
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.286:
T
h
e
E
arly
U
n
iv
erse

N
ov
em
b
er
13,
2018

P
rof.
A
lan
G
u
th

L
e
c
t
u
r
e

N

o
t
e
s
7

T
H

E

C
O

S
M

O

L
O

G

I
C
A

L

C
O

N

S
T
A

N

T

IN
T
R
O
D
U
C
T
IO
N
:

M
u
ch
ex
citem
en
t
h
a
s
b
een
g
en
era
ted
sin
ce
J
a
n
u
a
ry
1
9
9
8
over
ob
servation
s
th
at
sh
ow

th
at
th
e
ex
p
an
sion
of
th
e
u
n
iv
erse
to
d
ay
is
acceleratin
g,
rath
er
th
an
d
eceleratin
g.
T
w
o

grou
p
s
of
a
stron
om
ers,*
w
ith
a
total
o
f
5
2
astron
om
ers
in
th
e
tw
o
g
rou
p
s,
h
ave
rep
orted

ev
id
en
ce
for
su
ch
an
acceleration
,
b
ased
on
ob
serva
tio
n
s
o
f
d
istan
t
(z
<�
1)
T
y
p
e
Ia

su
p
ern
ova
ex
p
losion
s,
w
h
ich
are
u
sed
as
stan
d
ard
can
d
les.
(N
ote
th
at
\
Ia"
is
p
ron
ou
n
ced

\on
e-A
,"
n
ot
\eey
a.")
T
h
e
�
rst
an
n
ou
n
cem
en
t
w
a
s
m
a
d
e
a
t
th
e
A
A
S
m
eetin
g
in
J
an
u
ary

of
1998,
lead
in
g
to
n
ew
s
articles
in
S
c
ie
n
ce
on
J
an
u
a
ry
3
0
a
n
d
F
eb
ru
ary
27,
1
998,
an
d

in
T
h
e
N
e
w
Y
o
rk
T
im
e
s
o
n
M
a
rch
3
,
M
a
rch
8
,
A
p
ril
21,
a
n
d
M
ay
5,
1998.
O
n
M
ay

15
on
e
o
f
th
e
tw
o
grou
p
s
(th
e
T
h
e
H
igh
Z
S
u
p
ern
ova
S
ea
rch
T
eam
)
p
osted
a
p
ap
er
on

th
e
w
eb
titled
\O
b
servation
al
E
v
id
en
ce
from

S
u
p
ern
ovae
for
an
A
cceleratin
g
U
n
iv
erse

an
d
a
C
osm
ological
C
on
stan
t".y
T
h
e
oth
er
grou
p
(T
h
e
S
u
p
ern
ova
C
osm
ology
P
ro
ject)

su
b
m
itted
its
�
n
d
in
gs
to
th
e
w
eb
on
D
ecem
b
er
8,
1
9
9
8
.z
S
c
ie
n
ce
m
agazin
e
oÆ
cially

p
ro
claim
ed
th
is
to
b
e
th
e
\B
reak
th
rou
gh
of
th
e
Y
ear"
for
1998.
In
2011,
th
ese
d
iscoveries

w
ere
recogn
ized
w
ith
th
e
aw
ard
in
g
o
f
th
e
N
ob
el
P
rize
in
P
h
y
sics
to
S
au
l
P
erlm
u
tter,B
rian

S
ch
m
id
t,
an
d
A
d
am
R
iess,
a
n
d
in
2015
th
e
F
u
n
d
a
m
en
tal
P
h
y
sics
P
rize
w
as
aw
ard
ed
to

th
e
sam
e
th
ree
grou
p
lead
ers,
an
d
also
to
th
e
tw
o
en
tire
team
s.

T
h
e
ev
id
en
ce
for
a
cosm
ological
con
stan
t
h
as
sto
o
d
u
p
�
rm
ly
for
th
e
tw
en
ty
years

sin
ce
1998,
an
d
in
fact
it
h
as
gotten
sign
i�
can
tly
stron
ger.
M
an
y
cosm
ologists
in
clu
d
in
g

m
e
w
ere
sk
ep
tical
in
1998,
b
u
t
n
ow
essen
tially
all
of
u
s
are
con
v
in
ced
th
at
th
e
ex
p
an
sion
of

th
e
u
n
iverse
is
acceleratin
g.
T
h
e
sim
p
lest
ex
p
lan
ation
is
th
at
th
e
u
n
iv
erse
h
as
a
n
on
zero

cosm
ologicalcon
stan
t.
A
n
altern
ativ
e
ex
p
lan
ation
is
som
eth
in
g
called
q
u
in
te
sse
n
ce
,
w
h
ich

h
as
very
n
early
th
e
sam
e
e�
ect.
(Q
u
in
tessen
ce
refers
to
a
slow
ly
ev
olv
in
g
scalar
�
eld
th
at

*
O
n
e
grou
p
is
th
e
S
u
p
ern
ova
C
osm
ology
P
ro
ject,
b
ased
at
L
aw
ren
ce
B
erk
eley
L
ab
o-

ratory
an
d
h
ead
ed
b
y
S
au
l
P
erlm
u
tter.
T
h
eir
w
eb
p
age
is

h
ttp
://w
w
w
-su
p
ern
ova.lb
l.gov
/

T
h
e
oth
er
grou
p
is
th
e
T
h
e
H
igh
Z
S
u
p
ern
ova
S
earch
T
eam
,
led
b
y
B
rian
S
ch
m
id
t,
w
ith

w
eb
p
age

h
ttp
://w
w
w
.cfa.h
arvard
.ed
u
/su
p
ern
ova//H
igh
Z
.h
tm
l.

y
h
ttp
://arX
iv
.org/ab
s/astro-p
h
/9805201,later
p
u
b
lish
ed
as
R
iess
e
t
a
l.,
A
stro
n
o
m
ica
l

J
o
u
rn
a
l
1
1
6
,
N
o
.
3
,
1
0
0
9
(1
9
9
8
).

z
\M
easu
rem
en
ts

of




an
d

�

from

42

H
igh
-R
ed
sh
ift

S
u
p
ern
ovae,"

h
ttp
://arX
iv
.org/ab
s/astro-p
h
/9812133,
later
p
u
b
lish
ed
as
P
erlm
u
tter
e
t
a
l.,
A
stro
p
h
y
s-

ica
l
J
o
u
rn
a
l
5
1
7
:5
6
5
{
5
8
6
(1
9
9
9
).

T
H
E
C
O
S
M
O
L
O
G
IC
A
L
C
O
N
S
T
A
N
T

p
.
2

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
7
,
F
A
L
L
2
0
1
8

p
erm
eates
th
e
u
n
iv
erse
an
d
�
lls
it
w
ith
a
n
early
u
n
iform
en
erg
y
d
en
sity
|

w
e'll
g
et
b
a
ck

to
th
at
id
ea
w
h
en
w
e
talk
ab
o
u
t
in

ation
n
ear
th
e
en
d
of
th
e
co
u
rse.)
S
in
ce
n
o
o
n
e
is
su
re

w
h
at
ex
actly
is
d
riv
in
g
th
is
a
cceleration
,
th
e
term
\d
ark
en
ergy
"
h
a
s
b
een
in
ven
ted
to

d
escrib
e
th
e
stu
�
th
at
is
d
riv
in
g
th
e
accelera
tion
,
w
h
atev
er
it
m
igh
t
b
e.
A
cosm
o
lo
gica
l

con
stan
t
is
th
e
sim
p
lest
ex
p
lan
atio
n
,
an
d
th
at
is
w
h
a
t
w
ill
b
e
d
iscu
ssed
in
th
is
set
o
f

lectu
re
n
otes.

