
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.286:
T
h
e
E
arly
U
n
iv
erse

O
ctob
er
1,
2018

P
rof.
A
lan
G
u
th

L
e
c
t
u
r
e

N

o
t
e
s
4

M

O

R

E

D
Y

N

A

M

I
C
S

O

F

N

E
W

T
O

N

I
A

N

C
O

S
M

O

L
O

G

Y

T
H

E

A
G

E

O

F

A

F
L
A
T

U

N

I
V

E
R

S
E
:

W
e
sh
ow
ed
last
tim
e
th
at
th
e
scale
factor
for
a

at,
m
atter-d
om
in
ated
u
n
iv
erse

b
eh
av
es
as

a
(t)
=
bt
2
=
3

;

(4.1)

for
som
e
con
stan
t
o
f
p
rop
ortion
ality
b.
T
h
is
m
o
d
el
u
n
iverse
is
\
at"
in
th
e
sen
se
th
at

k
=

0
(or


=

1),
an
d
it
is
\m
atter-d
om
in
ated
"
in
th
e
sen
se
th
at
th
e
m
ass
d
en
sity

is
d
om
in
ated
b
y
th
e
rest
m
ass
of
n
on
relativ
istic
p
articles.
(T
h
e
assu
m
p
tion
of
m
atter-

d
om
in
ation
en
tered
th
e
d
erivation
w
h
en
w
e
a
ssu
m
ed
th
at
th
e
total
m
ass
M
(r
i )
con
tain
ed

w
ith
in
a
g
iven
com
ov
in
g
rad
iu
s
r
i
d
o
es
n
ot
ch
an
ge
a
s
th
e
sy
stem
ev
olves.
P
h
oton
s
o
r

h
igh
ly
relativ
istic
p
articles,
b
y
con
trast,
w
o
u
ld
red
sh
ift
a
s
th
e
u
n
iverse
ex
p
an
d
s,
an
d
h
en
ce

th
ey
w
ou
ld
lose
en
ergy.
In
L
ectu
re
N
otes
6
w
e
w
ill
d
iscu
ss
th
e
ev
olu
tion
of
a
u
n
iverse

d
om
in
ated
b
y
relativ
istic
p
articles,
an
d
in
L
ectu
re
N
otes
7
w
e
w
ill
d
escrib
e
th
e
e�
ects
of

a
cosm
ological
con
stan
t,
o
r
vacu
u
m
en
ergy.
S
in
ce
th
e
en
ergy
loss
of
an
ex
p
an
d
in
g
gas
is

p
rop
ortion
al
to
its
p
ressu
re,
th
e
\
m
atter-d
om
in
ated
"
case
can
also
b
e
d
escrib
ed
as
th
e

case
in
w
h
ich
th
e
p
ressu
re
is
n
egligib
le.)
U
sin
g
E
q
.
(4.1),
it
is
easy
to
calcu
late
th
e
age
o
f

su
ch
a
u
n
iv
erse
in
term
s
of
th
e
H
u
b
b
le
ex
p
an
sion
rate.
In
L
ectu
re
N
otes
2
it
w
as
sh
ow
n

th
at
th
e
H
u
b
b
le
ex
p
an
sion
rate
is
giv
en
b
y

H
(t)
=
_a=
a
;

(4.2)

w
h
ere
th
e
ov
er-d
ot
h
as
b
een
u
sed
to
d
en
ote
a
d
erivativ
e
w
ith
resp
ect
to
tim
e
t.
T
h
u
s,

H
(t)
=

23
bt
�
1
=
3

bt
2
=
3

=

23
t
:

(4.3)

R
ecall
th
at
w
e
h
av
e
d
e�
n
ed
th
e
origin
of
tim
e
so
th
at
th
e
scale
factor
a
(t)
van
ish
es
a
t

t
=

0,
so
t
=

0
is
th
e
earliest
tim
e
th
at
ex
ists
w
ith
in
th
e
m
ath
em
atical
m
o
d
el.
W
e

th
erefore
refer
to
t
a
s
th
e
a
g
e
o
f
th
e
u
n
iverse,
w
h
ich
can
th
en
b
e
ex
p
ressed
in
term
s
of

th
e
H
u
b
b
le
ex
p
an
sion
rate
b
y

t
=
23

H
�
1

:

(4.4)

W
e
sh
ou
ld
keep
in
m
in
d
,
h
ow
ever,
th
at
w
e
w
ou
ld
b
e
fo
olish
to
p
reten
d
th
at
w
e
actu
ally

u
n
d
erstan
d
th
e
origin
of
th
e
u
n
iv
erse,
so
th
e
p
h
rase
\age
of
th
e
u
n
iv
erse"
is
b
ein
g
u
sed

M
O
R
E
D
Y
N
A
M
IC
S
O
F
N
E
W
T
O
N
IA
N
C
O
S
M
O
L
O
G
Y

p
.
2

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
4
,
F
A
L
L
2
0
1
8

lo
osely.
It
is
alm
ost
certain
th
at
o
u
r
u
n
iv
erse
u
n
d
erw
en
t
an
ex
trem
ely
h
o
t
d
en
se
p
h
a
se

at
t�
0,
an
d
w
e
can
call
th
is
p
h
ase
th
e
b
ig
b
a
n
g.
T
h
e
va
riab
le
t
rep
resen
ts
th
e
ag
e
of

th
e
u
n
iv
erse
sin
ce
th
e
b
ig
b
a
n
g
,
b
u
t
w
e
ca
n
on
ly
sp
ecu
late
ab
ou
t
w
h
eth
er
th
e
b
ig
b
an
g

actu
ally
rep
resen
ts
th
e
b
egin
n
in
g
o
f
tim
e.
A
s
w
e
w
ill
see
n
ear
th
e
en
d
o
f
th
e
co
u
rse,

th
e
cu
rren
t
u
n
d
erstan
d
in
g
o
f
in

ation
ary
cosm
o
lo
gy
su
ggests
th
at
th
e
b
ig
b
a
n
g
w
a
s
v
ery

likely
n
ot
th
e
b
egin
n
in
g
of
tim
e.

C
on
sisten
cy
req
u
ires
th
at
th
e
ag
e
of
th
e
u
n
iv
erse
b
e
old
er
th
a
n
th
e
ag
e
of
th
e
o
ld
est

stars,
an
d
th
is
req
u
irem
en
t
h
a
s
tu
rn
ed
ou
t
to
b
e
a
stron
g
con
strain
t.
It
w
as
a
very
seriou
s

p
rob
lem
in
th
e
tim
e
sh
ortly
a
fter
E
d
w
in
H
u
b
b
le's
�
rst
m
easu
rem
en
t,
w
h
en
H
u
b
b
le's
b
a
d

estim
ate
for
th
e
H
u
b
b
le
ex
p
a
n
sio
n
rate
led
to
ag
e
estim
ates
of
o
n
ly
sev
era
l
b
illion
years.

M
ore
recen
tly,
as
q
u
oted
in
L
ectu
re
N
otes
2,
th
e
P
lan
ck
satellite
tea
m
,
u
sin
g
th
eir
ow
n

d
ata
com
b
in
ed
w
ith
oth
er
d
a
ta,
estim
a
ted
th
at
H
0

=
6
7
:66�
0
:4
2
k
m
-s
�
1-M
p
c
�
1.*
U
sin
g

E
q
.
(4.4)
an
d
th
e
relation
sh
ip

1

10
1
0

y
r
=
9
7
:8
k
m
-s
�
1-M
p
c
�
1

;

w
e
�
n
d
th
at
a

at
m
atter-d
om
in
ated
u
n
iv
erse
w
ith
a
H
u
b
b
le
ex
p
a
n
sion
rate
in
th
is
ra
n
g
e

(i.e.,
67.24
to
68.08
k
m
-s
�
1-M
p
c
�
1)
m
u
st
h
ave
an
ag
e
b
etw
een
9
.58
a
n
d
9.7
0
b
illion
yea
rs.

