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P
rof.
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r
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H
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R
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H
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R
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:

In
L
ectu
re
N
otes
3
an
d
4
w
e
d
iscu
ssed
th
e
d
y
n
am
ics
o
f
N
ew
ton
ian
cosm
ology
u
n
d
er

th
e
assu
m
p
tion
th
at
m
ass
is
con
serv
ed
as
th
e
u
n
iv
erse
ex
p
an
d
s.
In
th
at
case,
sin
ce
th
e

p
h
y
sical
v
olu
m
e
is
p
rop
ortion
al
to
a
3(t),
th
e
m
ass
d
en
sity
�
(t)
is
p
rop
o
rtion
al
to
1
=
a
3(t).

In
th
ese
lectu
re
n
otes
w
e
w
ill
ex
ten
d
ou
r
u
n
d
erstan
d
in
g
to
in
clu
d
e
th
e
d
y
n
am
ical
e�
ects

of
electrom
agn
etic
an
d
o
th
er
form
s
of
rad
iation
.
E
lectrom
agn
etic
rad
iation
is
in
trin
sically

relativ
istic
(v�
c!),
so
w
e
n
eed
to
b
egin
b
y
d
iscu
ssin
g
th
e
con
cep
ts
of
m
ass
an
d
en
ergy

in
th
e
con
tex
t
of
relativ
ity.

A
ccord
in
g
to
sp
ecial
relativ
ity,
m
ass
an
d
en
ergy
a
re
eq
u
ivalen
t,
w
ith
th
e
con
v
ersion

of
u
n
its
giv
en
b
y
th
e
fam
ou
s
form
u
la,

E
=
m
c
2
:

(6.1)

W
h
en
on
e
say
s
th
at
m
ass
a
n
d
en
ergy
are
eq
u
ivalen
t,
on
e
is
say
in
g
th
at
th
ey
are
ju
st
tw
o

d
i�
eren
t
w
ay
s
of
ex
p
ressin
g
p
recisely
th
e
sam
e
th
in
g.
T
h
e
total
en
ergy
of
an
y
sy
stem
is

eq
u
al
to
th
e
total
m
ass
of
th
e
sy
stem
|

som
etim
es
called
th
e
relativ
istic
m
ass
|

tim
es

c
2,
th
e
sq
u
are
of
th
e
sp
eed
of
ligh
t.

A
lth
ou
gh
c
2
is
a
la
rg
e
n
u
m
b
er
in
co
n
ven
tion
al
u
n
its,
on
e
can
still
th
in
k
of
it
con
cep
-

tu
ally
as
b
ein
g
m
erely
a
u
n
it
con
version
factor.
F
or
ex
am
p
le,
on
e
can
im
agin
e
m
easu
rin
g

th
e
m
ass/en
ergy
of
an
ob
ject
in
eith
er
gram
s
o
r
ergs,
w
ith

1
gram
=
8
:9
8
7
6�
1
0
2
0

erg
;

(6.2)

w
h
ere
c
2
=
8
:9876�
10
2
0
cm
2/
s
2.
S
o
on
e
gram
is
a
h
u
g
e
n
u
m
b
er
o
f
ergs.
F
or
S
I
u
n
its,

1
k
g
=
8
:9876�
10
1
6

jou
le
=
2
:497�
10
1
0
k
w
-h
r.

(6.3)

T
o
p
u
t
th
is
n
u
m
b
er
in
p
ersp
ectiv
e,
w
e
m
igh
t
com
p
are
it
to
th
e
w
orld
p
ow
er
su
p
p
ly,
w
h
ich

is
ab
ou
t
1
:8�
1
0
1
0
k
ilow
atts,
accord
in
g
to
th
e
In
tern
ation
al
E
n
ergy
A
gen
cy.*
T
h
u
s,
if
w
e

*
K
e
y

W
o
rld

E
n
e
rg
y

S
ta
tistic
s,

2
0
1
7,

h
ttp
://w
w
w
.iea.org/

p
u
b
lication
s/freep
u
b
lication
s/p
u
b
lication
/K
ey
W
orld
2017.p
d
f.
T
h
e
2015
a
n
n
u
al
\T
otal

P
rim
ary
E
n
ergy
S
u
p
p
ly
"
is
giv
en
as
13,647
m
illion
ton
n
es
of
oil
eq
u
ivalen
t
(M
to
e),
w
h
ich

in
m
ore
fam
iliar
u
n
its
is
1
:5
8
7�
10
1
4

k
W
-h
r.
If
th
is
en
ergy
p
ro
d
u
ction
w
ere
u
n
iform
ly

sp
read
ov
er
th
e
year,
th
e
avera
g
e
p
ow
er
w
o
u
ld
b
e
1
:811�
1
0
1
0

k
W
.
W
ith
a
2015
w
orld

p
op
u
lation
of
7.35
b
illion
p
eop
le,
th
is
corresp
on
d
s
to
2.46
k
W

p
er
p
erson
.
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.
2

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

cou
ld
b
u
ild
a
m
ach
in
e
th
at
w
o
u
ld
con
v
ert
1
k
g
p
er
h
ou
r
en
tirely
in
to
en
ergy,
its
p
ow
er

ou
tp
u
t
w
ou
ld
b
e
ab
ou
t
1
.5
tim
es
th
e
w
orld
's
to
ta
l
p
ow
er
su
p
p
ly.
A
15
ga
llo
n
tan
k
of

gasolin
e,
if
it
cou
ld
b
e
con
verted
en
tirely
to
en
erg
y,
w
ou
ld
p
ow
er
th
e
w
orld
for
tw
o
an
d

a
h
alf
d
ay
s.
U
n
fortu
n
ately,
h
ow
ever,
it
is
n
ot
so
easy
:
w
h
en
a
u
ran
iu
m
-235
n
u
cleu
s

u
n
d
ergo
es
�
ssion
,
for
ex
am
p
le,
o
n
ly
ab
ou
t
0.0
9%
o
f
its
m
ass
is
con
v
erted
to
en
erg
y.

S
in
ce
c
is
con
cep
tu
ally
a
u
n
it
con
versio
n
factor,
m
a
n
y
p
h
y
sicists
(esp
ecially
n
u
clear

an
d
p
article
p
h
y
sicists)
w
ork
in
u
n
it
sy
stem
s
for
w
h
ich
c�
1
.
A
co
m
m
on
ch
o
ice
is
to
u
se

th
e
M
eV
(10
6

eV
)
or
G
eV
(10
9

eV
)
as
th
e
u
n
it
of
en
ergy,
w
h
ere

1
eV
=
1
electron
v
olt
=
1
:6
022�
1
0
�

1
9

J
,

(6
.4)

an
d
th
en

1
G
eV
=
1
:782
7�
10
�

2
7

k
g.

(6.5
)

T
h
e
m
ass
of
a
p
roton
is
0.93
8
G
eV
.

It
w
ill
b
e
u
sefu
l
to
k
n
ow
so
m
e
b
asic
p
ro
p
erties
of
th
e
en
erg
y
-m
om
en
tu
m
fou
r-v
ector,

so
I
w
ill
su
m
m
arize
th
em
h
ere.
T
h
e
en
erg
y
-m
om
en
tu
m
fou
r-v
ector
is
d
e�
n
ed
b
y
start-

in
g
w
ith
th
e
m
om
en
tu
m
th
ree-v
ector
(p
1;p
2;p
3)�
(p
x
;p
y;p
z),
a
n
d
a
p
p
en
d
in
g
a
fou
rth

com
p
on
en
t

p
0
=
Ec

;

(6.6
)

so
th
e
fou
r-vector
can
b
e
w
ritten
as

p
�
= �
Ec

;~p �
:

(6.7
)

A
s
w
ith
th
e
th
ree-v
ector
m
om
en
tu
m
,
th
e
en
ergy
-m
om
en
tu
m
fou
r-vector
can
b
e
d
e�
n
ed

for
a
sy
stem

of
p
articles
as
th
e
su
m

o
f
th
e
v
ecto
rs
fo
r
th
e
in
d
iv
id
u
a
l
p
articles.
T
h
e

m
otivation
for
p
u
ttin
g
th
e
fou
r
com
p
o
n
en
ts
togeth
er
is
th
at
th
e
fo
u
r-v
ecto
r
ob
ey
s
a

sim
p
le
tran
sform
ation
law
th
at
d
escrib
es
h
ow
to
ca
lcu
late
th
e
com
p
on
en
ts
m
ea
su
red
b
y

an
in
ertial
o
b
server
in
term
s
o
f
th
e
com
p
on
en
ts
m
ea
su
red
b
y
a
n
oth
er
in
ertial
ob
serv
er

w
h
o
is
m
ov
in
g
relative
to
th
e
�
rst.
T
h
e
tra
n
sform
ation
law
is
id
en
tica
l
to
on
e
th
a
t

d
escrib
es
th
e
tran
sform
ation
o
f
th
e
sp
acetim
e
co
ord
in
ate
v
ector,
x
�

=
(ct;~x
),
k
n
ow
n
as

th
e
L
oren
tz
tran
sform
ation
.
T
h
e
m
a
ss
of
a
p
article
in
its
ow
n
rest
fram
e
is
ca
lled
its
rest

m
ass,
w
h
ich
w
e
d
en
ote
b
y
m
0 .
If
th
e
p
article
m
oves
w
ith
velo
city
~v
,
th
en
th
e
relativ
istic

ex
p
ression
s
for
its
m
om
en
tu
m
an
d
en
ergy
are
giv
en
b
y

~p
=

m
0 ~v
;

E
=

m
0 c
2
= q
(m
0 c
2)
2
+
j~pj 2
c
2
;

(6.8
)
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.
3

8
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L
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R
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w
h
ere
as
u
su
al

is
d
e�
n
ed
b
y


=

1

q
1�
v
2

c
2

:

(6.9)

L
ik
e
th
e
L
oren
tz-in
varian
t
in
terva
l
th
a
t
w
e
d
iscu
ssed
w
ith
E
q
.
(5.30),
th
e
en
ergy
-

m
om
en
tu
m
fou
r-v
ecto
r
h
a
s
a
L
o
ren
tz-in
va
ria
n
t
sq
u
a
re:

p
2�
j~pj 2� �p
0 �
2

=
j~pj 2�
E
2

c
2

=
�
(m
0 c)
2

:

(6.10)

F
or
a
p
article
at
rest,
E
q
.
(6.8)
im
p
lies
th
at
th
e
en
ergy
E
0

is
given
b
y

E
0
=
m
0 c
2
;

(6.11)

sin
ce
~p
=
0
.
T
o
see
th
e
im
p
lication
s
of
th
is
eq
u
ation
,
w
e
can
im
agin
e
a
h
y
d
rogen
atom
,

w
h
ich
is
com
p
osed
of
a
p
roton
an
d
an
electron
.
If
th
e
tw
o
p
articles
are
started
an
in
�
n
ite

d
istan
ce
ap
art,
th
en
th
e
in
itial
total
en
ergy
is
giv
en
b
y
E
t
o
t
=
(m
p
+
m
e )c
2,
w
h
ere
w
e

are
d
e�
n
in
g
th
e
zero
of
p
oten
tial
en
ergy
so
th
at
it
van
ish
es
at
in
�
n
ite
sep
aration
.
A
s

th
e
p
articles
com
e
togeth
er
th
ey
attract
each
oth
er,
a
n
d
th
erefore
accelerate.
T
h
ey
gain

k
in
etic
en
ergy,
a
n
d
th
e
p
o
ten
tial
en
ergy
b
ecom
es
n
egativ
e.
If
th
e
p
articles
com
b
in
e
to

form
a
h
y
d
rogen
atom
in
its
grou
n
d
state
(i.e.,
its
low
est
en
ergy
state),
th
en
an
en
ergy

�
E
is
g
iv
en
o�
.
T
h
is
en
ergy
is
called
th
e
b
in
d
in
g
en
ergy
of
th
e
h
y
d
rogen
,
an
d
h
as
a

valu
e
of
13.6
eV
.
T
h
e
en
ergy
is
m
ost
com
m
on
ly
giv
en
o�
in
th
e
form
of
p
h
oton
s.
(T
h
ere

is
also
som
e
k
in
etic
en
ergy
asso
ciated
w
ith
th
e
recoil
of
th
e
h
y
d
rogen
atom
,
b
u
t
th
e
recoil

en
ergy
is
v
ery
sm
all
w
h
en
th
e
rest
en
ergy
of
th
e
recoilin
g
ob
ject
is
large
com
p
ared
to
th
e

en
ergy
giv
en
o�
.
H
ere
w
e
w
ill
ign
ore
th
e
recoil.)
T
h
e
m
ass
m
H

of
th
e
resu
ltin
g
h
y
d
rogen

atom
is
th
en
giv
en
b
y

m
H

=
m
p
+
m
e �
�
E
=
c
2
;

(6.12)

w
h
ere
m
p
is
th
e
m
ass
of
th
e
p
roton
,
an
d
m
e
is
th
e
m
ass
of
th
e
electron
.
T
h
e
rest
m
ass

of
th
e
sy
stem
is
red
u
ced
b
y
th
e
en
ergy
giv
en
o
�
,
d
iv
id
ed
b
y
c
2.
T
h
u
s,
a
sm
all
p
art
of
th
e

rest
m
ass
of
th
e
p
roton
a
n
d
electron
h
as
b
een
con
verted
in
to
oth
er
form
s
of
en
ergy.

F
or
a
p
article
in
m
otion
,
on
e
can
d
e�
n
e
a
relativ
istic
m
ass
m
r
e
l
b
y

m
r
e
l
=
Ec

2

:

(6.13)

M
an
y
au
th
ors
p
refer
to
n
ev
er
in
tro
d
u
ce
th
e
con
cep
t
of
relativ
istic
m
ass,an
d
it
is
certain
ly

n
ot
n
ecessary.
S
in
ce
it
is
d
e�
n
ed
solely
in
term
s
of
th
e
en
ergy,
an
y
th
in
g
th
at
can
b
e

th
ou
gh
t
o
r
said
in
term
s
of
th
e
relativ
istic
m
ass
of
a
p
article
can
eq
u
ally
w
ell
b
e
ex
p
ressed

in
term
s
of
its
en
ergy.
H
ow
ever,
w
h
en
on
e
d
iscu
sses
th
e
grav
itation
al
�
eld
of
a
sy
stem
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.
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8
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L
E
C
T
U
R
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E
S
6
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F
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L
L
2
0
1
8

in
clu
d
in
g
relativ
istic
p
articles,
th
en
th
e
co
n
cep
t
of
relativ
istic
m
a
ss
ca
n
b
e
u
sefu
l.
T
h
e

grav
itation
al
�
eld
of
a
sin
gle
m
ov
in
g
p
a
rticle,
acco
rd
in
g
to
gen
eral
relativ
ity,
is
an
isotrop
ic

an
d
rath
er
com
p
licated
,
b
u
t
fortu
n
ately
w
e
w
ill
n
ot
h
av
e
to
d
eal
w
ith
th
is.
H
ow
ev
er,
if

on
e
h
as
a
g
as
of
relativ
istic
p
a
rticles
w
ith
n
o
n
et
m
om
en
tu
m
in
th
e
fram
e
o
f
in
terest,

th
en
th
e
grav
itation
al
�
eld
can
b
e
com
p
u
ted
as
if
th
e
p
a
rticles
w
ere
a
t
rest,
b
u
t
u
sin
g
th
e

relativ
istic
m
ass,
as
d
e�
n
ed
b
y
E
q
.
(6.13).
If
on
e
ad
op
ts
th
e
co
n
cep
t
o
f
relativ
istic
m
a
ss,

th
en
th
e
fam
ou
s
eq
u
ation
E
=
m
c
2
can
b
e
d
escrib
ed
b
y
say
in
g
th
at
en
erg
y
an
d
m
a
ss
are

eq
u
ivalen
t,
related
in
all
cases
b
y
a
facto
r
of
c
2.
T
h
e
con
cep
t
o
f
relativ
istic
m
a
ss
is
a
lso

u
sefu
l
w
h
en
d
iscu
ssin
g
th
e
g
rav
itation
al
force
th
at
acts
on
a
b
o
d
y.
If
a
ga
s
o
f
relativ
istic

p
articles
w
ere
sealed
in
sid
e
a
b
ox
,
an
d
th
e
b
ox
w
ere
p
la
ced
on
a
scale,
th
en
th
e
scale

w
ou
ld
register
th
e
relativ
istic
m
a
ss
of
th
e
p
a
rticles
in
th
e
g
as.