B
A
C
K
G
R
O
U
N
D
:

T
h
e
cosm
ological
con
sta
n
t
w
as
�
rst
p
rop
osed
b
y
A
lb
ert
E
in
stein
in
1
91
7,
w
h
en
h
e

w
as
try
in
g
for
th
e
�
rst
tim
e
to
ap
p
ly
h
is
n
ew
ly
in
v
en
ted
th
eory
of
gen
eral
relativ
ity
to

th
e
u
n
iverse
as
a
w
h
ole.*
A
t
th
e
tim
e
h
e
b
eliev
ed
th
at
th
e
u
n
iv
erse
w
as
static,
sin
ce
it

ap
p
eared
static
a
n
d
th
ere
w
as
n
o
ev
id
en
ce
to
th
e
con
tra
ry.
H
ow
ever,
w
h
en
h
e
w
ork
ed
ou
t

th
e
con
seq
u
en
ces
of
h
is
th
eory,
h
e
d
iscov
ered
th
e
resu
lt
th
a
t
w
e
fou
n
d
in
L
ectu
re
N
otes

6,
E
q
.
(6.38):

d
2a

d
t
2

=
�
4
�3

G �
�
+
3
pc

2 �
a
;

(7
.1)

w
h
ere
a
is
th
e
scale
factor,
t
is
tim
e,
G
is
N
ew
ton
's
g
rav
ita
tion
al
con
stan
t,
�
is
th
e
m
a
ss

d
en
sity,
p
is
th
e
p
ressu
re,
an
d
c
is
th
e
sp
eed
of
lig
h
t.
T
ak
in
g
�
>
0
a
n
d
p�
0,
E
in
stein

w
as
forced
to
th
e
con
clu
sio
n
th
at
d
2a
=
d
t
2

<
0
,
so
a
static
(a
=
con
sta
n
t)
solu
tio
n
d
id

n
ot
ex
ist.
T
h
e
p
rob
lem
,
essen
tia
lly,
w
as
th
at
grav
ity
is
a
n
a
ttractiv
e
force,
so
an
in
itially

static
u
n
iverse
w
ou
ld
collap
se.

E
in
stein
's
solu
tion
w
as
to
m
o
d
ify
w
h
a
t
w
e
ca
ll
th
e
E
in
stein
�
eld
eq
u
atio
n
s
|

th
e

eq
u
ation
s
th
at
d
escrib
e
h
ow
grav
itation
al
�
eld
s,
in
th
e
fo
rm

of
sp
acetim
e
cu
rva
tu
re,

are
created
b
y
m
atter.
H
e
called
th
e
n
ew
term

th
e
co
sm
olog
ica
l
term
,
b
ecau
se
it
w
a
s

m
otivated
b
y
th
e
cosm
ologica
l
a
rgu
m
en
t
th
a
t
it
w
as
n
eed
ed
to
a
llow
a
sta
tic
u
n
iv
erse.

T
h
e
cosm
ological
term
cou
ld
crea
te
a
rep
u
lsiv
e
force
th
a
t
cou
ld
b
e
ad
ju
sted
in
stren
g
th

so
th
at
it
cou
ld
h
ave
ju
st
th
e
rig
h
t
valu
e
to
p
reven
t
th
e
u
n
iv
erse
from
co
lla
p
sin
g.
T
h
e

co
eÆ
cien
t
of
th
is
term
w
as
called
th
e
cosm
ological
co
n
sta
n
t
an
d
a
ssign
ed
th
e
sy
m
b
ol
�

(cap
ital
G
reek
lam
b
d
a).

E
in
stein
's
static
m
o
d
el
seem
ed
v
iab
le
for
ab
ou
t
a
d
ecad
e,
b
u
t
d
u
rin
g
th
e
1
920
s

astron
om
ers
d
iscovered
th
a
t
th
e
u
n
iv
erse
w
as
n
ot
sta
tic
a
fter
a
ll.
In
1
9
29
E
d
w
in
H
u
b
b
le

p
u
b
lish
ed
h
is
fam
ou
s
p
ap
er
an
n
ou
n
cin
g
w
h
at
w
e
n
ow
k
n
ow
as
H
u
b
b
le's
law
.
E
in
stein
w
a
s

q
u
ick
to
a
ccep
t
H
u
b
b
le's
�
n
d
in
gs,
an
d
d
iscard
ed
h
is
cosm
ological
term
as
u
n
w
arran
ted
.

*
\K
osm
ologisch
e
B
etrach
tu
n
gen
zu
r
allgem
ein
en
R
elativ
it�a
tsth
eorie"
(\C
o
sm
o
logical

C
on
sid
eration
s
on
th
e
G
en
eral
T
h
eory
of
R
elativ
ity,")
b
y
A
.
E
in
stein
,
S
itzu
n
g
sbe
ric
h
te

d
e
r
P
re
u
ssic
h
e
n
A
k
a
d
.
d
.
W
isse
n
sc
h
a
fte
n
,
p
p
.
142
{152,
1
917
.
A
n
E
n
g
lish
tra
n
sla
tion
is

availab
le
in
T
h
e
P
r
in
c
ip
le
o
f
R
e
la
tiv
ity
,
tran
slated
b
y
W
.
P
errett
a
n
d
G
.B
.
J
e�
ery,

D
over
P
u
b
lication
s,
1952,
a
n
d
also
in
C
o
sm
o
lo
g
ic
a
l
C
o
n
sta
n
ts,
ed
ited
b
y
J
erem
y

B
ern
stein
an
d
G
erald
F
ein
b
erg,
C
olu
m
b
ia
U
n
iv
ersity
P
ress,
19
86.
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p
.
3

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
7
,
F
A
L
L
2
0
1
8

C
O
S
M
O
L
O
G
IC
A
L

E
Q
U
A
T
IO
N
S

W

IT
H

A

C
O
S
M
O
L
O
G
IC
A
L

C
O
N
-

S
T
A
N
T
:

A
lth
ou
gh
E
in
stein
d
id
n
ot
lo
ok
at
th
e
cosm
ological
con
stan
t
th
is
w
ay,
from
a
m
o
d
ern

p
ersp
ective
th
e
cosm
ological
con
stan
t
is
in
terp
reted
as
an
en
ergy
d
en
sity
a
ttrib
u
ted
to

th
e
vacu
u
m
.
T
h
at
is,
th
e
cosm
ological
term
in
th
e
E
in
stein
�
eld
eq
u
ation
s
is
id
en
tical
to

th
e
term
th
at
w
ou
ld
b
e
ad
d
ed
to
d
escrib
e
th
e
e�
ect
of
a
n
on
zero
vacu
u
m
en
ergy
d
en
sity.