T
o
d
ay
th
e
old
est
stars
a
re
b
eliev
ed
to
b
e
th
ose
in
glob
u
la
r
clu
sters,
w
h
ich
a
re
tig
h
tly

b
ou
n
d
,
n
early
sp
h
erical
d
istrib
u
tion
s
of
stars
th
at
are
fo
u
n
d
in
th
e
h
a
los
o
f
ga
la
x
ies.
A

carefu
l
stu
d
y
of
th
e
glob
u
la
r
clu
ster
M
4
b
y
H
an
sen
et
al. y
,
u
sin
g
d
a
ta
fro
m
12
3
orb
its
o
f

th
e
H
u
b
b
le
S
p
ace
T
elescop
e,
d
eterm
in
ed
a
n
age
o
f
1
2
:7�
0
:7
b
illio
n
y
ea
rs.
K
ra
u
ss
an
d

C
h
ab
oyer z
argu
e
th
at
H
an
sen
et
al.
d
id
n
ot
tak
e
in
to
accou
n
t
a
ll
th
e
u
n
certain
ties,
an
d

claim
th
at
th
e
glob
u
lar
clu
sters
in
th
e
M
ilk
y
W
ay
(in
clu
d
in
g
M
4)
h
ave
a
n
a
ge
o
f
1
2
:6
+
3
:4

�
2
:2

b
illion
years.
(B
oth
sets
of
au
th
ors
are
q
u
otin
g
95%
con
�
d
en
ce
lim
it
errors,
a
lso
called

2
�
errors,
m
ean
in
g
th
at
th
e
p
ro
b
ab
ility
o
f
th
e
tru
e
valu
e
ly
in
g
in
th
e
q
u
oted
ra
n
g
e
is

estim
ated
at
95%
.)
K
rau
ss
a
n
d
C
h
ab
oyer
estim
ate
th
at
th
e
stars
m
u
st
tak
e
a
t
least
0.8

b
illion
years
to
form
,
im
p
ly
in
g
th
at
th
e
u
n
iverse
m
u
st
b
e
at
least
1
1.2
b
illio
n
y
ea
rs
o
ld
.

*
N
.
A
gh
an
im
et
al.
(P
la
n
ck
C
ollab
oratio
n
),
\
P
lan
ck
20
18
resu
lts,
V
I:
C
osm
olog
ical

p
aram
eters,"
T
ab
le
2,
C
olu
m
n
6,
arX
iv
:180
7.0
6209.

y
B
.M
.S
.
H
an
sen

et
al.,
\T
h
e
W
h
ite
D
w
arf
C
o
olin
g

S
eq
u
en
ce
of
th
e
G
lob
u
-

lar
C
lu
ster
M
essier
4,"

A
stro
p
h
y
sica
l
J
o
u
rn
a
l
L
e
tte
rs,
v
ol.
574,
p
.
L
15
5
(20
02),

h
ttp
://arX
iv
.org/ab
s/astro-p
h
/
0
205087
.

z
L
.M
.
K
rau
ss
an
d
B
.
C
h
ab
oyer,
\A
ge
E
stim
ates
of
G
lo
b
u
lar
C
lu
sters
in
th
e

M
ilk
y
W
ay
:
C
on
strain
ts
on
C
o
sm
ology,"
S
c
ie
n
ce
,
vol.
2
99,
p
p
.
65-70
(2
003
),
avail-

ab
le
w
ith

M
IT

certi�
cates
at
h
ttp
://
w
w
w
.scien
cem
ag
.org.lib
p
rox
y.m
it.ed
u
/
con
ten
t/

299/5603/65.ab
stract
or
for
p
u
rch
ase
a
t
h
ttp
://w
w
w
.scien
cem
ag.o
rg
/co
n
ten
t/29
9/5
603
/

65.ab
stract
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p
.
3

8
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8
6
L
E
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R
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F
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0
1
8

(T
h
at
is,
th
e
stars
are
at
least
12.6
-
2.2
=
10.4
b
illion
y
ears
old
,
an
d
cou
ld
n
ot
h
ave

fo
rm
ed
u
n
til
th
e
u
n
iv
erse
w
as
alread
y
0.8
b
illion
y
ears
old
.)

W
ith
eith
er
of
th
ese
estim
ates
for
th
e
age
of
th
e
old
est
stars,
h
ow
ever,
th
e
age

of
th
e
u
n
iv
erse
is
in
con
sisten
t
w
ith
th
e
m
easu
red
valu
e
of
th
e
H
u
b
b
le
ex
p
an
sion
rate

an
d
th
e
assu
m
p
tion
of
a

at,
m
atter-d
om
in
ated
u
n
iv
erse.
W
e
w
ill
see
later
in
th
ese

lectu
re
n
otes
th
at
th
e
age
calcu
lation
giv
es
a
larger
an
sw
er
if
w
e
assu
m
e
an
op
en
u
n
iverse

(

�
�
=
�
c
<
1),
b
u
t
in

ation
ary
cosm
ology
p
red
icts
th
at


sh
ou
ld
b
e
v
ery
close
to
1,

an
d
startin
g
w
ith
th
e
�
rst
B
O
O
M
E
R
A
N
G
lon
g
d
u
ration
b
allo
on
ex
p
erim
en
t
of
1997,*

m
easu
rem
en
ts
of
th
e

u
ctu
ation
s
in
th
e
C
M
B
h
ave
in
d
icated
a
n
early

at
u
n
iv
erse.
T
h
e

C
M
B
m
easu
rem
en
ts
n
ow
im
p
ly
th
at


=
1
to
h
igh
accu
racy.
C
om
b
in
in
g
th
eir
ow
n
d
ata

w
ith
resu
lts
of
oth
er
ex
p
erim
en
ts,
th
e
P
lan
ck
team
y
con
clu
d
ed
th
at


=
0
:9993�
0
:0037.

W
e
w
ill
see
in
L
ectu
re
N
o
tes
7
,
h
ow
ev
er,
th
at
th
e
a
ge
d
iscrep
an
cy
p
rob
lem
is
com
p
letely

resolv
ed
b
y
th
e
in
clu
sion
of
d
ark
en
ergy.
W
ith
ab
ou
t
70%

of
th
e
m
ass
d
en
sity
in
th
e

form
of
d
ark
en
ergy,
H
0

=
6
7
:7
k
m
-s
�
1-M
p
c
�
1

is
con
sisten
t
w
ith
an
age
of
13
:79�
0
:0
2

b
illion
y
ears,
w
h
ich
is
o
u
r
cu
rren
t
b
est
estim
ate z
for
th
e
age
of
th
e
u
n
iv
erse.
S
in
ce

th
e
age
estim
ates
are
n
ot
con
sisten
t
if
w
e
assu
m
e
a
m
atter-d
om
in
ated

at
u
n
iverse,
th
e

age
calcu
lation
s
h
elp
to
su
p
p
ort
th
e
p
rop
osition
th
at
ou
r
u
n
iv
erse
is
d
om
in
ated
b
y
d
ark

en
ergy,
w
h
ich
w
e
w
ill
d
iscu
ss
in
d
etail
in
L
ectu
re
N
otes
7.

T
H

E

B
I
G

B
A

N

G

S
I
N

G

U

L
A

R

I
T
Y

:

T
h
is
m
ath
em
atical
m
o
d
el
o
f
th
e
u
n
iv
erse
starts
from
a
con
�
gu
ration
w
ith
a
(t)
=
0,

w
h
ich
corresp
on
d
s
to
in
�
n
ite
d
en
sity.
F
rom
E
q
.
(4.3)
w
e
see
th
at
th
e
in
itial
valu
e
of
th
e

H
u
b
b
le
ex
p
an
sion
rate
is
also
in
�
n
ite.
W
e
w
ill
see
sh
ortly
th
at
th
ese
in
�
n
ities
are
n
ot

p
ecu
liarities
of
th
e

at
u
n
iv
erse
m
o
d
el,
b
u
t
o
ccu
r
also
in
th
e
m
o
d
els
for
eith
er
a
closed

o
r
o
p
en
u
n
iverse.
T
h
is
in
stan
t
of
in
�
n
ite
d
en
sity
is
called
a
sin
gu
larity.