T
H
E
M
A
S
S
O
F
R
A
D
IA
T
IO
N
:

W
e
are
p
erh
ap
s
n
ot
u
sed
to
th
in
k
in
g
of
electrom
ag
n
etic
rad
iatio
n
as
h
av
in
g
m
ass,

b
u
t
it
is
w
ell-k
n
ow
n
th
at
rad
ia
tio
n
h
as
an
en
erg
y
d
en
sity.
If
th
e
en
ergy
d
en
sity
is
d
en
oted

b
y
u
,
th
en
th
e
electrom
agn
etic
rad
ia
tion
h
as
a
rela
tiv
istic
m
ass
d
en
sity
�
giv
en
b
y

�
=
u
=
c
2
:

(6.1
4)

T
h
at
is,
th
e
form
u
la
ab
ove
d
escrib
es
th
e
a
m
ou
n
t
of
relativ
istic
m
ass
(m
r
e
l )
p
er
u
n
it
vol-

u
m
e.
A
ccord
in
g
to
gen
eral
relativ
ity,
su
ch
a
m
a
ss
d
en
sity
con
trib
u
tes
to
th
e
grav
itatio
n
al

�
eld
ju
st
like
an
y
oth
er
m
a
ss
d
en
sity.*

T
o
m
y
k
n
ow
led
ge
n
ob
o
d
y
h
as
ever
a
ctu
ally
\w
eigh
ed
"
electrom
a
gn
etic
ra
d
iatio
n
in

an
y
w
ay,
b
u
t
th
e
th
eoretical
ev
id
en
ce
in
favor
of
E
q
.
(6.14)
is
overw
h
elm
in
g
|

ligh
t

d
o
es
h
ave
m
ass.
N
on
eth
eless,
th
e
p
h
oton
h
as
zero
rest
m
a
ss,
m
ean
in
g
th
at
it
can
n
o
t

b
e
b
rou
gh
t
to
rest.
T
h
e
gen
era
l
relation
fo
r
th
e
sq
u
are
of
th
e
fou
r-m
om
en
tu
m
read
s

p
2
=
�
(m
0 c)
2,
as
in
E
q
.
(6.1
0),
so
fo
r
th
e
p
h
oton
th
is
b
eco
m
es
p
2
=
0.
W
ritin
g
o
u
t
th
e

sq
u
are
of
th
e
fou
r-m
om
en
tu
m
lea
d
s
to
th
e
follow
in
g
relation
for
p
h
oto
n
s:

j~pj 2�
E
2

c
2

=
0
;

or

E
=
cj~pj
:

(6.1
5)

In
th
is
set
of
n
otes
w
e
w
ill
ex
a
m
in
e
th
e
role
w
h
ich
th
e
m
ass
o
f
electro
m
ag
n
etic

rad
iation
p
lay
s
in
th
e
early
stages
of
th
e
u
n
iv
erse.

*
A
u
th
ors
w
h
o
avoid
th
e
co
n
cep
t
of
relativ
istic
m
ass
w
ou
ld
rea
ch
th
e
sa
m
e
con
clu
sion
,

b
u
t
w
ou
ld
d
escrib
e
it
b
y
say
in
g
th
at
th
e
en
ergy
d
en
sity
u
creates
th
e
sam
e
grav
itation
al

�
eld
as
a
m
ass
d
en
sity
u
=
c
2.
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.
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8
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L
E
C
T
U
R
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O
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F
A
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L
2
0
1
8

R
A
D
IA
T
IO
N

IN

A
N

E
X
P
A
N
D
IN
G

U
N
IV
E
R
S
E
:

If
w
e
ign
ore
th
e
in
teraction
s
of
p
h
oton
s,
th
en
as
th
e
u
n
iv
erse
ex
p
an
d
s
th
e
p
h
oton
s

travel
on
geo
d
esics,
an
d
th
eir
n
u
m
b
er
is
co
n
served
.
W
e
w
ill
learn
later
th
at
ev
en
w
h
en
w
e

tak
e
in
to
accou
n
t
th
e
em
ission
an
d
ab
sorp
tion
of
p
h
oton
s
b
y
th
e
m
atter
in
th
e
u
n
iverse,

th
eir
n
u
m
b
er
is
still
v
ery
a
ccu
rately
con
serv
ed
d
u
rin
g
th
e
lon
g
p
erio
d
after
in

ation
(to

b
e
d
iscu
ssed
later)
an
d
b
efore
th
e
form
ation
of
th
e
earliest
stars.
A
s
lon
g
as
th
e
n
u
m
b
er

is
con
serv
ed
,
th
e
n
u
m
b
er
d
en
sity
n

of
p
h
oton
s
varies
as
1
=
a
3(t)
as
th
e
u
n
iv
erse
ex
p
an
d
s,

ju
st
lik
e
th
e
n
u
m
b
er
d
en
sity
of
n
on
relativ
istic
p
articles:

n
 /
1

a
3(t)
:

(6.16)

N
ote
th
at
th
e
G
reek
letter

(\gam
m
a")
is
often
u
sed
to
d
en
ote
th
e
p
h
oton
,
ev
en
w
h
en

th
e
en
erg
y
o
f
th
e
p
h
o
to
n
is
fa
r
fro
m
th
e
ra
n
g
e
o
f
1
0
4{
1
0
7
eV
th
at
n
orm
ally
ch
aracterizes

w
h
at
are
called
gam
m
a
ray
s.

U
n
lik
e
n
on
relativ
istic
p
articles,
h
ow
ev
er,
th
e
freq
u
en
cy
of
each
p
h
oton
is
red
sh
ifted

as
th
e
u
n
iv
erse
ex
p
an
d
s,
as
w
e
learn
ed
in
L
ectu
re
N
otes
2
.
T
h
e
ratio
of
th
e
p
erio
d
�
t
at

th
e
tim
e
t
2

to
th
e
p
erio
d
at
th
e
tim
e
t
1

is
given
b
y
th
e
red
sh
ift
factor

�
t(t
2 )

�
t(t
1 ) �
1
+
z
=
a
(t
2 )

a
(t
1 )
:

(6.17)

S
in
ce
th
e
freq
u
en
cy
�
(G
reek
letter
\n
u
")
of
each
p
h
oton
is
related
to
th
e
p
erio
d
b
y

�
=
1
=�
t,
th
e
freq
u
en
cy
of
each
p
h
oton
d
ecreases
as
1
=
a
(t)
as
th
e
u
n
iverse
ex
p
an
d
s.

A
ccord
in
g
to
elem
en
tary
q
u
an
tu
m
m
ech
an
ics,
th
e
en
ergy
of
th
e
p
h
oton
is
related
to
th
e

freq
u
en
cy
b
y

E
=
h
�
;

(6.18)

w
h
ere
h
is
P
la
n
ck
's
con
stan
t
(h
=
4
:136�
10
�

1
5
eV
-s).
T
h
u
s
th
e
en
ergy
of
th
e
p
h
oton

d
ecreases
a
s
1
=
a
(t)
as
th
e
u
n
iv
erse
ex
p
an
d
s.
T
h
e
en
ergy
d
en
sity
u


of
th
e
rad
iation
is

giv
en
b
y

u

=
n

E

;

(6.19)

w
h
ere
E

is
th
e
m
ea
n
en
erg
y
p
er
p
h
o
to
n
,
so

n
 /
1

a
3(t)
;
E
 /
1

a
(t)

=)

�

=
u


c
2

/
1

a
4(t)
:

(6.20)

(A
lth
ou
gh
I
h
av
e
ju
sti�
ed
th
is
relation
w
ith
q
u
an
tu
m
m
ech
an
ical
argu
m
en
ts,
it
can
also

b
e
d
eriv
ed
from

classical
electrom
agn
etic
th
eory.
H
ow
ev
er,
in
th
is
case
th
e
q
u
an
tu
m

argu
m
en
t
is
sim
p
ler.)
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.
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R
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T
H
E
R
A
D
IA
T
IO
N
{
D
O
M
IN
A
T
E
D

E
R
A
:

T
o
d
ay
th
e
en
ergy
d
en
sity
u
r
in
th
e
cosm
ic
b
ack
g
rou
n
d
rad
iation
is
g
iv
en
a
p
p
rox
i-

m
ately
b
y

u
r
=
7
:01�
1
0
�

1
4

J
/m
3

:

(6
.21
)

(H
ere
I
h
ave
u
sed
th
e
su
b
scrip
t
\
r"
for
ra
d
iation
,
ra
th
er
th
an
\

"
fo
r
p
h
o
ton
s,
b
ecau
se
I

h
ave
in
clu
d
ed
b
oth
th
e
en
ergy
d
en
sity
of
p
h
oton
s
an
d
th
e
ex
p
ected
d
en
sity
of
n
eu
trin
os,

w
h
ich
w
e
w
ill
talk
a
b
ou
t
later.)
T
o
�
n
d
th
e
corresp
on
d
in
g
m
a
ss
d
en
sity,
u
se

�
r
=

uc
2

=
7
:01�
1
0
�

1
4 �k
g
-m
2-s
�

2 �
m
�

3

(3�
10
8
m
-s
�

1)
2

=
7
:80�
1
0
�

3
1

k
g/m
3
=
7
:80�
10
�

3
4
g
/cm
3

:

(6.2
2)

T
h
is
can
b
e
com
p
ared
w
ith
th
e
critical
m
ass
d
en
sity
�
c ,
w
h
ich
w
as
calcu
lated
in
E
q
.(3.34):

�
c
=
1
:8
8
h
20 �
10
�

2
9

g/cm
3

;

(3.34)

w
h
ere

H
0
=
1
00
h
0
k
m
-s
�

1-M
p
c
�

1

:

O
n
e
�
n
d
s
th
at
th
e
fraction


r
o
f
clo
su
re
d
en
sity
in
rad
iation
is
giv
en
b
y



r �
�
r

�
c
=

7
:80�
10
�

3
4

g-cm
�

3

1
:8
8
h
20 �
1
0
�

2
9

g
-cm
�

3

=
4
:1
5�
10
�

5
h
�

2
0

;

(6
.23
)

F
o
r
h
0
=
0
:67,
o
n
e
�
n
d
s


r
=
9
:2�
10
�

5.
T
h
is
is
on
ly
a
v
ery
sm
all
fra
ction
,
b
u
t


r
w
a
s

larger
in
th
e
p
ast.
S
in
ce
�
r /
1
=
a
4,
w
h
ile
th
e
m
ass
d
en
sity
�
m

of
n
o
n
relativ
istic
m
atter

b
eh
aves
as
1
=
a
3,
it
follow
s
th
a
t

�
r =
�
m

/
1
=
a
(t)
:

(6.2
4)

T
h
en
d
en
sity
o
f
n
on
relativ
istic
m
atter
in
ou
r
u
n
iverse
(v
isib
le
an
d
d
ark
m
atter
com
b
in
ed
)

gives


m

�
0
:30,
so
to
d
ay
�
r =
�
m

�
9
:2�
10
�

5=0
:30
�
3
:1�
10
�

4.
T
h
e
con
stan
t
o
f

p
rop
ortion
ality
in
E
q
.
(6.24)
is
th
en
d
eterm
in
ed
,
giv
in
g

�
r (t)

�
m
(t)
= �
a
(t
0 )
�
r (t
0 )

�
m
(t
0 ) �

1
a
(t)
=
a
(t
0 )

a
(t)
�
3
:1�
1
0
�

4

:

(6.25)

S
in
ce
a
(t)!
0
as
t!
0,
th
e
rig
h
t-h
an
d
-sid
e
a
p
p
roach
es
in
�
n
ity
in
th
is
lim
it.
T
h
u
s
th
ere

w
as
a
tim
e
at
w
h
ich
th
e
va
lu
e
of
th
e
righ
t-h
an
d
-sid
e
w
en
t
th
ro
u
g
h
on
e,
an
d
th
is
tim
e
is

d
en
oted
b
y
t
e
q ,
th
e
tim
e
of
ra
d
iation
-m
atter
eq
u
ality.
W
e
w
ill
a
ssu
m
e
th
a
t
th
e
u
n
iverse
is
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at,
an
d
th
at
for
t
>
t
e
q

w
e
ca
n
m
a
ke
th
e
cru
d
e
ap
p
rox
im
ation
th
at
th
e
u
n
iv
erse
can
b
e

treated
as
if
it
w
ere
d
om
in
ated
b
y
n
on
relativ
istic
m
atter.
T
h
is
ap
p
rox
im
ation
ign
ores
th
e

e�
ect
of
rad
iation
for
tim
es
sh
ortly
after
t
e
q ,
an
d
it
also
ign
ores
th
e
e�
ect
of
d
ark
en
ergy

(an
d
th
e
con
seq
u
en
t
acceleration
)
d
u
rin
g
th
e
p
ast
5
b
illion
y
ears
or
so.
A
s
d
iscu
ssed
in

L
ectu
re
N
otes
3,
d
u
rin
g
th
e
m
atter-d
om
in
ated
era
th
e
scale
factor
b
eh
aves
as
a
(t)/
t
2
=
3.

T
h
u
s,
w
ritin
g
E
q
.
(6.25)
for
t
=
t
e
q

giv
es

�
r (t
e
q )

�
m
(t
e
q ) �
1
=

a
(t
0 )

a
(t
e
q ) �
3
:1�
10
�

4

:

(6.26)

R
em
em
b
erin
g
th
at
a
(t
0 )=
a
(t
e
q )
=
1
+
z
e
q

(see
E
q
.
(2.15)),
th
e
red
sh
ift
z
e
q

of
m
atter-

rad
iation
eq
u
ality
is
g
iv
en
b
yz

e
q
=

1

3
:1�
10
�

4 �
1�
3
2
0
0
:

(6.27)

If
w
e
ign
ore
for
n
ow
th
e
acceleration
th
at
ou
r
u
n
iv
erse
h
as
u
n
d
ergon
e
d
u
rin
g
th
e
last

5
b
illion
y
ea
rs
o
r
so
,
w
e
ca
n
a
p
p
rox
im
ate
it
as
a

at
m
atter-d
om
in
ated
u
n
iv
erse,
w
ith

a
(t)/
t
2
=
3.
T
h
is
giv
es
t
e
q
=
5
:5�
10
�

6
t
0 ,
so
fo
r
t
0
=
1
3
:8
G
y
r,
t
e
q �
75
;000
years.
O
u
r

ap
p
rox
im
ation
s
h
ave
b
een
cru
d
e,
b
u
t
B
arb
ara
R
y
d
en
q
u
otes
a
m
ore
p
recise
n
u
m
erical

calcu
lation
(on
p
.
97),
w
h
ere
sh
e
�
n
d
s
t
e
q �
47
;000
years.

D
Y
N
A
M
IC
S
O
F
T
H
E
R
A
D
IA
T
IO
N
{
D
O
M
IN
A
T
E
D

E
R
A
:

W
h
en
w
e
stu
d
ied
th
e
d
y
n
am
ics
of
a
m
atter-d
om
in
ated
u
n
iv
erse
(i.e.,
a
u
n
iv
erse
w
h
ose

m
ass
d
en
sity
is
d
o
m
in
a
ted
b
y
n
on
relativ
istic
m
atter)
in
L
ectu
re
N
otes
3,
w
e
learn
ed
th
at

th
e
ev
olu
tion
of
su
ch
a
u
n
iv
erse
can
b
e
d
escrib
ed
b
y
th
e
tw
o
F
ried
m
an
n
eq
u
ation
s:

8>:
_aa 9>;
2

=
8
�3

G
��
k
c
2

a
2

(6.28a)

�
m
atter-d
om
in
ated

u
n
iverse

�

�a
=
�
4
�3

G
�
a
;

(6.28b
)

w
h
ere
a
(t)
is
th
e
sca
le
fa
cto
r,
�
(t)
is
th
e
m
ass
d
en
sity,
a
n
d
a
n
overd
ot
rep
resen
ts
d
i�
er-

en
tiation
w
ith
resp
ect
to
tim
e
t.
In
su
ch
a
m
atter-d
om
in
ated
u
n
iv
erse
w
e
fou
n
d
th
at
th
e

m
ass
d
en
sity
b
eh
aves
as

�
(t)/
1

a
3(t)

(m
atter-d
om
in
ated
).

(6.29)

T
h
e
th
ree
eq
u
ation
s
ab
ove
are
n
ot
in
d
ep
en
d
en
t,
b
u
t
in
fa
ct
a
n
y
tw
o
of
th
em
can
b
e
u
sed

to
d
eriv
e
th
e
th
ird
.
F
o
r
ex
a
m
p
le
w
e
can
d
eriv
e
E
q
.
(6.28b
)
b
y
m
u
ltip
ly
in
g
E
q
.
(6.28a)
b
y
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.
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8
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R
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F
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1
8

a
2

an
d
th
en
d
i�
eren
tiatin
g
it
w
ith
resp
ect
to
tim
e.
T
h
e
resu
ltin
g
eq
u
ation
w
ill
co
n
tain
a

term
p
rop
ortion
al
to
_�.
E
q
.
(6
.2
8b
)
can
th
en
b
e
o
b
tain
ed
b
y
rep
la
cin
g
_�
b
y

_�
=
�
3
_aa

�

(m
atter-d
om
in
a
ted
),

(6.3
0)

w
h
ich
can
b
e
d
eriv
ed
from
E
q
.
(6.2
9).

F
or
a
u
n
iverse
d
om
in
ated
b
y
rad
iatio
n
,
w
e
h
ave
alread
y
lea
rn
ed
(see
E
q
.
(6.2
0))
th
a
t

�
(t)/
1

a
4(t)

(rad
ia
tion
-d
om
in
a
ted
),

(6
.31
)

in
con
trast
to
E
q
.
(6.29).
T
h
is
im
p
lies
th
at
E
q
s.
(6
.28
a)
an
d
(6.28
b
)
w
ill
n
o
lon
ger
b
e

con
sisten
t
w
ith
each
oth
er,
sin
ce
th
e
d
erivation
of
E
q
.
(6.28
b
)
d
escrib
ed
in
th
e
p
rev
i-

ou
s
p
aragrap
h
w
ill
g
ive
a
d
i�
eren
t
resu
lt.
T
o
correctly
d
escrib
e
a
ra
d
iatio
n
-d
o
m
in
a
ted

u
n
iverse,
w
e
w
ill
h
ave
to
recon
cile
th
is
in
co
n
sisten
cy.

W
h
ile
w
e
h
ave
n
o
t
yet
u
sed
th
e
w
ord
,
E
q
.
(6.31
)
ca
n
b
e
v
iew
ed
a
s
a
sta
tem
en
t
a
b
o
u
t

th
e
p
re
ssu
re
of
rad
iation
.
P
ressu
re
is
relevan
t,
b
ecau
se
it
is
th
e
p
ressu
re
o
f
a
gas
th
a
t

d
eterm
in
es
h
ow
m
u
ch
en
ergy
it
lo
oses
if
it
ex
p
an
d
s.
C
on
sid
er,
as
a
th
o
u
g
h
t
ex
p
erim
en
t,

a
volu
m
e
of
gas
con
tain
ed
in
a
ch
a
m
b
er
w
ith
a
m
ova
b
le
p
iston
,
as
sh
ow
n
b
elow
:

F
ig
u
r
e
6
.1
:
A
p
iston
ch
am
b
er,u
sed
to
d
iscu
ss
th
e
e�
ect
of
p
ressu
re
on
th
e
ra
te
o
f
ch
an
ge

of
th
e
en
ergy
d
en
sity
of
an
ex
p
a
n
d
in
g
gas.