S
in
ce
ev
ery
th
in
g
th
a
t
w
e
see
can
b
e
d
escrib
ed
as
p
articles
m
ov
in
g
th
rou
gh
th
e
vacu
u
m
,

th
e
vacu
u
m

en
ergy
d
en
sity
b
ecom
es
a
u
n
iform

con
trib
u
tion
to
th
e
total
en
ergy,
at
all

p
oin
ts
in
sp
ace
an
d
at
an
y
tim
e.
T
h
e
relation
b
etw
een
E
in
stein
's
origin
al
sy
m
b
ol
�
an
d

th
e
vacu
u
m
en
ergy
d
en
sity
u
v
a
c ,
o
r
th
e
vacu
u
m
m
ass
d
en
sity
�
v
a
c ,
is
giv
en
b
y

u
v
a
c
=
�
v
a
c c
2
=

�
c
4

8
�
G

:

(7.2)

E
in
stein
's
con
stan
t
�
h
as
th
e
u
n
its
of
(len
gth
)
�

2,
w
h
ile
u
v
a
c

a
n
d
�
v
a
c

of
cou
rse
h
ave
th
e

u
su
al
u
n
its
for
en
ergy
d
en
sity
an
d
m
ass
d
en
sity.
T
h
e
p
ressu
re
th
at
corresp
on
d
s
to
th
is

vacu
u
m
en
ergy
can
b
e
ob
tain
ed
b
y
ap
p
ly
in
g
th
e
eq
u
ation
of
en
ergy
con
servation
,
u
sin
g

th
e
fact
th
at
th
e
en
ergy
d
en
sity
of
th
e
vacu
u
m
is
�
x
ed
.
O
n
P
rob
lem
4
of
P
rob
lem
S
et
6

w
e
learn
ed
th
at
con
servation
of
en
ergy
in
a
R
ob
ertson
-W
alker
u
n
iverse
tak
es
th
e
form

dd
t �a

3�
c
2 �
=
�
p
dd

t (a
3)
;

(7.3)

or
eq
u
iva
len
tly

_�
=
�
3
_aa �

�
+

pc
2 �
;

(7.4)

w
h
ere
th
e
overd
ot
d
en
otes
a
tim
e
d
erivative.
S
ettin
g
_�
v
a
c
=
0
gives

p
v
a
c
=
�
�
v
a
c c
2

=
�
�
c
4

8
�
G

:

(7.5)

T
h
e
relation
b
etw
een
th
e
p
ressu
re
an
d
en
ergy
d
en
sity
is
th
e
sam
e
as
th
e
relation
th
at

w
e
w
ill
later
d
iscu
ss
for
th
e
false
vacu
u
m
th
at
is
resp
on
sib
le
for
d
riv
in
g
th
e
a
ccelerated

ex
p
an
sion
of
th
e
in

ation
ary
u
n
iv
erse
m
o
d
el.
F
rom
E
q
.
(7.1),
on
e
can
see
th
at
a
n
egativ
e

p
ressu
re
can
d
riv
e
an
acceleration
.
W
e
m
u
st
ad
d
th
e
con
trib
u
tion
s
of
th
e
vacu
u
m
en
ergy

d
en
sity
a
n
d
p
ressu
re
to
th
e
righ
t-h
an
d
sid
e,
so
for
clarity
w
e
w
ill
u
se
th
e
sy
m
b
ols
�
n

an
d

p
n

to
d
en
ote
th
e
m
ass
d
en
sity
an
d
p
ressu
re
of
n
orm
al
m
atter,
w
h
ere
n
o
rm
a
l
refers
to
all

form
s
o
f
en
ergy
oth
er
th
an
th
e
cosm
ological
con
stan
t.
O
n
e
th
en
h
as

d
2a

d
t
2

=
�
4
�3

G �
�
n
+
3
p
n

c
2

+
�
v
a
c
+
3
p
v
a
c

c
2 �
a

=
�
4
�3

G �
�
n
+
3
p
n

c
2

�
2
�
v
a
c �
a
;

(7.6)
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H
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p
.
4

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
7
,
F
A
L
L
2
0
1
8

w
h
ere
w
e
u
sed
E
q
.
(7.5)
to
elim
in
ate
p
v
a
c .

W
e
learn
ed
in
L
ectu
re
N
o
tes
6
th
at
th
e
�
rst
ord
er
F
ried
m
an
n
eq
u
atio
n
is
n
ot
m
o
d
i�
ed

b
y
p
ressu
re,
so
it
is
still
w
ritten
as
it
w
as
�
rst
w
ritten
,
as
E
q
.
(3.31):

8>:
_aa 9>;
2

=
8
�3

G
��
k
c
2

a
2

:

(7
.7)

S
in
ce
th
e
righ
t-h
an
d
sid
e
d
ep
en
d
s
on
ly
o
n
�
,
w
e
�
n
d
th
e
co
n
trib
u
tio
n
of
th
e
va
cu
u
m

en
ergy
d
en
sity
b
y
rep
lacin
g
�
b
y
�
n
+
�
v
a
c :

8>:
_aa 9>;
2

=
8
�3

G
(�
n
+
�
v
a
c )�
k
c
2

a
2

:

(7.8)

U
sin
g
E
q
s.
(7.6)
an
d
(7.8
),
w
e
can
b
e
m
ore
p
recise
a
b
o
u
t
w
h
at
it
m
ea
n
s
to
liv
e
in

an
acceleratin
g
u
n
iv
erse.
F
ro
m
E
q
.
(7
.6),
w
e
see
th
a
t
�a
ca
n
b
e
p
ositiv
e
if
th
e
�
v
a
c

term

is
p
o
sitive
a
n
d
d
om
in
ates
th
e
righ
t-h
an
d
sid
e,
so
u
n
d
er
th
ese
circu
m
stan
ces
on
e
say
s

th
at
u
n
iverse
accelerates,
m
ea
n
in
g
th
a
t
th
e
fu
n
ction
a
(t)
a
ccelerates.
S
in
ce
th
e
p
h
y
sica
l

d
istan
ce
`
p

to
a
galax
y
at
co
ord
in
a
te
d
istan
ce
`
c
is
giv
en
b
y

`
p (t)
=
a
(t)`
c
;

w
e
see
th
at
in
a
n
acceleratin
g
u
n
iv
erse,
th
e
rela
tiv
e
velo
city
b
etw
een
ga
lax
ies
in
crea
ses

w
ith
tim
e.

O
n
th
e
oth
er
h
an
d
,
from
E
q
.
(7
.8)
w
e
see
th
a
t
th
is
a
cceleration
d
o
es
n
ot
n
ecessa
rily

m
ean
th
at
H
in
creases
w
ith
tim
e.
W
e
can
m
ore
easily
see
th
e
b
eh
av
ior
of
E
q
.
(7.8
)
if
w
e

rep
lace
�
n

b
y
�
m

+
�
r
a
d ,
w
h
ere
�
m

is
th
e
m
ass
d
en
sity
of
n
on
relativ
istic
(p
ressu
reless)

m
atter
a
n
d
�
r
a
d

is
th
e
m
ass
d
en
sity
of
rad
iatio
n
:

8>:
_aa 9>;
2

=
8
�3

G
(
�
m

|{z}
/

1
a
3
(
t
)

+

�
r
a
d

| {z}
/

1
a
4
(
t
)

+
�
v
a
c )�
k
c
2

a
2

:

(7.9)

F
or
an
op
en
(k
<
0)
or

at
(k
=
0)
u
n
iv
erse,
th
e
righ
t-h
an
d
sid
e
o
f
E
q
.
(7.9
)
co
n
tain
s
on
ly

p
o
sitive
term
s,
each
of
w
h
ich
d
ecreases
a
s
th
e
u
n
iv
erse
ex
p
an
d
s.
T
h
u
s
H
d
ecreases
m
o
n
o
-

ton
ically
in
su
ch
a
u
n
iverse,
ev
en
if
th
e
u
n
iv
erse
is
a
cceleratin
g
.
T
h
e
m
a
tter,
ra
d
iatio
n
,

an
d
cu
rvatu
re
term
s
all
ap
p
roa
ch
zero
as
a!
1
,
so
a
sy
m
p
to
tically

H
=

_aa
����!

a
!

