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T
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T
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G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.286:
T
h
e
E
arly
U
n
iv
erse

O
ctob
er
13,
2018

P
rof.
A
lan
G
u
th

L
e
c
t
u
r
e

N

o
t
e
s
5

I
N

T
R
O

D

U

C
T
I
O

N

T
O

N

O

N

-
E
U

C
L
I
D

E
A

N

S
P
A
C
E
S

IN
T
R
O
D
U
C
T
IO
N
:

T
h
e
h
istory
of
n
on
-E
u
clid
ean
geom
etry
is
a
fascin
atin
g
su
b
ject,
w
h
ich
is
d
escrib
ed

very
w
ell
in
th
e
in
tro
d
u
ctory
ch
ap
ter
of
G
rav
ita
tio
n
a
n
d
C
o
sm
o
lo
g
y
:
P
rin
cip
les
a
n
d

A
p
p
lica
tio
n
s
o
f
th
e
G
en
era
l
T
h
eo
ry
o
f
R
ela
tiv
ity
b
y
S
tev
en
W
ein
b
erg.
H
ere
I
w
ou
ld
like

to
su
m
m
a
rize
th
e
im
p
ortan
t
p
oin
ts.
A
lth
ou
gh
h
istorical
in
its
organ
ization
,
th
is
section

d
escrib
es
som
e
essen
tial
m
ath
em
atics
an
d
sh
ou
ld
b
e
read
carefu
lly.

E
u
clid
sh
ow
ed
in
h
is
E
lem
en
ts
h
ow
geom
etry
cou
ld
b
e
d
ed
u
ced
from
a
few
d
e�
n
ition
s,

ax
iom
s,
an
d
p
ostu
lates.
O
n
e
o
f
E
u
clid
's
a
ssu
m
p
tion
s,
h
ow
ever,
seem
ed
to
gen
eration
s
of

m
ath
em
atician
s
to
b
e
som
ew
h
at
less
ob
v
iou
s
th
an
th
e
oth
ers.
T
h
is
assu
m
p
tion
,
k
n
ow
n

as
E
u
clid
's
�
fth
p
o
stu
late,
w
as
stated
b
y
E
u
clid
as
follow
s:

\If
a
straigh
t
lin
e
fallin
g
on
tw
o
straigh
t
lin
es
m
ak
es
th
e
in
terior
an
gles

on
th
e
sam
e
sid
e
less
th
an
tw
o
righ
t
an
gles,
th
e
tw
o
straigh
t
lin
es
if
p
ro
d
u
ced

in
d
e�
n
itely
m
eet
on
th
at
sid
e
on
w
h
ich
th
e
an
gles
are
less
th
an
tw
o
righ
t
an
gles."

[T
h
is
sta
tem
en
t
is
in
terp
reted
to
im
p
ly
th
a
t
th
e
tw
o
stra
ig
h
t
lin
es
w
ill
n
ev
er
m
eet

if
ex
ten
d
ed
o
n
th
e
o
p
p
o
site
sid
e.]

F
ig
u
r
e
5
.1
:
E
u
clid
's
�
fth
p
ostu
late.

M
an
y
m
ath
em
atician
s
attem
p
ted
to
p
rov
e
th
is
p
ostu
late
from
th
e
oth
er
assu
m
p
tion
s,

b
u
t
all
of
th
ese
attem
p
ts
en
d
ed
in
failu
re.
It
w
as
d
iscovered
,
h
ow
ev
er,
th
at
th
e
�
fth

p
ostu
late
cou
ld
b
e
rep
laced
b
y
a
n
y
o
f
a
n
u
m
b
er
o
f
eq
u
iva
len
t
statem
en
ts,
su
ch
as:

IN
T
R
O
D
U
C
T
IO
N
T
O

N
O
N
-E
U
C
L
ID
E
A
N
S
P
A
C
E
S

p
.
2

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
5
,
F
A
L
L
2
0
1
8

F
ig
u
r
e
5
.2
:
S
tatem
en
ts
eq
u
iva
len
t
to
th
e
�
fth
p
o
stu
late.

(a)
\If
a
straigh
t
lin
e
in
tersects
on
e
of
tw
o
p
ara
llels
(i.e,
lin
es
w
h
ich
d
o
n
ot
in
tersect

h
ow
ever
far
th
ey
are
ex
ten
d
ed
),
it
w
ill
in
tersect
th
e
oth
er
a
lso."

(b
)
\T
h
ere
is
o
n
e
an
d
o
n
ly
on
e
lin
e
th
at
p
asses
th
rou
g
h
a
n
y
giv
en
p
o
in
t
an
d
is
p
a
ra
llel

to
a
given
lin
e."

(c)
\G
iv
en
an
y
�
gu
re
th
ere
ex
ists
a
�
gu
re,
sim
ilar*
to
it,
of
an
y
size."

(d
)
\T
h
ere
is
a
trian
gle
in
w
h
ich
th
e
su
m
o
f
th
e
th
ree
an
gles
is
eq
u
a
l
to
tw
o
righ
t
an
gles

(i.e.,
180
Æ)."

G
iven
E
u
clid
's
oth
er
assu
m
p
tion
s,
each
o
f
th
e
a
b
ove
statem
en
ts
is
eq
u
iva
len
t
to
th
e
�
fth

p
ostu
late.

T
h
e
attitu
d
e
of
m
ath
em
a
ticia
n
s
tow
a
rd
th
e
�
fth
p
ostu
la
te
u
n
d
erw
en
t
a
m
ark
ed

ch
an
ge
d
u
rin
g
th
e
eigh
teen
th
cen
tu
ry,
w
h
en
m
ath
em
a
ticia
n
s
b
ega
n
to
con
sid
er
th
e
p
ossi-

b
ility
o
f
ab
an
d
on
in
g
th
e
�
fth
p
o
stu
la
te.
In
1733
th
e
J
esu
it
G
iovan
n
i
G
era
lam
o
S
a
cch
eri

(1667{1733)
p
u
b
lish
ed
a
stu
d
y
o
f
w
h
a
t
geom
etry
w
ou
ld
b
e
lik
e
if
th
e
p
ostu
la
te
w
ere

false.
H
e,
h
ow
ever,
w
as
ap
p
a
ren
tly
con
v
in
ced
th
at
th
e
�
fth
p
ostu
la
te
m
u
st
b
e
tru
e,
a
n
d

h
e
p
u
rsu
ed
th
is
w
ork
b
ecau
se
h
e
h
op
ed
to
d
iscover
a
n
in
con
sisten
cy
|

h
e
d
id
n
't.

C
arl
F
ried
rich
G
au
ss
(17
77-18
55)
seem
s
to
h
ave
b
een
th
e
�
rst
to
rea
lly
ta
ke
seriou
sly

th
e
p
o
ssib
ility
th
at
th
e
�
fth
p
ostu
la
te
cou
ld
b
e
false.
H
e,
J
�an
os
B
oly
a
i
(an
A
u
stria
n

arm
y
oÆ
cer,
1802-1860),
an
d
N
ik
olai
Ivan
ov
ich
L
ob
ach
ev
sk
y
(a
R
u
ssia
n
m
ath
em
a
tician
,

1793-1856)
in
d
ep
en
d
en
tly
d
iscovered
an
d
ex
p
lo
red
a
geom
etry
w
h
ich
in
m
o
d
ern
term
s
is

d
escrib
ed
as
a
tw
o-d
im
en
sion
al
sp
ace
o
f
co
n
stan
t
n
egativ
e
cu
rvatu
re.
T
h
e
sp
ace
is
in
�
n
ite

*
T
w
o
p
oly
gon
s
are
sim
ila
r
if
th
eir
corresp
o
n
d
in
g
an
gles
are
eq
u
al,
an
d
th
eir
co
rre-

sp
on
d
in
g
sid
es
are
p
rop
ortion
al.
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.
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E
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T
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R
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F
A
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F
ig
u
r
e
5
.3
:
T
h
e
fro
n
tisp
iece
of
G
iovan
n
i
G
eralam
o
S
acch
eri's
1
733
b
o
ok
titled
E
u
c
lid
e
s

a
b
o
m
n
i
n
a
e
v
o
v
in
d
ica
tu
s
(E
u
clid
F
reed
of
E
v
ery
F
law
).
S
acch
eri
p
u
rsu
ed
th
e
con
se-

q
u
en
ces
of
assu
m
in
g
th
at
th
e
�
fth
p
o
stu
late
w
as
false,
h
op
in
g
to
�
n
d
a
con
trad
iction
.

in
ex
ten
t,
is
h
om
ogen
eou
s
an
d
isotrop
ic,
an
d
satis�
es
all
of
E
u
clid
's
assu
m
p
tion
s
ex
cep
t

for
th
e
�
fth
p
ostu
late.
In
th
is
sp
ace
ev
ery
on
e
of
th
e
statem
en
ts
of
th
e
�
fth
p
ostu
late

an
d
its
eq
u
ivalen
ts
listed
ab
ove
are
false
|

th
rou
gh
a
g
iv
en
p
oin
t
th
ere
can
b
e
d
raw
n

in
�
n
ite
ly
m
an
y
lin
es
p
arallel
to
a
giv
en
lin
e;
n
o
�
gu
res
of
d
i�
eren
t
size
are
sim
ilar;
an
d

th
e
su
m
of
th
e
an
gles
of
an
y
trian
gle
is
le
s
s
th
an
180
Æ.

T
h
e
su
rface
of
a
sp
h
ere,
it
sh
ou
ld
b
e
p
oin
ted
ou
t,
satis�
es
all
th
e
p
ostu
lates
o
f
E
u
clid

ex
cep
t
for
th
e
�
fth
an
d
th
e
secon
d
,
w
h
ich
states
th
at
\
A
n
y
straigh
t
lin
e
segm
en
t
can
b
e

ex
ten
d
ed
in
d
e�
n
itely
in
a
straigh
t
lin
e."
F
rom
a
m
o
d
ern
p
o
in
t
o
f
v
iew
th
e
su
rface
of
a

sp
h
ere
p
rov
id
es
a
p
erfectly
in
terestin
g
ex
am
p
le
o
f
a
n
on
-E
u
clid
ean
geom
etry.
H
istorically,

h
ow
ev
er,
th
is
ex
am
p
le
w
as
n
ot
tak
en
v
ery
seriou
sly,
ap
p
aren
tly
b
ecau
se
it
seem
ed
to
o

sim
p
le.
T
h
e
great
circles
w
o
u
ld
b
e
th
e
o
b
jects
th
a
t
p
lay
th
e
role
of
straigh
t
lin
es,
b
u
t

sin
ce
a
n
y
tw
o
great
circles
in
tersect,
th
ere
cou
ld
b
e
n
o
su
ch
th
in
g
as
p
arallel
lin
es.

D
esp
ite
th
e
w
ork
of
G
au
ss,
B
oly
ai,
an
d
L
ob
ach
ev
sk
y,
it
w
as
still
n
ot
clear
th
at
th
eir

n
on
-E
u
clid
ean
geom
etry
w
as
logically
con
sisten
t.
T
h
is
p
rob
lem
w
as
n
ot
solved
u
n
til
1870,

w
h
en
F
elix
K
lein
(1849-1925)
d
ev
elop
ed
an
\an
aly
tic"
d
escrip
tion
of
th
is
geom
etry.
In

K
lein
's
d
escrip
tion
,
a
\
p
o
in
t"
of
th
e
G
au
ss-B
oly
ai-L
ob
ach
ev
sk
y
(G
-B
-L
)
geom
etry
can

b
e
d
escrib
ed
b
y
tw
o
real
n
u
m
b
er
co
ord
in
ates
(x
,y
),
w
ith
th
e
restriction

x
2
+
y
2
<
1
:

(5.1)
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.
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R
E
N
O
T
E
S
5
,
F
A
L
L
2
0
1
8

F
ig
u
r
e
5
.4
:
C
arl
F
ried
rich
G
au
ss,
J�an
os
B
olyai,
an
d
N
ikolai
Ivan
ov
ich
L
ob
ach
ev
sk
y
in
d
ep
en
-

d
en
tly
d
evelop
ed
th
e
�
rst
ex
am
p
le
of
a
m
ath
em
atical
th
eory
in
w
h
ich
E
u
clid
's
�
fth
p
ostu
late
is

false,
n
ow
k
n
ow
n
as
th
e
G
au
ss{B
olyai{L
ob
ach
ev
sk
y
geom
etry.
G
au
ss
(1777{1855)
w
as
th
e
son

of
p
o
o
r
w
ork
in
g-class
p
aren
ts
in
G
erm
an
y,
b
u
t
b
y
th
e
tim
e
h
e
w
as
15
h
is
m
ath
em
atical
talen
ts

w
ere
n
oticed
b
y
th
e
D
u
k
e
of
B
ru
n
sw
ick
,
w
h
o
sen
t
G
au
ss
to
th
e
C
ollegiu
m
C
arolin
u
m
an
d
th
en

th
e
U
n
iv
ersity
o
f
G
�ottin
gen
.
G
au
ss
rem
ain
ed
at
G
�ottin
gen
for
th
e
rest
of
h
is
life,
b
ecom
in
g
P
ro-

fessor
of
A
stron
om
y
a
n
d
d
irector
of
th
e
astron
om
ical
ob
servatory
in
1807.
H
is
stu
d
en
ts
in
clu
d
ed

R
ich
ard
D
ed
ek
in
d
,
B
ern
h
ard
R
iem
an
n
,
P
eter
G
u
stav
L
ejeu
n
e
D
irich
let,
G
u
stav
K
irch
h
o�
,
A
u
-

gu
st
F
erd
in
an
d
M
�ob
iu
s,
an
d
F
ried
rich
B
essel.
B
olyai
(1802{1860)
w
as
th
e
son
of
F
arkas
B
olyai,
a

teach
er
of
m
ath
em
atics,
p
h
y
sics,
an
d
ch
em
istry
at
th
e
C
alv
in
ist
C
ollege
in
M
arosv
�as�arh
ely,
H
u
n
-

gary
(n
ow
T
irgu
-M
u
res,
R
om
an
ia).
A
lth
ou
gh
h
is
fath
er
w
as
w
ell-ed
u
cated
,
h
e
w
as
n
on
eth
eless

n
ot
w
ell
p
aid
,
so
J�an
os
atten
d
ed
M
arosv
�as�arh
ely
C
ollege
an
d
later
stu
d
ied
m
ilitary
en
gin
eerin
g

at
th
e
A
cad
em
y
of
E
n
gin
eerin
g
at
V
ien
n
a,
b
ecau
se
th
at
is
w
h
at
th
ey
cou
ld
a�
ord
.
H
e
th
en
en
-

tered
th
e
arm
y
en
gin
eerin
g
corp
s,
w
h
ere
h
e
served
for
11
years,
d
u
rin
g
w
h
ich
tim
e
h
e
carried
ou
t

h
is
n
ow
-fam
ou
s
in
v
estigation
of
n
on
-E
u
clid
ean
geom
etry.
T
h
e
w
ork
w
as
p
u
b
lish
ed
in
1831
as
an

ap
p
en
d
ix
in
a
b
o
ok
w
ritten
b
y
h
is
fath
er.
B
olyai
resign
ed
from
th
e
arm
y
in
1833
d
u
e
m
ain
ly

to
h
ealth
p
rob
lem
s,
an
d
liv
ed
th
e
rest
of
h
is
life
in
relative
p
overty,
d
y
in
g
at
th
e
age
of
57
of

p
n
eu
m
on
ia.
T
h
e
R
om
an
ian
p
ostage
stam
p
sh
ow
n
h
ere
h
on
ored
th
e
100th
an
n
iv
ersary
of
B
olyai's

d
eath
;
th
e
p
ictu
re
w
as
ap
p
aren
tly
fab
ricated
,
as
n
o
au
th
en
tic
p
ictu
re
of
B
olyai
is
k
n
ow
n
to
ex
ist.

L
ob
ach
ev
sk
y
(1792{1856)
w
as
th
e
son
of
P
olish
p
aren
ts
liv
in
g
in
R
u
ssia.
H
is
fath
er
w
as
a
clerk

in
a
lan
d
-su
rv
ey
in
g
oÆ
ce,
w
h
o
d
ied
w
h
en
L
ob
ach
ev
sk
y
w
as
on
ly
seven
.
H
is
m
oth
er
relo
cated
th
e

fam
ily
to
K
azan
,
R
u
ssia,
w
h
ere
L
ob
ach
ev
sk
y
atten
d
ed
K
azan
G
y
m
n
asiu
m
an
d
later
w
as
given

a
sch
olarsh
ip
to
K
azan
U
n
iv
ersity,
w
h
ere
on
e
of
h
is
p
rofessors
w
as
M
artin
B
artels,
w
h
o
w
as
a

teach
er
an
d
frien
d
of
G
au
ss.
L
ob
ach
ev
sk
y
rem
ain
ed
at
K
azan
U
n
iversity
for
th
e
rest
of
career,

b
ecom
in
g
rector
of
th
e
u
n
iv
ersity
in
1827.
H
is
w
ork
on
n
on
-E
u
clid
ean
geom
etry
w
as
p
u
b
lish
ed
in

th
e
K
a
za
n
M
e
sse
n
g
e
r
in
1829,
b
u
t
w
as
rejected
for
p
u
b
lication
b
y
th
e
S
t.
P
etersb
u
rg
A
cad
em
y

of
S
cien
ces.
L
ob
ach
ev
sk
y
w
as
ask
ed
to
retire
in
1846,
an
d
after
th
at
h
is
h
ealth
an
d
�
n
an
cial

situ
ation
d
eteriorated
,
h
e
b
ecam
e
b
lin
d
,
an
d
h
is
favorite
eld
est
son
d
ied
.
L
ob
ach
ev
sk
y
h
im
self

d
ied
b
efore
th
e
im
p
ortan
ce
of
h
is
w
ork
in
m
ath
em
atics
w
as
ap
p
reciated
.
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T
h
e
d
istan
ce
d
(1
;2)
b
etw
een
tw
o
p
oin
ts
(x
1 ;y
1 )
an
d
(x
2 ;y
2 )
is
th
en
d
e�
n
ed
to
b
e

cosh �
d
(1
;2)

a

�
=

1�
x
1 x
2 �
y
1 y
2

p
1�
x
21 �
y
21 p
1�
x
22 �
y
22

;

(5.2)

w
h
ere
a
is
a
fu
n
d
am
en
tal
len
gth
w
h
ich
sets
a
scale
for
th
e
geom
etry.
N
ote
th
at
th
e
sp
ace

is
in
�
n
ite
d
esp
ite
th
e
co
o
rd
in
ate
restriction
of
E
q
.
(5.1),
b
ecau
se
th
e
d
istan
ce
ap
p
roach
es

in
�
n
ity
as
eith
er
x
21
+
y
21

!
1
or
x
22
+
y
22

!
1.
K
lein
sh
ow
ed
th
at
w
ith
th
is
d
e�
n
ition

of
p
oin
t
an
d
d
istan
ce
th
e
m
o
d
el
satis�
es
a
ll
of
th
e
assu
m
p
tion
s
of
th
e
G
-B
-L
geom
etry.

T
h
u
s,
assu
m
in
g
th
e
con
sisten
cy
of
th
e
real
n
u
m
b
er
sy
stem
,
th
e
con
sisten
cy
of
th
e
G
-B
-L

geom
etry
w
as
estab
lish
ed
.
In
ad
d
ition
,
th
is
w
ork
rein
forced
th
e
im
p
ortan
t
id
ea
of
an
aly
tic

geom
etry
w
h
ich
h
ad
b
een
in
tro
d
u
ced
b
y
D
escartes.
It
h
as
sin
ce
p
roven
to
b
e
very
u
sefu
l

to
d
escrib
e
a
geom
etry
n
ot
b
y
listin
g
ax
iom
s,
b
u
t
in
stead
b
y
g
iv
in
g
an
ex
p
licit
d
escrip
tion

in
term
s
of
a
co
ord
in
ate
sy
stem
an
d
d
istan
ce
fu
n
ction
.

G
a
u
ss
w
en
t
on
to
d
ev
elo
p
tw
o
v
ery
cen
tral
id
eas
in
n
on
-E
u
clid
ean
geom
etry.
T
h
e

�
rst
is
th
e
d
istin
ction
b
etw
een
th
e
\in
n
er"
an
d
\ou
ter"
p
rop
erties
of
a
su
rface.
T
h
e
in
n
er

p
rop
erties
of
a
su
rface
are
th
ose
d
istan
ce
relation
sh
ip
s
th
at
can
b
e
m
easu
red
w
ith
in
th
e

su
rface
itself,
su
ch
as
in
E
q
.
(5.2).
T
h
e
ou
ter
p
rop
erties
refer
to
th
e
w
ay
in
w
h
ich
a
sp
ace

m
igh
t
b
e
em
b
ed
d
ed
in
a
h
igh
er
d
im
en
sion
al
sp
ace.
F
or
ex
am
p
le,
th
e
su
rface
of
a
sp
h
ere
is

a
tw
o-d
im
en
sion
al
sp
ace
w
h
ich
w
e
v
isu
alize
b
y
em
b
ed
d
in
g
in
a
th
ree-d
im
en
sion
al
sp
ace.

G
au
ss
em
p
h
asized
th
at
th
e
d
istan
ce
relation
sh
ip
s
w
ith
in
th
e
tw
o-d
im
en
sion
al
su
rface

itself
p
rov
id
e
a
com
p
lete
m
ath
em
atical
sy
stem

w
h
ich
can
b
e
stu
d
ied
in
d
ep
en
d
en
tly
of

an
y
assu
m
p
tion
s
ab
ou
t
th
e
em
b
ed
d
in
g
in
th
e
th
ree-d
im
en
sion
al
sp
ace.
G
au
ss
w
rote
in

1827
th
at
it
is
th
e
in
n
er
p
rop
erties
of
th
e
su
rface
th
at
are
\m
ost
w
orth
y
of
b
ein
g
d
iligen
tly

ex
p
lored
b
y
geom
eters."
N
ote
th
at
th
e
G
-B
-L
geom
etry
can
n
ot
b
e
fu
lly
em
b
ed
d
ed
in
a

th
ree-d
im
en
sion
al
E
u
clid
ean
sp
ace,
alth
ou
gh
�
n
ite
p
atch
es
o
f
it
can
b
e
so
em
b
ed
d
ed
.
T
o

d
escrib
e
th
e
w
h
ole
sp
ace,
it
is
n
ecessary
to
d
escrib
e
it
in
term
s
of
its
in
n
er
p
rop
erties.

G
au
ss's
secon
d
cen
tral
id
ea
h
ad
to
d
o
w
ith
th
e
form
of
th
e
d
istan
ce
fu
n
ction
d
(1
;2).

It
tu
rn
s
ou
t
th
at
if
on
e
allow
s
th
is
fu
n
ctio
n
to
h
ave
an
y
form
,
th
en
th
e
class
of
geom
etries

is
so
u
n
con
strain
ed
th
at
n
oth
in
g
v
ery
in
terestin
g
resu
lts.
G
au
ss
realized
�
rst
th
at
on
e

n
eed
n
ot
sp
ecify
d
(1
;2)
for
arb
itrary
p
oin
ts
1
an
d
2.
It
is
su
Æ
cien
t
to
con
sid
er
on
ly

in
�
n
itesim
al
lin
e
segm
en
ts.
S
u
ch
a
lin
e
segm
en
t
can
b
e
d
escrib
ed
as
ex
ten
d
in
g
from
th
e

p
oin
t
(x
;y
)
to
(x
+
d
x
;y
+
d
y
).
T
h
e
len
gth
of
a
�
n
ite
segm
en
t
of
a
cu
rve
is
th
en
d
e�
n
ed

b
y
su
m
m
in
g
u
p
(in
tegratin
g)
th
e
len
gth
s
of
th
e
in
�
n
itesim
al
segm
en
ts
th
at
m
ake
it
u
p
.