O
n
e
sh
ou
ld
realize,
h
ow
ev
er,
th
at
th
ere
is
n
o
reason
to
b
eliev
e
th
at
th
e
eq
u
ation
s

w
h
ich
w
e
h
ave
u
sed
are
valid
in
th
e
v
icin
ity
of
th
is
sin
gu
larity.
T
h
u
s,
alth
ou
gh
ou
r

m
ath
em
atical
m
o
d
els
of
th
e
u
n
iv
erse
certain
ly
b
egin
w
ith
a
sin
gu
larity,
it
is
an
op
en

q
u
estion
w
h
eth
er
th
e
u
n
iv
erse
actu
ally
b
egan
w
ith
a
sin
gu
larity.
If
w
e
u
se
ou
r
eq
u
ation
s

to
follow
th
e
h
istory
o
f
th
e
u
n
iv
erse
fu
rth
er
an
d
fu
rth
er
in
to
th
e
p
ast,
th
e
u
n
iv
erse
b
ecom
es

d
en
ser
a
n
d
d
en
ser
w
ith
ou
t
lim
it.
A
t
som
e
p
oin
t
on
e
en
cou
n
ters
d
en
sities
th
at
are
so
far

b
ey
on
d
ou
r
ex
p
erien
ce
th
at
th
e
eq
u
ation
s
a
re
n
o
lon
ger
to
b
e
tru
sted
.
W
e
w
ill
d
iscu
ss

later
in
th
e
cou
rse
w
h
ere
th
is
p
oin
t
m
ay
o
ccu
r,
b
u
t
fo
r
n
ow
I
ju
st
w
an
t
to
m
ake
it
clear

th
at
th
e
sin
gu
larity
sh
ou
ld
n
ot
b
e
con
sid
ered
a
reliab
le
con
seq
u
en
ce
of
th
e
th
eory.

*
P
.
D
.
M
au
sk
op
f
et
al.,
\M
easu
rem
en
t
of
a
p
eak
in
th
e
cosm
ic
m
icrow
ave
b
a
ck
grou
n
d

p
ow
er
sp
ectru
m
from
th
e
N
orth
A
m
erican
test

igh
t
of
B
O
O
M
E
R
A
N
G
,"
A
stro
p
h
y
sica
l

J
o
u
rn
a
l
L
e
tte
rs,
vol.
536,
p
p
.
L
59{L
62
(2000),
h
ttp
://arX
iv
.org/ab
s/astro-p
h
/9911444.

y

N
.
A
gh
an
im
et
al.
(P
lan
ck
C
ollab
oration
),
cited
ab
ove,
T
ab
le
4,
C
olu
m
n
4.

z
N
.
A
gh
an
im
et
al.
(P
lan
ck
C
ollab
oration
),
cited
ab
ove,
T
ab
le
2,
C
olu
m
n
6.
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p
.
4

8
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8
6
L
E
C
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U
R
E
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E
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,
F
A
L
L
2
0
1
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T
H

E

H

O

R

I
Z
O

N

D

I
S
T
A

N

C
E
:

S
in
ce
th
e
age
of
th
e
u
n
iv
erse
in
th
e
b
ig
b
an
g
m
o
d
el
is
�
n
ite,
it
follow
s
th
at
th
ere

is
a
th
eoretical
u
p
p
er
lim
it
to
h
ow
fa
r
w
e
can
see.
S
in
ce
ligh
t
travels
at
a
�
n
ite
sp
eed
,

th
ere
w
ill
b
e
p
articles
in
th
e
u
n
iv
erse
th
at
are
so
far
aw
ay
th
a
t
lig
h
t
em
itted
from
th
ese

p
articles
w
ill
n
ot
yet
h
ave
reach
ed
u
s.
T
h
e
p
resen
t
d
istan
ce
o
f
th
e
fu
rth
est
p
a
rticles
from

w
h
ich
ligh
t
h
as
h
ad
tim
e
to
rea
ch
u
s
is
called
th
e
h
orizo
n
d
istan
ce.
If
th
e
u
n
iv
erse
w
ere

static
an
d
h
ad
age
t,
th
en
th
e
h
o
rizon
d
istan
ce
w
ou
ld
b
e
sim
p
ly
ct.
In
th
e
real
u
n
iv
erse,

h
ow
ever,
every
th
in
g
is
con
stan
tly
in
m
o
tion
,
a
n
d
th
e
va
lu
e
of
th
e
h
orizon
d
ista
n
ce
h
as
to

b
e
calcu
lated
.

T
h
e
calcu
lation
o
f
th
e
h
o
rizo
n
d
istan
ce
can
b
e
d
on
e
m
ost
easily
b
y
u
sin
g
co
m
ov
in
g

co
ord
in
ates.
T
h
e
sp
eed
of
ligh
t
ray
s
in
a
com
ov
in
g
co
ord
in
ate
sy
stem

w
as
giv
en
in

E
q
.
(2.8)
as

d
xd

t
=

c
a
(t)
:

(4
.5)

(R
ecall
th
at
th
is
form
u
la
is
b
ased
o
n
th
e
statem
en
t
th
at
th
e
sp
eed
of
lig
h
t
in
m
eters
p
er

secon
d
is
con
stan
t,
b
u
t
th
e
scale
factor
a
(t)
is
n
eed
ed
to
con
v
ert
from
m
eters
p
er
seco
n
d

to
n
otch
es
p
er
secon
d
.)
O
n
e
can
th
en
calcu
late
th
e
co
o
rd
in
ate
h
orizon
d
ista
n
ce
(i.e.,
th
e

h
orizon
d
istan
ce
in
\n
otch
es"
)
b
y
calcu
latin
g
th
e
d
istan
ce
w
h
ich
ligh
t
ray
s
cou
ld
travel

b
etw
een
tim
e
zero
an
d
som
e
a
rb
itrary
�
n
al
tim
e
t.
B
y
in
tegra
tin
g
E
q
.
(4
.5),
o
n
e
sees
th
at

`
c
;h
o
r
iz
o
n (t)
= Z

t
0

c
a
(t
0)
d
t
0
:

(4
.6)

T
h
e
p
h
y
sical
h
orizon
d
istan
ce
at
tim
e
t
is
th
en
giv
en
b
y

`
p
;h
o
r
iz
o
n (t)
=
a
(t) Z

t
0

c
a
(t
0)
d
t
0
:

(4.7
)

F
or
th
e
sp
ecial
case
of
a

at,
m
atter-d
om
in
a
ted
u
n
iv
erse,
on
e
can
u
se
E
q
.
(4
.1)
to
ob
tain

`
p
;h
o
r
iz
o
n (t)
=
bt
2
=
3 Z
t

0

c
bt
02
=
3
d
t
0
:

(4.8
)

C
arry
in
g
ou
t
th
e
in
tegration
,
th
e
p
h
y
sical
h
o
rizo
n
d
ista
n
ce
for
a

a
t
m
atter-d
o
m
in
a
ted

u
n
iverse
is
fou
n
d
to
b
e

`
p
;h
o
r
iz
o
n (t)
=
3
ct
:

(4.9)

T
h
e
h
orizon
d
istan
ce
can
a
lso
b
e
ex
p
ressed
in
term
s
of
th
e
H
u
b
b
le
ex
p
an
sion
ra
te,

b
y
u
sin
g
E
q
.
(4.4):

`
p
;h
o
r
iz
o
n (t)
=
2
cH
�
1

:

(4.1
0)
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p
.
5

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
4
,
F
A
L
L
2
0
1
8

T
ak
in
g
H
0

=
6
7
:7
k
m
-s
�
1-M
p
c
�
1,
th
e
h
orizon
d
istan
ce
to
d
ay,
u
n
d
er
th
e
assu
m
p
tion
of

a

at
m
atter-d
om
in
ated
u
n
iv
erse,
is
fou
n
d
to
b
e
a
b
o
u
t
29
b
illion
ligh
t-years.