1

r
8
�3

G
�
v
a
c

from
ab
ove.

(7
.10
)

N
ote
th
at
H

=

_a=
a
can
d
ecrea
se
ev
en
w
h
en
_a
is
in
creasin
g,
as
lo
n
g
as
a
is
in
creasin
g

faster.
F
or
a
closed
u
n
iverse
(k
>

0)
it
is
p
o
ssib
le
fo
r
H

to
in
crea
se
a
s
th
e
u
n
iverse
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.
5

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
7
,
F
A
L
L
2
0
1
8

ex
p
an
d
s,
b
u
t
th
is
h
ap
p
en
s
on
ly
if
th
e
last
term
of
E
q
.
(7.9)
is
large
en
ou
gh
in
m
agn
itu
d
e

so
th
at
it
d
om
in
ates
th
e
rate
of
ch
an
ge
of
H
.
O
u
r
u
n
iverse
cou
ld
b
e
closed
,
b
u
t
th
e
last

term
o
f
E
q
.
(7
.9
)
is
k
n
ow
n
to
b
e
sm
all,
so
H
fo
r
ou
r
u
n
iverse
is
certain
ly
d
ecreasin
g.
T
h
e

recession
v
elo
city
o
f
a
n
y
d
istan
t
galax
y
is
a
cceleratin
g,
b
u
t
H

=
v
=
`
p

can
still
d
ecrease

w
ith
tim
e
if
`
p
in
creases
faster
th
an
v
d
o
es.
If
it
is
tru
e
th
at
th
e
acceleration
is
cau
sed
b
y

vacu
u
m
en
ergy
d
en
sity,
th
en
E
q
.
(7.10)
d
escrib
es
th
e
asy
m
p
totic
fu
tu
re
of
ou
r
u
n
iv
erse,

w
h
eth
er
it
is
op
en
,
closed
,
or
p
recisely

at.
H
ow
ev
er,
w
e
sh
ou
ld
certain
ly
k
eep
in
m
in
d

th
at
p
red
iction
s
ab
ou
t
th
e
in
�
n
ite
fu
tu
re
a
re
v
ery
d
icey.
It
is
p
ossib
le,
for
ex
am
p
le,
th
at

th
e
state
th
at
w
e
ca
ll
th
e
vacu
u
m
m
igh
t
n
ot
really
b
e
stab
le,
b
u
t
m
igh
t
in
stead
d
ecay

in
to
a
low
er
en
ergy
state
a
fter
10
1
0
0
0

years,
falsify
in
g
ou
r
p
red
iction
.

T
H
E

C
O
S
M
O
L
O
G
IC
A
L

C
O
N
S
T
A
N
T

A
N
D

T
H
E

A
G
E

O
F

T
H
E

U
N
I-

V
E
R
S
E
:

O
n
e
e�
ect
of
a
p
ositiv
e
cosm
ological
con
stan
t
is
an
in
crease
in
th
e
age
of
th
e
u
n
iv
erse

th
at
is
in
ferred
from
a
g
iv
en
valu
e
of
th
e
H
u
b
b
le
con
stan
t.
T
h
is
e�
ect
can
b
e
u
n
d
ersto
o
d

q
u
alitativ
ely
b
y
rem
em
b
erin
g
th
at
th
e
cosm
ological
con
stan
t
cau
ses
th
e
u
n
iverse
to
accel-

erate.
S
u
p
p
ose,
th
en
,
th
at
w
e
calcu
lated
th
e
age
of
th
e
u
n
iv
erse
as
w
e
learn
ed
in
L
ectu
re

N
o
tes
4
,
a
ssu
m
in
g
th
a
t
th
ere
w
as
n
o
cosm
ological
con
stan
t.
T
h
en
su
p
p
ose
th
at
w
e
ad
d

a
vacu
u
m
en
ergy
term
,
k
eep
in
g
�
x
ed
th
e
cu
rren
t
valu
e
of
th
e
H
u
b
b
le
ex
p
an
sion
rate
H
0

an
d
th
e
cu
rren
t
m
ass
d
en
sity
o
f
n
on
relativ
istic
m
atter
an
d
rad
iation
.
T
h
e
n
ew
en
ergy

con
trib
u
tio
n
a
d
d
s
a
p
ositive
term
to
�a
,
w
h
ich
m
ean
s
th
at
H

h
as
n
ot
b
een
fallin
g
as
fast

as
it
h
ad
in
th
e
p
rev
iou
s
�
v
a
c

=
0
calcu
lation
.
T
h
en
,
as
can
b
e
seen
from
th
e
follow
in
g

sketch
,

F
ig
u
r
e
7
.1
:
S
k
etch
of
th
e
H
u
b
b
le
ex
p
an
sion
rate
H

v
s.
tim
e
t,
illu
stratin
g
th
e
d
i�
eren
ce
b
etw
een
a
m
o
d
el

w
ith
an
d
w
ith
ou
t
vacu
u
m
en
ergy
d
en
sity.

th
e
H
u
b
b
le
ex
p
an
sion
rate
in
th
e
p
ast
w
ou
ld
b
e
low
er
in
th
e
n
ew
calcu
lation
th
an
it
w
as

in
th
e
�
rst
calcu
lation
.
T
h
e
slow
er
d
ecrease
in
H

w
ou
ld
m
ean
th
at
it
tak
es
lon
ger
for
H

to
reach
its
p
resen
t
valu
e,
sin
ce
in
b
oth
m
o
d
els
H

starts
at
in
�
n
ity
a
t
th
e
in
stan
t
of
th
e

b
ig
b
an
g.
S
im
ilarly,
th
e
low
er
valu
e
of
H

in
th
e
p
a
st
w
ou
ld
m
ean
th
at
it
tak
es
lon
ger

for
th
e
u
n
iv
erse
to
rea
ch
its
p
resen
t
m
ass
d
en
sity.
T
h
u
s,
th
e
n
ew
calcu
lation
im
p
lies
a

u
n
iv
erse
w
h
ich
is
o
ld
er
th
an
w
e
h
ad
calcu
lated
in
th
e
ab
sen
ce
of
a
cosm
ological
con
stan
t.

T
H
E
C
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p
.
6

8
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L
E
C
T
U
R
E
N
O
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E
S
7
,
F
A
L
L
2
0
1
8

Q
u
an
titatively,
w
e
can
calcu
late
th
e
age
of
th
e
u
n
iv
erse
fro
m

E
q
.
(7.9
).
T
o
b
e

com
p
letely
ex
p
licit
ab
ou
t
th
e
tim
e-d
ep
en
d
en
ce
of
each
term
,
w
e
w
rite

�
m
(t)
= �
a
(t
0 )

a
(t) �

3
�
m
;0

�
r
a
d (t)
= �
a
(t
0 )

a
(t) �

4
�
r
a
d
;0

�
v
a
c (t)
=
�
v
a
c
;0
:

(7.11)

H
ere
w
e
a
re
u
sin
g
th
e
con
ven
tion
th
at
a
su
b
scrip
t
0
d
en
o
tes
th
e
p
resen
t
va
lu
e
o
f
an
y

q
u
an
tity,
so
for
ex
am
p
le
�
m
;0

d
en
otes
th
e
p
resen
t
valu
e
o
f
th
e
m
ass
d
en
sity
of
n
on
rela
-

tiv
istic
m
atter.
E
ach
of
th
e
a
b
ove
eq
u
a
tion
s
re
ects
th
e
k
n
ow
n
d
ep
en
d
en
ce
on
a
(t)
for

each
con
trib
u
tion
to
th
e
m
a
ss
d
en
sity,
w
ith
th
e
con
stan
t
of
p
rop
o
rtio
n
ality
w
ritten
so

th
at
�
X
(t
0 )
=
�
X
;0 ,
for
each
ty
p
e
of
m
atter
X
.
M
ass
d
en
sities
are
u
su
a
lly
ta
b
u
lated
as

fraction
s
of
th
e
critical
d
en
sity,

�
c
=
3
H
2

8
�
G

;