W
e
w
ill
a
ssu
m
e
th
at
th
e
p
isto
n
ch
am
b
er
is
sm
all
en
o
u
g
h
so
th
at
grav
ity
p
lay
s
n
o
role

in
ou
r
th
ou
gh
t
ex
p
erim
en
t.
L
et
U
d
en
o
te
th
e
total
en
ergy
of
th
e
ga
s,
an
d
let
p
d
en
o
te

th
e
p
ressu
re.
S
u
p
p
ose
th
at
th
e
p
isto
n
is
m
ov
ed
a
d
istan
ce
d
x
to
th
e
righ
t.
(W
e
su
p
p
ose

th
at
th
e
m
otion
is
slow
,
so
th
a
t
th
e
g
as
p
articles
h
ave
tim
e
to
resp
on
d
a
n
d
to
m
ain
tain

a
u
n
iform
p
ressu
re
th
rou
gh
ou
t
th
e
volu
m
e.)
T
h
e
gas
ex
erts
a
force
p
A
o
n
th
e
p
iston
,

so
th
e
g
as
d
o
es
w
ork
d
W

=
p
A
d
x
a
s
th
e
p
isto
n
is
m
oved
.
T
h
e
vo
lu
m
e
in
crea
ses
b
y
a
n

am
ou
n
t
d
V
=
A
d
x
,
so
d
W

=
p
d
V
.
T
h
e
en
erg
y
of
th
e
g
as
d
ecreases
b
y
th
is
a
m
ou
n
t,
so

d
U
=
�
p
d
V
:

(6
.32
)
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It
ca
n
b
e
sh
ow
n
th
at
th
is
relation
is
valid
w
h
en
ev
er
th
e
volu
m
e
of
a
gas
is
ch
an
ged
,

regard
less
of
th
e
sh
ap
e
o
f
th
e
v
olu
m
e.

N
ow
con
sid
er
a
h
om
ogen
eou
s,
isotrop
ic,
ex
p
an
d
in
g
u
n
iv
erse,
d
escrib
ed
b
y
a
scale

factor
a
(t).
L
et
u
=

�
c
2

d
en
ote
th
e
en
ergy
d
en
sity
of
th
e
gas
th
at
�
lls
it.
W
e
w
ill

con
sid
er
a
�
x
ed
co
ord
in
ate
v
olu
m
e
V
c
o
o
r
d ,
so
th
e
p
h
y
sical
v
olu
m
e
w
ill
vary
as

V
p
h
y
s (t)
=
a
3(t)V

c
o
o
r
d

;

(6.33)

an
d
th
e
en
ergy
of
th
e
gas
in
th
is
region
is
giv
en
b
y

U
=
V
p
h
y
s u
:

(6.34)

U
sin
g
th
ese
relation
s,
y
ou
w
ill
sh
ow
in
P
rob
lem
S
et
6
th
at

dd
t �a

3�
c
2 �
=
�
p
dd

t (a
3)
;

(6.35)

an
d
th
en
th
at

_�
=
�
3
_aa �

�
+

pc
2 �
:

(6.36)

B
y
com
p
arin
g
th
is
eq
u
ation
w
ith
th
e
m
atter-d
om
in
ated
relation
o
f
E
q
.
(6.30),
w
e
see

th
at
n
on
relativ
istic
m
atter
h
as
zero
p
ressu
re.
T
h
is
cou
ld
h
av
e
b
een
ex
p
ected
,
sin
ce

n
on
relativ
istic
m
atter
m
ean
s
a
gas
of
ap
p
rox
im
ately
m
otion
less
p
articles,
an
d
w
e
assu
m
ed

startin
g
in
L
ectu
re
N
otes
3
th
at
th
ere
is
n
o
loss
of
en
ergy
w
h
en
th
e
u
n
iv
erse
�
lled
w
ith

n
on
relativ
istic
m
atter
ex
p
an
d
s
|

th
e
en
ergy
sp
read
s
ou
t
as
th
e
v
olu
m
e
in
creases,
b
u
t

o
th
erw
ise
it
is
n
o
t
ch
an
ged
.
B
y
co
n
trast,
y
ou
w
ill
also
sh
ow
in
P
rob
lem

S
et
6
th
at

rad
iation
,
w
ith
a
m
ass
d
en
sity
th
at
falls
o�
as
1
=
a
4(t),
h
as
a
p
ressu
re
giv
en
b
y

p
=
13

u
=
13

�
c
2

:

(6.37)

T
h
u
s,
th
e
n
ew
in
gred
ien
t
th
at
is
in
tro
d
u
ced
b
y
rad
iation
,
w
h
ich
is
cau
sin
g
an
in
con
sis-

ten
cy
b
etw
een
E
q
s.
(6.28a)
an
d
(6.28b
),
is
p
ressu
re.

T
h
e
treatm
en
t
o
f
p
ressu
re
in
gen
eral
relativ
ity
is
u
n
a
m
b
igu
ou
s,
an
d
th
e
im
p
lication

for
th
is
situ
ation
is
sim
p
le:
th
e
_a
eq
u
ation
(6.28a)
is
n
ot
m
o
d
i�
ed
,
b
u
t
th
e
�a
eq
u
ation

(6.28b
)
n
eed
s
to
b
e
m
o
d
i�
ed
.
B
y
accep
tin
g
E
q
.
(6.28a)
an
d
u
sin
g
E
q
.
(6.36)
for
_�,
you

w
ill
sh
ow
in
P
rob
lem
S
et
6
th
at
E
q
.
(6.28b
)
m
u
st
b
e
m
o
d
i�
ed
to
read

d
2a

d
t
2

=
�
4
�3

G �
�
+
3
pc

2 �
a
:

(6.38)
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.
1
0

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

W
h
ile
gen
eral
relativ
ity
m
ig
h
t
b
e
n
eed
ed
to
p
rove
th
e
a
b
ov
e
eq
u
a
tion
,
N
ew
to
n
ia
n
ar-

gu
m
en
ts
are
su
Æ
cien
t
to
at
least
m
ake
th
is
resu
lt
seem
ex
trem
ely
p
la
u
sib
le.
W
e
k
n
ow
th
at

w
h
en
th
e
p
ressu
re
is
n
on
-n
eg
lig
ib
le,
_�
is
given
b
y
E
q
.
(6.36),
an
d
th
a
t
th
en
E
q
s.
(6.2
8a)

an
d
(6.28b
)
b
ecom
e
in
com
p
a
tib
le.
O
n
e
or
b
o
th
of
th
ese
eq
u
a
tion
s,
th
erefore,
m
u
st
b
e

m
o
d
i�
ed
b
y
th
e
p
resen
ce
of
p
ressu
re.
T
h
e
tw
o
eq
u
ation
s
are
d
i�
eren
t
fro
m
ea
ch
o
th
er,

h
ow
ever,
in
a
n
o
b
v
iou
s
w
ay.
T
h
e
�a
eq
u
atio
n
is
a
force
eq
u
atio
n
,
as
in
~F
=
m
~a
,
an
d
in
fact

w
e
d
eriv
ed
it
in
ou
r
N
ew
ton
ian
m
o
d
el
b
y
ap
p
ly
in
g
~F
=
m
~a
to
each
p
article
in
th
e
m
o
d
el

u
n
iverse.
T
h
e
_a
eq
u
ation
,
on
th
e
oth
er
h
a
n
d
,
w
as
d
eriv
ed
b
y
�
n
d
in
g
a
�
rst
in
tegral
o
f
th
e

�a
eq
u
ation
,
an
d
th
erefore
lo
ok
s
lik
e
a
con
servation
of
en
ergy
eq
u
a
tion
.
In
fact,
w
e
sh
ow
ed

in
P
rob
lem
3,
P
rob
lem
S
et
3,
th
at
for
th
e
N
ew
ton
ian
m
o
d
el
w
ith
a
�
n
ite
rad
iu
s
R
m
a
x ,
th
e

_a
eq
u
ation
is
p
recisely
eq
u
ivalen
t
to
th
e
statem
en
t
th
a
t
th
e
total
en
ergy
of
th
e
N
ew
to
n
ian

m
o
d
el
u
n
iverse
is
�
x
ed
.
D
o
es
it
m
ak
e
sen
se
to
ad
d
a
p
ressu
re
term
to
a
co
n
servatio
n
of

en
ergy
eq
u
ation
?
N
o,
it
d
o
es
n
o
t.
A
s
a
toy
p
rob
lem
,
w
e
ca
n
a
sk
w
h
at
w
ou
ld
h
ap
p
en

if
th
e
u
n
iverse
w
ere
�
lled
w
ith
T
N
T
,
a
n
d
at
a
certain
p
re-arran
ged
tim
e
little
grem
lin
s

th
rou
gh
ou
t
th
e
u
n
iverse
ign
ited
th
e
T
N
T
,
so
th
e
p
ressu
re
su
d
d
en
ly
ch
an
g
ed
.
T
h
e
p
res-

su
re
ch
an
ge
can
in
p
rin
cip
le
b
e
very
large
a
n
d
fa
st,
b
u
t
th
ere
is
n
o
m
ech
a
n
ism
to
cau
se

an
y
of
th
e
oth
er
q
u
an
tities
in
E
q
.
(6.28a
)
to
ch
an
ge
rap
id
ly.
W
e
ca
n
con
sid
er
a
sm
all

region
of
sp
ace,
in
w
h
ich
th
e
v
elo
cities
a
sso
ciated
w
ith
th
e
H
u
b
b
le
ex
p
an
sion
a
re
all
sm
all,

so
w
e
can
ex
p
ect
th
at
w
e
can
tru
st
ou
r
N
ew
ton
ia
n
u
n
d
ersta
n
d
in
g
o
f
h
ow
m
atter
sh
ou
ld

b
eh
ave.
In
th
at
case
�
d
escrib
es
an
en
erg
y
d
en
sity
th
at
can
n
ot
ch
an
g
e
d
iscon
tin
u
o
u
sly,

an
d
a
an
d
_a
d
escrib
e
th
e
p
o
sitio
n
s
an
d
v
elo
cities
o
f
p
articles,
w
h
ich
also
can
n
o
t
ch
a
n
g
e

d
iscon
tin
u
ou
sly.
S
o,
ou
r
con
clu
sio
n
is
th
at
a
term
d
ep
en
d
in
g
o
n
th
e
p
ressu
re
can
n
ot
b
e

ad
d
ed
to
E
q
.
(6.28a),
an
d
th
en
E
q
.
(6.38
)
fo
llow
s
as
a
con
seq
u
en
ce.

N
ote
th
at
E
q
.
(6.38)
is
im
p
ly
in
g
so
m
eth
in
g
th
a
t
is
p
erh
ap
s
v
ery
su
rp
risin
g:
th
e

p
ressu
re
is
con
trib
u
tin
g
to
th
e
g
rav
itation
al
a
cceleration
.
T
h
a
t
is,
th
e
p
ressu
re
as
w
ell

as
th
e
en
ergy
d
en
sity
can
act
a
s
a
sou
rce
for
th
e
grav
itation
a
l
�
eld
.
W
e
w
ill
n
ot
m
ake

m
u
ch
u
se
of
E
q
.
(6.38)
in
th
e
rest
o
f
th
is
ch
ap
ter,
as
E
q
.
(6.28a
)
w
ill
b
e
su
Æ
cien
t
for
m
ost

of
ou
r
con
clu
sion
s.
B
u
t
w
e
can
keep
in
m
in
d
th
at
E
q
.
(6.28
a)
w
ou
ld
n
ot
b
e
con
sisten
t

w
ith
�
(t)/
1
=
a
4(t)
if
E
q
.
(6
.38
)
w
ere
n
ot
tru
e.
W
e
w
ill
lea
rn
la
ter
th
at
th
e
p
ressu
re

term
in
E
q
.
(6.38)
can
h
ave
d
ra
m
atically
n
ew
con
seq
u
en
ces.
In
p
articu
la
r,
w
e
w
ill
lea
rn

th
at
p
ressu
res,
u
n
like
m
ass
d
en
sities,
ca
n
som
etim
es
b
e
n
eg
ativ
e.
E
q
.
(6.38)
im
p
lies
th
at

a
n
egative
p
ressu
re
can
resu
lt
in
a
g
rav
itation
al
rep
u
lsion
.
W
e
b
eliev
e
th
at
th
e
cu
rren
t

acceleration
of
th
e
u
n
iverse,
w
h
ich
w
e
m
en
tion
ed
b
rie
y
in
L
ectu
re
N
otes
3
,
can
b
e

attrib
u
ted
to
th
e
n
egativ
e
p
ressu
re
of
an
u
n
id
en
ti�
ed
m
a
terial
th
at
is
called
d
a
rk
e
n
e
rg
y.

M
an
y
of
u
s
also
b
elieve
th
at
th
e
early
u
n
iv
erse
u
n
d
erw
en
t
a
v
ery
b
rief
p
erio
d
o
f
in
cred
ib
ly

rap
id
acceleration
,
called
in

a
tio
n
,
w
h
ich
w
as
also
d
riven
b
y
a
n
eg
ativ
e
p
ressu
re.
W
e
w
ill

retu
rn
to
b
oth
of
th
ese
top
ics
in
later
sets
of
lectu
re
n
otes.
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.
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R
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D
Y
N
A
M
IC
S
O
F
A

F
L
A
T

R
A
D
IA
T
IO
N
-D
O
M
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A
T
E
D

U
N
IV
E
R
S
E
:

A
s
a
sim
p
le
(b
u
t
im
p
ortan
t)
sp
ecial
case,
con
sid
er
th
e
ev
olu
tion
of
a
rad
iation
-

d
o
m
in
a
ted
u
n
iverse
w
ith
k
=
0
.
F
rom
E
q
s.
(6.20)
an
d
(6.28a),
on
e
h
as

1a
2 �
d
ad

t �
2

=
con
st

a
4

;

(6.39)

w
h
ich
lead
s
to

d
ad

t
=

p
con
st

a

:

(6.40)

T
h
is
eq
u
ation
can
b
e
solv
ed
b
y
rew
ritin
g
it
as

a
d
a
=
p

con
st
d
t

(6.41)

a
n
d
th
en
in
tegratin
g
b
oth
sid
es
to
ob
tain

12
a
2
=
p

con
st
t
+
con
st
0

:

(6.42)

T
h
e
con
v
en
tio
n
is
to
ch
o
ose
th
e
zero
of
tim
e
so
th
at
a
(t)
=
0
for
t
=
0,
w
h
ich
im
p
lies

th
at
con
st
0

=
0.
T
h
u
s,
th
e
�
n
al
resu
lt
can
b
e
w
ritten
as

a
(t)/
p

t

(rad
iation
-d
om
in
ated
)
:

(6.43)

T
h
e
H
u
b
b
le
ex
p
an
sion
rate
H
(t)
is
giv
en
b
y
E
q
.
(2.8),
w
h
ich
say
s
th
at

H
(t)
=
_a=
a
:

(6.44)

C
om
b
in
in
g
th
is
eq
u
ation
w
ith
E
q
.
(6.43),
on
e
h
as
im
m
ed
iately
th
at

H
(t)
=

12
t

(rad
iation
-d
om
in
ated
)
:

(6.45)

T
h
e
age
of
a
rad
iation
-d
om
in
ated
u
n
iv
erse
is
th
erefore
related
to
th
e
H
u
b
b
le
con
stan
t

b
y
t
=

12
H
�

1.
(R
ecall
for
com
p
arison
th
at
for
a
m
atter-d
om
in
ated

at
u
n
iverse
w
ith

a
(t)/
t
2
=
3,
th
e
ag
e
is
23
H
�

1.)
T
h
e
h
orizon
d
istan
ce
is
giv
en
b
y
E
q
.
(4.7),
an
d
th
e
resu
lt

h
ere
is

`
p
;h
o
r
iz
o
n (t)
=
a
(t) Z

t
0

c
a
(t
0)
d
t
0

=

2
ct

(rad
iation
-d
om
in
ated
)
:

(6.46)
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.
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(R
ecall
th
at
th
is
an
sw
er
is
to
b
e
com
p
a
red
w
ith
3
ct
for
th
e
m
atter-d
om
in
ated
u
n
iv
erse.)

If
on
e
in
serts
E
q
.
(6.45)
in
to
E
q
.
(6
.28
a)
(w
ith
k
=
0,
still),
on
e
o
b
ta
in
s
a
relatio
n
for
th
e

m
ass
d
en
sity
a
s
a
fu
n
ction
o
f
tim
e:

�
=

3

3
2
�
G
t
2

:

(6.47)

N
ote
th
at
th
e
1
=
t
2

b
eh
av
ior
in
th
e
a
b
ov
e
eq
u
ation
is
con
sisten
t
w
ith
w
h
a
t
w
e
alread
y

k
n
ow
:
�/
1
=
a
4(t),
an
d
a
(t)/
p

t.