T
h
e
factor
of
3
on
th
e
righ
t-h
an
d
sid
e
of
E
q
.
(4.9)
im
p
lies
th
at
th
e
h
orizon
d
istan
ce

is
th
ree
tim
es
larger
th
an
it
w
ou
ld
b
e
in
a
static
u
n
iv
erse,
an
d
h
en
ce
it
is
sign
i�
can
tly

larger
th
an
m
ost
of
u
s
w
ou
ld
p
rob
ab
ly
gu
ess.
T
h
e
reason
,
of
cou
rse,
is
th
at
th
e
h
orizon

d
istan
ce
refers
to
th
e
p
r
e
s
e
n
t
d
istan
ce
of
th
e
m
ost
d
istan
t
m
atter
th
at
can
in
p
rin
cip
le

b
e
seen
.
H
ow
ev
er,
th
e
ligh
t
th
at
w
e
receive
from
d
istan
t
sou
rces
w
as
em
itted
lon
g
ago,

an
d
th
e
p
resen
t
d
istan
ce
is
large
b
ecau
se
th
e
m
atter
h
as
b
een
m
ov
in
g
aw
ay
from
u
s
ever

sin
ce.
In
th
e
lim
itin
g
case
of
m
atter
ex
actly
at
th
e
h
orizon
,
th
e
ligh
t
th
a
t
w
e
receive

to
d
ay
left
th
e
o
b
ject
a
t
t
=
0,
at
th
e
in
stan
t
of
th
e
b
ig
b
an
g.

Y
ou
m
igh
t
w
on
d
er
w
h
y
ligh
t
fro
m
every
o
b
ject
d
id
n
ot
reach
u
s
im
m
ed
iately,
sin
ce
th
e

scale
factor
a
(t)
w
a
s
zero
a
t
t
=
0,
so
th
e
in
itial
d
istan
ce
b
etw
een
an
y
tw
o
ob
jects
w
as
zero.

T
o
b
e
h
on
est,
y
o
u
a
re
p
retty
safe
in
b
eliev
in
g
w
h
atev
er
y
ou
lik
e
ab
ou
t
w
h
at
h
ap
p
en
s
at

th
e
in
itial
sin
gu
larity.
T
h
e
classical
d
escrip
tion
certain
ly
b
reak
s
d
ow
n
as
th
e
m
ass
d
en
sity

ap
p
roach
es
in
�
n
ity,
a
n
d
th
ere
d
o
es
n
ot
y
et
ex
ist
a
satisfactory
q
u
an
tu
m
d
escrip
tion
.
S
o,

if
yo
u
w
an
t
to
b
eliev
e
th
at
every
th
in
g
cou
ld
com
m
u
n
icate
w
ith
ev
ery
th
in
g
else
at
th
e

in
stan
t
of
th
e
sin
g
u
la
rity,
n
ob
o
d
y
w
h
om
I
k
n
ow
cou
ld
p
rov
e
th
at
you
are
w
ron
g.
B
u
t

n
ob
o
d
y
w
h
om
I
k
n
ow
cou
ld
p
rove
th
a
t
yo
u
a
re
rig
h
t,
eith
er.
If
on
e
ign
ores
th
e
p
ossib
ility

o
f
co
m
m
u
n
ication
at
th
e
sin
gu
larity,
h
ow
ever,
it
is
th
en
a
w
ell-d
e�
n
ed
q
u
estion
to
ask

h
ow
far
ligh
t
sign
als
can
trav
el
on
ce
th
e
classical
d
escrip
tion
b
ecom
es
valid
.
A
s
t!
0

th
e
scale
factor
a
(t)
ap
p
roach
es
zero,
b
u
t
its
tim
e
d
eriva
tive
_a(t)
a
p
p
roach
es
in
�
n
ity.
If

w
e
th
in
k
ab
ou
t
som
e
ob
ject
at
co
ord
in
ate
d
istan
ce
`
c
from
u
s,
at
early
tim
es
its
p
h
y
sical

d
istan
ce
a
(t)`
c
w
as
arb
itrarily
sm
all,
b
u
t
its
v
elo
city
of
recession
_a(t)`
c
w
as
arb
itrarily

large.
If
su
ch
an
o
b
ject
em
itted
a
ligh
t
p
u
lse
in
ou
r
d
irection
at
som
e
v
ery
early
tim
e

t
=
�
>
0,
ev
en
th
ou
gh
th
e
ligh
t
p
u
lse
w
ou
ld
h
av
e
traveled
tow
ard
u
s
at
th
e
sp
eed
of

ligh
t,
th
e
ex
p
an
sion
of
th
e
u
n
iv
erse
w
as
so
fast
th
at
th
e
d
istan
ce
b
etw
een
u
s
an
d
th
e
ligh
t

p
u
lse
w
ou
ld
h
av
e
in
itially
in
creased
w
ith
tim
e.
T
h
e
co
o
rd
in
ate
d
istan
ce
th
at
th
e
ligh
t

p
u
lse
cou
ld
trav
el
b
etw
een
th
en
an
d
n
ow
is
at
m
ost
eq
u
al
to
`
c
;h
o
r
iz
o
n ,
as
given
E
q
.
(4.6),

so
th
e
p
u
lse
cou
ld
reach
u
s
b
y
n
ow
on
ly
if
th
e
p
resen
t
d
istan
ce
to
th
e
ob
ject
is
less
th
an

th
e
h
orizon
d
istan
ce
as
giv
en
b
y
E
q
.
(4.7).

E
V
O

L
U

T
I
O

N

O

F

A

C
L
O

S
E
D

U

N

I
V

E
R

S
E
:

T
h
e
tim
e
ev
olu
tion
eq
u
ation
s
are
easiest
to
solv
e
for
th
e
case
of
a

at
(k
=

0)

u
n
iverse,
b
u
t
th
e
eq
u
ation
s
for
a
closed
or
op
en
u
n
iv
erse
are
also
solu
b
le.
W
e
w
ill
�
rst

con
sid
er
th
e
closed
u
n
iv
erse,
for
w
h
ich
k
>
0
,
E
<
0,
an
d


>
1.

F
rom
L
ectu
re
N
otes
3
,
w
e
w
rite
th
e
F
ried
m
an
n
eq
u
ation
as

�
_aa �
2

=
8
�3

G
��
k
c
2

a
2

;

(4.11)
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p
.
6

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
4
,
F
A
L
L
2
0
1
8

w
h
ere
th
e
m
ass
d
en
sity
�
ca
n
b
e
w
ritten
as

�
(t)
= �
a
(t
i )

a
(t) �

3
�
(t
i )
:

(4.1
2)

(T
h
e
ab
ove
eq
u
ation
is
a
sligh
t
g
en
eralization
o
f
E
q
.(3.2
3),
�
(t)
=
�
i =
a
3(t).
E
q
.
(3.2
3)
w
a
s

d
eriv
ed
u
n
d
er
th
e
assu
m
p
tio
n
th
at
a
(t
i )
=
1,
w
h
ile
E
q
.(4
.12)
m
a
k
es
n
o
su
ch
req
u
irem
en
t.)

H
ere
w
e
w
ill
u
se
E
q
.
(4.12)
to
con
clu
d
e
th
at
th
e
q
u
an
tity
�
(t)a
3(t)
is
in
d
ep
en
d
en
t
of
tim
e.

T
o
ob
tain
th
e
d
esired
solu
tio
n
in
an
econ
om
ical
w
ay,
it
is
u
sefu
l
to
id
en
tify
from
th
e

b
egin
n
in
g
th
e
q
u
an
tities
of
p
h
y
sical
in
terest.
N
o
te
th
at
a
is
m
easu
red
in
u
n
its
o
f,
for

ex
am
p
le,
m
eters
p
er
n
otch
,
w
h
ile
k
is
m
ea
su
red
in
u
n
its
of
n
otch
�
2.
T
h
u
s
th
e
q
u
an
tity

a
= p
k
h
as
u
n
its
of
p
h
y
sical
len
gth
(m
eters,
fo
r
ex
am
p
le),
a
n
d
is
th
erefore
in
d
ep
en
d
en
t
of

th
e
d
e�
n
ition
of
th
e
n
otch
.
W
e
w
ill
th
erefore
ch
o
ose

~a
(t)�
a
(t)
p

k

(4
.13
)

as
th
e
variab
le
to
u
se
in
ou
r
so
lu
tion
of
th
e
d
i�
eren
tial
eq
u
a
tion
.
S
im
ilarly
w
e
w
ill
u
se

~t�
ct
;

(4
.14
)

rath
er
th
an
t,
so
th
at
all
th
e
sp
acetim
e
variab
les
h
ave
u
n
its
of
len
g
th
.