T
h
e
d
istan
ce
d
(1
;2
)
b
etw
een
tw
o
a
rb
itrary
p
oin
ts
can
th
en
b
e
d
e�
n
ed
a
s
th
e
len
gth
of

th
e
sh
ortest
cu
rv
e
w
h
ich
jo
in
s
th
e
tw
o
p
o
in
ts.
T
h
e
con
cep
t
of
a
lin
e
is
rep
laced
b
y
a

g
eod
e
sic
,
d
e�
n
ed
to
b
e
an
y
cu
rv
e
th
at
is
th
e
sh
ortest
p
ath
b
etw
een
its
en
d
p
oin
ts.
M
ore

p
recisely,
a
geo
d
esic
is
n
ot
n
ecessarily
th
e
tru
e
m
in
im
u
m
o
f
th
e
p
ath
len
gth
|

it
is
on
ly

n
ecessary
th
at
th
e
p
ath
is
s
ta
tio
n
a
r
y
,
in
th
e
sen
se
th
at
th
e
�
rst
d
erivative
w
ith
resp
ect

to
an
y
variation
of
th
e
p
ath
b
etw
een
th
e
tw
o
en
d
p
oin
ts
m
u
st
van
ish
.
T
h
e
p
ath
len
gth

m
igh
t
th
en
b
e
a
m
in
im
u
m
,
a
m
ax
im
u
m
,
or
a
sad
d
le
p
oin
t.
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F
or
th
e
len
gth
of
th
e
in
�
n
itesim
al
lin
e
seg
m
en
t
fro
m
(x
;y
)
to
(x
+
d
x
;y
+
d
y
),
G
a
u
ss

realized
th
at
th
e
in
terestin
g
case
is
to
restrict
o
n
e's
atten
tio
n
to
fu
n
ction
s
for
w
h
ich
th
e

sq
u
ared
segm
en
t
len
gth
d
s
2
is
q
u
ad
ratic
in
d
x
a
n
d
d
y
(i.e.,
fu
n
ction
s
fo
r
w
h
ich
each
term

con
tain
s
tw
o
p
ow
ers
of
d
x
an
d
/o
r
d
y
).
S
u
ch
fu
n
ction
s
can
b
e
w
ritten
a
s

d
s
2
=
g
x
x d
x
2
+
g
x
y d
x
d
y
+
g
y
x
d
y
d
x
+
g
y
y d
y
2
;

(5
.3)

w
h
ere
g
x
x ,
g
x
y ,
g
y
x ,
a
n
d
g
y
y
are
fu
n
ction
s
o
f
p
o
sition
(x
;y
)
an
d
a
re
tog
eth
er
called
th
e

m
etric
of
th
e
sp
ace.
(S
in
ce
g
x
y
a
n
d
g
y
x
b
o
th
m
u
ltip
ly
d
x
d
y
,
on
ly
th
eir
su
m
is
releva
n
t.
B
y

con
ven
tion
on
e
sets
g
x
y
=
g
y
x .)
G
a
u
ss
sh
ow
ed
th
at
th
e
assu
m
p
tion
th
a
t
d
s
2
is
q
u
ad
ra
tic

is
eq
u
ivalen
t
to
th
e
assu
m
p
tion
th
at
in
an
y
in
�
n
itesim
al
region
it
is
p
o
ssib
le
to
ch
o
ose
a

co
ord
in
ate
sy
stem
(x
0;y
0)
in
w
h
ich
th
e
d
istan
ce
rela
tion
is
E
u
clid
ea
n
:
d
s
2
=
d
x
02
+
d
y
02.

T
o
d
ay
sp
aces
w
ith
a
m
etric
o
f
th
is
fo
rm

are
gen
era
lly
called
eith
er
m
etric
sp
aces
o
r

R
iem
an
n
ian
sp
aces.

In
E
u
clid
ean
sp
ace
on
e
ca
n
u
se
an
y
co
ord
in
a
te
sy
stem

o
n
e
w
an
ts,
a
lth
o
u
g
h
on
e

u
su
ally
p
refers
a
C
artesian
sy
stem
in
w
h
ich
th
e
m
etric
h
a
s
th
e
form
:

d
s
2
=
d
x
2
+
d
y
2
:

(5.4
)

A
n
y
tw
o
sy
stem
s
w
ith
m
etrics
of
th
is
form

a
re
related
to
ea
ch
o
th
er
b
y
a
tra
n
sla
tion

an
d
/or
a
rotation
.
F
or
som
e
p
u
rp
oses,
h
ow
ev
er,
it
is
con
ven
ien
t
to
u
se
p
o
lar
co
o
rd
in
ates

r
an
d
�,
for
w
h
ich
th
e
m
etric
is
giv
en
b
y

d
s
2
=
d
r
2
+
r
2d
�
2
:

(5
.5)

T
h
u
s,
th
e
m
ere
fact
th
at
th
e
m
etric
d
o
es
n
o
t
h
ave
th
e
C
artesia
n
form
of
E
q
.
(5.4
)
d
o
es

n
o
t
im
p
ly
th
at
th
e
u
n
d
erly
in
g
sp
ace
is
n
on
-E
u
clid
ean
|

on
e
m
ig
h
t
sim
p
ly
b
e
u
sin
g
a

n
on
-C
artesian
co
ord
in
ate
sy
stem
.
It
is
th
erefore
u
sefu
l
to
h
ave
so
m
e
w
ay
o
f
d
escrib
in
g

th
e
in
n
er
cu
rvatu
re
of
a
sp
ace
in
a
w
ay
w
h
ich
is
n
o
t
co
n
fu
sed
b
y
th
e
ch
oice
o
f
a
co
o
rd
in
ate

sy
stem
.
S
u
ch
a
m
eth
o
d
w
as
d
evelop
ed
for
tw
o-d
im
en
sion
al
sp
aces
b
y
G
a
u
ss,
w
h
o
sh
ow
ed

th
at
th
e
u
n
d
erly
in
g
sp
ace
is
E
u
clid
ean
if
an
d
on
ly
if
a
som
ew
h
at
com
p
licated
ex
p
ressio
n

in
volv
in
g
d
erivatives
of
th
e
m
etric
is
eq
u
al
to
zero.
T
h
e
ex
ten
sio
n
to
m
o
re
th
a
n
tw
o

d
im
en
sion
s
w
as
carried
ou
t
b
y
G
eo
rg
F
ried
rich
B
ern
h
ard
R
iem
a
n
n
(1
826
-1
866
).
T
h
e

d
etails
of
th
e
G
au
ssian
cu
rvatu
re
an
d
th
e
R
iem
an
n
cu
rva
tu
re
ten
sor
are
b
eyo
n
d
th
e
lev
el

of
th
is
d
iscu
ssion
.



IN
T
R
O
D
U
C
T
IO
N
T
O

N
O
N
-E
U
C
L
ID
E
A
N
S
P
A
C
E
S

p
.
7

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
5
,
F
A
L
L
2
0
1
8

G
E
N
E
R
A
L
R
E
L
A
T
IV
IT
Y
:

A
s
I
h
ave
m
en
tion
ed
b
efore,
E
in
stein
's
th
eory
of
gen
eral
relativ
ity
is
n
oth
in
g
m
ore

n
or
less
th
an
a
th
eory
of
g
rav
ity.
W
h
en
E
in
stein
in
ven
ted
th
e
sp
ecial
th
eory
of
relativ
ity

in
1905,
h
e
realized
im
m
ed
iately
th
at
it
w
as
in
con
sisten
t
w
ith
N
ew
ton
's
th
eory
of
grav
ity.

T
h
e
in
con
sisten
cy
h
as
n
oth
in
g
in
p
articu
lar
to
d
o
w
ith
th
e
in
verse
sq
u
are
n
atu
re
of

th
e
fo
rce
law
,
an
d
it
can
n
ot
b
e
rem
ed
ied
b
y
sim
p
ly
m
o
d
ify
in
g
th
e
w
ay
th
at
th
e
force

d
ep
en
d
s
o
n
th
e
d
istan
ce.
R
ath
er,
th
e
in
con
sisten
cy
is
d
u
e
to
th
e
fact
th
at
N
ew
ton
's
law

of
grav
ity
a
ssu
m
es
th
at
th
e
force
b
etw
een
tw
o
b
o
d
ies
d
ep
en
d
s
in
stan
tan
eou
sly
on
th
e

d
istan
ce
b
etw
een
th
em
.
T
h
at
is,
to
d
eterm
in
e
th
e
force
d
u
e
to
b
o
d
y
B
actin
g
on
b
o
d
y
A

at
tim
e
t,
on
e
m
u
st
m
erely
k
n
ow
th
e
p
osition
of
th
e
tw
o
b
o
d
ies
at
tim
e
t.
H
ow
ever,
as
w
e

d
iscu
ssed
in
L
ectu
re
N
otes
1,
sp
ecial
relativ
ity
im
p
lies
th
at
th
e
sy
n
ch
ron
ization
of
clo
ck
s

d
ep
en
d
s
on
th
e
v
elo
city
of
th
e
ob
serv
er.
T
h
u
s,
tw
o
o
b
serv
ers
w
h
o
a
re
m
ov
in
g
relative
to

each
oth
er
w
ill
n
ot
agree
on
w
h
at
it
m
ean
s
to
m
easu
re
th
e
p
osition
s
of
A
an
d
B
at
th
e

sam
e
tim
e,
an
d
so
a
p
h
y
sically
m
ean
in
gfu
l
q
u
an
tity
like
a
force
can
n
ot
b
e
d
eterm
in
ed
b
y

th
ese
tw
o
p
osition
s.
If
sp
ecial
relativ
ity
is
correct,
th
en
N
ew
ton
's
law
of
grav
ity
m
u
st
b
e

m
o
d
i�
ed
.

T
h
e
id
ea
o
f
a
n
a
ction
-at-a-d
istan
ce
th
eory
is
n
ot
com
p
letely
ru
led
ou
t
b
y
sp
ecial

relativ
ity,
b
u
t
it
is
very
d
iÆ
cu
lt
to
form
u
la
te
su
ch
a
th
eory.
T
h
e
electrom
agn
etic
force

of
on
e
ch
arged
p
article
actin
g
on
an
oth
er
can
b
e
ex
p
ressed
b
y
an
action
-at-a-d
istan
ce

law
,
b
u
t
it
is
rath
er
com
p
licated
.
(T
h
e
force
law
is
stated
,
for
ex
am
p
le,
in
T
h
e
F
ey
n
m
a
n

L
ectu
res
o
n
P
h
y
sics,
V
olu
m
e
1
,
b
y
R
.P
.
F
ey
n
m
an
,
R
.B
.
L
eigh
ton
,
an
d
M
.
S
an
d
s.)
T
h
e

fo
rce
o
n
ch
arge
A
at
tim
e
t
d
o
es
n
ot
d
ep
en
d
on
th
e
p
osition
of
ch
arge
B

at
tim
e
t,

b
u
t
in
stead
d
ep
en
d
s
on
th
e
p
osition
(an
d
v
elo
city,
an
d
acceleration
!)
of
ch
arge
B
at
a

retard
ed
tim
e
t
0.
T
h
e
tim
e
t
0

is
d
eterm
in
ed
b
y
th
e
ru
le
th
at
a
ligh
t
p
u
lse
(m
ov
in
g
at

sp
eed
c)
ca
n
ju
st
b
a
rely
travel
from
B
to
A
in
th
e
tim
e
in
terval
from
t
0
to
t,
as
illu
strated

in
th
e
follow
in
g
d
iagram
:

F
ig
u
r
e
5
.5
:
D
e�
n
ition
of
th
e
retard
ed
tim
e
t
0.
T
h
e
electrom
agn
etic
force
on
p
article

A
a
t
tim
e
t,
d
u
e
to
p
article
B
,
can
b
e
ex
p
ressed
in
term
s
of
th
e
p
osition
,
v
elo
city,
an
d

acceleration
of
ch
arge
B
at
th
e
retard
ed
tim
e
t
0.
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T
w
o
d
i�
eren
t
ob
serv
ers
w
ill
agree
w
h
en
th
is
rela
tion
sh
ip
is
m
et,
sin
ce
th
ey
a
gree

on
w
h
at
it
m
ean
s
for
a
tra
jectory
to
m
ove
at
th
e
sp
eed
of
ligh
t.
H
ow
ever,
th
e
tw
o

ob
servers
w
ill
m
easu
re
d
i�
eren
t
va
lu
es
for
th
e
p
ositio
n
s,
v
elo
cities,
a
n
d
acceleration
s,
an
d

it
req
u
ires
a
very
com
p
licated
fo
rce
law
su
ch
th
at
b
oth
o
b
serv
ers
w
ill
con
clu
d
e
th
at
th
e

law
is
satis�
ed
.

T
h
e
sim
p
lest
w
ay
to
form
u
late
electrom
ag
n
etic
th
eo
ry
is
to
av
oid
a
ction
-a
t-a-d
istan
ce

forces,
b
u
t
in
stead
to
u
se
th
e
co
n
cep
t
of
a
�
eld
.
T
h
e
electric
an
d
m
a
gn
etic
�
eld
s
a
re
each

d
e�
n
ed
at
all
p
oin
ts
in
sp
ace,
an
d
a
ch
arg
ed
p
a
rticle
in
teracts
o
n
ly
w
ith
th
e
�
eld
s
at
th
e

lo
cation
of
th
e
p
article.
T
h
e
ev
olu
tion
of
th
e
�
eld
s
is
govern
ed
b
y
M
a
x
w
ell's
eq
u
atio
n
s.

T
h
ese
eq
u
ation
s
allow
in
form
a
tion
a
b
o
u
t
th
e
ch
an
gin
g
p
o
sition
of
a
p
article
to
p
rop
aga
te

in
th
e
form
of
w
aves
w
h
ich
travel
a
t
th
e
sp
eed
o
f
ligh
t.

G
en
eral
relativ
ity
is
also
a
th
eory
of
�
eld
s,
sim
ilar
in
ty
p
e
to
th
e
M
ax
w
ell
th
eory
o
f

electrom
agn
etism
.
In
th
e
case
o
f
gen
eral
relativ
ity
th
ere
is
n
o
k
n
ow
n
actio
n
-at-a-d
ista
n
ce

form
alism
.
T
h
e
\�
eld
s"
w
h
ich
are
in
vo
lv
ed
in
g
en
era
l
relativ
ity
a
re
o
f
cou
rse
n
ot
th
e

electric
an
d
m
agn
etic
�
eld
s
o
f
th
e
M
ax
w
ell
th
eory.
T
h
e
�
eld
s
of
gen
eral
relativ
ity
are
in

fact
th
e
m
etric
fu
n
ction
s
d
e�
n
ed
earlier.
S
p
ace
an
d
tim
e
m
u
st
b
e
co
n
sid
ered
to
geth
er,
a
n
d

it
is
th
e
m
etric
fu
n
ction
s
o
n
th
is
\sp
acetim
e"
w
h
ich
a
re
th
e
�
eld
s
th
at
g
en
era
l
relativ
ity

u
ses
to
d
escrib
e
grav
itation
.
W
e
w
ill
see
later
th
at
in
th
is
cu
rv
ed
(i.e.,
n
o
n
-E
u
clid
ea
n
)

sp
acetim
e,
a
freely
fallin
g
p
article
is
assu
m
ed
to
travel
alon
g
a
geo
d
esic.
T
h
e
attractiv
e

e�
ect
of
grav
ity
th
en
ap
p
ears
sim
p
ly
as
a
d
istortio
n
o
f
sp
acetim
e.

T
H
E
S
U
R
F
A
C
E
O
F
A

S
P
H
E
R
E
:

A
s
m
en
tion
ed
ab
ove,
th
e
su
rfa
ce
of
a
sp
h
ere
em
b
ed
d
ed
in
a
th
ree-d
im
en
sion
al
E
u
-

clid
ean
sp
ace
is
a
p
erfectly
g
o
o
d
ex
am
p
le
of
a
n
on
-E
u
clid
ea
n
g
eo
m
etry.
In
o
rd
er
to

d
evelop
som
e
of
th
e
tech
n
iq
u
es
of
n
on
-E
u
clid
ean
geo
m
etry,
w
e
b
eg
in
b
y
stu
d
y
in
g
th
is

fam
iliar
sy
stem
.
S
in
ce
th
e
th
ree-d
im
en
sion
al
em
b
ed
d
in
g
sp
ace
is
E
u
clid
ea
n
,
w
e
can
u
se

ou
r
k
n
ow
led
ge
of
E
u
clid
ean
geo
m
etry
to
learn
a
b
o
u
t
th
e
n
on
-E
u
clid
ea
n
tw
o-d
im
en
sio
n
a
l

geom
etry
of
th
e
su
rface
o
f
th
e
sp
h
ere.
B
ew
a
re,
h
ow
ever,
th
at
n
ot
a
ll
tw
o-d
im
en
sio
n
a
l

cu
rved
su
rfaces
can
b
e
em
b
ed
d
ed
in
a
th
ree-d
im
en
sion
al
E
u
clid
ean
sp
ace.

T
h
e
su
rface
of
th
e
sp
h
ere
can
b
e
d
escrib
ed
b
y
u
sin
g
C
artesian
co
o
rd
in
ates
(x
;y
;z
)
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p
.
9

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
5
,
F
A
L
L
2
0
1
8

in
th
e
th
ree-d
im
en
sion
al
sp
ace,
in
w
h
ich
case
th
e
su
rface
is
giv
en
b
y
:

F
ig
u
r
e
5
.6
:
A
sp
h
ere
in
C
artesian

co
ord
in
ates.

x
2
+
y
2
+
z
2
=
R
2
;

(5.6)

w
h
ere
R
is
th
e
rad
iu
s
o
f
th
e
sp
h
ere.
W
e
n
ow
w
an
t
to
tak
e
seriou
sly
th
e
n
otion
th
at
th
e

tw
o-d
im
en
sion
al
sp
ace
of
th
e
su
rface
d
e�
n
es
a
tw
o-d
im
en
sion
al
geom
etry
w
ith
\in
n
er"

p
rop
erties
th
at
are
in
d
ep
en
d
en
t
of
th
e
ex
isten
ce
of
th
e
th
ird
d
im
en
sion
.
W
e
tak
e
th
e

p
oin
t
o
f
v
iew
th
at
th
e
th
ird
d
im
en
sion
h
as
b
een
in
tro
d
u
ced
on
ly
as
an
aid
in
v
isu
alizin
g

th
e
tw
o-d
im
en
sion
al
su
rface.
T
h
is
th
ird
d
im
en
sion
can
of
cou
rse
b
e
u
sefu
l,
b
ecau
se
in

th
e
th
ree-d
im
en
sion
al
p
ictu
re
th
e
p
rop
erties
of
h
om
ogen
eity
an
d
isotrop
y
are
ob
v
iou
s.

(R
ecall
h
ere
th
at
h
om
ogen
eity
an
d
isotrop
y
refer
to
p
rop
erties
of
th
e
tw
o
-d
im
e
n
sio
n
a
l

sp
ace.
H
om
ogen
eity
m
ean
s
th
at
all
p
oin
ts
on
th
e
su
rface
of
th
e
sp
h
ere
are
eq
u
ivalen
t.

Isotrop
y
m
ea
n
s
th
a
t
if
a
tw
o-d
im
en
sion
al
creatu
re
liv
in
g
in
th
e
tw
o-d
im
en
sion
al
su
rface

w
ere
to
lo
ok
in
all
d
irection
s
w
ith
in
th
e
tw
o-d
im
en
sion
al
su
rface,
h
e
w
ou
ld
see
th
e
sam
e

th
in
g
in
all
d
irection
s.)

In
ord
er
to
d
escrib
e
th
e
tw
o-d
im
en
sion
al
w
orld
w
ith
ou
t
referen
ce
to
th
e
th
ird
d
im
en
-

sion
,
it
is
u
sefu
l
to
in
tro
d
u
ce
a
tw
o-d
im
en
sion
al
co
ord
in
ate
sy
stem
.
T
h
e
m
ost
n
atu
ral

ch
oice
is
to
u
se
th
e
u
su
al
an
gu
lar
variab
les
�
an
d
�
,
a
s
sh
ow
n
in
F
ig.
5.7.

F
rom
th
e
d
iagram
w
e
can
see
th
at
x
,
y
,
a
n
d
z
can
b
e
ex
p
ressed
as

x
=
R
sin
�
cos
�

y
=
R
sin
�
sin
�

z
=
R
cos
�
;

(5.7)

w
h
ere
�
ru
n
s
from
0
to
�
a
n
d
�
ru
n
s
from
0
to
2
�
.
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2
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F
ig
u
r
e
5
.7
:
S
p
h
erica
l
p
olar
co
ord
in
ates
for
th
e
su
rfaces
of
a
sp
h
ere.

F
ig
u
r
e
5
.8
:
V
aria
tion
of
�
in
sp
h
erical
p
o
la
r
co
o
rd
in
ates:
d
s
=
R
d
�.

T
o
d
escrib
e
th
e
in
n
er
p
ro
p
erties
of
th
is
tw
o-d
im
en
sion
al
sp
ace,
w
e
m
u
st
w
rite
d
ow
n

an
ex
p
ression
for
th
e
m
etric.
T
h
a
t
is,
w
e
n
eed
a
n
ex
p
ressio
n
for
th
e
d
ista
n
ce
d
s
b
etw
een

tw
o
p
oin
ts
on
th
e
su
rface
la
b
elled
b
y
(�;�
)
an
d
(�
+
d
�;�
+
d
�
).
It
is
h
elp
fu
l
to
th
in
k

ab
ou
t
vary
in
g
�
an
d
�
on
e
a
t
a
tim
e.
A
s
�
is
in
creased
,
th
e
p
o
in
t
m
oves
a
d
ista
n
ce
R
d
�

tow
ard
th
e
sou
th
(w
h
ere
I
a
m
u
sin
g
th
e
p
ositiv
e
z-ax
is
to
d
e�
n
e
a
N
orth
p
o
le),
a
s
can
b
e

seen
in
F
ig.
5.8.

W
h
en
�
is
in
creased
,
th
e
p
o
in
t
m
oves
tow
ard
th
e
east,
tracin
g
ou
t
a
circle
at
con
sta
n
t

latitu
d
e.
T
h
e
rad
iu
s
of
th
e
circle
is
R
sin
�,
a
n
d
so
th
e
d
ista
n
ce
m
ov
ed
is
g
iven
b
y

R
sin
�
d
�
,
a
s
sh
ow
n
in
th
e
F
ig.
5
.9.
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.
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L
E
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R
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N
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F
A
L
L
2
0
1
8

F
ig
u
r
e
5
.9
:
V
a
ria
tio
n
o
f
�
in
sp
h
erical
p
olar
co
ord
in
ates:
d
s
=
R
sin
�
d
�
.

S
in
ce
th
ese
tw
o
d
isp
lacem
en
ts
are
in
o
rth
ogon
al
d
irection
s,
th
e
total
d
istan
ce
is
giv
en

b
y
th
e
P
y
th
agorean
th
eorem
:d

s
2
=
R
2 �d
�
2
+
sin
2
�
d
�
2 �
:

(5.8)

E
q
.
(5
.8
)
d
escrib
es
th
e
m
etric
o
f
th
e
tw
o-d
im
en
sion
al
sp
ace.

If
on
e
w
ish
es
to
avoid
th
e
p
ictu
res,
on
e
can
also
d
eriv
e
E
q
.
(5.8)
d
irectly
from

E
q
s.
(5.7),
b
y
w
ritin
g

d
x
=
@
x

@
�
d
�
+
@
x

@
�
d
�
=
R
co
s
�
cos
�
d
��
R
sin
�
sin
�
d
�
;

d
y
=
@
y

@
�
d
�
+
@
y

@
�
d
�
=
R
cos
�
sin
�
d
�
+
R
sin
�
cos
�
d
�
;

an
d

d
z
=
@
z

@
�
d
�
+
@
z

@
�
d
�
=
�
R
sin
�
d
�
:

(5.9)

T
h
ese
ex
p
ression
s
can
th
en
b
e
su
b
stitu
ted
in
to

d
s
2
=
d
x
2
+
d
y
2
+
d
z
2
;

(5.10)

an
d
after
som
e
algeb
ra
in
volv
in
g
rep
eated
u
se
o
f
th
e
id
en
tity
sin
2
�
+
cos
2
�
=
1,
on
e

again
ob
tain
s
E
q
.
(5.8).
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p
.
1
2

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
5
,
F
A
L
L
2
0
1
8

A

C
L
O
S
E
D

T
H
R
E
E
-D
IM
E
N
S
IO
N
A
L
S
P
A
C
E
:

T
h
e
g
oal
h
ere
is
to
u
se
th
e
sa
m
e
tech
n
iq
u
es
to
d
escrib
e
a
closed
th
ree-d
im
en
sion
a
l

sp
ace.
T
h
is
sp
ace
w
ill
b
e
h
om
og
en
eou
s
a
n
d
iso
trop
ic,
a
n
d
it
w
ill
h
av
e
a
�
n
ite
vo
lu
m
e

b
u
t
n
o
b
ou
n
d
ary.
S
in
ce
th
e
sp
ace
is
h
o
m
ogen
eou
s
an
d
iso
tro
p
ic,
it
is
a
can
d
id
ate
for
th
e

sp
ace
in
w
h
ich
w
e
live.