B
L
A
C
K
{
B
O
D
Y

R
A
D
IA
T
IO
N
:

If
a
cav
ity
is
carved
ou
t
o
f
an
y
m
ateria
l,
an
d
th
e
w
alls
of
th
e
cav
ity
a
re
k
ep
t
at
a

u
n
iform
tem
p
eratu
re
T
,
th
en
th
e
cav
ity
w
ill
�
ll
w
ith
ra
d
iation
.
A
ssu
m
in
g
th
a
t
th
e
w
a
lls

are
th
ick
en
ou
gh
so
th
at
n
o
rad
ia
tion
can
get
th
rou
gh
th
em
,
th
en
th
e
en
ergy
d
en
sity
(an
d

also
th
e
en
tire
sp
ectru
m
of
th
e
rad
iatio
n
)
is
d
eterm
in
ed
solely
b
y
th
e
tem
p
era
tu
re
T
|

th
e
com
p
osition
of
th
e
m
ateria
l
is
en
tirely
irrelevan
t.
T
h
e
m
aterial
is
serv
in
g
so
lely
to

keep
th
e
rad
iation
at
a
u
n
ifo
rm
tem
p
eratu
re.
R
a
d
iation
of
th
is
ty
p
e
is
gen
era
lly
called

eith
er
th
erm
al
rad
iation
or
b
la
ck
-b
o
d
y
rad
iation
.

T
h
e
m
otivation
for
th
e
n
am
e
\b
lack
-b
o
d
y
rad
iatio
n
"
stem
s
fro
m

th
e
fact
th
at
a

\b
lack
"
b
o
d
y
in
em
p
ty
sp
ace
ca
n
b
e
sh
ow
n
to
em
it
rad
iation
of
ex
a
ctly
th
is
in
ten
sity

an
d
sp
ectru
m
.
H
ere
th
e
w
ord
\b
lack
"
is
u
sed
to
d
escrib
e
an
ob
ject
th
at
a
b
sorb
s
a
ll

ligh
t
th
at
h
its
it,
so
th
ere
is
n
o
re
ected
ligh
t,
a
lth
ou
gh
th
ere
is
em
issio
n
d
u
e
to
th
erm
al

e�
ects.
E
m
ission
is
d
istin
gu
ish
ed
fro
m

re
ection
b
y
th
e
fact
th
at
re
ection
is
an
im
-

m
ed
iate
resp
on
se
to
th
e
rad
ia
tio
n
th
a
t
is
cu
rren
tly
h
ittin
g
th
e
m
aterial.
T
o
u
n
d
ersta
n
d

th
e
rad
iation
em
itted
b
y
a
b
la
ck
b
o
d
y,
im
agin
e
a
b
lo
ck
of
su
ch
m
a
teria
l
in
sid
e
th
e
cav
ity

d
escrib
ed
in
th
e
p
rev
iou
s
p
a
rag
rap
h
.
S
in
ce
th
erm
al
eq
u
ilib
riu
m
h
as
b
een
esta
b
lish
ed
,
o
n
e

con
clu
d
es
th
at
th
e
b
lo
ck
a
t
tem
p
era
tu
re
T
m
u
st
em
it
rad
ia
tion
w
h
ich
p
recisely
m
atch
es

th
e
rad
iation
th
at
it
is
a
b
sorb
in
g
|

oth
erw
ise
it
w
ou
ld
eith
er
h
ea
t
u
p
or
co
ol
d
ow
n
,

an
d
th
at
w
ou
ld
v
iolate
th
e
a
ssu
m
p
tio
n
of
th
erm
a
l
eq
u
ilib
riu
m
.
In
fa
ct,
n
o
t
o
n
ly
m
u
st

th
e
en
ergy
d
en
sities
m
atch
,
b
u
t
th
e
en
tire
sp
ectru
m
m
u
st
m
a
tch
|

o
th
erw
ise
on
e
cou
ld

im
agin
e
in
tro
d
u
cin
g
a
freq
u
en
cy
-selectin
g
�
lter
th
at
w
ou
ld
cau
se
th
e
b
lack
b
o
d
y
to
h
eat

or
co
ol.
T
h
at
is,
if
th
ere
w
ere
an
y
freq
u
en
cy
b
a
n
d
for
w
h
ich
th
e
rad
iation
em
itted
b
y
th
e

b
lo
ck
d
id
n
ot
m
atch
th
e
rad
iation
h
ittin
g
th
e
b
lo
ck
,
th
en
w
e
cou
ld
su
rro
u
n
d
th
e
b
lo
ck
b
y

a
�
lter
th
at
tran
sm
its
on
ly
in
th
at
freq
u
en
cy
b
an
d
,
an
d
w
e
w
ou
ld
see
th
e
b
lo
ck
h
eat
u
p

or
co
ol
d
ow
n
.
S
in
ce
ob
jects
w
ill
n
ever
h
ea
t
u
p
or
co
o
l
d
ow
n
on
ce
th
erm
a
l
eq
u
ilib
riu
m
is

reach
ed
,
th
e
em
itted
an
d
ab
so
rb
ed
rad
ia
tion
m
u
st
m
a
tch
in
ev
ery
freq
u
en
cy
b
an
d
.
S
in
ce

th
e
b
lo
ck
is
assu
m
ed
to
b
e
b
la
ck
,
n
o
n
e
of
th
e
em
itted
rad
iatio
n
is
re
ection
,
so
all
o
f
it

is
th
erm
al
em
ission
th
at
w
ill
con
tin
u
e
to
b
e
em
itted
ev
en
if
th
e
b
lo
ck
is
rem
ov
ed
from

th
e
cav
ity.
T
h
u
s,
a
b
lack
b
o
d
y
w
ill
em
it
ra
d
iation
w
ith
an
in
ten
sity
an
d
a
sp
ectru
m
th
at

d
ep
en
d
s
on
ly
on
th
e
tem
p
eratu
re,
a
n
d
n
ot
on
a
n
y
p
rop
erty
of
th
e
m
a
terial
oth
er
th
a
n

th
e
fact
th
at
it
is
b
lack
.
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.
1
3

8
.2
8
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L
E
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U
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2
0
1
8

T
h
e
en
ergy
d
en
sity
an
d
oth
er
p
rop
erties
of
th
e
rad
iation
can
b
e
d
eriv
ed
u
sin
g
th
e

stan
d
ard
p
rin
cip
les
of
statistical
m
ech
an
ics,
b
u
t
th
e
d
erivation
w
ill
n
ot
b
e
in
clu
d
ed
in
th
is

cou
rse.
H
ow
ev
er,
I
w
ill
m
ak
e
a
few
com
m
en
ts
ab
ou
t
th
e
u
n
d
erly
in
g
p
h
y
sics,
an
d
th
en
I
w
ill

state
th
e
resu
lts.
T
h
e
ru
le
of
th
u
m
b
for
classical
statistical
m
ech
an
ics
is
th
e
\eq
u
ip
artition

th
eorem
,"
w
h
ich
say
s
th
at
u
n
d
er
certain
circu
m
stan
ces
(w
h
ich
I
w
ill
n
ot
sp
ecify
),
each

d
egree
of
freed
om
of
a
sy
stem
at
tem
p
eratu
re
T
acq
u
ires
a
m
ean
th
erm
al
en
ergy
of
12
k
T
.

F
or
ex
am
p
le,
in
a
gas
of
p
o
in
t
p
articles
each
p
article
acq
u
ires
a
m
ean
th
erm
al
en
ergy
of

32
k
T
,
sin
ce
m
otion
in
th
e
x
,
y
an
d
z
d
irection
s
con
stitu
tes
th
ree
d
egrees
of
freed
om
.
F
or

th
e
sy
stem
o
f
rad
iation
in
sid
e
a
cav
ity,
each
p
ossib
le
stan
d
in
g
w
av
e
p
attern
corresp
on
d
s

to
on
e
d
egree
of
freed
om
.
In
a
rectan
gu
lar
cav
ity,
for
ex
am
p
le,
a
stan
d
in
g
w
ave
can
b
e

d
escrib
ed
in
term
s
of
a
p
olarization
,
w
h
ich
h
a
s
tw
o
lin
early
in
d
ep
en
d
en
t
valu
es,
an
d
a

w
ave
vecto
r
~k
,
w
ith
th
e
w
ave
am
p
litu
d
e
p
rop
ortion
al
to
R
ef
e
i ~k
�~xg.
F
or
th
e
stan
d
in
g
w
ave

to
ex
ist,
each
co
m
p
o
n
en
t
of
~k
m
u
st
satisfy
th
e
con
d
ition
th
at
th
e
w
ave
am
p
litu
d
e
m
u
st

vary
eith
er
an
in
tegral
or
h
alf-in
tegral
n
u
m
b
er
of
cy
cles
from
on
e
sid
e
of
th
e
cav
ity
to

th
e
oth
er.
T
h
u
s
a
stan
d
in
g
w
av
e
p
attern
ex
ists
on
ly
for
a
d
iscrete
set
of
freq
u
en
cies.

T
h
e
d
iscrete
set
of
freq
u
en
cies
is,
h
ow
ev
er,
in
�
n
ite,
sin
ce
th
ere
is
n
o
u
p
p
er
lim
it
to
th
e

freq
u
en
cy
of
a
stan
d
in
g
w
ave.
T
h
e
n
u
m
b
er
o
f
d
egrees
of
freed
om
is
th
erefore
in
�
n
ite,

an
d
th
e
eq
u
ip
artition
th
eorem
can
n
ot
b
e
a
p
p
lied
.
T
h
is
p
rob
lem
is
k
n
ow
n
as
th
e
\
J
ean
s

catastrop
h
e,"
a
n
d
rep
resen
ts
an
im
p
o
rtan
t
failu
re
of
classical
p
h
y
sics.
T
h
e
im
p
lication
s

can
b
e
stated
as
follow
s:
if
cla
ssica
l
p
h
y
sics
w
ere
correct,
th
en
a
region
of
sp
ace
con
tain
in
g

an
electrom
agn
etic
�
eld
cou
ld
n
ev
er
com
e
in
to
th
erm
al
eq
u
ilib
riu
m
|

in
stead
it
w
ou
ld

con
tin
u
e
in
d
e�
n
itely
to
ab
sorb
en
ergy
from
its
su
rrou
n
d
in
gs,
an
d
th
e
en
ergy
ab
sorb
ed

w
ou
ld
b
e
u
sed
to
ex
cite
h
igh
er
an
d
h
igh
er
freq
u
en
cy
stan
d
in
g
w
aves
of
th
e
�
eld
.
T
h
e

electrom
agn
etic
�
eld
w
ou
ld
b
e
an
in
�
n
ite
h
eat
sin
k
,
d
rain
in
g
aw
ay
a
ll
th
erm
al
en
ergy.

O
f
cou
rse
th
e
electrom
agn
etic
�
eld
d
o
es
n
ot
d
rain
aw
ay
all
th
erm
al
en
ergy,
a
n
d
th
e

reason
com
es
from
q
u
an
tu
m
th
eory.
C
lassically
it
w
ou
ld
b
e
p
ossib
le
to
ex
cite
a
stan
d
in
g

w
ave
b
y
a
n
arb
itrary
a
m
ou
n
t,
b
u
t
q
u
an
tu
m
th
eory
req
u
ires
th
at
th
e
ex
citation
s
o
ccu
r

on
ly
b
y
th
e
ad
d
ition
o
f
d
iscrete
p
h
oton
s,
each
w
ith
an
en
ergy
h
�
,
w
h
ere
�
is
th
e
freq
u
en
cy

of
th
e
stan
d
in
g
w
av
e.
F
or
cases
in
w
h
ich
h
�
�
k
T
,
th
e
classical
an
sw
er
is
n
ot
ch
an
ged

|

su
ch
stan
d
in
g
w
aves
acq
u
ire
a
m
ean
en
ergy
of
12
k
T
for
each
p
olarization
.
H
ow
ever,

for
th
ose
stan
d
in
g
w
aves
w
ith
h
��
k
T
,
th
e
m
in
im
u
m
ex
citation
is
m
u
ch
larger
th
an
th
e

en
ergy
w
h
ich
is
classically
ex
p
ected
.
T
h
ese
m
o
d
es
are
th
en
on
ly
rarely
ex
cited
,
an
d
th
e

total
en
ergy
is
con
v
ergen
t.

W
h
en
th
e
calcu
lation
is
d
on
e
q
u
an
tu
m
m
ech
an
ically,
o
n
e
�
n
d
s
th
at
b
lack
-b
o
d
y
elec-

trom
agn
etic
rad
iation
h
as
an
en
ergy
d
en
sity
given
b
y

u
=
g
�
2

3
0

(k
T
)
4

(�h
c)
3

;

(6.48)
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.
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4
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2
0
1
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w
h
ere

k
=
B
oltzm
an
n
's
con
sta
n
t
=
1
:3
81�
10
�

1
6
erg
/K

=
8
:6
17�
10
�

5
eV
/K

;

(6.49)

�h
=

h2
�
=
1
:0
5
5�
10
�

2
7
erg-sec

=
6
:5
8
2�
10
�

1
6
eV
-sec
;

an
d

g
=
2

(fo
r
p
h
o
to
n
s)
:

(6.5
0)

T
h
e
factor
of
g
is
in
tro
d
u
ced
to
p
rep
are
for
th
e
d
iscu
ssio
n
b
elow
o
f
b
lack
b
o
d
y
rad
iation

of
p
articles
oth
er
th
an
p
h
oton
s.
g
is
tak
en
as
2
for
p
h
oton
s
b
eca
u
se
th
e
p
h
oton
h
as
tw
o

p
ossib
le
p
olarization
states.
T
h
e
p
olarization
states
can
b
e
d
escrib
ed
as
lin
ea
rly
p
ola
rized
,

or
as
circu
larly
p
olarized
,
d
ep
en
d
in
g
o
n
on
e's
ch
oice
of
b
asis.
In
eith
er
case,
h
ow
ev
er,

th
ere
are
tw
o
p
olarization
s.
A
p
h
oto
n
travelin
g
alon
g
th
e
z-ax
is
can
b
e
lin
ea
rly
p
olarized

in
eith
er
th
e
x
or
y
d
irection
s,
or
it
can
h
ave
a
circu
lar
p
o
la
rization
o
f
left
or
rig
h
t.
T
h
e

p
olarization
is
related
to
th
e
in
trin
sic
an
gu
lar
m
om
en
tu
m
,
or
sp
in
,
o
f
th
e
p
h
o
ton
:
rig
h
t

circu
lar
p
olarization
corresp
o
n
d
s
to
th
e
sp
in
b
ein
g
alig
n
ed
w
ith
th
e
m
o
m
en
tu
m
,
w
h
ile

left
circu
lar
p
olarization
is
th
e
o
p
p
osite.
T
h
u
s
on
e
co
u
ld
say
th
a
t
g
is
tak
en
a
s
2
b
eca
u
se

th
e
p
h
oton
h
as
tw
o
sp
in
states.

O
n
e
a
lso
�
n
d
s
th
at
th
e
rad
ia
tion
h
as
a
p
ressu
re,
g
iv
en
b
y

p
=
13

u
:

(6.5
1)

T
h
e
n
u
m
b
er
d
en
sity
o
f
p
h
oto
n
s
is
fou
n
d
to
b
e

n
=
g
�

�
(3)

�
2

(k
T
)
3

(�h
c)
3

;

(6
.52
)

w
h
ere

�
(3
)
=

11
3

+

12
3

+

13
3

+
����
1
:20
2

(6.5
3)
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R
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p
.
1
5

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

is
th
e
R
iem
an
n
zeta
fu
n
ction
evalu
ated
at
3,
an
d

g
�

=
2

(for
p
h
oton
s)
:

(6.54)

F
in
ally,
th
e
rad
iation
h
as
an
en
tro
p
y
d
en
sity
s
(en
trop
y
p
er
u
n
it
v
olu
m
e)
giv
en
b
y

s
=
g
2
�
2

45

k
4T
3

(�h
c)
3

:

(6.55)

W
e
w
ill
n
ot
n
eed
to
k
n
ow
th
e
p
recise
m
ean
in
g
of
en
trop
y,
b
u
t
it
w
ill
su
Æ
ce
to
say
th
at
th
e

en
tro
p
y
is
a
m
easu
re
of
th
e
d
egree
of
d
isord
er
(or
u
n
certain
ty
)
in
th
e
statistical
sy
stem
.

E
n
trop
y
is
con
serv
ed
if
th
e
sy
stem
rem
ain
s
in
th
erm
al
eq
u
ilib
riu
m
,
an
d
th
is
assu
m
p
tion

ap
p
ears
to
b
e
q
u
ite
accu
rate
for
m
ost
p
ro
cesses
in
th
e
early
u
n
iv
erse.
(T
h
e
in

ation
ary

p
ro
cess,
to
b
e
d
iscu
ssed
later,
is
a
colossal
ex
cep
tion
.)
W
h
en
d
ep
artu
res
from
th
erm
al

eq
u
ilib
riu
m

o
ccu
r,
th
e
en
tro
p
y
is
m
on
oton
ically
in
creasin
g,
a
p
rin
cip
le
k
n
ow
n
as
th
e

secon
d
law
of
th
erm
o
d
y
n
am
ics.

In
th
e
lab
oratory
th
e
o
n
ly
k
in
d
of
th
erm
al
rad
iation
th
at
can
b
e
ach
ieved
is
th
at
of

p
h
oton
s.
T
h
e
rad
iation
in
th
e
early
u
n
iv
erse,
on
th
e
oth
er
h
an
d
,
is
b
eliev
ed
to
h
ave
also

con
tain
ed
n
eu
trin
os.
D
u
rin
g
th
e
20th
cen
tu
ry
th
ese
n
eu
trin
os
w
ere
th
ou
gh
t
to
h
ave
zero

rest
m
ass,
lik
e
th
e
p
h
oton
,
b
u
t
th
at
is
n
o
lon
ger
th
e
case.
W
e
n
ow
b
elieve
th
at
n
eu
trin
os

h
ave
a
v
ery
sm
all
b
u
t
n
on
zero
m
ass.
N
on
eth
eless,
as
lon
g
as
m
0 c
2

�
k
T
,
w
h
ich
is

certain
ly
th
e
case
th
rou
gh
ou
t
th
e
h
istory
o
f
th
e
u
n
iv
erse,
th
e
n
eu
trin
os
con
trib
u
te
to
th
e

th
erm
al
rad
iation
as
if
th
ey
w
ere
m
assless
p
articles.