(7.1
2)

u
sin
g
th
e
con
ven
tion
th
at
fo
r
each
ty
p
e
o
f
m
ass
d
en
sity
X
,



X

�
�
X
=
�
c
:

(7
.13
)

S
o,
w
e
rew
rite
E
q
s.
(7.11)
b
y
rep
lacin
g
each
�
X
;0
b
y


X
;0 �
c
;0 :

�
m
(t)
=
3
H
20

8
�
G �

a
(t
0 )

a
(t) �

3


m
;0

�
r
a
d (t)
=
3
H
20

8
�
G �

a
(t
0 )

a
(t) �

4


r
a
d
;0

�
v
a
c (t)
=
3
H
20

8
�
G


v
a
c
;0
:

(7
.14
)

D
e�
n
in
g

x�
a
(t)

a
(t
0 )
;

(7.1
5)

so
th
at
x
varies
from
0
to
1
as
th
e
u
n
iv
erse
evo
lv
es
fro
m
th
e
b
ig
b
an
g
to
th
e
p
resen
t,

E
q
.
(7.9)
can
b
e
rew
ritten
a
s

8>:
_aa 9>;
2

=
H
20 �


m
;0

x
3

+


r
a
d
;0

x
4

+


v
a
c �
�
k
c
2

a
2

:

(7.16)
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It
is
con
ven
ien
t
to
rew
rite
th
e
cu
rvatu
re
term
in
th
e
sam
e
form
as
th
e
oth
er
term
s,
b
y

d
e�
n
in
g



k
;0 �
�

k
c
2

a
2(t

0 )H
20

;

(7.17)

so

H
2

= 8>:
_aa 9>;
2

= �
_xx �
2

=
H
20 �


m
;0

x
3

+


r
a
d
;0

x
4

+


v
a
c
+


k
;0

x
2 �

=
H
20

x
4 �

m
;0 x
+


r
a
d
;0
+


v
a
c
;0 x
4
+


k
;0 x
2 �
:

(7.18)

B
y
sp
ecializin
g
th
is
form
u
la
to
t
=
t
0 ,
for
w
h
ich
x
=
1,
o
n
e
�
n
d
s
1
=


m
;0
+


r
a
d
;0
+



v
a
c
;0
+


k
;0 ,
so



k
;0
=
1�


m
;0 �


r
a
d
;0 �


v
a
c
;0

:

(7.19)



k
>
0
fo
r
a
n
o
p
en
u
n
iverse,


k
<
0
fo
r
a
clo
sed
u
n
iverse,
a
n
d


k
=
0
for
a

at
u
n
iverse.

T
h
e
p
resen
t
age
of
th
e
u
n
iv
erse
can
th
en
b
e
fou
n
d
b
y
tak
in
g
th
e
sq
u
are
ro
ot
of
E
q
.
(7.18),

_xx
=
H
0

x
2 q


m
;0 x
+


r
a
d
;0
+


v
a
c
;0 x
4
+


k
;0 x
2

;

(7.20)

or

x
d
xd

t
=
H
0 q


m
;0 x
+


r
a
d
;0
+


v
a
c
;0 x
4
+


k
;0 x
2

:

(7.21)

T
h
is
eq
u
ation
can
b
e
rearran
ged
as

d
t
=

1H
0

x
d
x

p


m
;0 x
+


r
a
d
;0
+


v
a
c
;0 x
4
+


k
;0 x
2

;

(7.22)

w
h
ich
can
b
e
in
teg
ra
ted
over
th
e
ran
ge
o
f
x
from
th
e
b
ig
b
an
g
to
th
e
p
resen
t
to
g
ive

t
0

=

1H
0 Z

1
0

x
d
x

p


m
;0 x
+


r
a
d
;0
+


v
a
c
;0 x
4
+


k
;0 x
2

:

(7.23a)

T
h
e
ab
ove
form
is
p
rob
ab
ly
th
e
easiest
to
in
tegrate,
b
u
t
for
som
e
p
u
rp
oses
it
is
u
sefu
l
to

rew
rite
it
b
y
ch
an
gin
g
variab
les
of
in
tegration
to
z,
w
h
ere

1
+
z
=
a
(t
0 )

a
(t)
=
1x

:

T
h
e
in
tegral
th
en
b
ecom
es

t
0

=

1H
0 Z

1
0

d
z

(1
+
z) p


m
;0 (1
+
z
)
3
+


r
a
d
;0 (1
+
z)
4
+


v
a
c
;0
+


k
;0 (1
+
z)
2

:
(7.23b
)
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In
th
is
form

o
n
e
cou
ld
also
�
n
d
th
e
\
lo
o
k
-b
ack
tim
e"
to
an
y
p
a
rticu
lar
red
sh
ift
z
b
y

stop
p
in
g
th
e
in
tegration
at
th
at
p
oin
t:

t
lo
o
k-
b
a
c
k (z)
=

1H
0 Z

z
0

d
z
0

(1
+
z
0) p


m
;0 (1
+
z
0)
3
+


r
a
d
;0 (1
+
z
0)
4
+


v
a
c
;0
+


k
;0 (1
+
z
0)
2

:

(7.2
4)

T
h
e
lo
ok
-b
ack
tim
e
is
d
e�
n
ed
a
s
th
e
tim
e
in
terval
b
etw
een
th
e
era
th
at
w
e
ob
serv
e
a
t

red
sh
ift
z
an
d
th
e
p
resen
t.

T
h
e
gen
eral
case
of
th
e
in
tegrals
in
E
q
s.
(7.23)
an
d
(7.2
4)
ca
n
b
e
co
m
p
u
ted
o
n
ly

b
y
n
u
m
erical
in
tegration
,
b
u
t
va
riou
s
sp
ecial
cases
can
b
e
ca
rried
ou
t
an
aly
tically.
T
h
e

case
of
a
m
atter-d
om
in
ated
u
n
iverse
(

r
a
d

=


v
a
c

=
0
)
w
as
d
o
n
e
in
L
ectu
re
N
o
tes
5
.

T
h
e
case
of
a

at
u
n
iverse
com
p
osed
of
n
on
relativ
istic
m
a
tter
an
d
vacu
u
m
en
erg
y
(i.e.,



r
a
d

=


k

=
0,


m

+


v
a
c
=
1)
can
also
b
e
in
tegrated
an
aly
tica
lly,
y
ield
in
g

t
0

= 8>>>>>>>><>>>>>>>>:
2

3
H
0

tan
�

1 p


m
;0 �
1

p


m
;0 �
1

if


m
;0
>
1
,


v
a
c
<
0

2
3
H
0

if


m
;0
=
1,


v
a
c
=
0

2
3
H
0

tan
h
�

1 p
1�


m
;0

p
1�


m
;0

if


m
;0
<
1,


v
a
c
>
0
.