M
u
ltip
ly
in
g
th
e
F
ried
m
a
n
n
eq
u
ation
(4.11
)
b
y
a
2=
(k
c
2),
it
ca
n
b
e
rew
ritten
a
s

1k
c
2 �
d
ad

t �
2

=
8
�3
G
�
a
2

k
c
2

�
1

=
8
�3
G
�
a
3

k
3
=
2c
2 p
ka

�
1
:

(4.15)

In
th
e
secon
d
lin
e
th
e
factors
h
av
e
b
een
arran
ged
so
th
at
w
e
can
rew
rite
it
a
s

�
d
~ad

~t �
2

=
2
�~a
�
1
;

(4
.16
)

w
h
ere

�
�
4
�3
G
�
~a
3

c
2

:

(4.1
7)

N
ote
th
at
th
e
p
aram
eter
�
a
lso
h
a
s
th
e
u
n
its
of
len
gth
.
W
h
ile
th
e
ab
ove
ex
p
ressio
n
for

�
con
tain
s
th
e
p
ro
d
u
ct
�
(t)~a
3(t),
E
q
.
(4
.12
)
gu
ara
n
tees
th
at
th
is
q
u
an
tity
is
in
d
ep
en
d
en
t

of
tim
e,
so
�
is
a
con
stan
t.
E
q
.
(4.16)
can
b
e
solv
ed
form
ally
b
y
rew
ritin
g
it
as

d
~t
=

d
~a

q
2
�~a

�
1
=

~a
d
~a

p
2
�
~a�
~a
2

(4.1
8)
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p
.
7

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
4
,
F
A
L
L
2
0
1
8

an
d
th
en
in
tegratin
g
b
oth
sid
es.
O
n
e
cou
ld
u
se
in
d
e�
n
ite
in
tegrals,
as
w
e
d
id
for
th
e

k
=
0
case
in
E
q
.
(3.37).
U
sin
g
in
d
e�
n
ite
in
tegrals,
th
e
arb
itrary
con
stan
t
of
in
tegration

w
ou
ld
b
ecom
e
a
n
arb
itrary
con
stan
t
in
th
e
solu
tion
to
th
e
eq
u
ation
.
W
e
fou
n
d
,
h
ow
ever,

th
at
th
e
arb
itrary
con
stan
t
cou
ld
b
e
elim
in
ated
b
y
ch
o
osin
g
th
e
zero
of
tim
e
so
th
at

a
(t)
=
0
at
t
=
0
.
H
ere,
m
ain
ly
for
th
e
p
u
rp
ose
o
f
d
em
on
stratin
g
an
altern
ativ
e
m
eth
o
d
,

I
w
ill
u
se
d
e�
n
ite
in
tegrals.
In
th
is
m
eth
o
d
th
e
arb
itrary
con
stan
t
in
th
e
solu
tion
w
ill
b
e

�
x
ed
b
y
th
e
sp
eci�
cation
of
th
e
lim
its
o
f
in
tegration
.
F
ollow
in
g
th
e
stan
d
ard
con
ven
tion
,

I
w
ill
again
ch
o
ose
th
e
zero
of
tim
e
to
b
e
th
e
tim
e
at
w
h
ich
th
e
scale
factor
is
eq
u
al
to

zero.
U
sin
g
a
su
b
scrip
t
f
to
d
en
ote
an
arb
itrary
�
n
al
tim
e,
on
e
h
as

~t
f
= Z

~t
f

0

d
~t
= Z

~a
f

0

~a
d
~a

p
2
�
~a�
~a
2

;

(4.19)

w
h
ere
~a
f �
~a( ~tf
).
T
h
e
su
b
scrip
ts
f
w
ill
b
e
d
rop
p
ed
w
h
en
th
e
p
rob
lem
is
�
n
ish
ed
,
b
u
t
for

n
ow
it
is
con
ven
ien
t
to
u
se
th
em
to
d
istin
gu
ish
th
e
lim
its
of
in
tegration
from
th
e
variab
les

of
in
tegration
.

T
h
e
on
ly
rem
ain
in
g
step
is
to
carry
ou
t
th
e
in
tegration
sh
ow
n
in
E
q
.
(4.19).
C
om
-

p
letin
g
th
e
sq
u
are
in
th
e
d
en
om
in
ator,
an
d
th
en
rep
lacin
g
th
e
variab
le
of
in
tegration

b
y

x�
~a�
�
;

(4.20)

on
e
�
n
d
s

~tf
= Z

~a
f

0

~a
d
~a

q
�
2�
(~a�
�
)
2

= Z
~a
f
�
�

�
�

(x
+
�
)
d
x

p
�
2�
x
2

:

(4.21)

T
h
e
in
tegral
can
n
ow
b
e
sim
p
li�
ed
b
y
th
e
trigon
om
etric
su
b
stitu
tion

x
=
�
�
cos
�
;

(4.22)

w
h
ich
lead
s
to

~tf
=
� Z

�
f

0

(1�
cos
�)d
�
=
�
(�
f �
sin
�
f
)
:

(4.23)

S
in
ce
�
f

d
en
otes
th
e
�
n
al
va
lu
e
o
f
�,
w
e
can
com
b
in
e
E
q
s.
(4.20)
an
d
(4.22)
to
�
n
d

x
f
=
~a
f �
�
=
�
�
cos
�
f
,
so

~a
f
=
�
(1�
cos
�
f
)
:

(4.24)

D
rop
p
in
g
th
e
su
b
scrip
t
f
an
d
recallin
g
th
e
d
e�
n
ition
s
(4.13)
an
d
(4.14),
th
e
tw
o

eq
u
ation
s
a
b
ove
p
rov
id
e
a
solu
tion
to
ou
r
p
rob
lem
:

M
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.
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8
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8
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L
E
C
T
U
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E
N
O
T
E
S
4
,
F
A
L
L
2
0
1
8

ct
=
�
(��
sin
�)
;

apk
=
�
(1�
cos
�)
:

(4
.25
a)

(4
.25
b
)

T
h
ese
tw
o
eq
u
ation
s
p
rov
id
e
a
p
a
r
a
m
e
tr
ic
d
escrip
tio
n
of
th
e
fu
n
ction
a
(t).
T
h
at

is,
E
q
.
(4.25a)
d
eterm
in
es
in
p
rin
cip
le
th
e
fu
n
ction
�(t),
a
n
d
th
en
E
q
.
(4.25b
)
d
e�
n
es

th
e
fu
n
ction
a ��(t) �.
(T
h
ere
is,
h
ow
ever,
n
o
ex
p
licit
ex
p
ression
fo
r
�(t),
so
th
e
fu
n
ction

a
(t)
can
n
ot
b
e
con
stru
cted
ex
p
licitly.)
S
om
e
of
y
ou
m
ay
reco
gn
ize
th
ese
eq
u
a
tion
s
a
s
th
e

eq
u
ation
s
for
a
cy
cloid
.
T
h
e
cu
rv
e
w
h
ich
th
ey
trace
can
b
e
gen
era
ted
b
y
im
ag
in
in
g
a

grap
h
of
a
= p
k
v
s.
ct,
w
ith
a
d
isk
of
rad
iu
s
�
th
a
t
ro
lls
alon
g
th
e
t-a
x
is,
a
s
sh
ow
n
b
elow
.

A
s
th
e
d
isk
rolls,
th
e
p
oin
t
P
tra
ces
th
e
gra
p
h
of
a
= p
k
v
s.
ct:

F
ig
u
r
e
4
.1
:
E
volu
tion
of
a
closed
u
n
iverse.
T
h
e
�
gu
re
sh
ow
s
a
grap
h

of
a
= p
k
v
s.
ct
for
a
closed
m
atter-d
om
in
ated
u
n
iverse.
If
on
e
im
agin
es
a

circle
rollin
g
on
th
e
ct
ax
is,
a
p
oin
t
on
th
e
circle
traces
ou
t
a
cy
cloid
,
w
h
ich

is
ex
actly
th
e
eq
u
ation
for
a
= p
k
for
a
closed
u
n
iverse.
T
h
e
in
sert
at
th
e

u
p
p
er
righ
t
in
clu
d
es
lab
els
for
variou
s
d
istan
ces,
sh
ow
in
g
th
e
con
n
ection

w
ith
E
q
.
(4.25).