B
esid
es
h
av
in
g
a
n
on
zero
rest
m
ass,n
eu
trin
os
d
i�
er
from
p
h
oton
s
in
an
oth
er
p
rop
erty

w
h
ich
h
as
an
im
p
ortan
t
e�
ect
on
th
eir
th
erm
alrad
iation
.
T
h
e
p
h
oton
b
elon
gs
to
a
class
of

p
articles
called
b
o
son
s,
an
d
th
ese
p
articles
h
ave
th
e
p
rop
erty
th
at
th
ere
is
n
o
lim
it
to
th
e

n
u
m
b
er
o
f
p
articles
th
at
can
ex
ist
sim
u
lta
n
eo
u
sly
in
a
g
iven
q
u
an
tu
m
state.
It
is
p
recisely

b
eca
u
se
o
f
th
is
p
ro
p
erty
th
at
th
e
p
h
oton
can
giv
e
rise
to
a
classical
electrom
agn
etic
�
eld
.

T
h
e
�
eld
b
eh
aves
classically
b
ecau
se
it
is
com
p
osed
of
h
u
g
e
n
u
m
b
ers
of
p
h
oton
s.
T
h
e

n
eu
trin
o,
on
th
e
oth
er
h
an
d
,
b
elon
gs
to
a
class
of
p
articles
called
ferm
ion
s.
F
or
th
ese

p
articles
it
is
im
p
ossib
le
to
h
ave
m
ore
th
an
on
e
p
article
in
a
giv
en
q
u
an
tu
m
state
at
on
e

tim
e.
A
n
electron
is
also
a
ferm
ion
,
a
n
d
th
e
p
rin
cip
le
o
f
on
e
electron
p
er
q
u
an
tu
m
state

is
som
etim
es
called
th
e
\P
au
li
E
x
clu
sion
p
rin
cip
le."

In
relativ
istic
q
u
an
tu
m
�
eld
th
eory
it
is
p
ossib
le
to
p
rove
th
e
sp
in
-sta
tistic
s
th
eo
re
m
,

w
h
ich
say
s
th
at
th
e
b
oson
/ferm
ion
p
rop
erty
of
a
p
article
is
con
n
ected
to
its
in
trin
sic

an
gu
lar
m
om
en
tu
m
,
also
called
th
e
p
article's
sp
in
.
If
th
e
sp
in
is
an
in
teger
(in
u
n
its
o
f

�h
),
th
en
th
e
p
article
m
u
st
b
e
a
b
oson
.
T
h
e
on
ly
oth
er
p
ossib
ility
is
th
at
th
e
sp
in
is
h
alf-

in
teger
(m
ore
p
recisely,
h
a
lf-o
d
d
-in
teger,
again
in
u
n
its
of
�h
),
in
w
h
ich
case
th
e
p
article
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.
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is
a
ferm
ion
.
T
h
e
p
ro
of
req
u
ires
relativ
istic
in
va
rian
ce,
so
th
ere
is
n
o
a
n
alo
gou
s
th
eo
rem

in
n
on
relativ
istic
q
u
an
tu
m
m
ech
an
ics.

S
in
ce
ferm
ion
s
ob
ey
th
e
P
a
u
li
ex
clu
sion
p
rin
cip
le,
w
h
ich
is
a
restriction
on
th
e
sta
tes

th
at
th
ey
can
o
ccu
p
y,
th
e
fact
th
at
a
p
a
rticle
is
a
ferm
ion
lead
s
to
a
red
u
ction
in
th
e

n
u
m
b
er
o
f
p
articles
th
at
w
ill
b
e
p
resen
t
in
b
la
ck
-b
o
d
y
rad
ia
tion
.
T
h
e
eq
u
ation
s
th
at

d
escrib
e
th
e
b
lack
-b
o
d
y
rad
ia
tion
o
f
ferm
ion
s
h
av
e
th
e
sam
e
form
a
s
th
e
eq
u
atio
n
s
for

b
oson
s,
so
th
e
en
ergy
d
en
sity
u
,
th
e
p
ressu
re
p,
th
e
n
u
m
b
er
d
en
sity
n
,
a
n
d
th
e
en
tro
p
y

d
en
sity
s
are
again
d
escrib
ed
b
y
E
q
s.
(6.48),
(6.5
1),
(6.52),
a
n
d
(6.55)
ab
ove.
T
h
e
P
au
li

ex
clu
sion
p
rin
cip
le,
h
ow
ever,
cau
ses
th
e
facto
r
g
to
b
e
m
u
ltip
lied
b
y
7
/8
if
th
e
p
article
is

a
ferm
ion
,
an
d
th
e
factor
g
�

to
b
e
m
u
ltip
lied
b
y
3/4
.

T
o
�
n
d
th
e
valu
es
of
g
an
d
g
�

for
n
eu
trin
os,
w
e
m
u
st
co
u
n
t
h
ow
m
an
y
ty
p
es
of

n
eu
trin
os
ex
ist.
W
h
ile
th
ere
is
o
n
ly
on
e
k
in
d
o
f
p
h
oton
,
w
e
b
eliev
e
th
at
th
ere
are
th
ree

d
i�
eren
t
sp
ecies,
or

a
v
o
rs,
o
f
n
eu
trin
os:
th
e
electron
n
eu
trin
o
�
e ,
th
e
m
u
on
n
eu
trin
o

�
�
,
an
d
th
e
tau
n
eu
trin
o
�
� .
T
h
e
ex
isten
ce
o
f
th
e
th
ree
sp
ecies
cau
ses
g
a
n
d
g
�

to
b
e

m
u
ltip
lied
b
y
3.
In
ad
d
itio
n
,
n
eu
trin
os
ex
ist
as
p
articles
a
n
d
a
n
tip
a
rticles,
in
con
trast

to
th
e
p
h
oton
w
h
ich
is
its
ow
n
a
n
tip
a
rticle.
T
h
e
p
a
rticle/an
tip
article
op
tion
lead
s
to
a

factor
of
2
for
b
oth
g
an
d
g
�.
W
h
ile
th
e
p
h
o
ton
h
as
tw
o
sp
in
states,
th
e
n
eu
trin
o
h
as
on
ly

1:
n
eu
trin
os
are
le
ft-h
a
n
d
ed,
w
h
ich
m
ea
n
s
th
a
t
th
eir
sp
in
p
oin
ts
in
th
e
o
p
p
osite
d
irectio
n

from
th
eir
m
om
en
tu
m
,
w
h
ile
a
n
tin
eu
trin
os
are
rig
h
t-h
a
n
d
ed
.
T
h
u
s
th
e
valu
es
of
g
a
n
d
g
�

for
n
eu
trin
os
a
re
given
b
y

g
�
=

78
|{z}

F
e
r
m
io
n
fa
c
t
o
r �

3
|{z}

3
s
p
e
c
ie
s

�
e

;�
�

;�
� �

2
| {z}

P
a
r
t
ic
le
=
a
n
t
ip
a
r
t
ic
le �

1
|{z}

S
p
in

s
t
a
t
e
s

=

214
:

g
��
=

34
|{z}

F
e
r
m
io
n
fa
c
t
o
r �

3
| {z}

3
s
p
e
c
ie
s

�
e

;�
�

;�
� �

2
|{z}

P
a
r
t
ic
le
=
a
n
t
ip
a
r
t
ic
le �

1
| {z}

S
p
in

s
t
a
t
e
s

=

92
:

(6.5
6)

(6.5
7)

[O
n
e
m
igh
t
w
on
d
er
w
h
y
n
eu
trin
o
s
a
re
n
ot
p
ro
d
u
ced
w
h
en
a
p
iece
of
m
eta
l
is
h
eated

u
n
til
it
glow
s.
T
h
e
an
sw
er
is
th
a
t
n
eu
trin
os
in
tera
ct
v
ery
w
eak
ly
a
t
th
ese
low
en
ergies,

an
d
th
eir
p
ro
d
u
ction
rate
is
totally
n
eglig
ib
le.
T
h
erm
al
eq
u
ilib
riu
m

n
eu
trin
o
rad
ia
tion

can
in
p
rin
cip
le
b
e
seen
at
a
n
y
tem
p
era
tu
re,
b
u
t
it
is
v
ery
d
iÆ
cu
lt
to
p
ro
d
u
ce.
T
h
e

rad
iation
w
ou
ld
reach
th
erm
al
eq
u
ilib
riu
m

o
n
ly
if
it
w
ere
con
�
n
ed
to
a
b
ox
op
aq
u
e
to

n
eu
trin
os,
w
h
ich
m
ean
s
th
at
th
e
w
alls
of
th
e
b
ox
w
o
u
ld
h
av
e
to
b
e
m
u
ch
th
ick
er
th
an
th
e

d
iam
eter
of
th
e
earth
.
In
th
e
early
u
n
iv
erse,
h
ow
ev
er,
th
e
tem
p
eratu
res
w
ere
m
u
ch
h
igh
er.

N
eu
trin
o
in
teraction
rates
in
crea
se
w
ith
en
ergy,
so
in
th
e
ea
rly
u
n
iv
erse
th
ey
in
teracted

rap
id
ly
w
ith
th
e
oth
er
p
articles,
a
n
d
w
ere
q
u
ick
ly
b
rou
gh
t
to
th
erm
al
eq
u
ilib
riu
m
.]
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R
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p
.
1
7

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

A
s
th
e
tem
p
eratu
re
is
in
creased
,
m
ore
an
d
m
ore
ty
p
es
of
p
articles
con
trib
u
te
to
th
e

th
erm
al
rad
iation
.
A
n
y
p
article
w
ith
m
c
2�
k
T
w
ill
con
trib
u
te
in
essen
tially
th
e
sam
e

w
ay
as
a
m
assless
p
article.
In
p
articu
lar,
w
h
en
k
T
is
m
u
ch
larger
th
an
th
e
valu
e
of

m
c
2
for
an
electron
(0.511
M
eV
),
th
en
electron
-p
o
sitron
p
airs
con
trib
u
te
to
th
e
th
erm
al

rad
iation
.
E
lectron
s
an
d
p
ositron
s
each
h
av
e
tw
o
sp
in
states,
an
d
th
ey
are
an
tip
articles

of
each
oth
er.
T
h
ey
are
again
ferm
ion
s,
so

g
e
+

e
�

=

78
|{z}

F
e
r
m
io
n
fa
c
t
o
r �

1
|{z}

S
p
e
c
ie
s �

2
|{z}

P
a
r
t
ic
le
=
a
n
t
ip
a
r
t
ic
le �

2
|{z}

S
p
in

s
t
a
t
e
s

=

72
:

g
�e

+

e
�

=

34
|{z}

F
e
r
m
io
n
fa
c
t
o
r �

1
|{z}

S
p
e
c
ie
s �

2
|{z}

P
a
r
t
ic
le
=
a
n
t
ip
a
r
t
ic
le �

2
|{z}

S
p
in

s
t
a
t
e
s

=

3
:

(6.58)

(6.59)

In
clu
d
in
g
p
h
oton
s,
th
ree
sp
ecies
o
f
n
eu
trin
os,
an
d
th
e
electron
-p
ositron
p
airs,
th
e
total

va
lu
e
o
f
g
is
giv
en
b
y

g
t
o
t
=
2
+
214

+
72

=
1
0
34

:

(6.60)

T
h
is
valu
e
is
ap
p
rop
riate
for
valu
es
of
k
T
w
h
ich
are
larger
th
an
0.511
M
eV
,
b
u
t
sm
aller

th
an
106
M
eV
(w
h
ere
m
u
on
s
b
egin
to
b
e
p
ro
d
u
ced
).

T
H
E
E
N
E
R
G
Y

D
E
N
S
IT
Y

O
F
R
A
D
IA
T
IO
N

In
E
q
.
(6.21)
w
e
stated
a
n
estim
ate
for
th
e
en
ergy
d
en
sity
in
rad
iation
of
th
e
cu
r-

ren
t
u
n
iv
erse,
w
h
ich
w
e
are
n
ow
p
rep
ared
to
ju
stify.
T
h
e
valu
e
can
b
e
calcu
lated
in

term
s
of
th
e
cu
rren
t
tem
p
eratu
re
T


of
th
e
cosm
ic
m
icrow
ave
b
ack
grou
n
d
.
T
h
e
b
est

sin
gle
m
easu
rem
en
t
o
f
T

to
d
a
te
w
as
d
on
e
b
y
th
e
F
IR
A
S
(F
ar
In
fraR
ed
A
b
solu
te
S
p
ec-

trop
h
otom
eter)
in
stru
m
en
t
on
th
e
C
O
B
E
(C
osm
ic
B
ack
grou
n
d
E
x
p
lorer)
satellite,
w
h
ich

released
its
�
n
al
an
aly
sis
in
1999,*
rep
ortin
g
a
valu
e
of
T


=
2
:725�
0
:002
K
.
In
2009

F
ix
sen y
com
b
in
ed
th
e
resu
lts
of
all
ex
p
erim
en
ts
to
d
ate
to
ob
tain
a
valu
e
2
:7255�
0
:0006

K
.

T
h
e
rad
iation
th
at
ex
ists
in
th
e
u
n
iv
erse
to
d
ay
con
sists
of
p
h
oton
s
an
d
n
eu
trin
os.
T
h
e

en
ergy
d
en
sity
is
th
erefore
giv
en
b
y
E
q
.
(6.48),
u
sin
g
g
=
2
for
th
e
p
h
oton
con
trib
u
tion
,

*
J
.C
.
M
ath
er,
D
.J
.
F
ix
sen
,
R
.A
.
S
h
afer,
C
.
M
osier,
an
d
D
.T
.
W
ilk
in
son
,
\C
alib
rator

D
esign
for
th
e
C
O
B
E
F
ar-In
frared
A
b
solu
te
S
p
ectrop
h
otom
eter
(F
IR
A
S
),"
A
stro
p
h
y
sica
l

J
o
u
rn
a
l,
vol.
512,
p
p
.
511{520
(1999),
h
ttp
://arx
iv
.org/ab
s/astro-p
h
/9810373.

y
D
.J
.
F
ix
sen
,
\T
h
e
T
em
p
eratu
re
of
th
e
C
osm
ic
M
icrow
ave
B
a
ck
grou
n
d
,"
A
stro
p
h
y
s-

ica
l
J
o
u
rn
a
l,
v
ol.
707,
p
p
.
916{920
(2009),
h
ttp
://arx
iv
.org/ab
s/arX
iv
:0911.1955.

B
L
A
C
K
-B
O
D
Y

R
A
D
IA
T
IO
N
A
N
D
T
H
E
E
A
R
L
Y
H
IS
T
O
R
Y
O
F
T
H
E
U
N
IV
E
R
S
E

p
.
1
8

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

an
d
g
=
21
=4
for
th
e
n
eu
trin
o
con
trib
u
tio
n
,
a
s
giv
en
b
y
E
q
.
(6.56).
T
h
ere
is
a
fu
rth
er

com
p
lication
,
w
h
ich
you
ex
p
lo
re
in
P
rob
lem
S
et
7
:
th
e
tem
p
eratu
re
T
�
o
f
th
e
n
eu
trin
os

is
n
ot
th
e
sam
e
as
th
e
tem
p
era
tu
re
T

of
th
e
p
h
oton
s,
b
u
t
in
stead

T
�
= �
411 �
1
=
3

T

;

(6.6
1)

T
h
is
tem
p
eratu
re
d
i�
eren
tial
is
esta
b
lish
ed
as
th
e
e
+
e
�

p
airs
d
isap
p
ear
fro
m
th
e
th
erm
al

eq
u
ilib
riu
m
m
ix
,
as
k
T
falls
b
elow
th
e
electro
n
rest
en
ergy
of
0.51
1
M
eV
.
T
h
e
asy
m
m
etry

resu
lts
from

th
e
fact
th
at
th
e
n
eu
trin
os
in
teract
to
o
w
eak
ly
to
a
b
sorb
an
y
sign
i�
can
t

am
ou
n
t
of
th
e
en
ergy
from
th
e
e
+
e
�

p
airs,
so
all
th
e
en
ergy
go
es
in
to
h
ea
tin
g
th
e
p
h
oton
s

relative
to
th
e
n
eu
trin
os.
C
o
m
b
in
in
g
th
e
tw
o
co
n
trib
u
tion
s
to
th
e
en
ergy
d
en
sity,

u
r
a
d
;0
= "
2
+
2
14 �
411 �
4
=
3 #
�
2

3
0

(k
T

)
4

(�h
c)
3

=
7
:01�
1
0
�

1
4

J
/m
3

;

(6.62)

in
agreem
en
t
w
ith
E
q
.
(6.21).

N
E
U
T
R
IN
O

M
A
S
S
E
S
:

T
h
e
fact
th
at
n
eu
trin
os
h
av
e
m
a
ss
h
as
b
ecom
e
k
n
ow
n
o
n
ly
rela
tiv
ely
recen
tly,
an
d

w
e
still
d
o
n
ot
k
n
ow
w
h
at
th
e
m
asses
are.
T
h
e
sta
tu
s
of
p
article
d
a
ta
is
tallied
b
y
th
e

P
article
D
ata
G
rou
p
at
L
aw
ren
ce
B
erk
eley
L
ab
ora
to
ry,
w
h
ich
can
b
e
fo
u
n
d
o
n
th
e
w
eb
a
t

h
ttp
://p
d
g.lb
l.gov
/.
In
1
99
6
th
e
P
article
D
ata
G
rou
p
rep
o
rted
th
a
t
th
ere
is
\
n
o
d
irect,

u
n
con
stested
ev
id
en
ce
for
m
a
ssiv
e
n
eu
trin
os,"
w
h
ile
in
1998
it
ad
d
ed
th
at
su
ggestiv
e

ev
id
en
ce
h
ad
b
een
fou
n
d
.
In
2
000
th
e
ev
id
en
ce
w
as
\rath
er
con
v
in
cin
g,"
an
d
b
y
2
002
th
e

ev
id
en
ce
h
ad
b
ecom
e
\com
p
ellin
g."