(7
.25
)

N
ote
th
at
in
verse
h
y
p
erb
o
lic
ta
n
g
en
ts
can
also
b
e
ex
p
ressed
in
term
s
o
f
loga
rith
m
s,
so

th
e
an
sw
er
for
th
e


m
;0
<
1
case
ca
n
a
lso
b
e
w
ritten
as

t
0

=

2
3
H
0

ln �p
1�


m
;0
+
1 ��
ln p


m
;0

p
1�


m
;0

:

(7.26)

A
lth
ou
gh
E
q
.
(7.25)
ex
p
resses
t
0

in
term
s
o
f
th
ree
d
i�
eren
t
ex
p
ression
s,
th
e
fu
n
ctio
n
is

actu
ally
con
tin
u
ou
s,
so
th
e
va
lu
e
for


m
;0
=
1
ca
n
b
e
ob
tain
ed
as
th
e
lim
it
o
f
eith
er
th
e

ex
p
ression
for


m
;0
>
1
o
r
th
e
ex
p
ression
for


m
;0
<
1.

A
grap
h
of
th
e
age
o
f
th
e
u
n
iverse
as
a
fu
n
ction
o
f
th
e
H
u
b
b
le
con
stan
t,
fo
r
a
m
a
tter-

d
om
in
ated
u
n
iverse
w
ith
o
u
t
a
cosm
o
lo
gical
con
stan
t,
is
g
iv
en
b
y
E
q
.
(4.47)
an
d
is
sh
ow
n

in
F
ig.
7.2.
F
or
th
e
p
aram
eter
ch
oice
of
H
0

=
67
:7
k
m
�s
�

1�M
p
c
�

1
(th
e
P
lan
ck
20
1
8
valu
e)

an
d


=
1,
th
is
giv
es
t
0

=
9
:62�
10
9

y
r,
w
h
ich
is
sig
n
i�
can
tly
you
n
ger
th
an
th
e
1
1.2

b
illion
year
m
in
in
u
m
age
d
eterm
in
ed
b
y
K
ra
u
ss
an
d
C
h
a
b
oyer,
b
ased
o
n
ag
e
of
th
e
old
est

stars,
as
d
iscu
ssed
o
n
p
p
.
2-3
of
L
ectu
re
N
o
tes
4
.

H
ow
ever,
th
is
d
iscrep
an
cy
o
f
a
ge
estim
ates
g
o
es
aw
ay
w
h
en
on
e
attrib
u
tes
a
p
p
rox
-

im
ately
70%
o
f


to
a
cosm
o
log
ical
con
stan
t.
A
grap
h
o
f
th
e
age
of
th
e
u
n
iv
erse,
for
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p
.
9

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
7
,
F
A
L
L
2
0
1
8

F
ig
u
r
e
7
.2
:
T
h
e
a
ge
of
an
op
en
(

<
1),
closed
(

>
1),
or


at
(

=
1)
u
n
iv
erse
con
tain
in
g
on
ly
n
on
relativ
istic
m
atter.

a

at
u
n
iv
erse
com
p
osed
of
n
on
relativ
istic
m
atter
an
d
a
cosm
ological
con
stan
t,
is
given

b
y
E
q
.
(7.25)
an
d
is
sh
ow
n
a
s
F
ig
.
7
.3
.
N
ote
th
at


m

refers
to
th
e
m
ass
d
en
sity
of

n
on
relativ
istic
m
atter
on
ly.
F
or
all
th
e
m
o
d
el
u
n
iv
erses
sh
ow
n
on
th
is
grap
h
,
th
e
total



(in
clu
d
in
g
n
on
relativ
istic
m
atter
an
d
vacu
u
m
m
ass
d
en
sity
)
is
on
e,
w
h
ich
is
in
accord

w
ith
th
e
p
red
iction
s
of
th
e
sim
p
lest
in

ation
ary
m
o
d
els
(w
h
ich
w
ill
b
e
d
iscu
ssed
at
th
e

en
d
of
th
e
term
).

T
h
e
g
ra
p
h
a
lso
sh
ow
s
tw
o
d
a
ta
p
oin
ts:
th
e
p
o
in
t
lab
eled
R
B
refers
to
th
e
R
y
d
en

B
en
ch
m
ark
M
o
d
el
(from

B
arb
ara
R
y
d
en
,
In
tro
d
u
ctio
n
to
C
o
sm
o
lo
g
y
),
an
d
th
e
p
oin
t

lab
eled
P
lan
ck
2018
is
th
e
b
est
�
t
m
o
d
el
to
th
e
P
lan
ck
2018
d
ata
set,
com
b
in
ed
w
ith
a

n
u
m
b
er
of
o
th
er
cosm
ological
m
easu
rem
en
ts.*
T
h
e
p
aram
eters
asso
ciated
w
ith
th
ese
tw
o

m
o
d
els
are
sh
ow
n
in
T
ab
le
7.1.

T
h
e
P
lan
ck
2018
d
ata
b
est
�
t
is
gen
erally
regard
ed
as
th
e
m
ost
reliab
le
estim
ate
of

cosm
ological
p
arm
eters
th
at
w
e
cu
rren
tly
h
ave.
U
sin
g
th
e
p
aram
eters
from
th
is
tab
le,

E
q
.
(7.25)
g
iv
es
a
cu
rren
t
a
g
e
t
0

of
13.5
b
illion
y
ears
for
th
e
R
y
d
en
B
en
ch
m
ark
m
o
d
el,

*
N
.
A
gh
an
im
et
al.
(P
lan
ck
C
ollab
oration
),
\P
lan
ck
2018
resu
lts,
V
I:
C
osm
ological

p
aram
eters,"
T
ab
le
2,
C
olu
m
n
6,
arX
iv
:1807.06209.

*
T
h
e
P
la
n
ck
p
ap
er
d
o
es
n
ot
g
iv
e
valu
es
for


b
or


d
m
,
b
u
t
in
stead
gives
valu
es
for



b h
2

an
d


d
m
h
2,
w
h
ere
h
=

H
0 =(100
k
m
�s
�

1�M
p
c
�

1).
T
h
e
valu
es
sh
ow
n
h
ere
w
ere

com
p
u
ted
from
th
e
valu
es
for


b h
2,


d
m

h
2,
an
d
h
,
assu
m
in
g
th
at
th
e
u
n
certain
ties
are

u
n
correlated
.

T
H
E
C
O
S
M
O
L
O
G
IC
A
L
C
O
N
S
T
A
N
T

p
.
1
0

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
7
,
F
A
L
L
2
0
1
8

F
ig
u
r
e
7
.3
:
T
h
e
a
ge
o
f
a

at
u
n
iv
erse
con
ta
in
in
g
n
on
rela
tiv
is-

tic
m
atter
an
d
vacu
u
m
en
ergy.
T
h
e
d
o
ts
in
d
icate
th
e
R
y
d
en

B
en
ch
m
ark
M
o
d
el
an
d
th
e
P
lan
ck
2
018
b
est
�
t.