T
o
d
erive
a
m
etric
for
th
e
th
ree-d
im
en
sion
al
sp
ace,
on
e
sim
p
ly
rep
ea
ts
th
e
step
s

carried
ou
t
ab
ove
w
ith
on
e
a
d
d
ition
al
d
im
en
sion
.
O
n
e
b
egin
s
th
erefo
re
in
a
E
u
clid
ean

sp
ace
w
ith
fou
r
d
im
en
sion
s,
a
n
d
h
en
ce
w
ith
fou
r
C
a
rtesian
co
ord
in
a
tes
w
h
ich
I
w
ill
ca
ll

(x
;y
;z
;w
).
T
h
e
su
rface
of
a
sp
h
ere
in
th
is
fo
u
r-d
im
en
sion
al
sp
ace
is
th
en
d
escrib
ed
b
y

th
e
eq
u
ation

x
2
+
y
2
+
z
2
+
w
2
=
R
2
:

(5.11)

N
ote
th
at
th
e
su
rface
of
th
e
sp
h
ere
is
a
th
ree-d
im
en
sion
al
sp
a
ce,
sin
ce
it
can
b
e
d
escrib
ed

b
y
th
ree
co
ord
in
ates.

T
o
ex
p
licitly
d
escrib
e
th
e
su
rface
b
y
th
ree
co
ord
in
ates,
o
n
e
can
in
tro
d
u
ce
o
n
e
m
o
re

an
gu
lar
variab
le
in
ad
d
ition
to
�
a
n
d
�
.
W
e
th
erefore
in
tro
d
u
ce
 
,
w
h
ich
w
ill
rep
resen
t

th
e
an
gle
b
etw
een
th
e
p
oin
t
b
ein
g
d
escrib
ed
an
d
th
e
w
-ax
is.
S
in
ce
 
m
easu
res
th
e
a
n
g
le

from
an
ax
is,
lik
e
�
it
ran
ges
fro
m
0
to
�
.
O
n
e
ca
n
th
en
lo
o
k
a
t
th
e
p
oin
t
p
ro
jected
in
to

th
e
x
-y
-z
su
b
sp
ace
an
d
d
e�
n
e
th
e
variab
les
�
a
n
d
�
as
w
e
d
id
a
b
ov
e.
(B
y
\
p
ro
ject
in
to

th
e
x
-y
-z
su
b
sp
ace",
I
sim
p
ly
m
ea
n
to
ign
o
re
th
e
w
-co
ord
in
ate.)
P
icto
rially
o
n
e
w
ou
ld

d
ep
ict
 
as

F
ig
u
r
e
5
.1
0
:
T
h
e
n
ew
an
gu
lar
variab
le
 
,
w
h
ich
m
easu
res

th
e
a
n
gle
fro
m
th
e
w
-ax
is.

an
d
in
term
s
of
eq
u
ation
s
it
can
b
e
ex
p
ressed
as

x
=
R
sin
 
sin
�
co
s
�

y
=
R
sin
 
sin
�
sin
�

z
=
R
sin
 
cos
�

w
=
R
co
s
 
;

(5
.12
)
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w
h
ere

0�
 
�
�
;
0�
��
�
;
0�
�
�
2
�
;

(5.13)

an
d
�
=
0
is
id
en
ti�
ed
w
ith
�
=
2
�
.

S
in
ce
th
e
co
ord
in
ate
sy
stem
is
to
d
escrib
e
th
e
su
rface,
som
e
p
o
in
t
on
th
e
su
rface
h
as

to
b
e
ch
osen
to
b
e
th
e
origin
of
th
e
co
ord
in
ate
sy
stem
.
F
o
r
th
e
tw
o-d
im
en
sion
al
sp
h
erical

su
rface
of
th
e
last
section
,
w
e
can
con
sid
er
th
e
n
orth
p
o
le
to
b
e
th
e
cen
ter,
an
d
th
en
�
is

th
e
rad
ial
co
ord
in
ate
th
at
m
easu
res
th
e
d
istan
ce
from
th
e
cen
ter.
H
ere
w
e
are
ch
o
osin
g

th
e
cen
ter
of
ou
r
co
ord
in
ate
sy
stem
to
b
e
th
e
p
ositiv
e
w
-ax
is,
w
h
ich
w
e
w
ill
also
d
escrib
e

as
th
e
\
n
orth
p
ole".
T
h
e
co
ord
in
ates
of
th
e
n
orth
p
ole
in
th
e
fou
r-d
im
en
sion
alem
b
ed
d
in
g

sp
ace
are
(x
=
0
;
y
=
0
;
z
=
0
;
w
=
R
).
In
th
e
p
olar
co
ord
in
ate
sy
stem
th
e
n
orth
p
ole
is

d
escrib
ed
b
y
 
=
0,
a
n
d
th
e
d
istan
ce
from
th
e
n
orth
p
ole
is
giv
en
b
y
R
 
.
T
h
u
s
 
p
lay
s

th
e
role
o
f
th
e
rad
ial
co
ord
in
ate
in
th
is
sy
stem
.

T
o
d
erive
th
e
m
etric,
on
e
cou
ld
p
ro
ceed
p
u
rely
algeb
raically
alon
g
th
e
lin
es
of

E
q
.
(5.9)
ab
ov
e,
or
on
e
cou
ld
u
se
th
e
geom
etric
argu
m
en
ts
w
h
ich
w
ere
u
sed
to
m
oti-

vate
E
q
.
(5.8).
F
or
th
e
geom
etric
ap
p
roach
,
on
e
n
otes
th
at
a
variation
from
 
to
 
+
d
 

resu
lts
in
a
d
isp
lacem
en
t
b
y
a
d
istan
ce
R
d
 
.
A
variation
in
�
or
�
resu
lts
in
a
d
isp
lace-

m
en
t
con
tain
ed
en
tirely
w
ith
in
th
e
x
-y
-z
th
ree-sp
ace;
d
s
2
is
giv
en
b
y
E
q
.
(5.8)
tim
es
an

overall
factor
of
sin
2
 
d
u
e
to
th
e
fact
th
at
th
e
rad
iu
s
in
th
e
x
-y
-z
sp
ace
is
given
b
y

r
sin
 
.
A
ssu
m
in
g
th
at
th
ese
tw
o
d
isp
lacem
en
ts
are
o
rth
ogon
al
to
each
oth
er,
th
e
m
etric

can
b
e
w
ritten
as

d
s
2
=
R
2 �d
 
2
+
sin
2
 �d
�
2
+
sin
2
�
d
�
2 ��
:

(5.14)

T
o
com
p
lete
th
e
ju
sti�
cation
of
E
q
.
(5.14),
w
e
sh
ou
ld
v
erify
th
at
th
e
in
�
n
itesim
al

d
isp
lacem
en
t
o
f
th
e
p
oin
t
w
h
en
 
is
varied
is
orth
ogon
al
to
th
e
d
isp
lacem
en
t
cau
sed
b
y

in
�
n
itesim
al
va
ria
tio
n
o
f
�
or
�
.
T
o
see
th
is,
let
u
s
u
se
v
ector
n
otation
~r�
(x
;y
;z
;w
)
to

d
escrib
e
th
e
fou
r-d
im
en
sion
al
sp
ace.
T
h
en
,
as
 
is
varied
from
 
to
 
+
d
 
,
th
e
v
ector

~r
varies
from
~r
to
~r
+
d
~r
 
,
w
h
ere
w
e
can
see
from
E
q
.
(5.12)
th
at

d
~r
 

= �
@
x

@
 
;
@
y

@
 
;
@
z

@
 
;
@
w

@
 �
d
 

=
R
cos
 
(sin
�
cos
�
;sin
�
sin
�
;cos
�;0)
d
 
�
R
sin
 
(0
;0
;0
;1)
d
 
:

(5.15)

N
ote
th
a
t
th
e
com
p
on
en
ts
in
th
e
x
-y
-z
su
b
sp
ace
are
p
rop
ortion
al
to
(x
;y
;z
)
=

R
sin
 
(sin
�
cos
�
;sin
�
sin
�
;cos
�),
so
w
ith
in
th
is
su
b
sp
ace
th
e
v
ector
p
oin
ts
rad
ially
ou
t-

w
ard
from
th
e
origin
.
S
im
ilarly,
as
�
is
varied
from
�
to
�
+
d
�,
~r
varies
from
~r
to
~r
+
d
~r
� ,

w
h
ere

d
~r
�
= �
@
x

@
�
;
@
y

@
�
;
@
z

@
�
;
@
w@

� �
d
�

=
R
sin
 
(cos
�
co
s
�
;cos
�
sin
�
;�
sin
�;0
)
:

(5.16)
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T
h
is
tim
e
th
ere
is
n
o
w
-com
p
o
n
en
t,
an
d
w
e
k
n
ow
th
a
t
va
ry
in
g
�
d
o
es
n
ot
ch
an
ge
x
2
+
y
2
+

z
2,
a
n
d
th
erefore
th
e
com
p
o
n
en
ts
w
ith
in
th
e
x
-y
-z
su
b
sp
ace
m
a
k
e
a
tan
gen
tial
vecto
r.

S
in
ce
a
tan
gen
tial
vector
is
o
rth
o
gon
al
to
a
rad
ial
v
ecto
r,
it
follow
s
th
a
t
d
~r
 

�
d
~r
�

=

0,
w
h
ich
is
w
h
at
w
e
w
an
ted
to
p
rov
e.
T
h
e
g
eo
m
etrical
a
rg
u
m
en
t
is
ea
sily
v
eri�
ed
b
y

straigh
tforw
ard
calcu
lation
:

d
~r
 �d
~r
�
=
R
2
sin
 
co
s
 
[sin
�
cos
�
cos
2
 

+
sin
�
co
s
�
sin
2
��
sin
�
co
s
�
+
0]
=
0
:

(5.17)

A
sim
ilar
argu
m
en
t
g
u
aran
tees
th
at
d
~r
 

is
also
o
rth
ogon
al
to
d
~r
�
,
so
th
e
ju
sti�
ca
tion
o
f

E
q
.
(5.14)
is
com
p
lete.

R
em
em
b
er
th
at
th
e
co
o
rd
in
ate
sy
stem
th
at
o
n
e
u
ses
to
d
escrib
e
a
cu
rv
ed
sp
a
ce
is

totally
arb
itrary.
A
n
oth
er
ch
o
ice
th
at
is
freq
u
en
tly
u
sed
to
d
escrib
e
th
is
sp
ace
is
to

rep
lace
 
b
y

u
�
sin
 
:

(5.18)

N
ote
th
at
u
is
d
ou
b
le-valu
ed
:
a
s
 
varies
ov
er
its
ra
n
ge
fro
m
0
to
�
,
u
va
ries
from
0
to
1

an
d
th
en
d
ecreases
b
ack
to
0.
T
h
e
n
ew
m
etric
ca
n
th
en
b
e
fou
n
d
b
y
n
otin
g
th
at

d
u
=
cos
 
d
 
= p
1�
u
2
d
 
;

(5.19a
)

an
d
so

d
 
2
=

d
u
2

1�
u
2

;

(5
.19
b
)

an
d
th
en

d
s
2
=
R
2 �
d
u
2

1�
u
2
+
u
2 �d
�
2
+
sin
2
�
d
�
2 � �
:

(5.2
0)

In
th
ese
co
o
rd
in
ates
it
is
p
articu
larly
ea
sy
to
see
th
at
in
a
sm
all
region
ab
ou
t
th
e
o
rig
in
,

i.e.,
forjuj�
1,
th
e
u
2
in
th
e
d
en
om
in
ato
r
can
b
e
ign
ored
,
a
n
d
th
e
m
etric
b
ecom
es
th
e

m
etric
for
E
u
clid
ean
sp
ace
in
sp
h
erical
p
olar
co
o
rd
in
ates.
T
h
is
is
ju
st
an
ex
am
p
le
o
f

th
e
gen
eral
p
rin
cip
le
in
tro
d
u
ced
b
y
G
au
ss:
as
lon
g
as
d
s
2

is
ex
p
ressed
a
s
a
q
u
ad
ratic

fu
n
ction
of
th
e
co
ord
in
ate
d
i�
eren
tials,
th
en
in
a
n
y
in
�
n
itesim
al
reg
io
n
it
is
p
o
ssib
le
to

�
n
d
co
ord
in
ates
for
w
h
ich
th
e
m
etric
is
E
u
clid
ea
n
.

T
h
e
geom
etry
of
th
is
sp
a
ce
w
ill
b
e
p
u
rsu
ed
fu
rth
er
in
th
e
n
ex
t
p
rob
lem
set.
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.
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L
E
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R
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,
F
A
L
L
2
0
1
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IM
P
L
IC
A
T
IO
N
S
O
F
G
E
N
E
R
A
L
R
E
L
A
T
IV
IT
Y
:

E
q
s.
(5.14)
or
(5.20)
d
escrib
e
a
cu
rv
ed
th
ree-d
im
en
sion
al
sp
ace
w
h
ich
is
�
n
ite
b
u
t

w
ith
ou
t
b
ou
n
d
ary.
T
h
e
len
gth
scale
of
th
is
sp
ace
is
d
escrib
ed
b
y
th
e
p
aram
eter
R
,
w
h
ich

can
h
av
e
a
n
y
valu
e.
S
in
ce
R
corresp
on
d
s
to
th
e
rad
iu
s
of
th
e
sp
h
ere
as
em
b
ed
d
ed
in
th
e

fou
r-d
im
en
sion
al
sp
ace,
w
e
w
ill
refer
to
R
as
th
e
rad
iu
s
of
cu
rvatu
re
of
th
e
sp
ace.

S
in
ce
g
en
eral
relativ
ity
d
escrib
es
grav
ity
as
a
d
istortion
of
th
e
sp
acetim
e
m
etric,

h
ow
ev
er,
o
n
e
m
ig
h
t
ex
p
ect
th
at
th
e
d
y
n
am
ics
o
f
g
en
eral
relativ
ity
w
ou
ld
d
eterm
in
e
th
e

cu
rvatu
re
of
th
e
sp
ace,
an
d
h
en
ce
d
eterm
in
e
th
e
q
u
an
tity
R
.
T
h
e
calcu
lation
s
are
b
ey
on
d

th
ese
lectu
res,
b
u
t
th
e
resu
lt
is
sim
p
le.
G
en
eral
relativ
ity
req
u
ires
th
at
th
e
geom
etry

o
f
th
e
u
n
iverse
b
e
n
on
-E
u
clid
ean
,
ex
cep
t
for
th
e
sp
ecial
case
in
w
h
ich
th
e
p
aram
eter
k

d
e�
n
ed
in
L
ectu
re
N
otes
3
is
zero.
T
h
is
is
w
h
y
th
e
k
=
0
m
o
d
el
is
called

at.
W
h
en

k
>
0,
w
h
ich
w
e
h
ave
b
een
callin
g
a
closed
u
n
iv
erse,
gen
eral
relativ
ity
req
u
ires
th
at
th
e

geom
etry
b
e
a
closed
th
ree-d
im
en
sion
al
sp
ace,
as
d
escrib
ed
b
y
th
e
m
etric
of
E
q
s.
(5.14)

or
(5.20).
T
h
u
s,
if
g
rav
ity
is
stron
g
en
ou
gh
to
cau
se
th
e
u
n
iv
erse
to
recollap
se,
th
en
it
is

also
stron
g
en
ou
gh
to
cu
rv
e
th
e
u
n
iv
erse
b
ack
on
itself
to
create
a
u
n
iv
erse
th
at
is
�
n
ite

b
u
t
u
n
b
ou
n
d
ed
.*

U
sin
g
N
ew
ton
ian
argu
m
en
ts,
w
e
h
ave
a
lread
y
calcu
lated
h
ow
th
e
size
of
th
e
m
o
d
el

u
n
iverse
ch
an
ges
w
ith
tim
e,
p
rop
ortion
al
to
th
e
scale
factor
a
(t).
T
h
e
F
ried
m
an
n
eq
u
a-

tion
s
th
at
w
e
ob
tain
ed
are
id
en
tical
to
th
e
p
red
iction
s
o
f
g
en
eral
relativ
ity,
so
th
e
size

o
f
th
e
u
n
iverse
w
ill
b
e
p
rop
ortion
al
to
th
e
scale
factor
a
(t)
th
at
w
e
alread
y
calcu
lated
.

F
or
th
e
closed
u
n
iv
erse
geom
etry,
h
ow
ev
er,
th
e
size
of
th
e
u
n
iv
erse
is
p
rop
ortion
al
to

th
e
rad
iu
s
of
cu
rvatu
re
R
,
so
con
sisten
cy
req
u
ires
th
at
R
m
u
st
b
e
p
rop
ortion
al
to
a
(t).

F
u
rth
erm
ore,
w
e
recall
th
at
th
e
va
lu
e
of
a
(t)
d
ep
en
d
s
on
th
e
size
of
th
e
\n
otch
."
T
h
e

ra
d
iu
s
o
f
cu
rva
tu
re
R
,
h
ow
ev
er,
is
a
p
h
y
sical
len
gth
th
at
m
u
st
b
e
m
easu
red
in
p
h
y
sical

d
istan
ce
u
n
its,
su
ch
a
s
m
eters.
T
h
u
s,
d
im
en
sion
al
con
sisten
cy
req
u
ires
th
at
R
(t)
to
b
e

p
rop
ortion
al
to
a
(t)= p
k
,
w
h
ich
a
lso
h
as
th
e
u
n
its
of
p
h
y
sical
len
gth
.
T
h
e
con
stan
t
of

p
rop
ortion
ality
is
�
x
ed
b
y
th
e
d
etails
of
gen
eral
relativ
ity,
b
u
t
th
e
an
sw
er
is
th
at
th
e

con
stan
t
o
f
p
rop
ortion
ality
is
1
:

R
2(t)
=
a
2(t)

k

:

(5.21)

A
lth
ou
gh
th
e
q
u
an
tity
a
2(t)=
k
h
as
b
een
d
escrib
ed
in
th
e
con
tex
t
of
a
p
u
rely
N
ew
ton
ian

ca
lcu
la
tio
n
,
th
e
sp
eed
o
f
lig
h
t
w
as
in
serted
in
to
th
e
d
e�
n
ition
of
k
,
w
h
ich
w
as
given
b
y

E
q
.
(3.30)
as

k
=
�
2
Ec

2

;

w
h
ere
E
=
12

_a
2�
4
�3
G
�
i

a

:

*
W
a
rn
in
g
:
th
e
sim
p
le
co
rresp
o
n
d
en
ce
b
etw
een
th
e
closu
re
of
th
e
u
n
iv
erse
in
tim
e
an
d

th
e
closu
re
of
th
e
u
n
iv
erse
in
sp
ace
h
old
s
for
m
atter-d
om
in
ated
u
n
iv
erses,
an
d
ev
en
for

u
n
iverses
con
tain
in
g
arb
itrary
m
ix
es
of
m
atter
an
d
rad
iation
.
H
ow
ever,
w
h
en
w
e
ex
p
lore

th
e
con
seq
u
en
ces
of
a
n
on
zero
cosm
ological
con
stan
t
in
L
ectu
re
N
otes
7,
w
e
w
ill
�
n
d

th
a
t
th
e
rela
tio
n
n
o
lo
n
g
er
h
o
ld
s.
U
n
iverses
w
h
ich
are
sp
atially
closed
m
igh
t
n
on
eth
eless

ex
p
an
d
forev
er,
an
d
u
n
iv
erses
w
h
ich
are
sp
atially
o
p
en
m
igh
t
n
on
eth
eless
recollap
se.
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T
h
u
s
E
q
.
(5.21)
can
b
e
w
ritten
as

R
2(t)
=
a
2(t)c
2

2
E

;

w
h
ich
sh
ow
s
th
at
cu
rvatu
re
is
ex
p
licitly
a
relativ
istic
e�
ect.
In
th
e
n
o
n
relativ
istic
lim
it

w
h
ere
c
b
ecom
es
in
�
n
itely
larg
e
co
m
p
ared
to
a
ll
oth
er
v
elo
cities,
R
(t)
w
ill
ap
p
roa
ch
in
-

�
n
ity.
T
h
u
s
in
th
e
n
on
relativ
istic
lim
it
th
e
rad
iu
s
of
cu
rvatu
re
of
th
e
u
n
iv
erse
ap
p
roa
ch
es

in
�
n
ity,
so
th
e
sp
ace
b
ecom
es
clo
ser
an
d
closer
to
E
u
clid
ea
n
.
(N
o
te
th
at
th
e
su
rface
o
f
a

sp
h
ere
of
in
�
n
ite
rad
iu
s
is
actu
a
lly
a
p
lan
e.)

O
n
e
can
th
en
rew
rite
th
e
eq
u
ation
s
of
ev
olu
tion
in
term
s
of
R
(t).
U
sin
g

H
2
= 8>:
_aa 9>;
2

=
8
�3

G
��
k
c
2

a
2

(5
.22
)

from
E
q
s.
(3.25)
an
d
(3.31),
o
n
e
h
a
s

H
2
= 8>>>:
_RR 9>>>;
2

=
8
�3

G
��
c
2

R
2

:

(5.2
3)

T
o
ex
p
ress
th
e
valu
e
of
R
(t)
in
term
s
of
ob
servab
les,
on
e
can
rep
lace
�
b
y


�
c
,
w
h
ere
�
c

is
given
b
y
3
H
2=(8
�
G
)
as
in
E
q
.
(3.3
3).
O
n
e
th
en
h
as

R
=

cH
�
1

p


�
1
;

(5
.24
)

w
h
ich
is
th
e
sam
e
as
E
q
.
(4.32).
N
o
te
th
at
as


b
eco
m
es
closer
to
on
e
(ap
p
roa
ch
in
g

from
ab
ove),
R
(t)
b
ecom
es
la
rger
an
d
la
rger,
so
th
e
sp
ace
b
ecom
es
closer
an
d
closer
to

E
u
clid
ean
.
In
ad
d
ition
,
E
q
.
(5
.2
4)
sh
ow
s
ex
p
licitly
th
at
R
(t)
is
p
rop
ortion
al
to
c,
as
w
e

d
iscu
ssed
in
th
e
p
rev
iou
s
p
ara
g
rap
h
.
T
h
u
s,
if
th
e
sp
eed
of
lig
h
t
is
taken
to
b
e
in
�
n
itely

larger
th
an
all
oth
er
velo
cities,
th
en
a
gain
th
e
sp
a
ce
b
ecom
es
E
u
clid
ean
.
C
u
rvatu
re
is

th
erefore
a
relativ
istic
e�
ect.

T
H
E
R
O
B
E
R
T
S
O
N
-W
A
L
K
E
R

F
O
R
M

O
F
T
H
E
M
E
T
R
IC
:

W
h
en
E
q
.
(5.21)
is
su
b
stitu
ted
in
to
E
q
.
(5.20),
th
e
resu
ltin
g
m
etric
is
g
iv
en
b
y

d
s
2
=
a
2(t)

k

�
d
u
2

1�
u
2
+
u
2 �d
�
2
+
sin
2
�
d
�
2 � �
;

(5.25)
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w
h
ich
is
a
little
m
ore
com
p
licated
th
an
n
ecessary.
It
is
con
ven
ien
t
to
rep
lace
th
e
rad
ial

co
ord
in
ate
u
(w
h
ere
u�
sin
 
)
w
ith
a
n
ew
rad
ial
co
ord
in
ate
r
d
e�
n
ed
b
y

r�
upk
�
sin
 
p

k

:

(5.26)

T
h
en
d
r
=
k
�
1
=
2d
u
,
an
d
th
e
m
etric
can
b
e
rew
ritten
as

d
s
2
=
a
2(t) �
d
r
2

1�
k
r
2
+
r
2 �d
�
2
+
sin
2
�
d
�
2 � �
:

(5.27)

T
h
is
is
th
e
stan
d
ard
form
,
called
th
e
R
ob
ertson
-W
alk
er
m
etric.
S
in
ce
th
e
co
ord
in
ate
r

is
p
rop
ortion
al
to
u
,
a
n
d
u
is
d
ou
b
le-valu
ed
,
so
is
r.
T
h
at
is,
r
=
0
at
th
e
cen
ter
of
th
e

co
ord
in
ate
sy
stem
,
w
h
ich
is
id
en
ti�
ed
w
ith
th
e
n
orth
p
ole
of
th
e
sp
h
ere
th
at
d
escrib
es
th
e

closed
u
n
iv
erse.
A
s
r
grow
s
th
e
p
o
in
t
d
escrib
ed
b
y
(r;�;�
)
m
oves
aw
ay
from
th
e
n
orth

p
ole,
an
d
r
reach
es
its
m
ax
im
u
m
va
lu
e
o
f
1
= p
k
w
h
en
th
e
p
oin
t
reach
es
th
e
eq
u
ator
of

th
e
sp
h
ere.
If
o
n
e
con
tin
u
es
to
m
ov
e
th
e
p
oin
t
in
th
e
sam
e
d
irection
,
th
en
r
d
ecreases

b
ack
to
zero
as
th
e
p
oin
t
m
oves
from
th
e
eq
u
ator
to
th
e
sou
th
p
ole,
w
h
ere
r
again
is
zero.