T
h
e
relation
b
etw
een
E
q
s.
(4
.25
)
an
d
th
e
rollin
g
d
isk
can
b
e
seen
in
th
e
in
sert
at
th
e

top
righ
t:
after
th
e
d
isk
h
as
rolled
th
rou
gh
a
n
an
gle
�,
th
e
h
orizon
tal
com
p
o
n
en
t
of
P
is

given
b
y
�
��
�
sin
�,
an
d
th
e
vertical
com
p
on
en
t
is
given
b
y
�
�
�
cos
�.
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p
.
9

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
4
,
F
A
L
L
2
0
1
8

T
h
e
m
o
d
elfor
th
e
closed
u
n
iv
erse
rea
ch
es
a
m
ax
im
u
m
scale
factor
w
h
en
�
=
�
,
w
h
ich

corresp
on
d
s
to
a
tim
e
ct
=
�
�
.
T
h
e
corresp
on
d
in
g
va
lu
e
o
f
a
is
given
b
y

a
m
a
x

p
k

=
2
�
:

(4.26)

B
y
th
a
t
p
oin
t
th
e
p
u
ll
of
grav
ity
h
a
s
overcom
e
th
e
in
ertia
of
th
e
ex
p
an
sion
,
an
d
th
e

u
n
iverse
b
eg
in
s
to
co
n
tract.
T
h
e
scale
factor
d
u
rin
g
th
e
con
tractin
g
p
h
ase
rev
erses
th
e

b
eh
av
ior
it
h
ad
d
u
rin
g
th
e
ex
p
an
sion
p
h
ase,
an
d
th
e
u
n
iv
erse
en
d
s
in
a
\b
ig
cru
n
ch
".

T
h
e
total
lifetim
e
of
th
is
u
n
iv
erse
is
th
en

t
t
o
t
a
l
=
2
�
�c

=
�
a
m
a
x

c p
k

:

(4.27)

T
h
e
an
gle
�
is
som
etim
es
called
th
e
\d
ev
elop
m
en
t
an
gle,"
b
ecau
se
it
d
escrib
es
th
e

sta
g
e
o
f
d
evelop
m
en
t
of
th
e
u
n
iv
erse.
T
h
e
u
n
iv
erse
b
egin
s
at
�
=
0,
reach
es
its
m
ax
im
u
m

ex
p
an
sion
at
�
=
�
,
an
d
th
en
is
term
in
ated
b
y
a
b
ig
cru
n
ch
a
t
�
=
2
�
.

E
q
s.
(4
.2
5
)
co
n
tain
th
e
tw
o
p
aram
eters
�
an
d
k
,
w
h
ich
m
igh
t
lead
on
e
to
b
eliev
e

th
at
th
ere
is
a
tw
o-p
aram
eter
fam
ily
of
closed
u
n
iv
erses.
W
e
m
u
st
rem
em
b
er,
h
ow
ever,

th
at
th
ese
eq
u
ation
s
still
a
llow
u
s
th
e
freed
om
to
d
e�
n
e
th
e
n
otch
,
so
th
e
n
u
m
erical
valu
e

of
k
is
p
h
y
sically
irrelevan
t.
M
a
n
y
b
o
o
k
s,
in
fa
ct,
d
e
�
n
e
k
to
a
lw
ay
s
h
ave
th
e
valu
e
+
1

for
a
closed
u
n
iv
erse.
T
h
e
p
aram
eter
�
,
o
n
th
e
oth
er
h
an
d
,
is
p
h
y
sically
m
ean
in
gfu
l,
an
d

is
related
to
th
e
total
lifetim
e
of
th
e
closed
u
n
iv
erse.
(W
h
en
gen
eral
relativ
ity
e�
ects

are
d
escrib
ed
in
L
ectu
re
N
otes
5
,
w
e
w
ill
learn
th
at
a
closed
u
n
iv
erse
actu
ally
h
as
a

�
n
ite
size,
an
d
th
at
th
e
m
ax
im
u
m
size
is
d
eterm
in
ed
b
y
�
.)
T
h
u
s
th
ere
is
really
on
ly
a

on
e-p
aram
eter
class
of
solu
tion
s.

T
H

E

A
G

E

O

F

A

C
L
O

S
E
D

U

N

I
V

E
R

S
E
:

T
h
e
form
u
la
for
th
e
age
of
a
closed
u
n
iv
erse
can
b
e
o
b
tain
ed
from
th
e
form
u
las
in

th
e
p
rev
iou
s
section
,
b
u
t
w
e
h
ave
to
d
o
a
little
w
ork
.
E
q
s.
(4.25)
tell
h
ow
to
ex
p
ress
th
e

age
in
term
s
of
�
an
d
�,
b
u
t
th
is
is
n
ot
th
e
resu
lt
w
e
w
a
n
t.
W
e
w
ou
ld
p
refer
to
relate
�

an
d
�
to
oth
er
q
u
an
tities
th
at
are
in
p
rin
cip
le
m
easu
rab
le.
S
in
ce
w
e
n
eed
to
d
eterm
in
e

tw
o
variab
les,
�
an
d
�,
w
e
w
ill
h
ave
to
im
agin
e
m
easu
rin
g
tw
o
p
h
y
sical
q
u
an
tities.
T
h
ese

tw
o
m
easu
rab
le
q
u
an
tities
can
b
e
tak
en
to
b
e
th
e
H
u
b
b
le
ex
p
an
sion
rate
H
an
d
th
e
m
ass

d
en
sity
p
aram
eter


�
�
=
�
c .

O
u
r
goal,
th
en
,
is
to
ex
p
ress
all
th
e
q
u
an
tities
related
to
th
e
closed
u
n
iv
erse
m
o
d
el

in
term
s
o
f
H

an
d


.
T
o
start,
th
e
m
ass
d
en
sity
�
can
b
e
rew
ritten
as


�
c ,
w
h
ere

�
c
=
3
H
2=
8
�
G
(see
E
q
.
(3.33)).
S
o

�
=
3
H
2


8
�
G

;

(4.28)
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p
.
1
0

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
4
,
F
A
L
L
2
0
1
8

or
eq
u
ivalen
tly

8
�3

G
�
=
H
2

:

(4
.29
)

R
ecallin
g
th
at
H

=

_a=
a
(see
E
q
.
(2
.7)),
th
e
ab
ove
form
u
la
can
b
e
su
b
stitu
ted
in
to
th
e

F
ried
m
an
n
eq
u
ation
(4.11),
y
ield
in
gH

2

=
H
2

�
k
c
2

a
2

;

(4.3
0)

w
h
ich
can
th
en
b
e
solv
ed
for
a
2

to
give

~a
2

=
a
2

k
=

c
2

H
2(

�
1)
:

(4.3
1)

If
w
e
w
an
t
to
get
ou
r
sign
s
righ
t
for
th
e
en
tire
evolu
tion
of
th
e
clo
sed
u
n
iv
erse,
w
e
n
eed
to

b
e
carefu
l.
N
ote
th
at
E
q
.
(4
.3
1
)
d
o
es
n
ot
d
eterm
in
e
th
e
sig
n
of
~a
,
sin
ce
it
on
ly
sp
eci�
es

th
e
valu
e
of
~a
2.
T
h
e
scale
factor
is
b
y
d
e�
n
ition
p
ositiv
e,
h
ow
ev
er,
an
d
fo
r
th
e
ca
se
u
n
d
er

con
sid
eration
k
>
0.
W
e
ad
op
t
th
e
stan
d
ard
con
ven
tion
th
a
t
th
e
sq
u
are
ro
o
t
o
f
a
p
o
sitiv
e

n
u
m
b
er
is
p
ositive,
so
p

k
>
0
.
T
h
u
s,
th
e
d
e�
n
ition
~a
�
a
= p
k
im
p
lies
th
a
t
~a
>
0,
so

E
q
.
(4.31)
im
p
lies
th
at

~a
=

apk
=

c

jH
j p


�
1
:

(4
.32
)

W
e
w
rite
E
q
.
(4.32)
w
ith
ab
so
lu
te
valu
e
in
d
icators
aro
u
n
d
H
,
b
ecau
se
d
u
rin
g
th
e
co
n
tract-

in
g
p
h
ase
H

is
n
egative,
w
h
ile
w
e
k
n
ow
th
at
on
ly
th
e
p
o
sitiv
e
sq
u
a
re
ro
o
t
of
E
q
.
(4.31)

is
p
h
y
sically
relevan
t.