T
h
e
ev
id
en
ce
rem
ain
s
in
d
irect,
h
ow
ever.
T
h
e
m
ass
of
a
n
eu
trin
o
h
as
n
ever
b
een

m
easu
red
,
b
u
t
in
stead
th
e
ex
isten
ce
of
a
n
on
zero
m
ass
is
in
ferred
from
th
e
fa
ct
th
a
t
w
e

see
n
eu
trin
os
\oscillate"
fro
m
o
n
e
sp
ecies
to
a
n
o
th
er.
F
o
r
m
an
y
years
it
w
a
s
a
m
y
stery

w
h
y
w
e
d
o
n
ot
d
etect
as
m
a
n
y
n
eu
trin
o
s
from
th
e
S
u
n
a
s
is
ex
p
ected
,
b
u
t
w
e
a
re
n
ow

con
v
in
ced
th
at
th
e
d
e�
cit
is
ca
u
sed
b
y
th
e
fact
th
at
th
e
electron
n
eu
trin
os
p
ro
d
u
ced
in

th
e
S
u
n
can
oscillate
to
b
eco
m
e
m
u
on
or
ta
u
n
eu
trin
o
s,
w
h
ich
are
m
u
ch
h
ard
er
to
d
etect.

T
h
e
m
u
on
a
n
d
tau
n
eu
trin
o
s
ca
n
n
ow
b
e
d
etected
b
y
th
e
S
u
d
b
u
ry
N
eu
trin
o
O
b
servato
ry

b
u
ried
2100
m
u
n
d
ergrou
n
d
in
a
m
in
e
n
ear
S
u
d
b
u
ry,
O
n
tario,
an
d
b
y
S
u
p
erK
am
io
kan
d
e,

b
u
ried
1000
m
in
a
m
in
e
at
H
id
a
-city,
G
ifu
p
refectu
re,
J
ap
an
.
In
a
d
d
itio
n
,
sta
rtin
g
in
19
98,

ex
p
erim
en
ts
at
S
u
p
erK
am
io
kan
d
e
an
d
oth
er
lo
cation
s
h
av
e
fou
n
d
th
a
t
m
u
o
n
n
eu
trin
os

p
ro
d
u
ced
b
y
cosm
ic
ray
collision
s
in
th
e
u
p
p
er
atm
osp
h
ere
can
u
n
d
ergo
oscillatio
n
s
in
to

oth
er
sp
ecies
b
efore
reach
in
g
th
e
grou
n
d
.
T
h
e
201
5
N
ob
el
P
rize
in
P
h
y
sics
w
a
s
aw
a
rd
ed
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R
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p
.
1
9

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

to
T
aka
a
k
i
K
a
jita
a
n
d
A
rth
u
r
M
cD
on
ald
\for
th
e
d
iscov
ery
o
f
n
eu
trin
o
oscillation
s,
w
h
ich

sh
ow
s
th
at
n
eu
trin
os
h
av
e
m
a
ss."

S
u
ch
oscillation
s
w
ou
ld
n
ot
b
e
p
ossib
le
if
th
e
n
eu
trin
os
w
ere
m
assless,
essen
tially

b
ecau
se
a
m
assless
p
article
ex
p
erien
ces
an
in
�
n
ite
tim
e
d
ilation
,
so
tim
e
e�
ectiv
ely
stop
s.

A
m
assless
p
article
in
vacu
u
m
can
n
ot
d
o
an
y
th
in
g
ex
cep
t
travel
at
th
e
sp
eed
of
ligh
t.
T
h
e

m
easu
rem
en
ts
of
th
e
oscillation
s
d
o
n
ot
allow
a
d
eterm
in
ation
of
th
e
m
ass,
b
u
t
in
stead

allow
on
e
to
in
fer
th
e
d
i�
eren
ces
b
etw
een
th
e
sq
u
ares
of
th
e
m
asses.
A
s
of
2016,
th
e

P
article
D
ata
G
rou
p
rep
orts

�
m
22

1
c
4
=
(7
:53�
0
:1
8
)�
10
�

5

eV
2

;

�
m
23

2
c
4
=
(2
:4
4�
0
:06)�
10
�

3
eV
2

;

or

�
m
23

2
c
4
=
(2
:5
1�
0
:06)�
10
�

3
eV
2

;

(6.63)

w
h
ere
th
e
tw
o
op
tion
s
for
�
m
23

2
d
ep
en
d
on
assu
m
p
tion
s
ab
ou
t
th
e
ord
erin
g
of
th
e
m
asses.

T
h
e
m
asses
are
lab
eled
1,
2,
an
d
3,
w
h
ich
are
related
to
th
e
b
etter-k
n
ow
n

avor
lab
els
�
e ,

�
�
,
an
d
�
�
in
a
com
p
licated
w
ay.
T
h
e
P
D
G
also
rep
orts
th
at
th
e
rest
en
ergy
of
each
ty
p
e

of
n
eu
trin
o
is
k
n
ow
n
to
b
e
less
th
an
2
eV
.
T
h
e

avo
r
la
b
els
�
e ,
�
�
,
an
d
�
�
in
d
icate
h
ow

th
e
n
eu
trin
os
are
p
ro
d
u
ced
,
b
u
t
in
th
e
p
ecu
liar
con
tex
t
of
q
u
an
tu
m
th
eory
th
ese
states

d
o
n
ot
h
ave
a
w
ell-d
e�
n
ed
m
ass.
In
stead
each
state
of
d
e�
n
ite
m
ass
is
a
su
p
erp
osition
of

d
i�
eren
t

av
or
states,
an
d
v
ice
v
ersa.
A
lth
ou
gh
th
ese
issu
es
are
fascin
atin
g,
w
e
w
ill
n
ot

h
ave
cau
se
to
p
u
rsu
e
th
em
an
y
fu
rth
er.
If
y
o
u
h
av
e
n
ot
stu
d
ied
q
u
an
tu
m
th
eory
y
ou
w
ill

p
rob
ab
ly
h
ave
n
o
id
ea
w
h
at
th
e
last
few
sen
ten
ces
m
ean
,
an
d
th
at
is
okay
as
far
as
th
is

cou
rse
is
con
cern
ed
.

N
on
eth
eless,
th
e
p
resen
ce
of
an
y
m
ass
for
th
e
n
eu
trin
o,
n
o
m
atter
h
ow
sm
all,
raises
an

im
p
ortan
t
q
u
estion
a
b
o
u
t
th
e
cou
n
tin
g
of
sp
in
states,
w
h
ich
is
im
p
ortan
t
in
ou
r
form
u
las

for
th
e
b
lack
-b
o
d
y
rad
iation
o
f
n
eu
trin
os.
T
h
e
b
ottom
lin
e
w
ill
b
e
th
at
th
e
m
ass
m
ak
es

n
o
d
i�
eren
ce,
b
u
t
th
e
reason
in
g
is
n
ot
sim
p
le.

W
e
sa
id
a
b
ove
th
at
th
e
n
eu
trin
o
h
as
on
e
sp
in
state,
b
ecau
se
n
eu
trin
os
are
alw
ay
s

left-h
an
d
ed
:
th
eir
sp
in
p
oin
ts
in
th
e
op
p
osite
d
irection
from

th
eir
m
om
en
tu
m
.
If
th
e

n
eu
trin
o
w
ere
m
assless,
th
is
statem
en
t
cou
ld
b
e
p
recisely
tru
e.
It
can
b
e
sh
ow
n
th
at

for
m
assless
p
articles,
if
th
e
statem
en
t
is
tru
e
for
on
e
ob
serv
er,
th
en
th
e
sp
in
an
d
th
e

m
om
en
tu
m
m
easu
red
b
y
an
y
o
th
er
ob
serv
er
w
ou
ld
align
in
th
e
sam
e
w
ay.
T
h
u
s,
if
th
e

n
eu
trin
o
w
ere
m
assless,
its
left-h
an
d
ed
n
ess
w
ou
ld
b
e
a
relativ
istically
in
varian
t
p
rop
erty.

W
h
ile
it
is
d
iÆ
cu
lt
to
p
rove
th
is
in
varian
ce,
it
is
easy
to
see
th
at
th
e
in
varian
ce
fails
if
th
e

m
ass
of
th
e
n
eu
trin
o
is
n
ot
zero.
F
or
d
e�
n
iten
ess,
con
sid
er
a
left-h
an
d
ed
n
eu
trin
o
m
ov
in
g

alon
g
th
e
z
ax
is
in
th
e
p
ositiv
e
d
irection
,
so
its
sp
in
p
oin
ts
in
th
e
n
egative
z
d
irection
.

If
it
h
as
a
n
on
zero
m
ass
th
en
it
m
ov
es
slow
er
th
an
th
e
sp
eed
of
ligh
t,
so
w
e
can
alw
ay
s

im
agin
e
an
ob
serv
er
w
h
o
m
oves
faster,
also
alon
g
th
e
z
ax
is
in
th
e
p
ositiv
e
d
irection
.

B
L
A
C
K
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O
D
Y

R
A
D
IA
T
IO
N
A
N
D
T
H
E
E
A
R
L
Y
H
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T
O
R
Y
O
F
T
H
E
U
N
IV
E
R
S
E

p
.
2
0

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

T
o
th
e
m
ov
in
g
ob
serv
er
th
e
n
eu
trin
o
w
ill
b
e
m
ov
in
g
in
th
e
n
egative
z
d
irection
,
b
u
t
th
e

sp
in
w
ill
still
p
oin
t
alon
g
th
e
n
ega
tiv
e
z
d
irection
.
H
en
ce,
th
e
m
ov
in
g
ob
server
w
ill
see
a

righ
t-h
an
d
ed
p
article.
B
u
t
w
h
a
t
is
th
is
m
y
steriou
s
righ
t-h
an
d
ed
p
a
rticle?
Is
th
is
a
n
ew

sp
in
state
th
at
m
u
st
b
e
cou
n
ted
in
ou
r
calcu
la
tion
s
of
b
lack
-b
o
d
y
rad
iatio
n
?

W
e
d
o
n
ot
y
et
h
ave
a
u
n
iq
u
e
th
eory
o
f
n
eu
trin
o
m
asses,b
u
t
th
ere
are
tw
o
p
ossib
ilities.

T
h
e
n
eu
trin
o
m
igh
t
h
ave
a
M
a
jo
ra
n
a
m
ass,
in
w
h
ich
case
th
e
m
y
steriou
s
righ
t-h
a
n
d
ed

p
article
in
th
e
ab
ove
th
ou
g
h
t
ex
p
erim
en
t
w
ou
ld
b
e
an
ord
in
ary
an
tin
eu
trin
o.
S
in
ce
th
e

an
tin
eu
trin
o
h
as
alread
y
b
een
in
clu
d
ed
in
th
e
b
lack
-b
o
d
y
form
u
la
s,
th
ey
w
ill
n
o
t
b
e

ch
an
ged
.
T
h
e
oth
er
p
ossib
ility
is
th
at
th
e
n
eu
trin
o
can
h
ave
a
D
ira
c
m
a
ss,
w
h
ich
w
o
u
ld

b
e
th
e
sam
e
ty
p
e
of
m
ass
th
at
an
electron
h
as.
In
th
at
case,
th
e
m
y
steriou
s
righ
t-h
an
d
ed

p
article
in
th
e
th
ou
gh
t
ex
p
erim
en
t
w
ou
ld
b
e
a
n
ew
sp
in
state
o
f
th
e
n
eu
trin
o.
T
h
e

statem
en
t
th
at
n
eu
trin
os
are
a
lw
ay
s
left-h
an
d
ed
w
ou
ld
b
e
b
la
ta
n
tly
fa
lse.
N
on
eth
eless,

ou
r
th
eories
w
ou
ld
allow
u
s
to
calcu
late
th
e
stren
gth
of
th
e
in
teraction
s
o
f
th
ese
rig
h
t-

h
an
d
ed
n
eu
trin
os,
an
d
th
ey
w
o
u
ld
b
e
in
cred
ib
ly
w
eak
.
T
h
ey
w
ou
ld
b
e
so
w
ea
k
th
at
th
ey

w
ou
ld
essen
tially
n
ever
b
e
p
ro
d
u
ced
in
th
e
early
in
v
erse,
so
a
gain
ou
r
b
lack
-b
o
d
y
fo
rm
u
las

w
ou
ld
n
ot
req
u
ire
m
o
d
i�
catio
n
.

T
H
E
R
M
A
L
H
IS
T
O
R
Y

O
F
T
H
E
U
N
IV
E
R
S
E
:

W
e
n
ow
h
ave
allth
e
in
gred
ien
ts
n
ecessary
to
ca
lcu
late
th
e
tem
p
eratu
re
o
f
th
e
u
n
iv
erse

as
a
fu
n
ction
of
tim
e.
E
q
.
(6.47)
g
iv
es
th
e
m
ass
d
en
sity
a
s
a
fu
n
ction
of
tim
e,
a
n
d

E
q
.
(6.48)
relates
th
e
en
ergy
d
en
sity
to
th
e
tem
p
era
tu
re.
R
ecallin
g
th
a
t
u
=
�
c
2,
on
e
can

com
b
in
e
th
ese
relation
s
an
d
so
lve
for
th
e
tem
p
era
tu
re
as
a
fu
n
ction
of
tim
e:

k
T
= �
4
5
�h
3c
5

1
6
�
3g
G �

1
=
4

1pt
:

(6.6
4)

T
o
�
n
d
th
e
tem
p
eratu
re
at
1
sec
a
fter
th
e
b
ig
b
an
g,
w
e
n
ow
n
eed
o
n
ly
p
lu
g
in
n
u
m
b
ers:

k
T
= "
45 �1
:055�
10
�

3
4
J
-s �
3 �2

:998�
10
8

m
-s
�

1 �
5

16
�
3(1
0
:75) �6
:6
73�
10
�

1
1

m
3-k
g
�

1s
�

2 � #
1
=
4

�

1

(1
s)
1
=
2 � �
1
J

k
g-m
2-s
�

2 �
1
=
4

=
1
:378�
10
�

1
3
J
;

w
h
ere
th
e
factor
(1
erg=gm
-cm
2-sec
�

2)
1
=
4
is
eq
u
al
to
1,
an
d
h
as
b
een
in
serted
to
co
n
v
ert

th
e
u
n
its
to
th
e
d
esired
form
.
U
sin
g
1
eV
=
1
:60
2�
10
�

1
2
erg,
o
n
e
can
con
vert
th
is
resu
lt

if
on
e
w
ish
es
to

k
T
=
0
:860
M
eV
:
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p
.
2
1

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

S
in
ce
on
e
k
n
ow
s
th
at
T
/
t
�

1
=
2,
o
n
e
ca
n
w
rite
d
ow
n
a
gen
eral
ex
p
ression
for
th
e
tim
e-

tem
p
eratu
re
relation
,
for
0
:511
M
eV
�
k
T
�
1
06
M
eV
,
as

k
T
=

0
:860
M
eV

p
t
(in
sec)
;

(6.65a)

or
eq
u
iva
len
tly

T
=
9
:98�
1
0
9
K

p
t
(in
sec)
:

(6.65b
)

A
s
an
ex
am
p
le
on
e
can
u
se
E
q
.
(6.65b
)
to
calcu
late
th
e
tem
p
eratu
re
of
th
e
u
n
iv
erse

at
th
e
en
d
o
f
th
e
�
rst
sev
en
d
ay
s.
(H
ere
w
e
are
m
ak
in
g
a
m
in
or
error,
sin
ce
th
e
valu
e

g
t
o
t
=
1
0
34

is
n
ot
a
p
p
rop
riate
w
h
en
k
T
falls
b
elow
0.5
M
eV
.)
O
n
e
�
n
d
s
T
�
1
:3�
10
7
K
,

w
h
ich
is
rou
gh
ly
th
e
tem
p
eratu
re
w
h
ich
is
b
eliev
ed
to
ex
ist
in
th
e
core
of
a
b
righ
t
star.

R
E
L
A
T
IO
N
S
H
IP
B
E
T
W

E
E
N

a
A
N
D

T
:

W
h
en
a
gas
of
b
lack
-b
o
d
y
rad
iation
ex
p
an
d
s
in
th
erm
al
eq
u
ilib
riu
m
,
th
ere
is
a
sim
p
le

relation
sh
ip
b
etw
een
th
e
scale
factor
a
an
d
th
e
tem
p
eratu
re
T
.
W
e
h
ave
alread
y
seen
th
at

th
e
en
ergy
d
en
sity
�
/
1
=
a
4,
a
n
d
th
at
�
/
T
4.
It
fo
llow
s
th
at
th
e
p
ro
d
u
ct
a
T
rem
ain
s

con
stan
t
a
s
th
e
u
n
iverse
ex
p
an
d
s.
T
h
e
con
stan
cy
of
a
T
is
actu
ally
a
d
irect
con
seq
u
en
ce
of

sta
tistica
l
m
ech
an
ics,
an
d
h
as
n
oth
in
g
to
d
o
w
ith
th
e
d
y
n
am
ics
of
th
e
ex
p
an
d
in
g
u
n
iv
erse.

A
s
lon
g
as
th
e
ex
p
an
sion
of
th
e
u
n
iv
erse
is
slow
en
ou
gh
so
th
at
th
e
rad
iation
stay
s
in

th
erm
al
eq
u
ilib
riu
m
,
w
h
ich
it
is,
th
en
th
e
en
trop
y
of
th
e
ex
p
an
d
in
g
gas
rem
ain
s
con
stan
t.