T
H
E
O
P
E
N

U
N
IV
E
R
S
E
:

W
e
h
ave
seen
th
at
w
h
en
k
>
0
th
e
u
n
iverse
is
sp
atially
closed
(�
n
ite
v
olu
m
e),
an
d

th
at
it
ap
p
roach
es
an
in
�
n
ite
v
olu
m
e
E
u
clid
ean
sp
ace
as
k
!
0
(i.e.,
in
th
is
lim
it
th
e

rad
iu
s
of
th
e
sp
h
ere
ap
p
roach
es
in
�
n
ity
).
W
h
at
h
ap
p
en
s
if
k
<
0?

A
s
you
h
ave
p
rob
ab
ly
learn
ed
from
y
ou
r
ex
p
erien
ce
in
p
h
y
sics,
in
m
an
y
cases
th
e

sam
e
eq
u
ation
s
w
ill
h
old
w
h
eth
er
th
e
variab
les
th
at
o
ccu
r
in
th
ose
eq
u
ation
s
are
p
ositiv
e

or
n
egativ
e.
T
h
u
s,
w
e
m
igh
t
ex
p
ect
th
at
th
e
form
u
las
d
eriv
ed
ab
ove
w
ou
ld
b
e
valid
for

k
<
0,
an
d
th
is
is
in
d
eed
th
e
case.
H
ow
ever,
th
ere
is
on
e
com
p
lication
w
h
ich
sh
ou
ld
b
e

p
oin
ted
ou
t.
A
b
ove
w
e
m
ad
e
th
e
ch
an
ge
of
variab
les
giv
en
b
y
E
q
.
(5.26),
in
volv
in
g
th
e

q
u
an
tity
p

k
.
T
h
is
q
u
an
tity
w
ou
ld
b
e
im
agin
ary
if
k
w
ere
n
egativ
e,
an
d
th
u
s
it
w
ou
ld

n
ot
b
e
p
o
ssib
le
for
b
oth
u
an
d
r
to
b
e
real.
O
n
e
can
see
from
E
q
.
(5.25)
th
at
th
e
m
etric

in
term
s
of
u
is
p
ath
ological
w
h
en
k
is
n
egativ
e,
sin
ce
d
s
2
is
n
ot
p
ositive
d
e�
n
ite.
F
or

u
<
1
it
is
in
fact
n
egativ
e
d
e�
n
ite,
an
d
for
u
>
1
th
e
sign
is
in
d
eterm
in
ate,
sin
ce
th
e

an
gu
lar
p
ieces
con
trib
u
te
n
egativ
ely
w
h
ile
th
e
rad
ial
p
iece
con
trib
u
tes
p
ositively.
T
h
u
s,

it
seem
s
clear
th
at
th
e
u
variab
le
m
u
st
b
e
d
iscard
ed
w
h
en
k
<
0.
O
n
th
e
oth
er
h
an
d
,

th
e
m
etric
in
th
e
form
of
E
q
.
(5.27)
rem
ain
s
p
erfectly
w
ell
b
eh
aved
for
n
egative
valu
es
of

k
.
T
o
m
in
im
ize
th
e
p
o
ssib
le
con
fu
sion
of
d
ealin
g
w
ith
n
egativ
e
q
u
an
tities,
w
e
can
d
e�
n
e

�
=
�
k
,
an
d
rew
rite
th
e
R
ob
ertson
-W
alk
er
m
etric
(5.27)
for
op
en
u
n
iv
erses
as

d
s
2
=
a
2(t) �
d
r
2

1
+
�
r
2
+
r
2 �d
�
2
+
sin
2
�
d
�
2 � �
:

(O
p
en
u
n
iv
erse,
�
>
0)

(5.28)
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W
h
ile
it
is
reason
ab
le
to
assu
m
e
th
a
t
E
q
.
(5.28)
is
correct,
ou
r
d
erivatio
n
w
a
s
cer-

tain
ly
far
from

rigorou
s.
I
w
ill
n
ot
try
to
giv
e
a
rigo
rou
s
d
erivation
,
b
u
t
I
w
ill
try
at

least
to
sketch
h
ow
a
rigorou
s
d
erivation
co
u
ld
b
e
con
stru
cted
.
If
w
e
w
a
n
ted
to
b
e
m
o
re

rigorou
s,
w
e
w
ou
ld
b
egin
b
y
su
m
m
arizin
g
th
e
goal:
to
con
stru
ct
a
m
etric
d
escrib
in
g
a

h
om
ogen
eou
s
an
d
isotrop
ic
sp
a
ce.
W
h
ile
th
e
�
an
d
�
an
gu
lar
co
o
rd
in
ates
a
re
n
ot
v
ery

ob
v
iou
sly
isotrop
ic,
w
e
are
su
Æ
cien
tly
fam
iliar
w
ith
th
is
con
stru
ction
to
b
e
con
v
in
ced

th
at
th
e
a
n
gu
lar
d
ep
en
d
en
ce
of
th
e
m
etric
ab
ove
is
iso
tro
p
ic.
A
lth
o
u
g
h
th
e
co
ord
in
ate

sy
stem
m
ak
es
th
e
n
orth
p
ole
(�
=
0)
lo
o
k
lik
e
a
sp
ecial
d
irection
,
w
e
k
n
ow
th
a
t
th
e
co
o
r-

d
in
ates
cou
ld
b
e
red
e�
n
ed
to
p
u
t
th
e
n
orth
p
ole
o
f
th
e
co
ord
in
ate
sy
stem
at
a
n
y
an
g
le.

T
h
e
h
om
ogen
eity
of
th
e
R
o
b
ertso
n
-W
alker
m
etric
is
sim
ilar,
b
u
t
less
fa
m
ilia
r
to
u
s.
F
o
r

th
e
closed
R
ob
ertson
-W
alker
m
etric
w
e
k
n
ow
th
at
th
e
sp
ace
is
h
om
o
gen
eo
u
s,
b
eca
u
se
w
e

d
eriv
ed
th
e
m
etric
b
y
startin
g
w
ith
th
e
m
an
ifestly
h
om
og
en
eou
s
3-d
im
en
sion
a
l
sp
h
ere

em
b
ed
d
ed
in
fou
r
E
u
clid
ea
n
d
im
en
sio
n
s.
B
u
t
th
e
R
ob
ertson
-W
alk
er
co
ord
in
ates
m
ak
e

th
e
origin
(r
=
0)
lo
ok
sp
ecial,
ju
st
as
th
e
an
gu
lar
co
o
rd
in
ates
m
ak
e
th
e
n
o
rth
p
ole
lo
ok

sp
ecial.
A
s
in
th
e
case
of
th
e
an
gu
lar
co
ord
in
a
tes,
w
e
k
n
ow
th
at
th
e
origin
o
f
th
e
closed

R
ob
ertson
-W
alker
co
ord
in
a
te
sy
stem
is
n
ot
really
sp
ecial,
a
n
d
th
at
w
e
co
u
ld
red
e�
n
e
ou
r

co
ord
in
ate
sy
stem
so
th
at
th
e
o
rig
in
can
b
e
p
u
t
at
a
n
y
lo
cation
.

T
o
sh
ow
th
at
th
e
op
en
R
o
b
ertson
-W
a
lker
m
etric
in
E
q
.
(5.2
8)
is
h
om
o
gen
eo
u
s,
w
e

w
ou
ld
start
b
y
stu
d
y
in
g
th
e
h
om
o
gen
eity
of
th
e
closed
u
n
iv
erse
m
etric
in
d
etail,
tu
rn
in
g

th
e
verb
al
statem
en
ts
in
th
e
p
rev
iou
s
p
a
rag
rap
h
in
to
an
ex
p
licit
set
o
f
co
ord
in
ate
tran
s-

form
ation
s
th
at
sh
ow
h
ow
to
m
ove
th
e
origin
to
an
arb
itrary
p
o
in
t.
T
h
e
d
etails
b
ecom
e

rath
er
com
p
licated
,
a
s
in
d
eed
th
ey
w
ou
ld
if
w
e
tried
to
ex
p
licitly
sh
ow
h
ow
to
con
stru
ct

a
co
o
rd
in
ate
tran
sform
ation
to
m
ove
th
e
n
orth
p
o
le
of
th
e
(�;�
)
an
gu
la
r
co
o
rd
in
a
tes.

N
on
eth
eless,
on
ce
th
e
eq
u
atio
n
s
a
re
w
ritten
,
it
w
ou
ld
b
ecom
e
clear
th
at
th
ey
are
ju
st
a

set
of
algeb
raic
relation
s:
if
th
ey
h
old
fo
r
a
ll
p
ositiv
e
k
,
th
ey
w
ill
n
ecessarily
h
o
ld
for
n
eg
-

ative
k
as
w
ell.
T
h
u
s
th
e
sam
e
a
lg
eb
ra
th
at
sh
ow
s
th
e
closed
R
ob
ertso
n
-W
a
lker
u
n
iverse

to
b
e
h
om
ogen
eou
s
also
sh
ow
s
th
a
t
th
e
op
en
m
etric
is
h
om
og
en
eo
u
s.

W
e
w
ill
n
ot
try
to
sh
ow
it,
b
u
t
it
can
b
e
sh
ow
n
th
at
an
y
th
ree-d
im
en
sio
n
a
l
h
om
o
ge-

n
eou
s
an
d
isotrop
ic
sp
ace
can
b
e
d
escrib
ed
b
y
th
e
R
ob
ertson
-W
alk
er
m
etric,
E
q
.
(5.2
7),

w
h
ere
k
can
b
e
p
ositive,
n
ega
tiv
e,
or
zero.
O
th
er
co
o
rd
in
ate
sy
stem
s
a
re
of
cou
rse
p
ossi-

b
le,
b
u
t
geom
etrically
d
i�
eren
t
sp
aces
a
re
n
ot.

N
ote
th
at
th
e
sign
of
k
a
�
ects
th
e
q
u
estion
of
w
h
eth
er
th
e
sp
ace
is
�
n
ite
or
in
�
n
ite.

F
or
k
>
0,
E
q
.
(5.27)
im
p
lies
th
at
som
eth
in
g
p
ecu
liar
h
ap
p
en
s
w
h
en
k
r
2
=
1,
at
w
h
ich

p
oin
t
th
e
m
etric
is
sin
gu
la
r.
S
in
ce
r
is
related
to
th
e
origin
al
 
co
ord
in
ate
b
y
r
=

sin
( 
)= p
k
,
on
e
sees
th
at
th
is
valu
e
of
th
e
rad
iu
s
varia
b
le
corresp
on
d
s
to
 
=
�
=
2,
an
d

h
en
ce
th
e
eq
u
ator
of
th
e
o
rig
in
al
sp
h
ere
em
b
ed
d
ed
in
fou
r
d
im
en
sion
s.
T
h
ere
is
n
o
th
in
g

sin
gu
lar
ab
ou
t
th
e
sp
ace,
b
u
t
th
e
m
etric
b
ecom
es
sin
g
u
lar
b
ecau
se
th
e
co
ord
in
ate
r

b
eh
aves
p
ecu
liarly,
reach
in
g
a
m
ax
im
u
m
valu
e.
B
ey
on
d
th
e
eq
u
ator,
r
m
u
st
g
et
sm
aller

an
d
th
en
ap
p
roach
zero
at
th
e
\
sou
th
p
o
le"
(x
=
0
;y
=
0
;z
=
0
;w
=
�
R
).
T
h
u
s,
th
e
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sp
a
ce
is
�
n
ite.
H
ow
ev
er,
if
k
<
0
th
en
th
e
m
etric
is
giv
en
b
y
E
q
.
(5.28),
w
h
ich
rem
ain
s

p
erfectly
w
ell-d
e�
n
ed
for
all
va
lu
es
o
f
r,
an
d
th
u
s
th
e
ran
ge
of
th
e
r-co
ord
in
ate
is
in
�
n
ite.

T
h
is
d
o
es
n
ot
b
y
itself
p
rove
th
at
th
e
sp
ace
is
in
�
n
ite,
sin
ce
th
e
valu
e
of
a
co
ord
in
ate

is
n
ot
d
irectly
m
easu
rab
le.
H
ow
ev
er,
o
n
e
can
calcu
late
th
e
p
h
y
sical
d
istan
ce
from
th
e

origin
to
a
p
oin
t
w
ith
rad
ial
co
ord
in
ate
r
b
y
in
tegratin
g
th
e
m
etric
of
E
q
.
(5.28)
alon
g
a

rad
ial
p
ath
(w
ith
d
�
=
d
�
=
0
):

`
p
h
y
s (r)
=
a
(t) Z

r
0

d
r
0

p
1
+
�
r
02

=
sin
h
�
1 p
�
r

p
�

;

(5.29)

w
h
ere
th
e
in
tegration
can
b
e
carried
ou
t
b
y
su
b
stitu
tin
g
r
0

=
sin
h
( 
)= p
�
.
S
in
ce
th
e

in
verse
sin
h
fu
n
ction
can
b
ecom
e
arb
itrarily
large,
th
e
sp
ace
is
in
�
n
ite.

T
h
e
G
-B
-L
geom
etry
d
iscu
ssed
in
th
e
in
tro
d
u
ction
is
sim
p
ly
th
e
tw
o-d
im
en
sion
al

version
of
th
e
sp
ace
of
an
o
p
en
u
n
iv
erse
at
som
e
arb
itrary
�
x
ed
tim
e.
T
h
e
realization
b
y

K
lein
d
escrib
ed
in
E
q
s.
(5.1)
an
d
(5.2)
rep
resen
ts
a
som
ew
h
at
p
ecu
liar
ch
oice
of
co
o
rd
in
ate

sy
stem
.

T
H
E
G
E
N
E
R
A
L
IZ
A
T
IO
N

F
R
O
M

S
P
A
C
E
T
O

S
P
A
C
E
T
IM
E

E
q
.
(5.27)
actu
ally
sh
ow
s
on
ly
a
sp
a
tia
l
m
etric,
w
h
ile
I
said
earlier
th
at
gen
eral

relativ
ity
d
escrib
es
th
e
grav
itation
al
�
eld
in
term
s
of
a
sp
a
c
e
tim
e
m
etric.
T
o
p
u
t
th
e

sp
acetim
e
m
etric
in
to
co
n
tex
t,
w
e
recall
th
at
in
sp
ecial
relativ
ity
it
is
p
o
ssib
le
to
d
e�
n
e

a
L
o
ren
tz-in
va
ria
n
t
sep
aration
b
etw
een
tw
o
even
ts.
S
p
eci�
cally,
if
th
e
co
ord
in
ates
of
an

ev
en
t
A
a
re
(x
A
;y
A
;z
A
;t
A
),
an
d
th
e
co
ord
in
ates
of
an
ev
en
t
B
are
(x
B
;y
B
;z
B
;t
B
),
th
en

th
e
L
oren
tz-in
varian
t
sep
aration
b
etw
een
A
a
n
d
B
is
d
e�
n
ed
b
y

s
2�
(x
A

�
x
B
)
2
+
(y
A

�
y
B
)
2
+
(z
A

�
z
B
)
2�
c
2
(t
A

�
t
B
)
2

:

(5.30)

B
y
say
in
g
th
at
th
is
ex
p
ression
is
L
oren
tz-in
varian
t,
w
e
m
ean
th
at
it
h
as
th
e
sam
e
valu
e

in
all
in
ertial
referen
ces
fram
es,
ev
en
th
ou
gh
th
e
in
d
iv
id
u
al
term
s
m
ay
very
w
ell
h
ave

d
i�
eren
t
valu
es.

W
h
ile
th
e
valu
e
of
s
2
is
th
e
sam
e
in
all
in
ertial
fram
es,
th
e
in
tu
itive
m
ean
in
g
of
s
2
is

easiest
to
see
b
y
co
n
sid
erin
g
its
valu
e
in
p
articu
lar
fram
es.
If
s
2
>
0,
th
en
th
e
sep
aration

b
etw
een
th
e
even
ts
is
ca
lled
spa
ce
lik
e
.
In
th
at
case
it
is
alw
ay
s
p
ossib
le
to
�
n
d
an
in
ertial

referen
ce
fram
e
in
w
h
ich
th
e
tw
o
ev
en
ts
a
re
sim
u
ltan
eou
s,
an
d
in
th
at
fram
e
s
is
eq
u
al
to

th
e
sp
atial
d
istan
ce
b
etw
een
th
e
tw
o
ev
en
ts.
E
q
u
ivalen
tly,
w
e
can
say
th
a
t
it
is
alw
ay
s

p
ossib
le
to
�
n
d
an
in
ertial
ob
serv
er
to
w
h
om
th
e
tw
o
ev
en
ts
ap
p
ear
sim
u
ltan
eou
s.
s
is

th
en
eq
u
a
l
to
th
e
d
ista
n
ce
b
etw
een
th
ese
even
ts,
a
s
m
ea
su
red
b
y
a
ru
ler
at
rest
w
ith

resp
ect
to
th
is
ob
serv
er.
s
can
b
e
called
th
e
p
ro
pe
r
d
ista
n
ce
b
etw
een
th
e
even
ts.
If
s
2
<
0

th
en
th
e
sep
a
ra
tio
n
is
ca
lled
tim
e
lik
e
,
an
d
in
th
at
case
it
is
alw
ay
s
p
ossib
le
to
�
n
d
an
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in
ertial
ob
server
to
w
h
om
it
a
p
p
ears
th
at
th
e
tw
o
ev
en
ts
o
ccu
r
a
t
th
e
sam
e
p
o
sitio
n
.
If

sh
e
d
e�
n
es

s
2
=
�
c
2�
2
;

(5.3
1)

th
en
�
is
th
e
tim
e
sep
aratio
n
b
etw
een
th
e
ev
en
ts
w
h
en
m
easu
red
o
n
h
er
clo
ck
.
�
is
often

called
th
e
p
ro
pe
r
tim
e
b
etw
een
th
e
tw
o
even
ts.
N
o
te
th
a
t
if
th
e
tw
o
ev
en
ts
h
a
p
p
en
to
th
e

sam
e
ob
ject,
su
ch
as
tw
o

a
sh
es
of
th
e
sa
m
e
strob
e
ligh
t,
an
d
th
e
o
b
ject
is
m
ov
in
g
at

con
stan
t
velo
city,
th
en
th
e
p
rop
er
tim
e
b
etw
een
th
e

ash
es
is
ju
st
th
e
tim
e
as
m
easu
red

b
y
a
clo
ck
at
rest
w
ith
resp
ect
to
th
e
stro
b
e
lig
h
t.
If
d
s
2
=
0
,
th
en
th
e
sep
a
ra
tion
b
etw
een

th
e
tw
o
even
ts
is
called
lig
h
tlik
e
,
an
d
in
th
a
t
case
a
ligh
t
p
u
lse
leav
in
g
th
e
earlier
ev
en
t

w
ill
arrive
at
th
e
lo
cation
of
th
e
la
tter
ev
en
t
ju
st
as
it
o
ccu
rs.

If
you
are
n
ot
fam
iliar
w
ith
th
e
L
oren
tz-in
va
rian
t
sep
aratio
n
,
y
ou
m
ay
w
an
t
to
lo
ok

at
th
e
A
p
p
en
d
ix
at
th
e
en
d
o
f
th
is
set
of
L
ectu
re
N
otes.
T
h
ere
I
start
w
ith
th
e
th
ree
b
asic

e�
ects
of
sp
ecial
relativ
ity,
a
s
d
escrib
ed
in
L
ectu
re
N
otes
1
,
an
d
sh
ow
h
ow
to
con
stru
ct
th
e

L
oren
tz
tran
sform
ation
.
T
h
e
L
o
ren
tz
tran
sform
a
tion
is
th
e
set
of
eq
u
a
tion
s
th
at
d
escrib
e

h
ow
to
relate
th
e
co
ord
in
ates
o
f
an
even
t
in
tw
o
d
i�
eren
t
in
ertia
l
co
ord
in
ate
fra
m
es,

w
h
ere
on
e
fram
e
is
m
ov
in
g
rela
tive
to
th
e
oth
er.
U
sin
g
th
e
L
oren
tz
tra
n
sfo
rm
a
tion
,
th
e

A
p
p
en
d
ix
go
es
on
to
sh
ow
th
a
t
th
e
ex
p
ressio
n
d
e�
n
ed
b
y
E
q
.
(5
.30
)
is
tru
ly
L
oren
tz-

in
varian
t.
(F
or
p
u
rp
oses
of
th
is
cou
rse,
h
ow
ever,
th
e
A
p
p
en
d
ix
can
b
e
co
n
sid
ered
ou
tsid
e

th
e
cou
rse
req
u
irem
en
ts.
It
is
o
kay
for
yo
u
to
ju
st
accep
t
th
e
resu
lt
th
a
t
s
2
is
L
o
ren
tz-

in
varian
t.)

T
h
e
sp
acetim
e
m
etric
o
f
gen
eral
rela
tiv
ity
is
th
e
cu
rved
-sp
a
cetim
e
gen
era
lizatio
n

of
th
e
L
oren
tz-in
varian
t
sep
a
ration
of
sp
ecial
relativ
ity.
F
ollow
in
g
th
e
id
ea
s
o
f
G
a
u
ss

d
iscu
ssed
n
ear
th
e
b
egin
n
in
g
o
f
th
ese
lectu
re
n
otes,
w
e
w
ill
restrict
ou
r
atten
tion
to
d
e-

scrib
in
g
th
e
sep
aration
b
etw
een
tw
o
in
�
n
itesim
ally
sep
arated
sp
acetim
e
p
oin
ts
(x
;y
;z
;t)

an
d
(x
+
d
x
;y
+
d
y
;z
+
d
z
;t
+
d
t).
F
or
sp
ecial
relativ
ity
th
e
m
etric
of
E
q
.
(5.30)
red
u
ces

in
th
e
in
�
n
itesim
al
case
to

d
s
2
=
d
x
2
+
d
y
2
+
d
z
2�
c
2
d
t
2
;

(5.3
2)

w
h
ich
is
k
n
ow
n
as
th
e
M
in
k
ow
sk
i
m
etric.
C
on
tin
u
in
g
w
ith
G
a
u
ss's
ap
p
roach
,
w
e
in
sist

|

even
w
h
en
w
e
d
escrib
e
arb
itrary
cu
rv
ed
sp
acetim
es
|

th
a
t
d
s
2

b
e
ex
p
ressed
a
s
a

q
u
ad
ratic
ex
p
ression
in
th
e
co
ord
in
ate
d
i�
eren
tia
ls.
T
h
is
im
p
lies
(alth
ou
gh
w
e
w
ill
n
o
t

sh
ow
it)
th
at
for
a
n
y
sp
acetim
e
p
o
in
t
P
it
is
alw
ay
s
p
ossib
le
to
ch
o
ose
a
co
ord
in
a
te
sy
stem

(x
0;y
0;z
0;t
0)
so
th
at
th
e
m
etric
red
u
ces
to
th
e
M
in
k
ow
sk
i
m
etric
in
an
in
�
n
itesim
al
reg
ion

arou
n
d
th
at
p
oin
t.
If
th
e
sp
acetim
e
is
cu
rv
ed
th
e
m
etric
w
ill
n
ot
h
ave
th
e
M
in
k
ow
sk
i
form

ou
tsid
e
th
is
in
�
n
itesim
al
region
,
h
ow
ever,
so
th
e
m
etric
w
ill
b
e
called
loca
lly
M
in
k
o
w
sk
ia
n

at
th
e
p
oin
t
P
.