W
e
a
re
n
ow
read
y
to
eva
lu
ate
�
,
u
sin
g
th
e
d
e�
n
ition
(4.17).
U
sin
g
E
q
s.
(4
.28
)
a
n
d

(4.32)
to
rep
lace
�
an
d
~a
,
w
e
�
n
d�

=

c
2jH
j




(

�
1)
3
=
2

:

(4.33)

R
ecall
th
at
�
h
as
d
irect
p
h
y
sical
m
ean
in
g
|

if
ou
r
u
n
iv
erse
is
clo
sed
,
th
en
th
e
to
tal

lifetim
e
of
th
e
u
n
iverse
(from
b
ig
b
an
g
to
b
ig
cru
n
ch
)
w
ou
ld
b
e
giv
en
b
y
2
�
�
=
c.

T
h
e
valu
e
o
f
�
can
n
ow
b
e
fou
n
d
fro
m
E
q
.
(4.25
b
),
u
sin
g
E
q
.
(4
.32
)
to
rep
lace
a
= p
k

on
th
e
left-h
an
d
sid
e,
an
d
E
q
.
(4
.33
)
to
rep
lace
�
on
th
e
righ
t-h
a
n
d
sid
e.
A
fter
th
ese

su
b
stitu
tion
s,
E
q
.
(4.25b
)
b
eco
m
es

c

jH
j p


�
1
=

c
2jH
j




(

�
1
)
3
=
2
(1�
cos
�)
;

(4.34)

w
h
ich
can
b
e
solved
for
eith
er
cos
�
or
for


:

cos
�
=
2�






;

(4.3
5)
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p
.
1
1

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
4
,
F
A
L
L
2
0
1
8



=

2

1
+
co
s
�
:

(4.36)

U
sin
g

sin
�
=
� p
1�
cos
2
�
=
�
2 p


�
1




;

(4.37)

E
q
.
(4.25a)
can
n
ow
b
e
rew
ritten
to
ob
tain
th
e
d
esired
form
u
la
for
th
e
age
of
th
e
u
n
iv
erse:

t
=




2jH
j(

�
1
)
3
=
2 �
arcsin ��
2 p


�
1




�
�
2 p


�
1




�

(for
a
closed
u
n
iv
erse),

(4.38)

w
h
ere
th
e
sign
ch
oices
corresp
on
d
to
E
q
.
(4.37)
(i.e.,
if
th
e
u
p
p
er
sign
is
u
sed
in
E
q
.
(4.37),

th
en
b
o
th
u
p
p
er
sign
s
sh
ou
ld
b
e
u
sed
in
E
q
.
(4.38).)
B
oth
th
e
sq
u
are
ro
ot
an
d
th
e
in
verse

sin
e
fu
n
ction
are
m
u
ltib
ran
ch
ed
fu
n
ctio
n
s,
so
th
e
evalu
ation
of
E
q
.
(4.38)
req
u
ires
som
e

ad
d
ition
al
in
form
ation
.
It
is
easy
to
see
w
h
ich
b
ran
ch
to
u
se,
h
ow
ever,
if
on
e
rem
em
b
ers

th
at
E
q
.
(4.38)
is
a
rew
ritin
g
of
E
q
.
(4.25a),
an
d
th
at
in
E
q
.
(4.25a)
th
e
variab
le
�
ru
n
s

m
on
oton
ically
from
0
to
2
�
over
th
e
lifesp
an
of
th
e
closed
u
n
iv
erse.

T
o
d
escrib
e
th
e
b
ran
ch
es
in
d
etail,
it
is
n
ecessary
to
d
iv
id
e
th
e
fu
ll
cy
cle,
w
ith
�

va
ry
in
g
fro
m
0
to
2
�
,
in
to
q
u
ad
ran
ts.
T
h
e
�
rst
q
u
ad
ran
t
is
fro
m
�
=
0
to
�
=
�
=2,
w
h
ere

w
e
see
from
E
q
.
(4.36)
th
at
�
=
�
=2
corresp
o
n
d
s
to


=
2
.
T
h
u
s,
th
e
�
rst
q
u
ad
ran
t

corresp
on
d
s
to
th
e
b
egin
n
in
g
of
th
e
ex
p
an
d
in
g
p
h
ase,
w
ith
1�


�
2.
F
or
th
is
q
u
ad
ran
t

sin
�
>
0,
so
w
e
u
se
th
e
u
p
p
er
sign
s
in
E
q
.
(4.38),
an
d
th
e
in
verse
sin
e
is
evalu
ated
in

th
e
ran
ge
0
to
�
=2.
T
h
e
oth
er
q
u
ad
ran
ts
are
u
n
d
ersto
o
d
in
th
e
sam
e
w
ay,
p
ro
d
u
cin
g
th
e

follow
in
g
tab
le
of
ru
les:

Q
u
ad
ran
t

P
h
ase




S
ign
C
h
oice

sin
�
1()

1

E
x
p
an
d
in
g

1
to
2

U
p
p
er

0
to
�2

2

E
x
p
an
d
in
g

2
to1

U
p
p
er

�2

to
�

3

C
on
tractin
g

1
to
2

L
ow
er

�
to
3
�2

4

C
on
tractin
g

2
to
1

L
ow
er

3
�2

to
2
�

O
u
r
u
n
iv
erse
is
n
ot
cu
rren
tly
m
atter-d
om
in
ated
,
b
u
t
it
cou
ld
b
e
ju
st
b
arely
closed
.
If

w
e
co
n
sid
ered
th
e
h
y
p
oth
esis
th
at
ou
r
u
n
iv
erse
w
a
s
m
a
tter-d
o
m
in
ated
,
it
w
ou
ld
certain
ly

b
e
in
th
e
ex
p
an
d
in
g
p
h
ase,
w
ith


<
2
,
a
n
d
so
it
w
ou
ld
b
e
in
th
e
�
rst
q
u
ad
ran
t.
T
h
at

m
ean
s
th
at
th
e
age
w
ou
ld
b
e
giv
en
b
y
E
q
.
(4.38),
u
sin
g
th
e
u
p
p
er
sign
s,
an
d
evalu
atin
g

th
e
in
verse
sin
e
fu
n
ction
in
th
e
ran
ge
o
f
0
to
�
=2
.
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p
.
1
2

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
4
,
F
A
L
L
2
0
1
8

E
V
O

L
U

T
I
O

N

O

F

A

N

O

P
E
N

U

N

I
V

E
R

S
E
:

T
h
e
evolu
tion
o
f
an
op
en
u
n
iverse
can
b
e
ca
lcu
lated
in
a
v
ery
sim
ilar
w
ay,
ex
cep
t

th
at
on
e
m
u
st
u
se
h
y
p
erb
olic
trigo
n
o
m
etric
su
b
stitu
tion
s
in
o
rd
er
to
ca
rry
o
u
t
th
e
cru
cial

in
tegral.
F
ortu
n
ately,
n
on
e
of
th
e
co
m
p
lication
s
w
ith
m
u
ltib
ran
ch
ed
fu
n
ction
s
w
ill
o
ccu
r

in
th
is
case.
F
or
th
e
o
p
en
u
n
iv
erse
k
<
0
,
E
>
0,
a
n
d


<
1.
W
e
w
ill
d
e�
n
e
�
�
�
k
to

avoid
th
e
in
con
ven
ien
ce
of
w
o
rk
in
g
w
ith
a
n
eg
ative
q
u
an
tity,
an
d
w
e
w
ill
d
e�
n
e

