�

1
1

m
3k
g
�

1s
�

2,
on
e
�
n
d
s
th
at

�
c
=
1
:8
8
h
20

�
10
�

2
6

k
g/m
3
=
1
:8
8
h
20

�
10
�

2
9

g/cm
3

;

(3.34)

w
h
ere
g
is
th
e
ab
b
rev
iation
for
gram
.
If
h
0

=
0
:6
7
7
,
w
h
ich
is
th
e
estim
ate
from
P
lan
ck

2018,*
cu
rren
tly
th
e
b
est
estim
ate,
th
en
�
c
=
8
:6
�
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