In
cu
rved
sp
acetim
es
th
ere
is
n
o
co
ord
in
a
te
sy
stem

in
w
h
ich
th
e
m
etric
h
as
th
e

M
in
kow
sk
i
form
ev
ery
w
h
ere.
T
h
u
s,
to
in
fer
th
e
sep
a
ration
b
etw
een
tw
o
p
o
in
ts
on
e
m
u
st

k
n
ow
n
ot
on
ly
th
e
valu
es
of
th
e
co
ord
in
a
tes,
b
u
t
also
th
e
m
etric.
T
h
e
co
ord
in
ates
are



IN
T
R
O
D
U
C
T
IO
N
T
O

N
O
N
-E
U
C
L
ID
E
A
N
S
P
A
C
E
S

p
.
2
1

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
5
,
F
A
L
L
2
0
1
8

th
en
n
o
t
th
em
selves
d
irect
m
easu
rem
en
ts
of
d
istan
ce,
b
u
t
in
stead
are
ju
st
an
arb
itrary

w
ay
of
la
b
elin
g
p
o
in
ts.
S
in
ce
on
e
n
eed
s
to
in
tro
d
u
ce
a
m
etric
for
an
y
co
ord
in
ate
sy
stem
,

th
ere
is
n
oth
in
g
th
at
forces
u
s
to
u
se
a
n
y
p
articu
lar
co
ord
in
ate
sy
stem
or
set
of
co
ord
in
ate

sy
stem
s.
T
h
is
is
d
i�
eren
t
from
sp
ecial
relativ
ity,
w
h
ere
th
e
m
etric
(5.32)
is
valid
on
ly
for

a
sp
ecial
class
of
co
ord
in
ate
sy
stem
s,
called
in
ertial
co
ord
in
ate
sy
stem
s,
w
h
ich
a
re
related

to
each
oth
er
b
y
a
sp
ecial
class
of
tran
sform
ation
s,
called
L
oren
tz
tran
sform
ation
s.
If
I

w
ere
to
rep
lace
th
e
co
ord
in
ate
x
b
y
x
0�
sin
h
x
,
th
en
th
e
m
etric
w
ou
ld
n
o
lon
ger
lo
ok

like
E
q
.
(5.32).
T
h
e
co
ord
in
ate
tran
sform
ation
x
0�
sin
h
x
is
th
erefore
n
ot
allow
ed
in

th
e
stan
d
ard
form
u
lation
o
f
sp
ecial
relativ
ity
(alth
ou
gh
on
e
cou
ld
u
se
th
e
form
alism
of

gen
eral
relativ
ity
for
a
sp
ecial
relativ
ity
p
ro
b
lem
if
o
n
e
ch
ose
to.)
In
gen
eral
relativ
ity,
on

th
e
oth
er
h
an
d
,
th
ere
is
u
su
ally
n
o
co
ord
in
ate
sy
stem
in
w
h
ich
th
e
m
etric
is
p
articu
larly

sim
p
le,
so
th
e
form
alism
is
d
esign
ed
to
allow
an
y
ch
oice
of
co
o
rd
in
ates,
an
d
h
en
ce
an
y
k
in
d

of
co
ord
in
ate
tran
sform
ation
.
In
gen
eral
relativ
ity,
th
erefore,
x
0

=
sin
h
x
is
a
p
erfectly

accep
tab
le
co
ord
in
ate
tran
sform
ation
.
A
s
lon
g
as
th
e
co
ord
in
ates
allow
a
u
n
iq
u
e
w
ay
to

lab
el
each
p
oin
t
in
sp
acetim
e,
th
ey
are
accep
tab
le.
If
I
ch
an
ge
co
ord
in
ate
sy
stem
s,
I
can

alw
ay
s
ch
an
ge
th
e
m
etric
so
th
at
th
e
va
lu
e
o
f
d
s
2
b
etw
een
a
n
y
tw
o
p
oin
ts
rem
ain
s
th
e

sam
e.
F
or
th
is
reason
d
s
2
is
sa
id
to
b
e
coo
rd
in
a
te
-in
v
a
ria
n
t.

W
h
en
w
e
in
tro
d
u
ced
th
e
tw
o-d
im
en
sion
alsp
atial
m
etric
in
E
q
.(5.3),
w
e
assu
m
ed
th
at

d
s
2
rep
resen
ted
th
e
d
istan
ce
b
etw
een
th
e
tw
o
p
oin
ts,
w
h
ere
th
e
m
ean
in
g
of
\d
istan
ce"

w
a
s
n
o
d
i�
eren
t
fro
m
w
h
at
it
w
ou
ld
m
ean
in
E
u
clid
ean
geom
etry
|

it
is
w
h
at
on
e
w
ou
ld

m
easu
re
w
ith
a
ru
ler.
H
ere
w
e
are
try
in
g
to
gen
eralize
th
is
m
eth
o
d
,
so
w
e
w
an
t
to
d
e�
n
e

d
s
2
to
h
ave
th
e
sa
m
e
m
ea
n
in
g
it
w
ou
ld
h
ave
in
sp
ecial
relativ
ity.
In
sp
ecial
relativ
ity
w
e

w
ere
ab
le
to
d
e�
n
e
d
s
2

in
term
s
o
f
th
e
o
b
servation
s
m
ad
e
b
y
in
ertial
ob
servers,
w
h
ich

m
ean
s
ob
serv
ers
for
w
h
om
th
e
law
of
in
ertia
is
valid
,
w
h
ich
in
tu
rn
m
ean
s
ob
serv
ers
to

w
h
om
n
o
n
et
force
is
ap
p
lied
.
In
gen
eral
relativ
ity,
forces
oth
er
th
an
grav
ity
are
treated

in
essen
tially
th
e
sam
e
w
ay
as
in
sp
ecial
relativ
ity,
so
th
ere
is
n
o
p
rob
lem
d
e�
n
in
g
w
h
at

it
m
ean
s
for
th
e
n
et
n
o
n
g
r
a
v
ita
tio
n
a
l
force
on
an
ob
serv
er
to
van
ish
.
B
u
t
grav
ity
is

trick
ier.
C
on
sid
er,
for
ex
am
p
le
th
e
h
om
ogen
eou
sly
ex
p
an
d
in
g
u
n
iv
erse
th
at
w
e
d
iscu
ssed

in
L
ectu
re
N
otes
2,
3,
an
d
4
.
If
I
am
m
ov
in
g
w
ith
th
e
ex
p
an
sion
of
th
e
u
n
iv
erse
(i.e.,
if

I
am
at
rest
w
ith
resp
ect
to
th
e
com
ov
in
g
co
ord
in
ate
sy
stem
),
th
en
I
can
v
iew
m
y
self
as

b
ein
g
at
rest.
If
I
lo
ok
at
th
e
d
istan
t
g
alax
ies
arou
n
d
m
e,
h
ow
ever,
th
ey
w
ill
ap
p
ear
to
b
e

slow
in
g
in
th
eir
o
u
tw
ard
m
otion
,
an
d
h
en
ce
acceleratin
g
tow
ard
s
m
e,
u
n
d
er
th
e
in

u
en
ce

of
grav
ity.
B
u
t
an
ob
serv
er
on
on
e
of
th
ose
g
alax
ies
w
ou
ld
con
sid
er
h
im
self
to
b
e
a
t
rest,

an
d
I
w
ou
ld
ap
p
ear
to
b
e
acceleratin
g.
A
ccord
in
g
to
gen
eral
relativ
ity
b
oth
p
oin
ts
of

v
iew
are
eq
u
ally
valid
,
so
th
e
con
cep
t
of
grav
itation
al
acceleration
b
ecom
es
relativ
e.

A
n
oth
er
sim
p
le
an
d
fam
ou
s
ex
am
p
le
th
at
illu
strates
th
e
relativ
e
n
atu
re
of
grav
i-

tation
al
forces
is
th
e
elevator
(th
ou
gh
t)
ex
p
erim
en
t.
S
u
p
p
ose
a
m
an
,
h
old
in
g
a
b
ag
of

gro
ceries,
is
stan
d
in
g
in
an
elevator.
N
ow
su
p
p
ose
th
at
th
e
elevator
cab
les
are
cu
t,
an
d

th
e
eleva
to
r
free
fa
lls
d
ow
n
w
ard
w
ith
ou
t
friction
or
a
ir
resistan
ce.
T
h
e
m
an
w
ill
th
en

accelerate
d
ow
n
w
ard
w
ith
th
e
sam
e
acceleration
as
th
e
elevator,
an
d
h
e
w
ill
feel
n
o
force

b
etw
een
h
is
feet
an
d
th
e
elevator

o
or.
If
h
e
lets
go
of
th
e
b
ag
of
gro
ceries,
th
e
b
ag
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w
ou
ld
n
ot
m
ove
relative
to
h
im
,
b
u
t
w
ou
ld
ap
p
ear
to

oa
t
in
fro
n
t
o
f
h
im
.
In
th
e
fram
e

of
th
e
E
arth
,
all
th
e
ob
jects
(th
e
elevator,
th
e
m
an
,
an
d
th
e
gro
ceries)
a
re
a
ccelera
tin
g

d
ow
n
w
ard
u
n
d
er
th
e
force
o
f
grav
ity.
B
u
t
in
th
e
fram
e
o
f
th
e
elevator,
every
th
in
g
ap
-

p
ears
w
eigh
tless.
(E
v
ery
th
in
g
is
is
w
eig
h
tless
u
n
til
th
e
b
ig
cru
n
ch
o
ccu
rs
in
th
e
b
u
ild
in
g's

b
asem
en
t
|

b
u
t
rem
em
b
er,
th
is
in
on
ly
a
th
ou
gh
t
ex
p
erim
en
t.
N
o
liv
in
g
creatu
res
w
ere

h
arm
ed
in
th
e
w
ritin
g
of
th
is
p
aragrap
h
.)

W
e
a
re
accu
stom
ed
to
th
in
k
in
g
o
f
th
e
fram
e
o
f
th
e
E
a
rth
as
b
ein
g
th
e
correct
\
p
h
y
s-

ical"
d
escrip
tion
,
b
ecau
se
th
e
fra
m
e
of
th
e
E
arth
is
n
early
in
ertial
over
a
la
rg
e
reg
io
n
o
f

sp
ace
an
d
tim
e.
In
th
e
con
tex
t
of
gen
eral
relativ
ity,
h
ow
ever,
b
oth
fram
es
a
re
eq
u
ally

correct.
T
h
u
s,
th
e
p
resen
ce
or
a
b
sen
ce
o
f
g
rav
ity
is
d
eterm
in
ed
b
y
w
h
ich
fram
e
of
ref-

eren
ce
w
e
are
u
sin
g.
T
h
is
id
ea
in
fact
is
on
e
of
th
e
fou
n
d
atio
n
a
l
con
cep
ts
of
gen
eral

relativ
ity,
k
n
ow
n
as
th
e
eq
u
iv
a
le
n
ce
p
rin
c
ip
le
.
T
h
e
p
h
y
sics
of
th
e
accelera
tin
g
fram
e
o
f

th
e
elevator,
w
ith
n
o
grav
ity,
is
eq
u
iva
len
t
to
th
e
p
h
y
sics
in
th
e
rest
fram
e
of
th
e
E
a
rth
,

w
ith
its
g
rav
itation
al
�
eld
.
T
h
e
eq
u
ivalen
ce
p
rin
cip
le
say
s
th
at
it
is
a
lw
ay
s
p
ossib
le,
in

a
su
Æ
cien
tly
sm
all
region
,
to
�
n
d
a
fra
m
e
of
referen
ce
in
w
h
ich
th
e
force
of
grav
ity
is

ab
sen
t.

T
h
e
b
ottom
lin
e
h
ere
is
th
a
t
if
w
e
are
try
in
g
to
gen
eralize
th
e
n
otio
n
of
a
n
in
ertial

ob
server
in
sp
ecial
relativ
ity,
w
e
can
n
ot
in
sist
th
at
th
e
g
rav
itation
a
l
force
o
n
th
e
ob
serv
er

van
ish
es,
b
ecau
se
th
is
con
d
ition
w
ill
ap
p
ear
to
h
o
ld
in
som
e
co
ord
in
a
te
sy
stem
s
b
u
t
n
ot

oth
ers.
S
o,
in
stead
w
e
in
sist
on
ly
th
at
th
e
n
et
n
o
n
g
r
a
v
ita
tio
n
a
l
force
on
th
e
o
b
server

van
ish
,
an
d
w
e
say
th
at
su
ch
a
n
ob
server
is
free
-fa
llin
g.
N
ote
th
at
th
e
m
a
n
in
th
e
fallin
g

elevator
is
free-fallin
g,
w
h
ile
a
m
an
stan
d
in
g
in
a
n
eleva
to
r
th
at
is
at
rest
w
ith
resp
ect
to

th
e
E
arth
is
n
ot.
In
th
e
latter
ca
se
th
e

o
or
is
p
u
sh
in
g
u
p
w
ard
o
n
th
e
m
an
's
feet,
so
th
e

n
et
n
on
grav
itation
al
force
is
n
on
zero.

W
ith
th
e
rep
lacem
en
t
o
f
in
ertial
ob
serv
ers
b
y
free-fallin
g
o
b
serv
ers,
th
e
m
ean
in
g
o
f

d
s
2
in
gen
eral
relativ
ity
is
th
e
sam
e
as
w
h
at
w
e
h
ad
in
sp
ecial
relativ
ity.
If
th
e
va
lu
e
o
f

d
s
2
calcu
lated
b
etw
een
tw
o
even
ts
is
p
ositiv
e,
th
en
th
ere
is
a
lw
ay
s
a
free-fallin
g
ob
server

to
w
h
om
th
e
even
ts
ap
p
ear
sim
u
lta
n
eo
u
s.
In
th
is
case,
th
e
p
rop
er
d
ista
n
ce
d
s
b
etw
een

th
e
ev
en
ts
is
th
e
d
istan
ce
b
etw
een
th
em
,
as
m
easu
red
b
y
a
ru
ler
at
rest
relativ
e
to
th
is

free-fallin
g
ob
server.
If
d
s
2
<
0,
th
en
th
ere
is
a
lw
ay
s
a
free-fallin
g
o
b
serv
er
fo
r
w
h
om
th
e

even
ts
ap
p
ear
to
h
ap
p
en
at
th
e
sam
e
lo
cation
.
O
n
e
th
en
d
e�
n
es

d
s
2�
�
c
2
d
�
2
;

(5.3
3)

as
in
E
q
.
(5.31),
w
h
ere
d
�
is
aga
in
called
th
e
p
rop
er
tim
e
in
terva
l
b
etw
een
th
e
even
ts.
It

is
th
e
tim
e
in
terval
b
etw
een
th
e
tw
o
even
ts
th
at
w
o
u
ld
b
e
m
easu
red
b
y
a
clo
ck
carried

b
y
th
e
free-fallin
g
ob
serv
er
m
en
tion
ed
ab
ove.
If
d
s
2

=
0,
th
en
th
e
tw
o
ev
en
ts
can
b
e

con
n
ected
b
y
a
ligh
t
p
u
lse,
w
h
ich
leaves
th
e
�
rst
even
t
a
n
d
a
rriv
es
at
th
e
secon
d
.*

*
T
h
e
con
cep
t
of
a
free-fa
llin
g
ob
server
is
in
tim
ately
lin
k
ed
to
th
e
con
cep
t
o
f
a
lo
cally

M
in
kow
sk
ian
co
ord
in
ate
sy
stem
,
so
th
e
m
ean
in
g
of
d
s
2
co
u
ld
also
h
av
e
b
een
ex
p
la
in
ed
in

term
s
of
th
ese
co
ord
in
ate
sy
stem
s.
T
h
e
free-fallin
g
ob
serv
ers
are
th
ose
th
at
are
at
rest
or

m
ov
in
g
at
a
con
stan
t
velo
city
relativ
e
to
a
co
ord
in
a
te
sy
stem
th
a
t
is
lo
ca
lly
M
in
k
ow
sk
ia
n

at
th
e
lo
cation
of
th
e
ob
serv
er.
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IN
C
L
U
S
IO
N

O
F
T
IM
E
IN

T
H
E
R
O
B
E
R
T
S
O
N
-W
A
L
K
E
R

M
E
T
R
IC

W
h
a
t
h
a
p
p
en
s
w
h
en
w
e
a
d
d
tim
e
to
th
e
R
ob
ertson
-W
alk
er
m
etric
of
E
q
.
(5.27)?
In

gen
eral
th
e
an
sw
er
can
d
ep
en
d
on
h
ow
w
e
ch
o
ose
to
d
e�
n
e
ou
r
tim
e
variab
le,
b
u
t
w
e

w
ill
h
old
w
ith
th
e
ch
oice
called
co
sm
ic
tim
e,
w
h
ich
w
e
d
iscu
ssed
in
L
ectu
re
N
otes
2
(in
a

section
called
\T
h
e
S
y
n
ch
ron
ization
of
C
lo
ck
s").
W
e
con
clu
d
ed
th
ere
th
at
it
is
p
ossib
le
to

d
e�
n
e
a
cosm
ic
tim
e
variab
le
t
w
h
ich
can
b
e
m
easu
red
lo
cally.
T
h
at
is,
each
ob
server
w
h
o

is
at
rest
w
ith
resp
ect
to
th
e
m
atter
in
h
er
v
icin
ity
ca
n
m
ea
su
re
t
on
h
er
ow
n
w
ristw
atch
.

T
h
e
w
ristw
atch
es
th
ro
u
g
h
o
u
t
th
e
u
n
iverse
can
b
e
sy
n
ch
ron
ized
,
on
ce
an
d
for
all,
b
y
som
e

ch
oice
of
a
cosm
ic
ev
en
t.
F
or
ex
am
p
le,
w
e
can
all
agree
to
set
ou
r
w
ristw
atch
es
to
read

12
b
illion
y
ears
w
h
en
th
e
tem
p
eratu
re
of
th
e
cosm
ic
m
icrow
ave
b
ack
grou
n
d
rad
iation

reach
es
3
.0
K
,
or
w
h
en
th
e
H
u
b
b
le
p
aram
eter
reach
es
8
5
k
m
-sec
�
1-M
p
c
�
1.
O
n
ce
th
e

w
atch
es
a
re
sy
n
ch
ron
ized
,
w
e
argu
ed
th
at
th
e
h
om
ogen
eity
of
th
e
u
n
iverse
gu
aran
tees

th
at
th
ey
w
ill
stay
sy
n
ch
ron
ized
:
all
w
atch
es
w
ill
read
th
e
sam
e
tim
e
w
h
en
th
e
cosm
ic

b
ack
grou
n
d
rad
iation
tem
p
eratu
re
reach
es
2.0
K
,
or
w
h
en
th
e
H
u
b
b
le
p
aram
eter
reach
es

75
k
m
-sec
�
1-M
p
c
�
1.
In
p
ractice
w
e
u
su
ally
d
e�
n
e
th
e
sy
n
ch
ron
ization
of
cosm
ic
tim
e

so
th
a
t
t
=
0
corresp
o
n
d
s
to
ou
r
b
est
estim
ate
of
w
h
en
a
(t)
w
as
eq
u
al
to
zero,
an
d
th
e

H
u
b
b
le
p
aram
eter
a
n
d
tem
p
eratu
re
w
ere
in
�
n
ite.
(M
ore
p
recisely,
w
e
ch
o
ose
t
=
0
to

corresp
on
d
to
th
e
tim
e
w
h
en
a
(t),
as
ex
trap
olated
in
ou
r
m
ath
em
atical
m
o
d
el,
w
as
eq
u
al

to
zero.
A
s
d
iscu
ssed
in
T
h
e
B
ig
B
a
n
g
S
in
g
u
la
rity
section
of
L
ectu
re
N
otes
4,
th
ere
is
n
o

reason
for
u
s
to
h
ave
con
�
d
en
ce
in
th
is
ex
trap
olation
.)

I
th
in
k
it
w
ill
b
e
m
ost
straigh
tfo
rw
ard
for
m
e
to
w
rite
th
e
an
sw
er
�
rst,
an
d
th
en

ex
p
lain
w
h
y
it
cou
ld
n
ot
h
ave
b
een
an
y
th
in
g
d
i�
eren
t.
If
th
e
tim
e
variab
le
t
is
tak
en
to

b
e
cosm
ic
tim
e,
a
n
d
th
e
m
etric
is
to
b
e
h
om
ogen
eou
s
an
d
isotrop
ic,
th
en
it
can
alw
ay
s

b
e
w
ritten
as

d
s
2
=
�
c
2
d
t
2
+
a
2(t) �
d
r
2

1�
k
r
2
+
r
2 �d
�
2
+
sin
2
�
d
�
2 � �
:

(5.34)

S
o,
w
h
y
d
o
es
th
is
h
ave
to
b
e
th
e
a
n
sw
er?

C
on
sid
er
�
rst
th
e
case
in
w
h
ich
th
e

sep
aration
d
t
=
0
(i.e.,
w
h
en
th
e
tw
o
even
ts
w
h
ose
sep
aration
w
e
are
calcu
latin
g
h
ave

th
e
sam
e
tim
e
co
ord
in
ate).
In
th
at
case
E
q
.
(5.34)
red
u
ces
to
ou
r
p
rev
iou
s
ex
p
ression
,

E
q
.
(5.27).
S
in
ce
w
e
h
ave
alread
y
stated
(alb
eit
w
ith
ou
t
p
ro
of)
th
at
E
q
.
(5.27)
d
escrib
es

th
e
m
ost
gen
eral
p
ossib
le
th
ree-d
im
en
sion
al
sp
ace
th
at
is
h
om
ogen
eou
s
an
d
isotrop
ic,

th
e
a
n
sw
er
for
th
e
d
t
=
0
case
is
settled
.
W
e
cou
ld
of
cou
rse
ch
o
ose
oth
er
co
o
rd
in
ates

th
at
w
ou
ld
m
ak
e
th
e
sp
atial
p
art
of
E
q
.
(5.34)
lo
ok
d
i�
eren
t,
b
u
t
E
q
.
(5.34)
as
w
ritten

d
escrib
es
th
e
m
ost
gen
eral
p
ossib
le
geom
etry.

N
ow
con
sid
er
th
e
in
terval
d
e�
n
ed
b
y
d
t6=
0
,
b
u
t
d
r
=
d
�
=
d
�
=
0.
T
h
is
rep
resen
ts

th
e
m
otion
o
f
a
com
ov
in
g
ob
serv
er
for
an
in
crem
en
t
of
co
ord
in
ate
tim
e
d
t.
T
h
ere
are
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n
o
n
on
grav
itation
al
forces
a
ctin
g
o
n
th
e
com
ov
in
g
ob
serv
er,
so
sh
e
is
a
lso
a
free-fallin
g

ob
server.
T
h
is
is
a
tim
elike
sep
ara
tion
,
so
w
e
u
se
th
e
d
e�
n
ition
d
s
2

=
�
c
2
d
�
2

from

E
q
.
(5.33),
a
n
d
w
e
d
ed
u
ce
th
a
t
d
t
=
d
�
,
w
h
ere
d
�
is
th
e
tim
e
m
easu
red
on
th
e
com
ov
in
g

ob
server's
w
ristw
atch
.
B
u
t
an
in
terval
of
co
sm
ic
tim
e
is
d
e�
n
ed
as
th
e
in
terval
m
easu
red

on
th
e
w
ristw
atch
es
of
com
ov
in
g
ob
servers,
so
th
e
m
etric
o
f
E
q
.
(5.3
4)
im
p
lies
th
a
t
t
is

p
recisely
th
e
tim
e
variab
le
th
at
w
e
h
ave
called
cosm
ic
tim
e.
N
ote
th
at
if
th
e
co
eÆ
cien
t

of
th
e
d
t
2
term
in
th
e
m
etric
w
ere
an
y
th
in
g
oth
er
th
an
�
c
2,
w
e
w
ou
ld
h
ave
fou
n
d
th
at

th
e
tim
e
co
ord
in
ate
in
terva
l
d
t
is
p
rop
ortio
n
al
to
w
ristw
a
tch
tim
e,
b
u
t
n
o
t
eq
u
al
to
it.

W
e
h
ave
n
ow
veri�
ed
th
a
t
th
e
term
s
th
at
are
p
resen
t
in
E
q
.
(5
.34
)
m
u
st
h
ave
th
e

form
s
th
at
th
ey
h
ave.
B
u
t
w
h
at
ab
ou
t
th
e
p
ossib
ility
of
a
d
d
in
g
o
th
er
term
s.
S
in
ce
th
e

m
etric
is
req
u
ired
to
b
e
a
q
u
a
d
ratic
fu
n
ction
o
f
th
e
co
ord
in
a
te
d
i�
eren
tia
ls,
th
e
on
ly

p
ossib
le
n
ew
term
s
th
at
cou
ld
b
e
ad
d
ed
are
term
s
p
rop
o
rtion
al
to
d
t
d
r,
d
t
d
�,
o
r
d
t
d
�
.