~a
(t)�
a
(t)
p

�

(4.3
9)

in
stead
of
~a
=
a
(t)= p
k
.
E
q
.
(4.1
6)
is
th
en
rep
laced
b
y

�
d
~ad

~t �
2

=
2
�~a

+
1
;

(4.40)

w
h
ile
E
q
.
(4.17),

�
�
4
�3
G
�
~a
3

c
2

;

con
tin
u
es
to
b
e
valid
,
alth
ou
gh
th
e
m
ean
in
g
of
~a
h
as
ch
a
n
ged
.
E
q
s.
(4.1
9)
a
n
d
(4
.21
)
are

th
en
rep
laced
b
y

~tf
= Z

~a
f

0

~a
d
~a

p
2
�
~a
+
~a
2

= Z
~a
f

0

~a
d
~a

q
(~a
+
�
)
2�
�
2

= Z
~a
f
+
�

�

(x�
�
)
d
x

p
x
2�
�
2

:

(4.4
1)

In
th
is
case
on
e
u
ses
th
e
su
b
stitu
tion

x
=
�
cosh
�
;

(4
.42
)

an
d
on
e
ob
tain
s
th
e
resu
lt

ct
=
�
(sin
h
��
�)
;

ap�
=
�
(cosh
��
1)
:

(4
.43
a)

(4
.43
b
)
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p
.
1
3

8
.2
8
6
L
E
C
T
U
R
E
N
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4
,
F
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L
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2
0
1
8

T
H

E

A
G

E

O

F

A

N

O

P
E
N

U

N

I
V

E
R

S
E
:

T
h
e
m
eth
o
d
s
are
again
id
en
tical
to
th
e
on
es
u
sed
p
rev
iou
sly,
so
I
w
ill
ju
st
state
th
e

resu
lts.
E
q
s.
(4.35),
(4.36)
an
d
(4.37)
a
re
rep
laced
b
y



=

2

1
+
cosh
�
;
cosh
�
=
2�






(4.44)

an
d

sin
h
�
= p
cosh
2
��
1
=
2 p
1�






;

(4.45)

an
d
th
e
�
n
al
resu
lt
for
th
e
age
o
f
th
e
u
n
iv
erse
b
ecom
es

t
=




2
H
(1�


)
3
=
2 �
2 p
1�






�
sin
h
�
1 �
2 p
1�






��

(for
an
op
en
u
n
iv
erse).

(4.46)

B
elow
is
a
grap
h
of
H
t
v
ersu
s


,
u
sin
g
E
q
s.
(4.38)
a
n
d
(4.46).
T
h
e
grap
h
sh
ow
s
th
at

th
e
cu
rv
e
is
a
ctu
ally
con
tin
u
o
u
s
a
t


=
1
,
even
th
ou
gh
th
e
ex
p
ression
s
(4.38)
an
d
(4.46)

lo
ok
rath
er
d
i�
eren
t.
In
fact,
th
ese
tw
o
ex
p
ression
s
a
re
really
n
ot
so
d
i�
eren
t.
A
lth
ou
gh

it
is
n
o
t
o
b
v
iou
s,
th
e
tw
o
ex
p
ression
s
are
d
i�
eren
t
w
ay
s
of
w
ritin
g
th
e
sam
e
an
aly
tic

fu
n
ction
.
Y
o
u
ca
n
verify
th
is
b
y
u
sin
g
th
e
u
su
al
tech
n
iq
u
es
to
evalu
ate
sq
u
are
ro
ots
of

n
egativ
e
n
u
m
b
ers,
an
d
th
e
trigon
om
etric
an
d
h
y
p
ertrigon
om
etric
fu
n
ction
s
o
f
im
agin
ary

argu
m
en
ts.

T
o
su
m
m
arize,
th
e
age
th
e
u
n
iv
erse
can
b
e
ex
p
ressed
a
s
a
fu
n
ction
of
H

an
d


as

jH
jt
= 8>>>>>><>>>>>>:




2
(1�


)
3
=
2 �
2 p
1�






�
sin
h
�
1 �
2 p
1�






��
if


<
1

2
=3

if


=
1




2
(

�
1)
3
=
2 �
sin
�
1 ��
2 p


�
1




�
�
2 p


�
1




�
if


>
1

(4.47)

G
rap
h
ically,

M
O
R
E
D
Y
N
A
M
IC
S
O
F
N
E
W
T
O
N
IA
N
C
O
S
M
O
L
O
G
Y

p
.
1
4

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
4
,
F
A
L
L
2
0
1
8

F
ig
u
r
e
4
.2
:
T
h
e
age
of
a
m
atter-d
om
in
ated
u
n
iverse,
ex
p
ressed
as
H
t

(w
h
ere
t
is
th
e
ag
e
an
d
H

is
th
e
H
u
b
b
le
ex
p
an
sion
rate),
as
a
fu
n
ction
of



.
T
h
e
cu
rv
e
d
escrib
es
all
th
ree
cases
of
an
op
en
(

<
1),

at
(

=
1),

an
d
closed
(

>
1)
u
n
iverse.

T
H

E

E
V
O

L
U

T
I
O

N

O

F

A

M

A
T
T
E
R

-
D

O

M

I
N

A
T
E
D

U

N

I
V

E
R

S
E
:

T
h
e
follow
in
g
grap
h
sh
ow
s
th
e
evolu
tion
of
th
e
sca
le
fa
ctor
for
all
th
ree
ca
ses:
o
p
en
,

closed
,
or

at.
T
h
e
g
rap
h
s
w
ere
co
n
stru
cted
u
sin
g
E
q
s.
(4.1
)
for
th
e

a
t
case,
(4.4
3)
for

th
e
op
en
case,
an
d
(4.25)
for
th
e
closed
case.
T
h
e
p
ara
m
etric
eq
u
ation
s
a
re
p
lo
tted
b
y

ch
o
osin
g
a
�
n
ely
sp
aced
grid
of
valu
es
for
�,
u
sin
g
th
e
form
u
las
to
d
eterm
in
e
t
a
n
d
a

for
each
valu
e
of
�.
S
in
ce
th
e
on
ly
p
aram
eter,
�
,
ap
p
ears
m
erely
as
a
n
overall
factor,
a

grap
h
th
at
is
valid
for
all
valu
es
o
f
�
ca
n
b
e
ob
ta
in
ed
b
y
p
lottin
g
th
e
d
im
en
sion
less
ratio
s

a
=(� p
jkj)
an
d
ct=
�
:



M
O
R
E
D
Y
N
A
M
IC
S
O
F
N
E
W
T
O
N
IA
N
C
O
S
M
O
L
O
G
Y

p
.
1
5

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
4
,
F
A
L
L
2
0
1
8

F
ig
u
r
e
4
.3
:
T
h
e
evo
lu
tio
n
of
a
m
a
tter-d
o
m
in
a
ted
u
n
iverse.
C
losed
an
d

o
p
en
u
n
iverses
ca
n
b
e
ch
a
ra
cterized
b
y
a
sin
g
le
p
a
ra
m
eter
�
,
d
e�
n
ed
b
y

E
q
.
(4
.1
7
).
W
ith
th
e
sca
lin
g
s
sh
ow
n
o
n
th
e
ax
is
la
b
els,
th
e
evolu
tion
of
a

m
a
tter-d
o
m
in
ated
u
n
iv
erse
is
d
escrib
ed
in
a
ll
ca
ses
b
y
th
e
cu
rv
es
sh
ow
n
in

th
is
g
ra
p
h
.

A
lth
ou
gh
th
e
grap
h
sh
ow
s
all
th
ree
cases,
it
m
u
st
b
e
rem
em
b
ered
th
at
it
is
still
restricted

b
y
th
e
assu
m
p
tion
th
at
th
e
u
n
iv
erse
is
m
atter-d
om
in
ated
|

th
at
is,
th
e
m
ass
d
en
sity
is

d
om
in
ated
b
y
n
on
relativ
istic
m
atter,
for
w
h
ich
p
ressu
re
forces
are
n
egligib
le.