A
ccord
in
g
to
E
q
.
(6.55)
th
e
en
trop
y
d
en
sity
is
p
rop
ortion
al
to
g
T
3,
so
th
e
total
en
trop
y

S
con
tain
ed
in
a
�
x
ed
region
in
th
e
com
ov
in
g
co
ord
in
ate
sy
stem
ob
ey
s
th
e
relation

S
=
sV
p
h
y
s
=
sa
3(t)V

c
o
o
r
d /
g
a
3T
3

;

(6.66)

w
h
ere
V
c
o
o
r
d

is
th
e
co
ord
in
ate
v
o
lu
m
e
o
f
th
e
reg
io
n
.
A
s
lo
n
g
as
g
d
o
es
n
ot
ch
an
ge,

th
en
th
e
co
n
servation
o
f
en
tro
p
y
im
p
lies
th
at
a
T
rem
ain
s
con
stan
t.
E
q
.
(6.66)
allow
s
u
s

to
also
u
n
d
erstan
d
w
h
at
h
ap
p
en
s
w
h
en
g
d
o
es
ch
an
ge,
w
h
ich
h
ap
p
en
s
w
h
en
th
ere
is
a

ch
an
ge
in
th
e
k
in
d
s
o
f
p
articles
th
at
con
trib
u
te
to
th
e
b
la
ck
-b
o
d
y
rad
iation
.
F
or
ex
am
p
le,

w
h
en
k
T
falls
b
elow
0
.5
M
eV
an
d
th
e
electron
-p
ositron
p
airs
d
isap
p
ear
from
th
e
th
erm
al

eq
u
ilib
riu
m
m
ix
,
th
e
en
tro
p
y
th
at
h
ad
b
een
con
tain
ed
in
th
e
electron
-p
ositron
com
p
on
en
t

of
th
e
g
as
m
u
st
b
e
given
to
th
e
o
th
er
com
p
o
n
en
ts.
H
ow
ev
er,
at
th
is
p
oin
t
th
e
n
eu
trin
os

h
ave
d
ecou
p
led
,
w
h
ich
m
ean
s
th
at
th
ey
are
n
o
lon
ger
u
n
d
ergoin
g
sign
i�
can
t
in
teraction
s

w
ith
th
e
rest
of
th
e
g
as.
T
h
e
en
trop
y
from
th
e
electron
-p
ositron
p
airs
is
th
erefore
giv
en

en
tirely
to
th
e
p
h
oton
s,
an
d
essen
tially
n
on
e
is
giv
en
to
th
e
n
eu
trin
os.
T
h
e
p
h
oton
s
are

h
eated
relativ
e
to
th
e
n
eu
trin
os,
an
d
th
ey
con
tin
u
e
to
b
e
h
otter
th
an
th
e
n
eu
trin
os
in
to

th
e
p
resen
t
era.
O
n
P
rob
lem
S
et
7
y
o
u
w
ill
sh
ow
th
at
th
is
tran
sfer
of
en
trop
y
from
th
e

electron
-p
ositron
p
airs
to
th
e
p
h
oton
s
in
creases
th
e
q
u
an
tity
a
T

,
w
h
ere
T

is
th
e
p
h
oton

tem
p
eratu
re,
b
y
a
factor
of
(11
=4
)
1
=
3
=
1
:40.
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R
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p
.
2
2

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

R
E
C
O
M
B
IN
A
T
IO
N

A
N
D

D
E
C
O
U
P
L
IN
G
:

T
h
e
o
b
served
b
aryon
ic
m
atter
in
th
e
u
n
iverse
|

th
e
m
atter
m
a
d
e
o
f
p
roto
n
s,
n
eu
-

tron
s,
an
d
electron
s
|

is
ab
ou
t
8
0%
h
y
d
rogen
b
y
m
ass.
M
ost
o
f
th
e
rest
is
h
eliu
m
,
w
ith

an
alm
ost
n
egligib
le
am
ou
n
t
o
f
h
eav
ier
elem
en
ts.
O
n
e
can
u
se
statistical
m
ech
an
ics
to

u
n
d
erstan
d
th
e
b
eh
av
ior
o
f
th
is
h
y
d
rogen
u
n
d
er
th
e
con
d
ition
s
p
revalen
t
in
th
e
early

u
n
iverse,
b
u
t
I
w
ill
n
ot
attem
p
t
su
ch
a
ca
lcu
lation
in
th
is
co
u
rse.
A
s
o
n
e
m
ig
h
t
g
u
ess,

h
y
d
rogen
w
ill
ion
ize
(i.e
.
b
reak
u
p
in
to
sep
ara
te
p
roton
s
an
d
electron
s)
if
th
e
tem
p
era
tu
re

is
h
igh
en
ou
gh
.
T
h
e
tem
p
eratu
re
n
ecessa
ry
to
ca
u
se
ion
ization
d
ep
en
d
s
on
th
e
d
en
sity,

b
u
t
for
th
e
h
istory
of
ou
r
u
n
iv
erse
o
n
e
can
say
th
at
th
e
h
y
d
rogen
is
io
n
ized
w
h
en
T
is

greater
th
an
ab
ou
t
4
;000
K
.

T
h
u
s,
w
h
en
th
e
tem
p
era
tu
re
falls
b
elow
4
;0
00
K
,
th
e
ion
ized
h
y
d
rogen
coalesces
in
to

n
eu
tral
atom
s.
T
h
e
p
ro
cess
is
u
su
ally
called
\recom
b
in
a
tion
,"
alth
o
u
g
h
I
a
m
a
t
a
lo
ss

to
ex
p
lain
th
e
sign
i�
can
ce
o
f
th
e
p
re�
x
\re-".
W
h
en
recom
b
in
atio
n
o
ccu
rs,
th
e
u
n
iv
erse

b
ecom
es
essen
tially
tran
sp
aren
t
to
p
h
oton
s.
T
h
e
p
h
o
to
n
s
cea
se
to
in
teract
w
ith
th
e
o
th
er

p
articles,
an
d
th
is
p
ro
cess
is
called
\d
ecou
p
lin
g"
.
D
ecou
p
lin
g
o
ccu
rs
sligh
tly
la
ter
th
a
n

recom
b
in
ation
,
a
t
a
tem
p
era
tu
re
o
f
ab
ou
t
3
;000
K
,
sin
ce
ev
en
a
sm
all
resid
u
al
d
en
sity
o
f

free
electron
s
is
en
ou
gh
to
k
eep
th
e
p
h
oton
s
cou
p
led
to
th
e
oth
er
p
a
rticles.
T
h
e
p
h
oto
n
s

w
h
ich
w
e
ob
serv
e
to
d
ay
in
th
e
cosm
ic
b
a
ck
grou
n
d
rad
iatio
n
are
p
h
oton
s
w
h
ich
for
th
e

m
ost
p
art
h
ave
last
scattered
a
t
th
e
tim
e
of
d
ecou
p
lin
g
.

W
e
can
estim
ate
th
e
tim
e
of
d
ecou
p
lin
g
b
y
u
sin
g
th
e
con
stan
cy
of
a
T
.
H
ere
T

in
d
icates
th
e
tem
p
eratu
re
o
f
th
e
p
h
o
to
n
s,
sin
ce
th
e
n
eu
trin
os
h
ave
d
ecou
p
led
an
d
are
n
o
t

relevan
t
to
th
e
cu
rren
t
d
iscu
ssion
.
It
is
v
ery
accu
rate
to
assu
m
e
th
at
a
T
h
as
rem
ain
ed

con
stan
t
from
th
e
tim
e
of
d
ecou
p
lin
g
to
th
e
p
resen
t,
sin
ce
th
e
p
h
oton
s
are
n
ot
in
teractin
g

sign
i�
can
tly
w
ith
a
n
y
th
in
g
else,
so
th
e
con
servation
of
p
h
oton
en
tro
p
y
im
p
lies
th
at
a
3s

 /

a
3T
3

is
con
stan
t.
U
sin
g
th
e
su
b
scrip
t
d
to
d
en
ote
q
u
a
n
tities
evalu
a
ted
at
th
e
tim
e
of

d
ecou
p
lin
g,
an
d
su
b
scrip
t
0
to
d
en
ote
q
u
an
tities
eva
lu
ated
a
t
th
e
p
resen
t
tim
e,
on
e
h
as

a
d T
d
=
a
0 T
0

;

(6.6
7)

from
w
h
ich
on
e
h
as
im
m
ed
iately
th
at

a
d

a
0

=
T
0

T
d

:

(6.68)

A
ssu
m
in
g
th
at
th
e
u
n
iverse
is

at,
an
d
m
a
k
in
g
th
e
cru
d
e
ap
p
rox
im
a
tion
th
at
it
can
b
e

treated
as
m
atter-d
om
in
ated
from
t
d
to
th
e
p
resen
t,
on
e
h
a
s
a
(t)/
t
2
=
3

an
d

�
t
d

t
0 �

2
=
3

=
T
0

T
d

:

(6
.69
)
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p
.
2
3

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

S
olv
in
g,
on
e
h
as

t
d
= �
T
0

T
d �

3
=
2

t
0

� �
2
:7
K

3000
K �

3
=
2� �1

3
:7�
10
9
y
r ��
370
;000
y
r
:

(6.70)

O
n
p
.
159,
R
y
d
en
q
u
otes
a
m
ore
accu
rate
n
u
m
erical
calcu
lation
,
g
iv
in
g
t
d �
350
;000
y
r.

T
H
E
S
P
E
C
T
R
U
M

O
F
T
H
E
C
O
S
M
IC

B
A
C
K
G
R
O
U
N
D

R
A
D
IA
T
IO
N
:

T
h
e
cosm
ic
b
ack
grou
n
d
rad
iation
w
as
d
iscov
ered
b
y
P
en
zias
an
d
W
ilson
in
1965.

T
h
ey
m
easu
red
at
on
e
freq
u
en
cy
o
n
ly,
b
u
t
fou
n
d
th
at
th
e
rad
iation
ap
p
eared
to
b
e

com
in
g
u
n
iform
ly
from
all
d
irection
s
in
sp
ace.
T
h
is
rad
iation
w
as
q
u
ick
ly
id
en
ti�
ed
b
y

D
icke,
P
eeb
les,
R
oll,
a
n
d
W
ilk
in
son
as
th
e
rem
n
an
t
rad
iation
from
th
e
b
ig
b
an
g.
S
in
ce

th
en
th
e
m
ea
su
rem
en
t
of
th
e
cosm
ic
b
ack
grou
n
d
rad
iation
h
as
b
ecom
e
a
m
in
or
in
d
u
stry,

an
d
m
u
ch
d
ata
h
as
b
een
ob
tain
ed
ab
ou
t
th
e
sp
ectru
m
of
th
e
rad
iation
an
d
ab
ou
t
its

an
gu
lar
d
istrib
u
tion
in
th
e
sk
y.

T
h
e
p
red
iction
from
b
ig
b
an
g
cosm
ology
is
th
at
th
e
sp
ectru
m
sh
ou
ld
b
e
th
erm
al,

corresp
on
d
in
g
to
b
lack
-b
o
d
y
rad
iation
th
at
h
as
b
een
red
sh
ifted
from

its
in
itially
v
ery

h
igh
tem
p
eratu
re.
It
is
a
p
ecu
liar
featu
re
o
f
th
e
b
lack
-b
o
d
y
sp
ectru
m
th
at
it
m
ain
tain
s

its
th
erm
al
eq
u
ilib
riu
m

form

u
n
d
er
u
n
iform

red
sh
ift,
ev
en
th
ou
gh
th
e
p
h
oton
s
in
th
e

rad
iation
are
n
on
in
teractin
g.
T
h
at
is,
if
each
p
h
o
to
n
in
th
e
b
lack
-b
o
d
y
p
rob
ab
ility
d
is-

trib
u
tion
is
red
sh
ifted
b
y
th
e
sam
e
factor,
th
e
n
et
e�
ect
is
to
p
ro
d
u
ce
a
n
ew
p
rob
ab
ility

d
istrib
u
tion
w
h
ich
is
a
g
a
in
o
f
th
e
b
la
ck
-b
o
d
y
form
,
ex
cep
t
th
at
th
e
tem
p
eratu
re
is
m
o
d
i-

�
ed
b
y
a
factor
of
th
e
red
sh
ift.
T
h
u
s,
th
e
red
sh
ift
red
u
ces
th
e
tem
p
eratu
re,
b
u
t
d
o
es
n
ot

lead
to
d
ep
artu
res
from
th
e
th
erm
al
eq
u
ilib
riu
m
sp
ectru
m
.

T
h
e
id
eal
P
lan
ck
sp
ectru
m

for
su
ch
rad
iation
h
as
an
en
ergy
d
en
sity
�
� (�
)d
�
,
for

rad
iation
in
th
e
w
avelen
gth
in
terval
b
etw
een
�
an
d
�
+
d
�
,
giv
en
b
y

�
� (�
)d
�
=
1
6
�
2�h
�
3

c
3

1

e
2
�
�h
�
=
k
T
�
1
d
�
:

(6.71)

T
h
e
su
b
scrip
t
�
on
�
�

in
d
icates
th
at
it
is
th
e
en
ergy
d
en
sity
p
er
freq
u
en
cy
in
terval,

w
h
ile
on
e
cou
ld
altern
ativ
ely
sp
eak
of
th
e
en
ergy
d
en
sity
p
er
w
avelen
gth
in
terval,
�
�
.

(A
s
w
ith
th
e
oth
er
statistical
m
ech
an
ics
resu
lts
in
th
is
set
of
L
ectu
re
N
otes,
w
e
w
ill
u
se

E
q
.
(6.71)
w
ith
ou
t
d
erivation
.)
O
b
serv
ers
u
su
ally
d
o
n
ot
d
irectly
m
easu
re
th
e
en
ergy

d
en
sity,
h
ow
ever,
b
u
t
in
stead
m
easu
re
th
e
in
ten
sity
o
f
th
e
rad
iation
.
It
can
b
e
sh
ow
n
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O
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E
R
S
E

p
.
2
4

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

th
at
th
e
p
ow
er
h
ittin
g
a
d
etector
p
er
freq
u
en
cy
in
terval
p
er
a
rea
of
a
p
era
tu
re
p
er
solid

an
gle
of
ap
ertu
re
is
given
b
y

I
� (�
)
=

c4
�
�
�
(�
)
=
4
�
�h
�
3

c
2

1

e
2
�
�h
�
=
k
T
�
1
:

(6.7
2)

T
h
e
d
ata
on
th
e
sp
ectru
m

ava
ilab
le
in
19
75
is
su
m
m
arized
o
n
th
e
tw
o
gra
p
h
s
o
n

th
e
follow
in
g
p
age.
T
h
e
grap
h
s
sh
ow
m
easu
rem
en
ts
of
th
e
en
ergy
d
en
sity
in
th
e
cosm
ic

b
ack
grou
n
d
rad
iation
at
d
i�
eren
t
freq
u
en
cies
(or
w
av
elen
gth
s).
T
h
e
low
er
h
orizon
tal
a
x
is

sh
ow
s
th
e
freq
u
en
cy
in
giga
h
ertz
(1
0
9

cy
cles
p
er
secon
d
),
a
n
d
th
e
u
p
p
er
h
o
rizo
n
tal
a
x
is

sh
ow
s
th
e
corresp
on
d
in
g
w
avelen
g
th
.
T
h
e
solid
lin
e
is
th
e
ex
p
ected
b
lack
b
o
d
y
d
istrib
u
-

tion
,
sh
ow
n
for
th
e
b
est
cu
rren
t
d
eterm
in
ation
of
th
e
tem
p
eratu
re,
2.726
K
.
P
art
(a)

sh
ow
s
th
e
low
freq
u
en
cy
m
easu
rem
en
ts,
in
clu
d
in
g
th
ose
o
f
P
en
zias
&
W
ilson
an
d
R
o
ll

&
W
ilk
in
son
(w
h
ich
w
as
p
u
b
lish
ed
a
b
o
u
t
6
m
on
th
s
a
fter
th
e
P
en
zias
&
W
ilson
resu
lt).

P
art
(b
)
in
clu
d
es
th
e
fu
ll
ran
ge
of
in
terestin
g
freq
u
en
cies.
T
h
e
circles
sh
ow
th
e
resu
lts

of
each
m
easu
rem
en
t,
an
d
th
e
b
a
rs
in
d
icate
th
e
ra
n
ge
of
th
e
estim
ated
u
n
certa
in
ty.
T
h
e

m
easu
rem
en
ts
w
ith
sm
all
u
n
certa
in
ties
are
sh
ow
n
w
ith
d
a
rk
sh
ad
in
g.
A
h
igh
-freq
u
en
cy

b
road
-b
an
d
m
easu
rem
en
t
is
sh
ow
n
on
p
art
(b
),
la
b
eled
\1974
B
allo
o
n
"
|

th
e
m
easu
red

en
ergy
d
en
sity
is
sh
ow
n
as
a
solid
lin
e,
a
n
d
th
e
estim
ated
u
n
certain
ty
is
in
d
icated
b
y
gray

sh
ad
in
g.
T
h
e
1971
b
allo
on
m
easu
rem
en
ts
w
ere
taken
b
y
th
e
M
IT
tea
m
of
D
irk
M
u
eh
ln
er

an
d
R
ain
er
W
eiss.
(T
h
e
en
erg
y
d
en
sity
o
n
b
oth
gra
p
h
s
is
m
ea
su
red
in
electro
n
v
olts
p
er

cu
b
ic
m
eter
p
er
gigah
ertz.)