(R
ecall
th
at
term
s
like
d
r
d
�
w
o
u
ld
co
n
trib
u
te
ev
en
w
h
en
th
e
tim
e
is
�
x
ed
,
d
t
=
0,
so
su
ch

term
s
h
ave
a
lread
y
b
een
ru
led
o
u
t
b
y
th
e
statem
en
t
th
at
E
q
.
(5.2
7)
is
th
e
m
ost
g
en
eral

p
ossib
le
h
om
ogen
eou
s
an
d
iso
tro
p
ic
sp
a
ce.)
L
et
u
s
co
n
sid
er
�
rst
th
e
p
ossib
ility
o
f
ad
d
in
g

a
term
d
r
d
t
to
th
e
m
etric.
T
h
e
claim
is
th
a
t
su
ch
a
term
w
ou
ld
v
io
late
ou
r
assu
m
p
tio
n

of
isotrop
y,
b
ecau
se
it
w
ou
ld
create
a
d
istin
ction
b
etw
een
th
e
d
irectio
n
o
f
in
creasin
g
an
d

d
ecreasin
g
r.
T
o
see
th
is,
co
n
sid
er
tw
o
ob
servers,
T
w
eed
led
ee
an
d
T
w
eed
led
u
m
,
w
h
o

b
oth
start
at
r
=
r
0
at
tim
e
t
=
t
0 .
T
w
eed
led
ee
is
m
ov
in
g
o
u
tw
ard
an
d
T
w
eed
led
u
m
is

m
ov
in
g
in
w
ard
,
b
oth
w
ith
co
o
rd
in
ate
sp
eed
d
r=d
t
=
v
(a
n
d
w
ith
�
x
ed
va
lu
es
of
�
an
d

�
).
A
t
t
=
t
0
+
d
t,
T
w
eed
led
ee
w
ill
b
e
lo
ca
ted
at
r
=
r
0
+
v
d
t,
w
h
ile
T
w
eed
led
u
m
w
ill

b
e
lo
cated
a
t
r
=
r
0 �
v
d
t.
T
h
u
s
th
e
d
isp
la
cem
en
t
v
ector
o
f
T
w
eed
led
ee
h
a
s
d
r
>
0,

w
h
ile
th
at
o
f
T
w
eed
led
u
m
h
a
s
d
r
<
0,
an
d
b
oth
h
ave
th
e
sa
m
e
d
t.
T
h
e
h
y
p
oth
etical
n
ew

term
w
ill
th
erefore
con
trib
u
te
to
d
s
2
w
ith
op
p
osite
sign
s
fo
r
th
e
tw
o
ca
ses,
so
th
e
va
lu
es

of
d
s
2
w
ill
b
e
d
i�
eren
t
for
T
w
eed
led
ee
a
n
d
T
w
eed
led
u
m
.
S
in
ce
d
s
2
=
�
c
2
d
�
2,
a
n
d
d
�
is

th
e
w
ristw
atch
tim
e
th
at
each
w
ill
m
easu
re,
w
e
co
n
clu
d
e
th
a
t
each
w
ill
h
ave
a
d
i�
eren
t

w
ristw
atch
tim
e
a
t
th
e
en
d
o
f
th
is
in
terval.
W
h
en
th
ey
each
com
p
are
w
ith
th
e
com
ov
in
g

ob
servers
w
h
ose
w
ristw
atch
es
read
cosm
ic
tim
e,
t
=
t
0
+
d
t,
th
e
tw
o
w
ill
see
d
i�
eren
t

d
iscrep
an
cies.
T
h
is
m
ean
s
th
at
th
ere
is
a
T
w
eed
led
ee/T
w
eed
led
u
m
asy
m
m
etry,
b
u
t
th
e

on
ly
d
i�
eren
ce
in
th
e
setu
p
w
a
s
th
eir
d
irectio
n
of
trav
el.
T
h
u
s,
th
e
ad
d
itio
n
of
su
ch
a

term
w
ou
ld
b
e
a
v
iolation
o
f
isotrop
y.
A
n
id
en
tical
argu
m
en
t
can
b
e
m
a
d
e
for
d
t
d
�
or

d
t
d
�
term
s,
so
w
e
con
clu
d
e
th
a
t
E
q
.
(5.34)
is
n
ecessarily
th
e
righ
t
an
sw
er.

E
Q
U
A
T
IO
N
S
F
O
R

A

G
E
O
D
E
S
IC

A
s
w
as
stated
earlier,
in
g
en
eral
relativ
ity
a
freely
fa
llin
g
p
article
is
assu
m
ed
to
travel

on
a
geo
d
esic
of
th
e
cu
rved
sp
acetim
e.
S
tated
m
ore
p
recisely,
th
e
eq
u
atio
n
s
o
f
m
otio
n
in

gen
eral
relativ
ity
are
d
eriv
ed
from
th
e
assu
m
p
tion
th
at
th
e
p
ath
len
gth
from
th
e
in
itial

p
oin
t
to
th
e
�
n
al
p
oin
t
sh
o
u
ld
h
ave
a
van
ish
in
g
d
erivativ
e
w
ith
resp
ect
to
a
n
y
variatio
n

of
th
e
p
ath
th
at
d
o
es
n
ot
va
ry
th
e
en
d
p
oin
ts.
If
th
e
m
ean
in
g
of
th
is
statem
en
t
is
n
ot

clear
to
you
at
th
is
p
oin
t,
th
en
d
o
n
't
w
orry
yet
|

it
w
ill
h
op
efu
lly
b
eco
m
e
clear
on
ce
w
e

d
e�
n
e
som
e
n
otation
.
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W
e
w
ill
start
b
y
d
eriv
in
g
th
e
eq
u
ation
for
a
geo
d
esic
in
a
tw
o-d
im
en
sion
alsp
ace
w
ith

a
p
ositiv
e-d
e�
n
ite
m
etric
(i.e.,
w
ith
all
len
gth
s
p
ositiv
e).
T
h
e
m
etric
w
ill
b
e
assu
m
ed
to

h
ave
th
e
gen
eral
form
sp
eci�
ed
b
y
G
au
ss,
an
d
g
iv
en
earlier
as
E
q
.
(5.3):

d
s
2
=
g
x
x
d
x
2
+
g
x
y d
x
d
y
+
g
y
x
d
y
d
x
+
g
y
y d
y
2
;

(5.3)

w
h
ere
g
x
x ,
g
x
y ,
g
y
x
,
a
n
d
g
y
y
are
fu
n
ction
s
of
p
osition
(x
;y
)
an
d
are
togeth
er
called
th
e

m
etric
of
th
e
sp
ace.
A
s
ex
p
lain
ed
earlier,
w
e
ta
k
e
g
y
x �
g
x
y .

T
h
e
�
rst
step
w
ill
b
e
to
sim
p
lify
th
e
n
otation
,
sin
ce
E
q
.
(5.3)
req
u
ires
a
lot
of
w
ritin
g.

T
o
start,
ren
am
e
th
e
co
o
rd
in
ate
x
as
x
1,
an
d
ren
am
e
y
as
x
2.
T
h
en
th
e
tw
o
co
o
rd
in
ates

togeth
er
can
b
e
d
escrib
ed
as
x
i,
w
h
ere
i
is
u
n
d
ersto
o
d
to
tak
e
on
th
e
valu
es
1
an
d
2.

E
q
.
(5.3)
can
th
en
b
e
rew
ritten
as

d
s
2
=

2
Xi=

1

2
Xj

=
1
g
ij (x
k
)
d
x
id
x
j
;

(5.35)

w
h
ere
I
w
rite
th
e
m
etric
as
g
ij (x
k
)
to
in
d
icate
ex
p
licitly
th
at
it
is
a
fu
n
ction
of
all

of
th
e
co
ord
in
ates
x
k
.
O
n
e
fu
rth
er
sim
p
li�
cation
is
k
n
ow
n
as
th
e
E
in
stein
su
m
m
ation

con
ven
tion
.
T
h
is
is
n
o
d
ou
b
t
E
in
stein
's
m
ost
im
p
ortan
t
co
n
trib
u
tion
to
ecology,
sav
in
g

b
arrels
o
f
in
k
an
d
ton
s
of
p
ap
er
each
year.
T
h
e
con
ven
tion
stip
u
lates
th
at
w
h
en
ev
er
an

in
d
ex
is
rep
eated
,
it
is
a
u
tom
atically
su
m
m
ed
over
th
e
stan
d
ard
ran
ge
(w
h
ich
in
th
is
case

is
from
1
to
2).
U
sin
g
th
is
con
v
en
tion
,
E
q
.
(5.35)
can
b
e
w
ritten
com
p
actly
as

d
s
2
=
g
ij (x
k)
d
x
i
d
x
j
:

(5.36)

(In
u
sin
g
th
is
n
o
ta
tio
n
,
it
is
im
p
o
rta
n
t
th
a
t
th
e
co
n
tex
t
m
akes
it
clear
th
at
th
e
su
-

p
erscrip
t
i
in
x
i
is
to
b
e
in
terp
reted
as
an
in
d
ex
,
an
d
n
ot
a
p
ow
er.
Y
ou
m
igh
t
w
on
d
er

w
h
y
p
eop
le
tolerate
th
is
con
fu
sion
,
w
h
en
it
cou
ld
b
e
avoid
ed
b
y
w
ritin
g
all
in
d
ices
as
su
b
-

scrip
ts.
T
h
e
reason
is
th
at
cu
rv
ed
sp
ace
geom
eters
�
n
d
it
u
sefu
l
to
u
se
b
oth
su
p
erscrip
ts

an
d
su
b
scrip
ts
to
d
en
ote
in
d
ices.
Q
u
an
tities
w
ith
u
p
p
er
in
d
ices
(su
p
erscrip
ts)
are
called

con
trava
ria
n
t,
an
d
q
u
an
tities
w
ith
low
er
in
d
ices
(su
b
scrip
ts)
are
called
covarian
t.
T
h
ese

in
d
ices
can
alw
ay
s
b
e
arran
ged
so
th
at
each
su
m
m
ation
ov
er
a
rep
eated
in
d
ex
in
volves

on
e
u
p
p
er
a
n
d
on
e
low
er
in
d
ex
,
as
h
as
b
een
d
on
e
in
E
q
.
(5.36).
T
o
u
n
d
erstan
d
fu
lly
th
e

m
ean
in
g
of
u
p
p
er
an
d
low
er
in
d
ices,
o
n
e
m
u
st
stu
d
y
h
ow
th
e
eq
u
ation
s
of
n
on
-E
u
clid
ean

geom
etry
a
re
tran
sform
ed
b
y
a
red
e�
n
ition
of
th
e
co
ord
in
ate
sy
stem
.
W
e
w
ill
sk
ip
th
is

top
ic,
b
u
t
I
p
o
in
t
o
u
t
th
at
th
e
form
alism
is
con
stru
cted
so
th
at
th
e
ru
les
of
tran
sform
ation

are
in
d
icated
b
y
w
h
eth
er
th
e
in
d
ices
a
re
u
p
p
er
o
r
low
er.
F
u
rth
erm
ore,th
e
tran
sform
ation

ru
les
gu
aran
tee
th
a
t
a
n
y
su
m
ov
er
a
rep
eated
in
d
ex
,
w
ith
on
e
u
p
p
er
an
d
on
e
low
er,
is

in
va
ria
n
t
u
n
d
er
a
ch
an
ge
o
f
co
ord
in
ates.)
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R
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.
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6

8
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8
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L
E
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R
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5
,
F
A
L
L
2
0
1
8

N
ow
w
e
can
state
th
e
geo
d
esic
p
rob
lem
:
g
iv
en
tw
o
p
o
in
ts
x
iA

a
n
d
x
iB
,
w
h
a
t
eq
u
atio
n

d
eterm
in
es
th
e
geo
d
esic,
or
sh
o
rtest
p
ath
,
b
etw
een
th
e
tw
o
p
oin
ts?
(In
th
is
case
it
w
ill

b
e
th
e
sh
ortest
p
ath
.)

A
n
arb
itrary
p
ath
can
b
e
d
escrib
ed
b
y
a
fu
n
ction
x
i(�
),
w
h
ere
�
is
a
p
a
ra
m
eter

w
h
ich
w
e
take
to
ru
n
b
etw
een
0
an
d
som
e
�
n
al
va
lu
e
�
f
.
T
h
u
s,
th
e
statem
en
t
th
at
th
e

p
ath
ru
n
s
from
x
iA

to
x
iB

tran
slates
in
to
th
e
eq
u
ation
s

x
i(0)
=
x
iA
;

x
i(�

f
)
=
x
iB

:

(5.37)

N
ow
fo
cu
s
atten
tion
o
n
an
in
�
n
itesim
al
segm
en
t
of
th
e
cu
rv
e,
from
�
to
�
+
d
�
.
T
h
e

ch
an
ge
in
th
e
valu
es
of
th
e
tw
o
co
o
rd
in
ates
ov
er
th
is
segm
en
t
is
g
iven
b
y

d
x
i
=
d
x
i

d
�
d
�
:

(5.3
8)

S
in
ce
d
�
is
in
�
n
itesim
al,
on
e
n
eed
n
ot
con
sid
er
term
s
in
E
q
.
(5.3
8)
th
at
are
h
igh
er
ord
er

in
d
�
.
C
om
b
in
in
g
th
is
eq
u
atio
n
w
ith
E
q
.
(5.36),
on
e
h
as

d
s
2
=
g
ij �x
k(�
) �
d
x
i

d
�

d
x
j

d
�
d
�
2
;

an
d
th
en

d
s
= r
g
ij �x
k(�
) �
d
x
i

d
�

d
x
j

d
�
d
�
:

(5.3
9)

T
h
e
total
len
gth
of
th
e
p
ath
is
th
en

S
[x
i(�
)]
= Z

�
f

0

r
g
ij �x
k
(�
) �
d
x
i

d
�

d
x
j

d
�
d
�
:

(5
.40
)

T
h
e
p
ath
len
gth
S
[x
i(�
)]
is
a
ctu
ally
a
fu
n
ction
of
th
e
fu
n
ction
x
i(�
).
A
fu
n
ction
of
a

fu
n
ction
is
u
su
ally
called
a
fu
n
c
tio
n
a
l,
a
n
d
th
e
a
rgu
m
en
t
of
th
e
fu
n
ction
a
l
is
u
su
a
lly

en
closed
in
sq
u
are
b
rackets.

N
ex
t
w
e
con
sid
er
h
ow
th
e
p
ath
len
gth
w
ill
va
ry
if
th
e
p
ath
is
ch
a
n
g
ed
in
�
n
itesim
a
lly.

T
o
form
u
late
th
is
p
recisely,
w
e
w
rite
th
e
eq
u
ation
fo
r
a
n
ea
rb
y
p
ath
,
w
ith
th
e
sam
e

en
d
p
oin
ts,
as

~x
i(�
)
=
x
i(�
)
+
�
w
i(�
)
;

(5
.41
a)

F
ig
u
r
e
5
.1
1
:
A
p
a
th
x
(�
)
an
d
a
sm
a
ll
varia
tion
o
f
it,
~x
(�
).
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2
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1
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w
h
ere
�
is
a
n
u
m
b
er
(w
h
ich
w
e
w
ill
tak
e
to
b
e
sm
all),
an
d
th
e
p
ath
variation
fu
n
ction

w
i(�
)
is
req
u
ired
to
satisfy

w
i(0
)
=
0
;

w
i(�

f
)
=
0
;

(5.41b
)

so
th
a
t
th
e
n
ew
p
a
th
~x
i(�
)
h
as
th
e
sam
e
en
d
p
oin
ts
as
origin
al
p
ath
x
i(�
).
T
h
e
ru
le
for

a
g
eo
d
esic
is
th
at
n
o
m
atter
h
ow
th
e
p
ath
is
varied
,
th
e
origin
al
len
gth
is
a
m
in
im
u
m
.

T
h
is
im
p
lies
th
at
if
w
i(�
)
is
h
eld
�
x
ed
,
for
an
y
valu
e
th
at
satis�
es
E
q
.
(5.41b
),
th
e
p
ath

len
g
th
o
f
~x
i(�
)
sh
ou
ld
h
av
e
a
m
in
im
u
m
at
�
=
0.
T
h
u
s,

d
S �~x
i(�
) �

d
�

������
=
0

=
0

for
all
w
i(�
)
.

(5.42)

T
h
e
p
ro
b
lem
n
ow
is
sim
p
ly
to
calcu
late
th
e
d
erivative
in
E
q
.
(5.42).
T
o
sim
p
lify
th
e

n
otation
,
w
e
d
e�
n
e

A
(�
;�
)
=
g
ij �
~x
k(�
) �
d
~x
i

d
�

d
~x
j

d
�
;

(5.43)

so
w
e
can
w
rite

S �~x
i(�
) �
= Z

�
f

0

p
A
(�
;�
)
d
�
:

(5.44)

N
ote
th
at
th
e
d
erivative
can
b
e
tak
en
in
sid
e
th
e
in
tegral
th
at
d
e�
n
es
S
[~x
i(�
)],
sin
ce
th
e

lim
its
o
f
in
tegration
d
o
n
ot
d
ep
en
d
on
�
.
U
sin
g
th
e
ch
ain
ru
le
of
d
i�
eren
tiation
,
w
e
�
n
d

dd
�
g
ij �
~x
k
(�
) � �����

=
0
=

@
g
ij

@
x
k ����x

k
=
x
k
(�
)

@
~x
k

@
� �����
=
0
=
@
g
ij

@
x
k �x
i(�
) �w
k
;

(5.45)

w
h
ere
th
e
E
in
stein
su
m
m
atio
n
co
n
ven
tion
ap
p
lies
to
th
e
su
m

over
k
.
D
i�
eren
tiatin
g

E
q
.
(5.44),
on
e
th
en
�
n
d
s

d
S �~x
i(�
) �

d
�

������
=
0

=
12 Z
�
f

0

1

p
A
(�
;0) �

@
g
ij

@
x
k
w
k
d
x
i

d
�

d
x
j

d
�
+

+
g
ij
d
w
i

d
�

d
x
j

d
�
+
g
ij
d
x
i

d
�

d
w
j

d
� �
d
�
;

(5.46)

w
h
ere
th
e
m
etric
g
ij
is
to
b
e
evalu
ated
at
x
k
(�
).

T
h
e
ex
p
ression
can
b
e
fu
rth
er
sim
p
li�
ed
b
y
recogn
izin
g
th
at
th
e
su
m
m
ed
in
d
ices
are

\d
u
m
m
y
"
in
d
ices,
in
th
e
sen
se
th
at
th
eir
n
am
es
can
b
e
ch
an
ged
w
ith
ou
t
ch
an
gin
g
th
e

valu
e
of
th
e
ex
p
ression
.
(W
h
en
on
e
d
o
es
th
is,
of
cou
rse,
it
is
essen
tial
th
at
th
e
n
am
e
b
e

ch
an
ged
in
th
e
sam
e
w
ay
fo
r
ea
ch
o
ccu
rren
ce
of
th
e
in
d
ex
.)
S
u
p
p
ose
th
en
th
at
th
e
th
ird
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term
in
cu
rly
b
rackets
o
f
th
e
ab
ove
eq
u
ation
is
rew
ritten
b
y
su
b
stitu
tin
g
i!
j
a
n
d
j!
i.

It
th
en
b
ecom
es
id
en
tical
to
th
e
secon
d
term
,
ex
cep
t
th
at
th
e
in
d
ices
on
g
ij
are
rev
ersed
.

B
u
t
g
ij
is
sy
m
m
etric
in
th
e
sen
se
th
a
t
g
j
i
=
g
ij
(see
th
e
rem
ark
s
fo
llow
in
g
E
q
.
(5.3)),
so

th
e
tw
o
term
s
are
id
en
tical.
T
h
u
s,

d
S �~x
i(�
) �

d
�

������
=
0

=
12 Z
�
f

0

1

p
A
(�
;0) �

@
g
ij

@
x
k
w
k
d
x
i

d
�

d
x
j

d
�
+
2
g
ij
d
w
i

d
�

d
x
j

d
� �
d
�
:

(5.47)

T
h
e
n
ex
t
step
is
to
sim
p
lify
th
e
d
ep
en
d
en
ce
on
w
i(�
).
T
h
e
ex
p
ressio
n
a
b
ove
d
ep
en
d
s

ex
p
licitly
on
b
oth
th
e
fu
n
ctio
n
w
i(�
)
an
d
its
d
erivativ
e,
b
u
t
th
e
d
ep
en
d
en
ce
on
th
e

d
erivative
can
b
e
rem
oved
b
y
an
in
tegration
b
y
p
a
rts.
N
ote
th
at
th
e
term

Z
�
f

0

�
1
p

A
g
ij
d
x
j

d
� �

d
w
i

d
�
d
�

can
b
e
in
tegrated
u
sin
g

Z
u
d
v
=
� Z
v
d
u
+
[u
v
] �
=
�
f

�
=
0

;

w
h
ere

u
=

1
p

A
g
ij
d
x
j

d
�
;

d
u
=

dd
� �

1
p

A
g
ij
d
x
j

d
� �
d
�

d
v
=
d
w
i

d
�
d
�
;

v
=
w
i
:

T
h
e
su
rface
term
[u
v
] �
=
�
f

�
=
0

th
en
van
ish
es,
sin
ce
w
i(0
)
=
w
i(�
f
)
=
0.
S
o,

Z
�
f

0

�
1
p

A
g
ij
d
x
j

d
� �

d
w
i

d
�
d
�
=
� Z

�
f

0

dd
� �

1
p

A
g
ij
d
x
j

d
� �
w
id
�
:

(5
.48
)

T
h
u
s,
E
q
.
(5.47)
sim
p
li�
es
to

d
S

d
� �����
=
0
=
12 Z
�
f

0

�
1
p

A
@
g
ij

@
x
k
d
x
i

d
�

d
x
j

d
�
w
k�
2
dd

� �
1
p

A
g
ij
d
x
j

d
� �
w
i �
d
�
:

If
on
e
also
ren
am
es
th
e
in
d
ices
in
th
e
�
rst
term
b
y
i!
j;j!
k
;k!
i,
on
e
can
w
rite

d
S

d
� �����
=
0
= Z

�
f

0

�
1

2 p
A

@
g
j
k

@
x
i
d
x
j

d
�

d
x
k

d
�
�
dd

� �
1
p

A
g
ij
d
x
j

d
� ��
w
i(�
)
d
�
:

(5.49)

T
h
e
n
ex
t
step
is
to
set
th
e
q
u
an
tity
in
cu
rly
b
rackets
in
th
e
ex
p
ression
a
b
ove
eq
u
al

to
zero.
T
o
ju
stify
th
is,
on
e
m
u
st
of
co
u
rse
realize
th
at
th
e
van
ish
in
g
of
an
in
tegra
l
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d
o
es
n
ot
in
gen
eral
req
u
ire
th
at
th
e
in
tegran
d
is
zero
|

th
at
is,
it
is
v
ery
easy
to
�
n
d

n
on
zero
fu
n
ction
s
th
at
in
tegrate
to
zero
over
som
e
sp
eci�
ed
ran
ge.
H
ow
ever,
w
e
n
eed
to

req
u
ire
th
at
th
e
d
erivativ
e
ab
ove
van
ish
n
ot
m
erely
for
som
e
p
articu
lar
valu
e
of
w
i(�
),

b
u
t
rath
er
th
at
it
van
ish
for
a
ll
valu
es
of
w
i(�
)
th
at
a
re
con
sisten
t
w
ith
E
q
.
(5.41b
).
T
h
is

stron
ger
req
u
irem
en
t
im
p
lies
th
at
th
e
in
tegran
d
m
u
st
van
ish
.
N
ote
th
at
if
th
e
q
u
an
tity

in
cu
rly
b
rackets
d
id
n
o
t
van
ish
,
on
e
cou
ld
ch
o
ose
w
i(�
)
to
eq
u
al
th
e
q
u
an
tity
in
cu
rly

b
rackets,
so
th
e
in
tegral
in
E
q
.
(5.49)
b
ecom
es
th
e
in
tegral
o
f
a
p
erfect
sq
u
are.
S
in
ce
th
en

th
e
in
tegran
d
is
n
on
n
egativ
e,
th
e
in
tegral
can
van
ish
on
ly
if
th
e
in
tegran
d
is
id
en
tically

zero
.
(T
ech
n
ically,
th
e
in
tegran
d
can
still
b
e
n
on
zero
on
a
set
of
m
easu
re
zero,
su
ch
as

a
d
iscrete
set
of
p
oin
ts,
sin
ce
th
e
in
tegral
ov
er
su
ch
a
set
gives
zero
in
an
y
case.
W
e

w
ill
restrict
ou
rselv
es,
h
ow
ev
er,
to
con
tin
u
ou
s
fu
n
ction
s,
an
d
th
en
su
ch
a
q
u
an
tity
m
u
st

van
ish
ev
ery
w
h
ere.)
T
h
u
s,dd

� �
1
p

A
g
ij
d
x
j

d
� �
=

1
2 p
A

@
g
j
k

@
x
i
d
x
j

d
�

d
x
k

d
�

:

(5.50)

T
h
e
ab
ove
eq
u
ation
is
actu
ally
q
u
ite
com
p
licated
,
sin
ce
th
e
q
u
an
tity
A
d
e�
n
ed
b
y

E
q
.
(5.43)
is
com
p
licated
.
H
ow
ev
er,
th
e
eq
u
ation
also
h
as
m
ore
gen
erality
th
an
w
e
really

n
eed
:
a
s
w
e
d
eriv
ed
it,
it
w
ill
b
e
valid
for
an
y
p
aram
eterization
x
i(�
)
of
th
e
p
ath
.
If

w
e
in
stead
m
ak
e
a
sp
eci�
c
ch
oice
ab
ou
t
h
ow
th
e
p
ath
is
to
b
e
p
aram
eterized
,
th
en
th
e

eq
u
ation
can
b
e
sim
p
li�
ed
.
In
p
articu
lar,
w
e
can
sim
p
lify
th
e
eq
u
ation
trem
en
d
ou
sly
b
y

ch
o
osin
g
�
to
b
e
th
e
p
ath
len
gth
,
as
m
easu
red
alon
g
th
e
cu
rv
e.
R
ecallin
g
th
at

d
s
= r
g
ij �x
k(�
) �
d
x
i

d
�

d
x
j

d
�
d
�
=
p

A
d
�
;

on
e
sees
th
at
d
�
=
d
s
req
u
ires

A
=
1

(for
�
=
p
ath
len
gth
).