P
a
r
a
m
e
te
r
s

R
y
d
e
n

B
e
n
ch
m
a
rk

P
la
n
ck
2
0
1
8

B
e
st
F
it

H

0

7
0

6
7
:7�
0
:4
k
m
�s
�

1�M
p
c
�

1

B
a
r
y
o
n
ic
m
a
tte
r


b

0.0
4

0
:0
49
0�
0
:0
004
�

D
a
r
k
m
a
tte
r


d
m

0.2
6

0
:2
6
1�
0
:0
03
�

T
o
ta
l
m
a
tte
r


m

0.3
0

0
:31
1�
0
:006

V
a
c
u
u
m

e
n
e
r
g
y


v
a
c

0.7
0

0
:68
9�
0
:006

T
a
b
le
7
.1
:
C
osm
ological
P
aram
eters.

an
d
13.80
b
illion
years
for
th
e
P
la
n
ck
201
8
b
est
�
t
m
o
d
el.
T
h
e
A
gh
a
n
im
et
a
l.
P
lan
ck

\C
osm
ological
P
aram
eters"
p
ap
er
cited
a
b
ove
giv
es
a
b
est
�
t
va
lu
e
for
th
e
ag
e
o
f
th
e

u
n
iverse
of
13
:79�
0
:02
b
illion
years,w
h
ere
th
e
q
u
oted
u
n
certain
ty
o
f
0.15%
is
co
n
sid
erab
ly

sm
aller
th
an
w
ou
ld
b
e
ob
tain
ed
b
y
com
p
ou
n
d
in
g
th
e
u
n
certain
ties
of
th
e
p
ara
m
eters

sh
ow
n
in
th
e
tab
le:
0.6%
for
H
0

a
n
d
1.8%
fo
r


m
.
T
h
u
s,
th
e
P
lan
ck
g
ro
u
p
is
assertin
g

th
at
th
e
u
n
certain
ty
in
H
0

an
d


m

are
correla
ted
in
ju
st
th
e
rig
h
t
w
ay
so
th
at
th
ey
ca
n

d
eterm
in
e
th
e
age
of
th
e
u
n
iv
erse
w
ith
m
u
ch
greater
p
recisio
n
th
a
n
th
ey
can
d
eterm
in
e



T
H
E
C
O
S
M
O
L
O
G
IC
A
L
C
O
N
S
T
A
N
T

p
.
1
1

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
7
,
F
A
L
L
2
0
1
8

eith
er
of
th
e
in
p
u
t
p
aram
eters.

(T
o
g
et
som
e
feelin
g
for
th
e
stab
ility
o
f
th
ese
n
u
m
b
ers,
w
e
can
com
p
are
w
ith
an

earlier
W
M
A
P
d
ata
set,
th
e
3-y
ear
d
ata.*

In
th
at
p
ap
er
th
e
n
u
m
b
ers
w
ere
rep
orted

as
H
0

=

73
:5�
3
:2
k
m
�s
�

1�M
p
c
�

1,


b

=

0
:041,


d
m

=

0
:196,


m

=

0
:237�
0
:034,



v
a
c
=
0
:7
6
3�
0
:034,
an
d
t
0

=
13
:73
+
0
:1
6

�

0
:1
5

b
illio
n
y
ears.)

W
e
w
ill
d
iscu
ss
th
e
p
h
y
sics
u
n
d
erly
in
g
th
e
P
lan
ck
an
d
W
M
A
P
an
isotrop
y
m
easu
re-

m
en
ts
n
ea
r
th
e
en
d
o
f
th
e
term
,
b
u
t
fo
r
n
ow
it
is
w
orth
m
en
tion
in
g
th
at
P
lan
ck
refers

to
a
E
u
rop
ean
S
p
ace
A
gen
cy
satellite
ex
p
erim
en
t
th
a
t
w
as
lau
n
ch
ed
in
M
ay
2009
to

m
easu
re
th
e
a
n
isotrop
ies
(i.e.,
n
on
u
n
iform
ities)
of
th
e
cosm
ic
m
icrow
ave
b
ack
grou
n
d
ra-

d
iation
.
W
M
A
P
refers
to
th
e
W
ilk
in
son
M
icrow
ave
A
n
isotrop
y
P
rob
e,
an
earlier
satellite

lau
n
ch
ed
in
J
u
n
e
2001,
for
th
e
sam
e
p
u
rp
ose.
W
h
ile
th
e
C
M
B
is
u
n
iform
in
all
d
irection
s

to
an
accu
racy
of
a
few
p
arts
in
100,000,
th
e
n
on
u
n
iform
ities
can
n
on
eth
eless
b
e
m
easu
red

to
a
h
igh
d
egree
of
accu
racy,
p
rov
id
in
g
im
p
ortan
t
in
form
ation
ab
ou
t
th
e
early
u
n
iv
erse.

P
lan
ck
an
d
W
M
A
P
are
still
in
orb
it,
b
u
t
W
M
A
P
stop
p
ed
tak
in
g
d
ata
in
A
u
gu
st
2010,

an
d
P
lan
ck
stop
p
ed
tak
in
g
d
ata
in
O
ctob
er
2013.
W
M
A
P
released
its
�
rst-y
ear
d
ata
set

in
F
eb
ru
ary
2003,
an
d
later
released
th
ree-y
ear
(M
arch
20
06),
�
v
e-year
(M
arch
2008),

sev
en
-yea
r
(J
a
n
u
ary
2010),
an
d
a
�
n
al
n
in
e-y
ear
(D
ecem
b
er
2012)
d
ata
set.
T
h
e
P
lan
ck

ex
p
erim
en
t
h
as
released
th
ree
d
ata
sets,
in
M
arch
2
013,
in
F
eb
ru
ary
2015,
an
d
in
J
u
ly

2018.
B
oth
W
M
A
P
an
d
P
lan
ck
carried
ou
t
th
eir
ob
servation
s
from
a
u
n
iq
u
e
lo
cation
,

called
th
e
L
2
L
agran
ge
P
oin
t.
L
2
is
lo
cated
at
a
p
osition
ap
p
rox
im
ately
1.5
m
illion
k
ilo-

m
eters
from
E
arth
,
in
a
d
irection
op
p
osite
to
th
e
S
u
n
.
It
follow
s
th
e
orb
it
of
th
e
E
arth

arou
n
d
th
e
S
u
n
on
ce
p
er
y
ea
r,
a
lw
ay
s
m
a
in
tain
in
g
its
p
osition
alon
g
a
rad
ial
lin
e
d
raw
n

from

th
e
S
u
n
th
rou
gh
th
e
E
arth
.
L
2
is
an
id
eal
lo
cation
for
astron
om
y,
b
ecau
se
th
e

satellite
can
lo
ok
o
u
tw
ard
aw
ay
from
th
e
S
u
n
,
so
at
an
y
tim
e
it
can
v
iew
h
alf
of
th
e
sk
y

w
ith
n
o
in
terferen
ce
from
th
e
S
u
n
,
E
arth
,
or
M
o
on
.
O
v
er
th
e
cou
rse
o
f
on
e
year,
th
e

en
tire
sk
y
can
b
e
v
iew
ed
u
n
d
er
th
ese
id
eal
con
d
ition
s.

It
m
ay
seem
stran
ge
th
at
a
satellite
m
easu
rin
g
th
e
an
isotrop
ies
of
th
e
C
M
B
can
giv
e

u
s
valu
es
for
p
aram
eters
su
ch
as
H
0

a
n
d


m
,
b
u
t
su
ch
p
aram
eters
can
b
e
ex
tracted
if

on
e
h
as
a
th
eoretical
p
red
iction
for
th
e
an
isotrop
ies
th
at
d
ep
en
d
s
on
th
ese
p
aram
eters.

In
fact
su
ch
a
th
eoretical
m
o
d
el
d
o
es
ex
ist,
an
d
it
�
ts
th
e
d
ata
ex
traord
in
arily
w
ell.
W
e

w
ill
com
e
b
ack
to
th
is
to
p
ic
a
t
th
e
very
en
d
of
th
e
cou
rse.