T
h
e
earth
's
atm
osp
h
ere
p
oses
a
seriou
s
p
rob
lem
fo
r
m
easu
rin
g
th
e
h
igh
freq
u
en
cy

sid
e
of
th
e
cu
rv
e,
so
th
e
b
est
m
easu
rem
en
ts
m
u
st
b
e
d
on
e
from

b
allo
o
n
s,
ro
ckets,
or

satellites.
In
1987
a
ro
cket
p
ro
b
e
w
as
la
u
n
ch
ed
b
y
a
co
llab
oration
b
etw
een
th
e
U
n
iversity

of
C
aliforn
ia
at
B
erkeley
an
d
N
ag
oy
a
U
n
iv
ersity
in
J
ap
an
.
T
h
e
resu
ltin
g
p
ap
er*
in
clu
d
ed

a
grap
h
of
th
e
rem
arkab
le
d
ata
sh
ow
n
in
F
igu
re
6
.3.

N
ote
th
at
th
e
p
oin
ts
lab
eled
2
an
d
3
a
re
m
u
ch
h
igh
er
th
an
th
e
b
lack
b
o
d
y
sp
ectru
m

p
red
icts.
U
sin
g
each
of
th
ese
p
oin
ts
in
d
iv
id
u
ally
to
d
eterm
in
e
a
tem
p
eratu
re,
th
e
au
th
ors

�
n
d
:

P
o
in
t
2:
T
=
2
:955�
0
:01
7
K

P
o
in
t
3:
T
=
3
:175�
0
:02
7
K

T
h
ese
n
u
m
b
ers
corresp
on
d
to
d
iscrep
a
n
cies
of
1
2
an
d
16
stan
d
ard
d
ev
ia
tion
s,
resp
ectiv
ely,

from
th
e
tem
p
eratu
re
o
f
T
=
2
:74
K
th
at
�
ts
th
e
low
er
freq
u
en
cy
p
oin
ts.
In
term
s
o
f

en
ergy,
th
e
ex
cess
in
ten
sity
seen
at
h
igh
freq
u
en
cies
in
th
is
ex
p
erim
en
t
am
ou
n
ts
to
ab
ou
t

*
T
.
M
atsu
m
oto,
S
.
H
aya
kaw
a,
H
.
M
a
tsu
o,
H
.
M
u
rakam
i,
S
.
S
ato,
A
.E
.
L
an
ge,
an
d

P
.L
.

R
ich
ard
s,

\T
h
e

S
u
b
m
illim
eter

S
p
ectru
m

of

th
e

C
osm
ic
B
ack
grou
n
d
R
ad
iatio
n
,"
A
stro
p
h
y
sica
l
J
o
u
rn
a
l,
vol.
32
9,
p
p
.
56
7{5
71
(1
988
),

h
ttp
://ad
sab
s.h
arvard
.ed
u
/
ab
s/
1988A
p
J
...3
29..5
67M
.
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p
.
2
5

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

F
ig
u
r
e
6
.2
:
T
h
e
sp
ectru
m
of
th
e
cosm
ic
m
icrow
av
e
b
a
ck
grou
n
d
as
it
w
as
k
n
ow
n
in
1975.

E
ach
grap
h
sh
ow
s
th
e
en
ergy
d
en
sity
of
th
e
rad
iation
,
in
electron
v
olts
p
er
cu
b
ic
m
eter

p
er
gigah
ertz,
as
a
fu
n
ction
of
freq
u
en
cy.
P
art
(a)
sh
ow
s
th
e
low
est
freq
u
en
cies,
w
h
ich

in
clu
d
e
th
e
origin
al
m
easu
rem
en
t
o
f
P
en
zias
an
d
W
ilson
,
w
h
ile
p
art
(b
)
in
clu
d
es
th
e
fu
ll

ran
ge
of
in
terestin
g
freq
u
en
cies.
T
h
e
cu
rv
e
sh
ow
s
th
e
b
lack
-b
o
d
y
sp
ectru
m
for
2.726
K
.
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R
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p
.
2
6

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

F
ig
u
r
e
6
.3
:
T
h
ree
d
ata
p
oin
ts
in
th
e
C
M
B
sp
ectru
m
m
ea
su
red
b
y
th
e
B
erk
eley
-N
agoy
a

ro
ck
et
ex
p
erim
en
t
in
1987.
P
oin
t
(3)
d
i�
ers
from
th
e
th
eoretically
ex
p
ected
cu
rv
e
b
y
16

stan
d
ard
d
ev
iation
s.
T
h
e
lesso
n
,
a
p
p
aren
tly,
is
th
at
on
e
sh
o
u
ld
n
ot
reject
a
p
rev
io
u
sly

su
ccessfu
l
th
eory
u
n
til
th
e
ev
id
en
ce
again
st
it
is
reliab
ly
con
�
rm
ed
.

10%
of
th
e
total
en
ergy
in
th
e
cosm
ic
b
ack
grou
n
d
rad
iation
.
C
osm
olog
ists
w
ere
stu
n
n
ed

b
y
th
e
ex
trem
ely
sign
i�
can
t
d
isag
reem
en
t
w
ith
p
red
iction
s.
S
om
e
tried
to
d
ev
elop
th
eories

to
ex
p
lain
th
e
rad
iation
,
w
ith
o
u
t
m
u
ch
su
ccess,
w
h
ile
oth
ers
b
an
k
ed
o
n
th
e
th
eory
th
at
it

w
ou
ld
go
aw
ay.
T
h
e
ex
p
erim
en
t
lo
o
ked
lik
e
a
very
carefu
l
on
e,
h
ow
ever,
so
it
w
a
s
d
iÆ
cu
lt

to
d
ism
iss.
T
h
e
m
ost
likely
sou
rce
of
error
in
a
n
ex
p
erim
en
t
o
f
th
is
ty
p
e
is
th
e
p
o
ssib
ility

th
at
th
e
d
etectors
w
ere
in

u
en
ced
b
y
h
eat
from
th
e
ex
h
au
st
o
f
th
e
lau
n
ch
v
eh
icle
|

b
u
t

th
e
ex
p
erim
en
ters
v
ery
carefu
lly
tracked
h
ow
th
e
o
b
served
ra
d
iation
varied
w
ith
tim
e
as

th
e
d
etector
m
oved
aw
ay
fro
m
th
e
la
u
n
ch
ro
ck
et,
an
d
it
seem
ed
clea
r
th
a
t
th
e
ro
cket
w
as

n
ot
a
factor.

T
h
e
sam
e
grou
p
tried
to
ch
eck
th
eir
resu
lts
w
ith
a
seco
n
d

igh
t
a
yea
r
later,
b
u
t
th
e

ro
cket
failed
an
d
n
o
u
sefu
l
d
ata
w
a
s
ob
tain
ed
.

In
th
e
fall
of
1989
N
A
S
A
lau
n
ch
ed
th
e
C
osm
ic
B
a
ck
grou
n
d
E
x
p
lorer,
k
n
ow
n
as

C
O
B
E
(p
ron
ou
n
ced
\koh
-b
ee").
T
h
is
m
ark
ed
th
e
�
rst
tim
e
th
at
a
sa
tellite
w
as
u
sed

to
p
rob
e
th
e
b
ack
grou
n
d
ra
d
iatio
n
.
W
ith
in
m
on
th
s,
th
e
C
O
B
E
g
rou
p
a
n
n
ou
n
ced
th
eir

�
rst
resu
lts
at
a
m
eetin
g
of
th
e
A
m
erican
A
stron
o
m
ical
S
o
ciety
in
W
a
sh
in
g
ton
,
D
.C
.,

J
an
u
ary
1990.
T
h
e
d
ata
w
a
s
so
sp
ectacu
la
r
th
at
th
e
au
d
ien
ce
rose
to
g
iv
e
th
e
sp
ea
ker,

J
oh
n
M
ath
er,
a
stan
d
in
g
ova
tion
.
T
h
e
d
etailed
p
rep
rin
t,
w
ith
a
cover
sh
eet
sh
ow
in
g
a
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p
.
2
7

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

sketch
of
th
e
satellite,
w
as
released
th
e
sam
e
d
ay,
a
n
d
later
p
u
b
lish
ed
as
an
A
stro
p
h
y
sica
l

J
o
u
rn
a
l
letter.*

T
h
e
d
ata
sh
ow
ed
a
p
erfect
�
t
to
th
e
b
lack
b
o
d
y
sp
ectru
m
,
w
ith
a
tem
p
eratu
re
of

2
:735�
0
:0
6
K
,
w
ith
n
o
ev
id
en
ce
w
h
a
tever
for
th
e
\su
b
m
illim
eter
ex
cess"
th
at
h
ad
b
een

seen
b
y
M
a
tsu
m
o
to
e
t
a
l.
T
h
e
d
ata
w
a
s
sh
ow
n
w
ith
estim
ated
error
b
ars
of
1%
of
th
e

p
ea
k
in
ten
sity,
w
h
ich
th
e
grou
p
regard
ed
as
v
ery
con
serva
tive.
T
h
e
grap
h
is
rep
ro
d
u
ced

h
ere
as
F
ig.
6.5.

F
ig
u
r
e
6
.5
:
T
h
e
o
rigin
al
(1990)
C
O
B
E
m
easu
rem
en
t
o
f
th
e
sp
ectru
m

of
th
e
cosm
ic

m
icrow
ave
b
ack
grou
n
d
,
b
ased
on
on
ly
9
m
in
u
tes
of
d
ata.
T
h
e
vertical
ax
is
sh
ow
s
th
e

en
erg
y
d
en
sity
in
u
n
its
of
electron
v
olts
p
er
cu
b
ic
m
eter
p
er
gigah
ertz.

O
n
ce
again
,
th
e
v
ertical
ax
is
is
calib
rated
in
electron
v
olts
p
er
cu
b
ic
m
eter
p
er
gigah
ertz.

S
in
ce
th
e
C
O
B
E
in
stru
m
en
t
is
far
m
ore
p
recise
an
d
h
as
m
ore
in
tern
al
con
sisten
cy

ch
eck
s,
th
ere
h
as
b
een
n
o
d
ou
b
t
in
th
e
scien
ti�
c
com
m
u
n
ity
th
at
th
e
C
O
B
E
resu
lt
su
-

p
erced
es
th
e
p
rev
iou
s
on
e.
D
esp
ite
th
e
16
�
d
iscrep
an
cy
of
1988,
th
e
cosm
ic
b
ack
grou
n
d

rad
iation
is
n
ow
on
ce
again
b
eliev
ed
to
h
ave
a
n
early
p
erfect
b
lack
-b
o
d
y
sp
ectru
m
.

In
J
an
u
ary
1993,
th
e
C
O
B
E
team
released
its
�
n
al
d
ata
on
th
e
cosm
ic
b
ack
grou
n
d

rad
iation
sp
ectru
m
.
T
h
e
�
rst
grap
h
h
ad
com
e
from
ju
st
9
m
in
u
tes
of
d
ata,
b
u
t
n
ow
th
e

*
J
.C
.M
ath
er
e
t
a
l.,
\A
p
relim
in
ary
m
easu
rem
en
t
o
f
th
e
cosm
ic
m
icrow
ave
b
ack
grou
n
d

sp
ectru
m
b
y
th
e
C
osm
ic
B
ack
grou
n
d
E
x
p
lorer
(C
O
B
E
)
satellite,"
A
stro
p
h
y
sica
l
J
o
u
rn
a
l,

vol.
354,
p
p
.
L
37{L
40
(1990),
h
ttp
://ad
sab
s.h
arvard
.ed
u
/ab
s/1990A
p
J
...354L
..37M
.
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.
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8
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R
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S
6
,
F
A
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L
2
0
1
8

F
ig
u
r
e
6
.4
:
T
h
e
cover
p
a
ge
of
th
e
origin
al
p
rep
rin
t
of
th
e

C
O
B
E
cosm
ic
m
icrow
av
e
b
ack
g
rou
n
d
sp
ectru
m
m
easu
rem
en
t.
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p
.
2
9

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
6
,
F
A
L
L
2
0
1
8

team
h
ad
an
aly
zed
th
e
d
ata
from
th
e
en
tire
m
ission
.
T
h
e
error
b
ox
es
w
ere
sh
ru
n
k
b
ey
on
d

v
isib
ility
to
on
ly
0.03%
,
an
d
th
e
b
ack
grou
n
d
sp
ectru
m
w
as
still
p
erfectly
b
lack
b
o
d
y,
ju
st

as
th
e
b
ig
b
an
g
th
eory
p
red
icted
.
T
h
e
n
ew
valu
e
for
th
e
tem
p
eratu
re
w
as
ju
st
a
little

low
er,
2.726
K
,
w
ith
an
u
n
certain
ty
of
less
th
an
0.01
K
.

T
h
e
p
erfection
of
th
e
sp
ectru
m
m
ean
s
th
at
th
e
b
ig
b
an
g
m
u
st
h
av
e
b
een
very
sim
p
le.

T
h
e
C
O
B
E
team
estim
ated
th
at
n
o
m
ore
th
an
0.03%
of
th
e
en
ergy
in
th
e
b
ack
grou
n
d

rad
iation
cou
ld
h
av
e
b
een
released
an
y
tim
e
after
th
e
�
rst
y
ear
o
f
th
e
life
of
th
e
u
n
iv
erse,

sin
ce
en
ergy
released
after
on
e
y
ear
w
ou
ld
n
ot
h
ave
h
ad
tim
e
to
reach
su
ch
a
p
erfect
state

of
th
erm
al
eq
u
ilib
riu
m
.
T
h
eories
th
at
p
red
ict
en
ergy
release
from
th
e
d
ecay
of
tu
rb
u
len
t

m
otion
s
or
ex
otic
elem
en
tary
p
articles,
from
a
gen
eration
of
ex
p
lo
d
in
g
or
m
assiv
e
stars

p
reced
in
g
th
ose
alread
y
k
n
ow
n
,
or
from
d
ozen
s
of
oth
er
in
terestin
g
h
y
p
oth
etical
ob
jects,

w
ere
all
ex
clu
d
ed
at
o
n
ce.

A
lth
ou
gh
a
few
ad
v
o
cates
of
th
e
stead
y
state
u
n
iv
erse
h
ave
n
ot
yet
given
u
p
,
th
e

C
O
B
E
team
an
n
ou
n
ced
th
at
th
e
th
eory
is
ru
led
ou
t.
A
n
early
p
erfect
b
lack
b
o
d
y
sp
ectru
m

ca
n
b
e
a
ch
ieved
in
th
e
stead
y
state
th
eory
on
ly
b
y
a
th
ick
fog
of
ob
jects
th
at
cou
ld

ab
sorb
an
d
re-em
it
th
e
m
icrow
ave
rad
iation
,
allow
in
g
th
e
rad
iation
to
com
e
to
a
u
n
iform

tem
p
eratu
re.
S
tead
y
state
p
rop
on
en
ts
h
av
e
in
th
e
p
ast
su
ggested
th
at
in
terstellar
sp
ace

m
igh
t
b
e
�
lled
b
y
a
th
in
d
u
st
of
iron
w
h
isk
ers
th
at
cou
ld
create
su
ch
a
fog.
H
ow
ever,
a

fog
th
at
is
th
ick
en
o
u
g
h
to
ex
p
la
in
th
e
n
ew
d
a
ta
w
ou
ld
b
e
so
op
aq
u
e
th
at
d
istan
t
sou
rces

w
ou
ld
n
ot
b
e
v
isib
le.

In
th
is
ch
ap
ter
w
e
h
ave
d
iscu
ssed
m
ain
ly
th
e
sp
ectru
m

of
th
e
cosm
ic
m
icrow
ave

b
ack
grou
n
d
(C
M
B
).
S
tartin
g
in
1992,
h
ow
ever,
w
ith
som
e
p
relim
in
ary
resu
lts
from
th
e

C
O
B
E
satellite,
a
stron
om
ers
h
ave
a
lso
b
een
ab
le
to
m
easu
re
th
e
an
isotrop
ies
of
th
e
C
M
B
.

T
h
is
is
q
u
ite
a
tou
r
d
e
force,
sin
ce
th
e
rad
iation
is
isotrop
ic
to
an
accu
racy
of
ab
ou
t
1
p
art

in
10
5.
S
in
ce
th
e
p
h
oton
s
of
th
e
C
M
B
h
ave
b
een
travellin
g
essen
tially
on
straigh
t
lin
es

sin
ce
th
e
tim
e
of
d
ecou
p
lin
g,
th
ese
an
isotrop
ies
are
in
terp
reted
as
a
d
irect
m
easu
re
of
th
e

d
egree
of
n
on
u
n
iform
ity
of
th
e
m
atter
in
th
e
u
n
iv
erse
at
th
e
tim
e
of
d
ecou
p
lin
g,
ab
ou
t

380,000
y
ears
after
th
e
b
ig
b
an
g.
T
h
ese
n
on
-u
n
iform
ities
are
cru
cially
im
p
ortan
t,
b
ecau
se

th
ey
g
ive
u
s
clu
es
ab
ou
t
h
ow
th
e
u
n
iverse
origin
ated
,
an
d
b
ecau
se
th
ey
are
b
eliev
ed
to

b
e
th
e
seed
s
w
h
ich
led
to
th
e
form
ation
of
th
e
com
p
licated
stru
ctu
re
th
at
th
e
u
n
iv
erse

h
as
to
d
ay.
W
e
w
ill
retu
rn
to
d
iscu
ss
th
e
p
h
y
sics
of
th
ese
n
on
u
n
iform
ities
n
ear
th
e
en
d
of

th
e
cou
rse.

T
h
e
N
o
b
el
P
rize
in
P
h
y
sics
2006
w
a
s
aw
ard
ed
join
tly
to
J
oh
n
C
.
M
ath
er
an
d
G
eorge

F
.
S
m
o
ot
\for
th
eir
d
iscovery
o
f
th
e
b
lack
b
o
d
y
form
a
n
d
an
isotrop
y
o
f
th
e
cosm
ic
m
i-

crow
ave
b
ack
grou
n
d
rad
iation
."