(5.51)

T
h
en
th
e
geo
d
esic
eq
u
ation
b
ecom
es

dd
s �
g
ij
d
x
j

d
s �
=
12
@
g
j
k

@
x
i
d
x
j

d
s

d
x
k

d
s
;

(5.52)

w
h
ere
I
h
ave
rep
la
ced
�
b
y
s
to
in
d
icate
clearly
th
at
it
is
th
e
p
h
y
sical
p
ath
len
gth
.

E
q
.
(5.52)
is
in
m
an
y
cases
th
e
m
ost
con
ven
ien
t
form
of
th
e
geo
d
esic
eq
u
ation
,
b
u
t

it
is
n
on
eth
eless
n
ot
th
e
stan
d
ard
w
ay
th
at
th
e
geo
d
esic
eq
u
ation
is
w
ritten
in
gen
eral
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relativ
ity
b
o
o
k
s.
In
stead
,
th
e
stan
d
ard
form
is
to
w
rite
an
ex
p
licit
eq
u
atio
n
fo
r
d
2x
i=d
s
2.

O
n
e
b
egin
s
b
y
ex
p
an
d
in
g
th
e
left-h
an
d
sid
e
of
E
q
.
(5.5
2),
u
sin
g
th
e
ch
ain
ru
le:

dd
s �
g
ij
d
x
j

d
s �
=
g
ij
d
2x
j

d
s
2

+
@
k
g
ij
d
x
j

d
s

d
x
k

d
s
;

(5.5
3)

w
h
ere
I
h
ave
u
sed
th
e
stan
d
a
rd
ab
b
rev
iatio
n

@
k �
@

@
x
k

:

(5.5
4)

T
h
e
geo
d
esic
eq
u
ation
th
en
b
ecom
es

g
ij
d
2x
j

d
s
2

=
12

(@
i g
j
k �
2
@
k
g
ij )
d
x
j

d
s

d
x
k

d
s
:

(5
.55
)

U
sin
g
th
e
sy
m
m
etry
of
th
e
facto
r
on
th
e
righ
t,�
2
@
k g
ij
can
b
e
rew
ritten
m
o
re
sy
m
m
et-

rically
as�
@
k
g
ij �
@
j g
ik .
E
q
.
(5.5
5)
ca
n
th
en
b
e
tu
rn
ed
in
to
a
n
eq
u
a
tion
of
th
e
d
esired

form
b
y
in
vertin
g
th
e
m
atrix
g
ij
th
at
a
p
p
ears
o
n
th
e
left-h
an
d
sid
e.
O
n
e
d
e�
n
es
g
ij
as

th
e
m
atrix
in
verse
of
g
ij ,
w
h
ich
in
in
d
ex
n
otatio
n
tran
slates
in
to
th
e
statem
en
t

g
i`g

`j
=
Æ
ij
;

(5.56)

w
h
ere
Æ
ij
d
en
otes
th
e
K
ron
eck
er
Æ-fu
n
ction
(w
h
ich
is
d
e�
n
ed
to
b
e
on
e
if
i
=
j,
an
d
zero

oth
erw
ise).
O
n
e
can
th
en
ch
a
n
g
e
th
e
free
in
d
ex
in
E
q
.
(5
.55
)
to
`,
a
n
d
th
en
m
u
ltip
ly
b
y

g
i`.
T
h
e
resu
lt
is
w
ritten
stan
d
ard
ly
in
th
e
fo
rm

d
2x
i

d
s
2

=
�
�
ij

k
d
x
j

d
s

d
x
k

d
s
;

(5.5
7)

w
h
ere

�
ij

k
=
12

g
i`
(@
j g
`k
+
@
k
g
`j �
@
` g
j
k )
:

(5
.58
)

T
h
e
q
u
an
tity
�
ij

k
is
called
th
e
a
Æ
n
e
co
n
n
ection
.
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T
H
E
S
C
H
W
A
R
Z
S
C
H
IL
D

M
E
T
R
IC

G
en
eral
relativ
ity
in
clu
d
es
a
set
of
eq
u
ation
s
k
n
ow
n
as
th
e
E
in
stein
�
eld
eq
u
ation
s,

w
h
ich
d
escrib
e
h
ow
a
grav
itation
al
�
eld
is
p
ro
d
u
ced
b
y
m
atter.
T
h
ese
eq
u
ation
s
are

th
e
an
alogu
e
of
th
e
M
ax
w
ell
eq
u
ation
s
o
f
electrom
agn
etism
,
w
h
ich
d
escrib
e
h
ow
an
elec-

trom
agn
etic
�
eld
is
p
ro
d
u
ced
b
y
ch
arges
an
d
cu
rren
ts.
T
h
e
E
in
stein
�
eld
eq
u
ation
s
are

b
ey
on
d
th
e
scop
e
o
f
th
is
cou
rse,
b
u
t
it
w
ill
n
on
eth
eless
b
e
u
sefu
l
to
d
escrib
e
som
e
featu
res

of
th
e
solu
tion
s
to
th
e
�
eld
eq
u
ation
s.

O
f
p
articu
lar
in
terest
are
th
e
solu
tion
s
for
sp
h
erically
sy
m
m
etric
ob
jects,
su
ch
as

p
lan
ets,
stars,
or
b
lack
h
oles.
In
N
ew
ton
ian
m
ech
an
ics,
y
ou
w
ill
recall,
th
e
grav
itation
al

�
eld
ou
tsid
e
a
sp
h
erical
d
istrib
u
tion
of
m
atter
h
as
th
e
p
ecu
liar
p
rop
erty
th
at
it
is
in
d
e-

p
en
d
en
t
o
f
th
e
d
etails
of
th
e
m
ass
d
istrib
u
tion
.
O
u
tsid
e
of
a
sp
h
erical
d
istrib
u
tion
,
th
e

�
eld
is
u
n
iq
u
ely
d
eterm
in
ed
if
th
e
total
m
ass
is
k
n
ow
n
,
in
d
ep
en
d
en
t
of
h
ow
th
is
m
ass

is
d
istrib
u
ted
w
ith
rad
iu
s.
In
gen
eral
relativ
ity,
it
tu
rn
s
ou
t,
th
e
sam
e
featu
re
is
fou
n
d

|

th
e
m
etric
is
d
eterm
in
ed
solely
b
y
th
e
total
m
ass
en
closed
.
T
h
e
m
etric
for
a
sp
h
er-

ically
sy
m
m
etric
d
istrib
u
tion
of
m
ass,
in
th
e
region
ou
tsid
e
th
e
m
ass,
is
giv
en
b
y
th
e

S
ch
w
arzsch
ild
m
etric,

d
s
2
=
�
c
2d
�
2
=
� �
1�
2
G
M

rc
2 �
c
2d
t
2
+ �
1�
2
G
M

rc
2 �

�
1

d
r
2

+
r
2d
�
2
+
r
2
sin
2
�
d
�
2
;

(5.59)

w
h
ere
M

is
th
e
to
ta
l
m
a
ss
o
f
th
e
o
b
ject,
an
d
�
an
d
�
are
th
e
u
su
al
p
olar
co
ord
in
ates.

T
h
eir
ran
ge
is
giv
en
b
y
0�
��
�
,
0�
�
<
2
�
,
a
n
d
�
=
2
�
is
id
en
ti�
ed
w
ith
�
=
0.

N
ote
th
at
th
e
m
etric
b
ecom
es
sin
gu
lar
at
r
=

2
G
M
=
c
2,
w
h
ich
is
k
n
ow
n
as
th
e

S
ch
w
arzsch
ild
rad
iu
s:

R
S
=
2
G
M

c
2

:

(5.60)

A
m
etric
is
said
to
b
e
sin
gu
lar
if
an
y
of
th
e
co
eÆ
cien
ts
b
ecom
e
in
�
n
ite,
or
if
an
y
of
th
e

co
eÆ
cien
ts
van
ish
;
in
th
is
case
b
oth
h
ap
p
en
:
th
e
co
eÆ
cien
t
of
th
e
d
t
2
term
van
ish
es
at

th
e
S
ch
w
a
rzsch
ild
rad
iu
s,
an
d
th
e
co
eÆ
cien
t
of
d
r
2
b
ecom
es
in
�
n
ite.
T
h
e
sin
gu
larity
at

th
e
S
ch
w
a
rzsch
ild
rad
iu
s,
h
ow
ev
er,
d
o
es
n
ot
in
d
icate
an
y
tru
e
sin
gu
larity
in
th
e
stru
ctu
re

of
sp
ace.
If
a
p
erson
or
in
stru
m
en
t
fell
th
rou
gh
th
e
S
ch
w
arzsch
ild
rad
iu
s,
n
oth
in
g
p
ecu
liar

w
ou
ld
b
e
felt.
In
th
is
case
th
e
sin
gu
larity
is
cau
sed
o
n
ly
b
y
th
e
ch
oice
of
th
e
co
ord
in
ate

sy
stem
,
an
d
oth
er
co
ord
in
ate
sy
stem
s
can
b
e
con
stru
cted
for
w
h
ich
th
ere
is
n
o
sin
gu
larity.

In
th
is
cou
rse,
h
ow
ev
er,
w
e
w
ill
n
o
t
h
ave
tim
e
to
lo
ok
at
su
ch
co
ord
in
ate
sy
stem
s.
T
h
e

S
ch
w
arzsch
ild
m
etric
is
also
sin
gu
lar
at
r
=
0
;
u
n
like
th
e
sin
gu
larity
at
r
=
R
S
,
th
e

sin
gu
larity
a
t
r
=
0
is
a
tru
e
p
h
y
sical
sin
gu
larity.
P
h
y
sically
m
easu
rab
le
q
u
an
tities,
su
ch

as
th
e
tid
al
forces
asso
ciated
w
ith
n
on
u
n
iform

grav
itation
al
�
eld
s,
b
ecom
e
in
�
n
ite
at

r
=
0
.
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A
lth
ou
gh
th
e
sin
gu
larity
a
t
r
=
R
S
is
on
ly
an
artifact
of
th
e
co
ord
in
a
te
sy
stem
,it
can

b
e
sh
ow
n
n
on
eth
eless
th
at
r
=
R
S

rep
resen
ts
th
e
p
oin
t
o
f
n
o
retu
rn
fo
r
an
ob
ject
fallin
g

in
to
a
b
lack
h
ole.
If
an
y
ob
ject
(ev
en
a
p
h
oton
)
fa
lls
in
sid
e
th
e
S
ch
w
arzsch
ild
ra
d
iu
s,
th
en

it
w
ill
n
ev
er
b
e
ab
le
to
escap
e.
T
h
u
s,
an
ob
ject
th
at
is
co
n
tain
ed
w
ith
in
its
S
ch
w
arzsch
ild

rad
iu
s
is
called
a
b
lack
h
ole.
T
h
e
sp
h
ere
a
t
r
=
R
S

is
called
th
e
\S
ch
w
arzsch
ild
h
o
rizo
n
,"

m
ean
in
g
th
at
it
is
im
p
ossib
le,
from
th
e
ou
tsid
e,
to
see
an
y
th
in
g
b
ey
on
d
r
=
R
S
.

T
h
e
d
istin
ction
b
etw
een
a
b
la
ck
h
o
le
an
d
a
star
is
sim
p
ly
th
e
q
u
estio
n
of
w
h
eth
er
th
is

S
ch
w
arzsch
ild
h
orizon
ex
ists.
If
th
e
m
atter
ex
ten
d
s
to
rad
ii
b
ey
on
d
th
e
valu
e
o
f
R
S

in
d
i-

cated
b
y
E
q
.
(5.60),
th
en
th
e
S
ch
w
arzsch
ild
m
etric
w
ill
n
ot
b
e
valid
at
th
e
S
ch
w
arzsch
ild

rad
iu
s.
In
th
is
case
th
e
h
orizon
m
ay
or
m
ay
n
ot
ex
ist,
d
ep
en
d
in
g
on
th
e
d
istrib
u
tio
n

of
m
atter
in
sid
e
th
e
ob
ject.
H
ow
ever,
if
th
e
m
a
ss
d
istrib
u
tion
is
so
co
m
p
a
ct
th
at
it
is

con
tain
ed
w
ith
in
th
e
S
ch
w
a
rzsch
ild
rad
iu
s,
th
en
th
e
S
ch
w
arzsch
ild
m
etric
w
ill
d
escrib
e

th
e
sp
ace
ou
tsid
e
of
th
e
m
atter,
a
n
d
th
e
S
ch
w
arzsch
ild
h
orizon
w
ill
b
e
g
u
aran
teed
to

ex
ist.J

u
st
for
orien
tation
,
w
e
can
com
p
u
te
th
e
S
ch
w
a
rzsch
ild
rad
iu
s
of
th
e
su
n
,
w
h
ich
h
a
s

a
m
ass
of
1
:989�
10
3
0
k
g.
T
h
u
s,

R
S
;�

=
2�
6
:67
3�
1
0
�
1
1
m
3-k
g
�
1-s
�
2�
1
:9
8
9�
10
3
0
k
g

(2
:998�
10
8
m
-s
�
1)
2

=
2
:95
k
m
:

(5
.61
)

S
o
if
th
e
su
n
w
ere
com
p
ressed
to
a
size
sm
aller
th
a
n
2.95
k
m
,
it
w
o
u
ld
b
ecom
e
a
b
lack

h
ole.

G
E
O
D
E
S
IC
S
IN

T
H
E
S
C
H
W
A
R
Z
S
C
H
IL
D

M
E
T
R
IC

O
u
r
p
u
rp
ose
in
in
tro
d
u
cin
g
th
e
S
ch
w
arzsch
ild
m
etric
is
m
ain
ly
to
p
rov
id
e
a
n
ex
a
m
p
le

of
th
e
calcu
lation
of
a
geo
d
esic
in
a
realistic
gen
era
l
relativ
ity
settin
g
.

In
th
is
section
w
e
w
ill
calcu
late
th
e
geo
d
esic,
an
d
h
en
ce
th
e
tra
jecto
ry,
for
a
p
a
rticle

th
at
is
released
from
rest
at
r
=
r
0
in
th
e
S
ch
w
a
rzsch
ild
m
etric
of
E
q
.
(5.5
9).
N
ote
th
a
t
r

is
a
rad
ial
co
ord
in
ate,
in
th
e
sen
se
th
a
t
it
p
rov
id
es
a
m
easu
re
o
f
h
ow
far
a
sp
a
cetim
e
p
o
in
t

is
from
th
e
cen
ter
of
sy
m
m
etry.
H
ow
ever,
it
w
ou
ld
b
e
m
islead
in
g
to
ca
ll
r
th
e
rad
iu
s,
sin
ce

it
d
o
es
n
ot
literally
m
easu
re
th
e
d
istan
ce
from
th
e
cen
ter.
If
r
is
va
ried
b
y
a
n
am
ou
n
t
d
r,

th
e
n
ew
p
oin
t
is
sep
arated
fro
m
th
e
�
rst
n
ot
b
y
d
r,
b
u
t
in
stead
b
y
d
r= p
1�
2
G
M
=
rc
2.
r

is
som
etim
es
called
th
e
circu
m
feren
tial
rad
iu
s,
sin
ce
th
e
term
r
2(d
�
2
+
sin
2
�
d
�
2)
in
th
e

m
etric
im
p
lies
th
at
th
e
circu
m
feren
ce
of
a
circle
at
a
�
x
ed
va
lu
e
o
f
r
is
eq
u
a
l
to
2
�
r,
as

in
E
u
clid
ean
geom
etry.

B
y
sp
h
erical
sy
m
m
etry,w
e
k
n
ow
th
a
t
th
e
p
article
w
ill
fall
straig
h
t
tow
a
rd
th
e
cen
ter

of
th
e
sp
h
ere,
so
th
e
co
ord
in
ates
�
an
d
�
w
ill
rem
a
in
con
stan
t.
T
h
u
s,
th
e
term
s
in
th
e

m
etric
p
rop
ortion
al
to
d
�
2
an
d
d
�
2
w
ill
giv
e
n
o
co
n
trib
u
tion
as
th
e
p
article
m
oves
alon
g
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th
e
tra
jectory.
S
in
ce
th
e
sp
h
erical
sy
m
m
etry
also
gu
aran
tees
th
at
th
e
oth
er
term
s
in
th
e

m
etric
are
in
d
ep
en
d
en
t
o
f
�
a
n
d
�
,
th
ese
tw
o
an
gles
can
b
e
com
p
letely
ign
ored
in
solv
in
g

th
e
p
rob
lem
;
th
e
valu
es
of
th
e
tw
o
an
gles
w
ill
rem
ain
con
stan
t
at
th
eir
in
itial
valu
es.

T
h
e
tra
jectory
of
su
ch
a
p
article
is
tim
elik
e,
an
d
can
b
e
p
aram
eterized
b
y
th
e
p
rop
er

tim
e
a
s
it
w
ou
ld
b
e
m
easu
red
on
a
clo
ck
th
at
m
ov
es
w
ith
th
e
p
article.
T
h
e
tra
jectory
can

b
e
d
escrib
ed
b
y
th
e
fu
n
ction
s
r(�
)
an
d
t(�
),
w
h
ere
th
e
latter
fu
n
ction
giv
es
th
e
valu
e
of

th
e
co
ord
in
ate
t
as
a
fu
n
ction
of
th
e
p
rop
er
tim
e.
T
h
e
m
etric
(5.59)
giv
es
th
e
sep
aration

d
�
2
b
etw
een
tw
o
n
eigh
b
orin
g
p
oin
ts
a
lo
n
g
th
e
tra
jecto
ry.
D
iv
id
in
g
E
q
.
(5.59)
b
y
d
�
2,

on
e
�
n
d
s
th
e
relation

c
2
= �
1�
2
G
M

rc
2 �
c
2 �
d
t

d
� �

2� �
1�
2
G
M

rc
2 �

�
1 �
d
r

d
� �

2

:

(5.62)

T
h
is
allow
s
on
e
to
d
eterm
in
e
d
t=d
�
in
term
s
o
f
d
r=
d
�
.
T
o
b
e
m
ore
com
p
act,
w
e
in
tro
d
u
ce

th
e
n
otation

h
(r)�
1�
R
Sr

=
1�
2
G
M

rc
2

;

(5.63)

so
E
q
.
(5.62)
can
b
e
rew
ritten
as

c
2 �
d
t

d
� �

2
=
c
2h
�
1(r)
+
h
�
2(r) �
d
r

d
� �

2

:

(5.64)

T
o
gen
eralize
th
e
geo
d
esic
eq
u
ation
(5.52)
to
sp
acetim
e
tra
jectories,
th
ere
is
n
oth
in
g

sign
i�
can
t
th
at
n
eed
s
to
b
e
ch
an
ged
.
W
e
are
ch
an
gin
g
th
e
n
u
m
b
er
of
d
im
en
sion
s
an
d
w
e

are
sw
itch
in
g
to
a
m
etric
th
at
is
n
ot
p
ositiv
e
d
e�
n
ite,
b
u
t
n
eith
er
of
th
ese
ch
an
ges
a�
ect

th
e
d
erivation
of
th
e
geo
d
esic
eq
u
ation
in
an
y
w
ay.
S
in
ce
th
e
tra
jectories
of
p
articles
are

tim
elik
e,
w
e
p
aram
eterize
th
e
p
ath
n
ot
b
y
s,
w
h
ich
w
ou
ld
b
e
im
agin
ary,
b
u
t
in
stead
b
y

�
.
T
h
is
d
o
es
n
o
t
ch
an
ge
th
e
form
of
th
e
eq
u
ation
eith
er,
sin
ce
th
e
on
ly
p
lace
w
h
ere
th
e

p
aram
eterization
m
attered
w
as
w
h
en
w
e
assu
m
ed
th
at
A
=
1,
in
d
eriv
in
g
E
q
.
(5.52)
from

E
q
.
(5.50).
B
u
t
th
e
d
erivation
d
ep
en
d
ed
on
ly
on
th
e
p
rescrip
tion
th
at
A
=
con
sta
n
t,
an
d

n
ot
on
A
=
1
.
In
th
is
case
w
e
w
ill
b
e
u
sin
g
A
=
�
c
2,
b
u
t
th
e
geo
d
esic
eq
u
ation
w
ill
b
e

u
n
a�
ected
.
S
o,
w
e
can
rew
rite
th
e
geo
d
esic
eq
u
ation
as

dd
� �
g
�
�
d
x
�

d
� �
=
12
@
g
�
�

@
x
�

d
x
�

d
�

d
x
�

d
�

;

(5.65)

w
h
ere
I
fo
llow
ed
a
com
m
on
con
ven
tion
of
u
sin
g
G
reek
letters
for
sp
acetim
e
in
d
ices.
T
h
e

letters
�
,
�
,
�
,
�
,
etc.
a
re
su
m
m
ed
from
0
to
3
w
h
en
th
ey
are
rep
eated
,
w
h
ere
x
0�
t.
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N
ote
th
at
of
th
e
4
com
p
o
n
en
ts
of
d
x
�
=d
�
,
on
ly
tw
o
are
n
on
zero:
d
r=d
�
an
d
d
t=d
�
.

S
in
ce
E
q
.
(5.64)
allow
s
u
s
to
�
n
d
d
t=d
�
in
term
s
of
d
r=
d
�
,
it
w
ill
b
e
su
Æ
cien
t
for
u
s
to

lo
ok
at
on
ly
th
e
geo
d
esic
eq
u
atio
n
fo
r
d
r=d
�
.
W
ritin
g
E
q
.
(5.6
5)
for
�
=
r,
on
e
�
n
d
s

dd
� �
g
r
r
d
r

d
� �
=
12

@
r g
r
r �
d
r

d
� �

2
+
12

@
r g
tt �
d
t

d
� �

2

;

(5
.66
)

w
h
ere

g
r
r
=
h
�
1(r)
;

(5.67)

an
d

g
tt
=
�
c
2h
(r)
:

(5.6
8)

U
sin
g
th
e
fact
th
at
@
r h
(r)
=
�
R
S
=
r
2,
E
q
.
(5
.66
)
b
ecom
es

h
�
1(r)
d
2r

d
�
2 �
h
�
2(r)
R
S

r
2 �
d
r

d
� �

2
=

�
12

h
�
2(r)
R
S

r
2 �
d
r

d
� �

2�
12

c
2
R
S

r
2 �
d
t

d
� �

2

:

(5.6
9)

N
ow
u
se
E
q
.
(5.64)
to
elim
in
ate
d
t=
d
�
,
an
d
n
otice
th
at
th
e
term
s
in
v
olv
in
g
d
r=d
�
can
cel

again
st
each
oth
er.
T
h
e
on
ly
rem
ain
in
g
term
s
are
p
ro
p
ortion
al
to
h
�
1(r),
so
on
e
ca
n

m
u
ltip
ly
b
y
th
e
in
verse
of
th
is
q
u
an
tity
to
ob
tain

d
2r

d
�
2
=
�
c
22
R
S

r
2

=
�
G
Mr

2

:

(5.7
0)

T
h
is
eq
u
ation
is
id
en
tica
l
in
fo
rm
to
th
e
corresp
on
d
in
g
eq
u
atio
n
in
N
ew
to
n
ia
n
m
e-

ch
an
ics,
b
u
t
th
e
p
h
y
sics
is
fa
r
from
id
en
tical.
In
th
e
N
ew
ton
ian
case
th
e
tim
e
va
riab
le

d
en
otes
a
u
n
iversal
tim
e
th
at
ca
n
b
e
rea
d
on
a
n
y
clo
ck
,
w
h
ile
in
th
e
gen
eral
relativ
ity
case

th
e
tim
e
variab
le
�
rep
resen
ts
th
e
p
ro
p
er
tim
e
th
a
t
w
ou
ld
b
e
m
easu
red
b
y
a
clo
ck
th
at
is

m
ov
in
g
w
ith
th
e
fallin
g
p
article.
T
h
e
tim
e
th
at
w
ou
ld
b
e
m
easu
red
o
n
a
statio
n
a
ry
clo
ck

w
ou
ld
b
e
d
i�
eren
t.

S
in
ce
E
q
.
(5.70)
is
a
fam
iliar
d
i�
eren
tia
l
eq
u
ation
,
w
e
ca
n
in
tegrate
it
w
ith
ou
t
d
iÆ
-

cu
lty.
T
h
e
�
rst
step
is
to
ob
ta
in
a
con
serva
tion
o
f
en
erg
y
eq
u
a
tion
,
w
h
ich
can
b
e
d
on
e

b
y
m
u
ltip
ly
in
g
th
e
eq
u
ation
b
y
d
r=d
�
.
T
h
e
eq
u
atio
n
can
th
en
b
e
w
ritten
a
s

dd
� (

12 �
d
r

d
� �

2�
G
Mr )

=
0
;

(5.71)
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w
h
ich
im
p
lies
th
at
th
e
q
u
an
tity
in
cu
rly
b
rack
ets
is
con
serv
ed
.
If
th
e
p
article
is
released

fro
m

rest
a
t
r
=

r
0 ,
th
en
th
e
in
itial
valu
e
of
th
is
con
serv
ed
q
u
an
tity
is
�
G
M
=
r
0 ,
so

E
q
.
(5.71)
b
ecom
es

d
r

d
�
=
� s
2
G
M �
1r �
1r

0 �
=
� s
2
G
M
(r
0 �
r)

rr
0

:

(5.72)

T
h
is
eq
u
ation
can
b
e
red
u
ced
to
a
d
e�
n
ite
in
tegral
b
y
b
rin
gin
g
all
of
th
e
r-d
ep
en
d
en
t

factors
to
on
e
sid
e
an
d
in
tegratin
g:

�
=
� Z

r
f

r
0

d
r r
rr
0

2
G
M
(r
0 �
r)
:

(5.73)

T
h
is
in
tegral
can
b
e
carried
o
u
t,
so
�
n
ally
w
e
h
ave
an
ex
p
ression
for
th
e
p
rop
er
tim
e

�
(r
f
)
a
t
w
h
ich
th
e
p
article
is
at
th
e
rad
iu
s
co
ord
in
ate
r
f
:

�
(r
f
)
= r
r
0

2
G
M (
r
0
tan
�
1  s
r
0 �
r
f

r
f

!
+ q
r
f
(r
0 �
r
f
) )
:

(5.74)

S
o,
from
th
e
p
oin
t
of
v
iew
o
f
a
p
erson
rid
in
g
o
n
th
e
fallin
g
p
article,
th
e
S
ch
w
arzsch
ild

h
orizon
w
ill
b
e
reach
ed
in
a
�
n
ite
len
gth
of
tim
e.

H
ow
ever,
if
w
e
a
sk
h
ow
th
e
tra
jectory
ev
olves
as
a
fu
n
ction
of
co
ord
in
ate
tim
e
t,

w
e
w
ill
see
a
very
d
i�
eren
t
p
ictu
re.
T
h
e
velo
city
w
ith
resp
ect
to
co
ord
in
ate
tim
e
can
b
e

fo
u
n
d
b
y
th
e
ch
ain
ru
le:

d
r

d
t
=
d
r

d
�

d
�d

t
=
d
r=
d
�

d
t=d
�
;

(5.75)

a
n
d
th
en
E
q
.
(5
.6
4
)
ca
n
b
e
u
sed
to
elim
in
a
te
d
t=d
�
:

d
r

d
t
=

d
r=d
�

q
h
�
1(r)
+
c
�
2h
�
2(r) �
d
r

d
� �

2

:

(5.76)

It
is
p
ossib
le
to
�
n
d
an
ex
act
solu
tion
for
t
as
a
fu
n
ction
of
r,
w
h
ich
can
b
e
ob
tain
ed
b
y

u
sin
g
E
q
.
(5.72)
to
elim
in
ate
d
r=
d
�
from
th
e
ab
ove
eq
u
ation
,
an
d
th
en
ex
p
ressin
g
t
as

an
in
tegral
ov
er
r,
sim
ilar
to
E
q
.
(5.73).
T
h
e
resu
lt
is
v
ery
cu
m
b
ersom
e,
h
ow
ever,
an
d

n
ot
v
ery
illu
m
in
atin
g.
W
e
are
m
o
st
in
terested
,
h
ow
ever,
in
h
ow
E
q
.
(5.76)
b
eh
aves
w
h
en

r
is
n
ear
th
e
h
orizon
,
an
d
th
at
b
eh
av
ior
can
b
e
ex
tracted
rath
er
easily.
N
ear
th
e
h
orizon

h
(r)
ap
p
roach
es
zero
so
h
�
1(r)
b
low
s
u
p
,
w
ith

h
�
1(r)
=

r

r�
R
S

�
R
S

r�
R
S

:

(5.77)
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T
h
e
argu
m
en
t
of
th
e
sq
u
are
ro
o
t
in
th
e
d
en
o
m
in
ator
of
E
q
.
(5.76)
is
th
en
d
om
in
ated
b
y

th
e
secon
d
term
,
w
h
ich
w
ith
E
q
.
(5
.77)
g
iv
es

d
r

d
t �
c �
r�
R
S

R
S

�
:

(5.78)

R
earran
gin
g
an
d
in
tegratin
g
to
som
e
�
n
al
r
=
r
f
,
o
n
e
�
n
d
s

t(r
f
)�
�
R
Sc Z
r
f

d
r
0

r
0�
R
S

�
�
R
Sc
ln
(r
f �
R
S
)
:

(5
.79
)

T
h
u
s
t
d
iverges
logarith
m
ica
lly
a
s
r
f !
R
S
,
so
th
e
ob
ject
d
o
es
n
ot
reach
R
S
for
an
y
�
n
ite

valu
e
of
t.
T
h
u
s,
even
th
ou
gh
a
p
erson
fallin
g
in
to
a
b
lack
h
ole
w
o
u
ld
p
ass
th
e
h
orizon

in
a
�
n
ite
am
ou
n
t
of
tim
e,
fro
m
th
e
ou
tsid
e
th
e
p
erson
w
ill
n
ev
er
b
e
seen
to
reach
th
e

h
orizon
.
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.
3
7

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
5
,
F
A
L
L
2
0
1
8

A

P
P
E
N

D

I
X

5
A

:
T
H

E

L
O

R

E
N

T
Z

T
R

A

N

S
F
O

R

M

A
T
I
O

N

A

N

D

T
H

E

L
O

R

E
N

T
Z
-
I
N

V
A

R

I
A

N

T

I
N

T
E
R
V
A

L

T
H
E
L
O
R
E
N
T
Z
T
R
A
N
S
F
O
R
M
A
T
IO
N
:

T
h
e
k
in
em
atic
resu
lts
of
sp
ecial
relativ
ity
w
h
ich
w
ere
d
iscu
ssed
in
L
ectu
re
N
otes

1
|

tim
e
d
ilation
,
L
oren
tz-F
itzgerald
con
traction
,
an
d
th
e
relativ
ity
of
sim
u
ltan
eity
|

can
all
b
e
n
eatly
su
m
m
arized
in
a
set
of
eq
u
ation
s
called
th
e
L
oren
tz
tran
sform
ation
.

T
h
ese
eq
u
ation
s
relate
th
e
co
ord
in
ates
of
an
ev
en
t
a
s
seen
b
y
on
e
in
ertial
ob
server
to
th
e

co
ord
in
ates
of
th
e
sam
e
ev
en
t
as
seen
b
y
a
n
oth
er
in
ertial
ob
serv
er
in
relativ
e
m
otion
.

T
h
e
L
oren
tz
tran
sform
ation
can
b
e
easily
d
eriv
ed
from
th
e
p
rin
cip
les
th
at
h
ave
al-

read
y
b
een
estab
lish
ed
.
S
u
p
p
ose
th
at
a
sp
ace
sh
ip
ob
serv
er
con
stru
cts
a
p
h
y
sical
co
ord
i-

n
ate
sy
stem
b
y
carry
in
g
w
ith
h
im
an
en
tire
n
etw
ork
of
m
easu
rin
g
ro
d
s
orien
ted
alon
g
h
is

x
-
an
d
y
-ax
es,
as
in
F
ig.
5A
.1.
H
e
a
lso
h
as
a
n
etw
ork
of
clo
ck
s.
H
e
d
eterm
in
es
th
e
sp
atial

co
o
rd
in
a
tes
o
f
a
n
even
t
b
y
o
b
serv
in
g
w
h
ere
in
th
is
n
etw
ork
of
m
easu
rin
g
ro
d
s
it
o
ccu
rs,

an
d
h
e
d
eterm
in
es
th
e
tim
e
b
y
rea
d
in
g
it
fro
m
a
clo
ck
lo
cated
at
th
e
site
of
th
e
ev
en
t.
W
e

w
ill
refer
to
th
ese
co
ord
in
ates
as
x
0,
y
0,
an
d
t
0,
u
sin
g
th
e
p
rim
es
to
d
istin
gu
ish
th
em
from

ou
r
ow
n
co
ord
in
ate
sy
stem
,
w
h
ich
w
e
w
ill
con
tin
u
e
to
call
x
,
y
,
an
d
t.
(T
o
sim
p
lify
th
e

d
iscu
ssion
I
am
assu
m
in
g
th
at
ev
ery
th
in
g
h
ap
p
en
s
in
th
e
2-d
im
en
sion
al
p
lan
e
sp
an
n
ed

b
y
th
e
x
-
an
d
y
-ax
es.
T
h
e
z
d
irection
can
b
e
rein
stated
v
ery
easily,
sin
ce
its
p
rop
erties

are
th
e
sam
e
as
th
ose
of
th
e
y
d
irection
.)

L
et
u
s
su
p
p
o
se
th
at
th
e
m
ov
in
g
co
ord
in
ate
sy
stem

is
orien
ted
so
th
at
its
x
0-ax
is

m
oves
to
th
e
righ
t
alo
n
g
o
u
r
x
-a
x
is,
a
n
d
th
e
clo
ck
s
are
sy
n
ch
ron
ized
so
th
at
th
e
clo
ck
at

th
e
origin
of
each
sy
stem
is
set
to
zero
at
th
e
tim
e
w
h
en
th
e
tw
o
origin
s
cross
each
oth
er.

N
otice,
th
at
sin
ce
th
ere
is
n
o
con
traction
of
th
e
m
easu
rin
g
ro
d
s
th
at
are
orien
ted

p
erp
en
d
icu
la
r
to
th
e
m
o
tio
n
,
th
e
y
-co
ord
in
ate
of
an
ev
en
t
h
as
th
e
sam
e
valu
e
in
eith
er

fram
e.
T
h
is
lead
s
to
th
e
�
rst
tran
sform
ation
eq
u
ation
,

y
0
=
y
:

(5A
.1)

If
th
ere
w
as
a
th
ird
sp
atial
d
im
en
sion
in
th
e
p
rob
lem
,
on
e
w
ou
ld
sim
ilarly
con
clu
d
e
th
at

z
0
=
z.

S
u
p
p
ose
n
ow
th
a
t
an
ev
en
t
A
o
ccu
rs
in
ou
r
co
o
rd
in
ate
sy
stem
at
a
sp
acetim
e
p
oin
t

(x
;t),
w
h
ere
w
e
w
ill
set
y
�
0
for
sim
p
licity.
W
e
n
ow
w
ish
to
calcu
late
th
e
co
ord
in
ates

as
m
easu
red
b
y
th
e
m
ov
in
g
(p
rim
ed
)
sy
stem
.
S
in
ce
y
=
y
0
=
0,
th
e
ev
en
t
w
ill
o
ccu
r
on

th
e
m
easu
rin
g
ro
d
w
h
ich
con
stitu
tes
th
e
x
0-ax
is
of
th
e
m
ov
in
g
sy
stem
,
so
w
e
can
for
n
ow

ign
ore
th
e
ex
isten
ce
of
th
e
oth
er
m
easu
rin
g
ro
d
s.

F
ig.
5A
.2
sh
ow
s
th
e
tra
jectory
of
th
e
origin
of
th
e
p
rim
ed
co
ord
in
ate
sy
stem
,
w
h
ich

w
e
w
ill
ca
ll
O
0.
It
starts
a
t
th
e
origin
of
ou
r
sy
stem
a
t
t
=
0,
an
d
th
en
m
ov
es
to
th
e

righ
t
at
sp
eed
v
.
T
h
e
d
iagram
also
sh
ow
s
th
at
th
e
m
ov
in
g
m
easu
rin
g
ro
d
w
h
ich
con
n
ects

IN
T
R
O
D
U
C
T
IO
N
T
O

N
O
N
-E
U
C
L
ID
E
A
N
S
P
A
C
E
S

p
.
3
8

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
5
,
F
A
L
L
2
0
1
8

F
ig
u
r
e
5
A
.1
:
A
\p
h
y
sical"
co
ord
in
a
te
fra
m
e,
m
a
d
e
o
f
clo
ck
s
a
n
d
m
easu
rin
g
ro
d
s.

F
ig
u
r
e
5
A
.2
:
T
ra
jectory
of
O
0,
th
e
origin
of
th
e
p
rim
ed
co
ord
in
ate
sy
stem
.
It
sta
rts
a
t

th
e
origin
of
ou
r
sy
stem
at
t
=
0
,
a
n
d
m
oves
to
th
e
righ
t
a
t
sp
eed
v
.

th
e
ev
en
t
A
to
O
0

h
as
len
gth
x�
v
t,
w
h
en
m
ea
su
red
in
o
u
r
fram
e.
H
ow
ever,
sin
ce
th
e

m
easu
rin
g
ro
d
is
con
tracted
b
y
a
factor

�

1

p
1�
�
2

;

(5A
.2)

it
follow
s
th
at
th
e
len
gth
th
at
o
n
e
w
ou
ld
rea
d
o
�
fro
m
th
e
ro
d
itself
m
u
st
b
e

(x�
v
t).

T
h
u
s,

x
0
=

(x�
v
t)
:

(5
A
.3)
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R
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U
C
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N
O
N
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U
C
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E
A
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p
.
3
9

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
5
,
F
A
L
L
2
0
1
8

T
o
d
eterm
in
e
t
0,
w
e
m
u
st
�
n
d
th
e
tim
e
on
th
e
m
ov
in
g
clo
ck
w
h
ich
coin
cid
es
w
ith
th
e

ev
en
t
A
.
T
o
d
o
th
is,
con
sid
er
�
rst
th
e
ev
en
t
B
w
h
ich
o
ccu
rs
at
th
e
sam
e
tim
e
as
ev
en
t
A

in
ou
r
fram
e,
b
u
t
w
h
ich
is
lo
cated
at
th
e
origin
O
0
of
th
e
m
ov
in
g
sy
stem
.
S
in
ce
th
e
clo
ck

at
O
0
is
sy
n
ch
ron
ized
w
ith
ou
rs
at
t
=
0
an
d
th
en
ru
n
s
slow
ly
b
y
a
factor
of

,
w
e
k
n
ow

th
at

t
0(B
)
=
t=

:

(5A
.4)

H
ow
ev
er,
th
e
clo
ck
a
t
B
is
tra
ilin
g
th
e
clo
ck
a
t
A
,
an
d
th
erefore
th
e
tw
o
clo
ck
s
w
ill
n
ot

ap
p
ea
r
to
u
s
to
b
e
sy
n
ch
ron
ized
.
In
stead
,
w
e
h
av
e
learn
ed
th
at
th
e
trailin
g
clo
ck
w
ill

read
a
tim
e
th
at
is
later
th
an
th
e
lead
in
g
clo
ck
b
y
an
am
o
u
n
t
�
`
o =
c,
w
h
ere
`
o
is
rest

len
gth
of
th
e
ro
d
th
at
join
s
th
e
tw
o
clo
ck
s.
In
th
is
case
`
o
=
x
0
=

(x�
v
t),
so

t
0(A
)
=
t
0(B
)�
�

(x�
v
t) Æ
c

= �1�
�
2 �

t�
�
 �
xc
�
�
t �

=
 �
t�
v
xc

2 �
:

(5A
.5)

T
h
is
com
p
letes
th
e
d
erivation
of
th
e
L
oren
tz
tran
sform
ation
eq
u
ation
s,
w
h
ich
can
b
e

su
m
m
arized
as
follow
s:

x
0
=

(x�
v
t)

y
0
=
y

z
0
=
z

t
0
=
 �
t�
v
xc

2 �
:

(5A
.6)

W
e
h
ave
a
lread
y
v
eri�
ed
th
at
th
ere
is
n
o
d
istin
ction
b
etw
een
th
e
m
ov
in
g
referen
ce

fram
e
an
d
ou
rs,so
th
at
th
e
m
ov
in
g
ob
serv
er
ob
serv
es
th
e
sam
e
d
istortion
in
ou
r
m
easu
rin
g

d
ev
ices
th
at
w
e
o
b
serve
in
h
is.
In
th
e
form
alism
of
th
e
L
oren
tz
tran
sform
ation
,
th
is
fact

is
v
eri�
ed
b
y
in
v
ertin
g
th
e
tran
sform
ation
.
T
h
at
is,
th
e
a
b
ove
eq
u
ation
s
can
b
e
solv
ed

to
ex
p
ress
th
e
u
n
p
rim
ed
variab
les
in
term
s
o
f
th
e
p
rim
ed
variab
les.
W
h
en
th
is
ex
ercise

is
carried
ou
t,
it
is
fou
n
d
th
at
th
e
eq
u
ation
s
h
ave
ex
actly
th
e
sam
e
form
,
ex
cep
t
th
at
th
e

sign
of
th
e
relativ
e
velo
city
v
is
rev
ersed
.

T
H
E
L
O
R
E
N
T
Z
-IN
V
A
R
IA
N
T

IN
T
E
R
V
A
L
:

S
o
far
w
e
h
ave
con
sid
ered
on
ly
p
u
lses
of
ligh
t
th
at
m
ove
eith
er
p
arallel
or
p
erp
en
-

d
icu
lar
to
th
e
d
irection
of
m
otion
.
H
ow
ev
er,
th
e
L
oren
tz
tran
sform
ation
allow
s
u
s
to

easily
v
erify
th
at
th
e
m
easu
red
sp
eed
of
ligh
t
is
th
e
sa
m
e
in
a
ll
d
irection
s.
T
o
see
th
is,

IN
T
R
O
D
U
C
T
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N
T
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N
O
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U
C
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E
A
N
S
P
A
C
E
S

p
.
4
0

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
5
,
F
A
L
L
2
0
1
8

con
sid
er
a
sp
h
erical
ligh
t
p
u
lse
th
at
em
a
n
a
tes
from
th
e
orig
in
.
In
o
u
r
sy
stem
,
th
e
w
av
e

fron
t
m
oves
at
th
e
sp
eed
of
ligh
t
an
d
th
erefore
sa
tis�
es
th
e
eq
u
atio
n

x
2
+
y
2
+
z
2
=
c
2t
2
:

(5A
.7)

W
e
n
eed
to
verify
th
at
th
e
sa
m
e
eq
u
atio
n
h
old
s
for
th
e
co
ord
in
ates
o
f
th
e
w
ave
fro
n
t
in

th
e
p
rim
ed
referen
ce
fram
e.
W
e
th
erefo
re
u
se
th
e
L
oren
tz
tra
n
sfo
rm
a
tion
s
to
ca
lcu
la
te

th
e
q
u
an
tity

x
02
+
y
02
+
z
02�
c
2t
02
:

W
h
en
w
e
carry
ou
t
th
is
som
ew
h
at
com
p
licated
b
u
t
straigh
tfo
rw
ard
calcu
latio
n
,
w
e
�
n
d

th
e
follow
in
g
rem
arkab
le
rela
tion
:

x
02
+
y
02
+
z
02�
c
2t
02
=
x
2
+
y
2
+
z
2�
c
2t
2
:

(5
A
.8)

T
h
is
q
u
an
tity,

x
2
+
y
2
+
z
2�
c
2t
2
;

is
th
erefore
called
th
e
\L
oren
tz
in
varian
t
in
terval"
b
etw
een
th
e
even
t
(x
;y
;z
;t)
an
d
th
e

origin
.T

h
e
o
rigin
is
o
f
cou
rse
n
o
t
really
a
sp
ecial
p
oin
t,
so
on
e
can
ju
st
as
w
ell
d
e�
n
e
th
e

L
oren
tz
in
varian
t
in
terval
b
etw
een
a
n
y
tw
o
even
ts
A
an
d
B
:

s
2�
(x
A

�
x
B
)
2
+
(y
A

�
y
B
)
2
+
(z
A

�
z
B
)
2�
c
2
(t
A

�
t
B
)
2

:

(5
A
.9)

A
lth
ou
gh
I
am
callin
g
th
e
L
oren
tz
in
varian
t
in
terval
s
2,
I
o
b
v
iou
sly
d
o
n
o
t
m
ean
to
im
p
ly

th
at
it
is
alw
ay
s
p
ositive
|

it
can
h
av
e
eith
er
sign
.
I
call
it
s
2
o
n
ly
b
ecau
se
it
h
as
th
e

u
n
its
of
cm
2.
If
s
2

is
p
o
sitive,
th
en
th
e
tw
o
even
ts
are
said
to
b
e
sp
a
celik
e
sep
arated
.

In
th
at
case,
it
can
b
e
sh
ow
n
th
at
th
ere
ex
ists
a
fram
e
of
referen
ce
in
w
h
ich
th
e
tw
o

even
ts
o
ccu
r
at
th
e
sam
e
tim
e,
an
d
th
e
valu
e
of
s
2
rep
resen
ts
th
e
sq
u
a
re
of
th
e
d
istan
ce

b
etw
een
th
e
ev
en
ts
in
th
at
fra
m
e.
If
s
2
is
n
egative,
th
e
tw
o
even
ts
are
said
to
b
e
tim
elike

sep
arated
.
In
th
at
case
th
ere
ex
ists
a
fram
e
of
referen
ce
in
w
h
ich
th
e
tw
o
ev
en
ts
o
ccu
r

at
th
e
sam
e
p
osition
,
an
d
th
e
valu
e
of
s
2

rep
resen
ts�
c
2
tim
es
th
e
sq
u
a
re
of
th
e
tim
e

sep
aration
in
th
at
fram
e.
N
ote
a
lso
th
a
t
w
h
en
ev
er
s
2
is
n
egativ
e
o
n
e
can
im
a
gin
e
a
clo
ck

th
at
m
oves
b
etw
een
th
e
tw
o
even
ts
at
a
u
n
iform
sp
eed
|

s
2
is
th
en
eq
u
al
to�
c
2
tim
es

th
e
tim
e
in
terval
as
m
easu
red
b
y
th
e
clo
ck
.
T
h
is
tim
e
in
terval
is
so
m
etim
es
ca
lled
th
e

p
rop
er
tim
e
b
etw
een
th
e
tw
o
ev
en
ts.