O
n
e
can
in
clu
d
e


r
a
d
;0

in
th
e
age
calcu
lation
of
E
q
.
(7.23)
b
y
d
oin
g
th
e
in
tegral

n
u
m
erically,
a
n
d
u
sin
g


r
=
9
:2�
10
�

5,
w
h
ich
w
e
fou
n
d
from
E
q
.
(6.23).
If
on
e
in
clu
d
es

it
w
ith
th
e
P
lan
ck
p
aram
eters,ad
ju
stin
g


v
a
c
;0
to
k
eep
th
e
u
n
iv
erse
ex
actly

at,
on
e
�
n
d
s

th
at
th
e
age
estim
ate
is
d
ecreased
b
y
5
.7
m
illion
y
ears,
w
h
ich
is
ju
st
b
ey
on
d
th
e
lev
el
of

accu
racy
of
th
e
calcu
lation
.
S
o
for
th
is
calcu
lation
,
th
e
e�
ect
of
rad
iation
in
th
e
u
n
iv
erse

is
n
egligib
le.

*
D
.N
.
S
p
ergel
et
al.,
\W
ilk
in
son
M
icrow
ave
A
n
isotrop
y
P
rob
e
(W
M
A
P
)
T
h
ree
Y
ear

O
b
servation
s:
Im
p
lication
s
for
C
osm
ology,"
T
ab
le
5,
`W
M
A
P
O
n
ly
'
colu
m
n
,
A
p
.
J
.
S
u
p
p
.

1
7
0
,
377
(2007),
h
ttp
://arx
iv
.org/ab
s/astro-p
h
/0603449v
2.
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p
.
1
2

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
7
,
F
A
L
L
2
0
1
8

T
H
E
H
U
B
B
L
E
D
IA
G
R
A
M

|

R
A
D
IA
T
IO
N

F
L
U
X

V
E
R
S
U
S
R
E
D
S
H
IF
T
:

T
h
e
claim
s
th
at
th
e
co
sm
ological
con
stan
t
is
n
on
zero
are
b
ased
on
th
e
H
u
b
b
le
d
i-

agram
,
th
e
grap
h
w
h
ich
sh
ow
s
th
e
m
easu
rem
en
ts
o
f
th
e
rad
ia
tion

u
x
of
sou
rces
as
a

fu
n
ction
of
th
eir
red
sh
ift
z.
T
o
u
n
d
erstan
d
h
ow
th
e
cosm
ological
con
sta
n
t
a�
ects
th
is
d
i-

agram
,
w
e
n
eed
to
d
eriv
e
th
e
fo
rm
u
la
fo
r
th
e
receiv
ed
rad
iatio
n

u
x
o
f
a
sp
eci�
ed
sou
rce,

in
a
m
o
d
el
u
n
iverse
w
h
ich
in
clu
d
es
a
cosm
ologica
l
co
n
stan
t.
In
p
rin
cip
le
w
e
n
eed
to
con
-

sid
er
closed
,

at,
an
d
op
en
u
n
iv
erses,
b
u
t
I
w
ill
sh
ow
th
e
calcu
latio
n
in
d
etail
on
ly
fo
r
th
e

case
of
a
closed
u
n
iv
erse.
T
h
e
op
en
-u
n
iverse
ca
se
is
v
ery
sim
ilar,
so
I
w
ill
m
erely
d
escrib
e

th
e
d
i�
eren
ces
an
d
state
th
e
an
sw
er
for
th
is
case.
T
h
e

at
u
n
iv
erse
is
th
e
b
o
rd
erlin
e
case

b
etw
een
op
en
an
d
closed
,
so
it
can
b
e
trea
ted
as
a
lim
itin
g
ca
se
of
eith
er
op
en
or
clo
sed

u
n
iverses,
or
it
can
b
e
d
on
e
as
a
sep
arate
ca
lcu
lation
.

T
h
e
R
ob
ertson
-W
alker
m
etric
fo
r
a
closed
u
n
iv
erse
w
as
g
iv
en
a
s
E
q
.
(5
.34
):

d
s
2

=
�
c
2
d
t
2
+
a
2(t) �
d
r
2

1�
k
r
2

+
r
2 �d
�
2
+
sin
2
�
d
�
2 � �
:

(5
.34
)

T
h
e
cosm
ological
con
stan
t
w
ill
a�
ect
th
e
evolu
tion
o
f
a
(t),
b
u
t
th
e
fo
rm
of
th
e
m
etric
w
as

d
eterm
in
ed
b
y
th
e
sy
m
m
etries
o
f
h
om
ogen
eity
an
d
iso
tro
p
y,
an
d
w
ill
n
ot
b
e
ch
an
ged
.

W
e
w
ill
b
e
in
terested
in
tracin
g
th
e
tra
jectories
o
f
p
h
o
to
n
s
travelin
g
a
lon
g
ra
d
ial

lin
es,
so
for
th
is
p
u
rp
ose
it
w
ill
b
e
u
sefu
l
to
in
tro
d
u
ce
th
e
rad
ial
co
ord
in
a
te
 
,
d
e�
n
ed
b
y

sin
 
�
p

k
r
:

O
n
e
�
n
d
s

d
 
=

p
k
d
r

cos
 

=

p
k
d
r

p
1�
k
r
2

:

T
h
e
m
etric
th
en
sim
p
li�
es
to

d
s
2

=
�
c
2
d
t
2
+
~a
2(t) �
d
 
2
+
sin
2
 �d
�
2
+
sin
2
�
d
�
2 �	
;

(7.27)

w
h
ere
th
e
n
ew
scale
factor
~a
(t)
is
related
to
th
e
scale
fa
ctor
a
(t)
b
y

~a
(t)�
a
(t)
p

k
:

(7.2
8)

T
h
is
form
of
th
e
m
etric
is
u
sefu
l
for
in
v
estiga
tin
g
rad
ia
l
m
otio
n
,
b
ecau
se
th
e
rad
ia
l
p
art

of
th
e
m
etric
is
v
ery
sim
p
le.
(Y
ou
m
ig
h
t
recall
th
at
th
e
closed
u
n
iv
erse
m
etric
w
as

con
stru
cted
in
L
ectu
re
N
otes
6
b
y
�
rst
con
sid
erin
g
a
sp
h
ere
in
4
E
u
clid
ean
d
im
en
sion
s.

T
h
e
co
ord
in
ate
 
d
e�
n
ed
h
ere
is
p
recisely
th
e
sa
m
e
a
s
th
e
a
n
g
le
 
th
a
t
w
a
s
u
sed
in
th
at
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p
.
1
3

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
7
,
F
A
L
L
2
0
1
8

F
ig
u
r
e
7
.4
:

D
iagram

sh
ow
in
g
h
ow
th
e
p
ow
er
of
a

sou
rce
is
u
n
iform
ly
sp
read
ov
er
a
sp
h
ere
th
at
in
clu
d
es

th
e
d
etector
on
E
arth
u
sed
to
m
easu
re
th
e
en
ergy

u
x
.

con
stru
ction
|

it
is
th
e
an
gle
b
etw
een
th
e
w
-ax
is
an
d
a
lin
e
join
in
g
th
e
origin
of
th
e

4-d
im
en
sion
al
co
o
rd
in
ate
sy
stem
to
th
e
p
oin
t
in
q
u
estion
.)

F
ig
.
7
.4
is
a
d
ia
g
ra
m
sh
ow
in
g
h
ow
rad
iation
from
a
d
istan
t
sou
rce
reach
es
a
d
etector

on
E
arth
.
T
h
e
d
ia
g
ra
m

sh
ow
s
a
com
ov
in
g
co
ord
in
ate
sy
stem

w
ith
th
e
sou
rce
at
th
e

origin
,
 
=

0
.
T
h
e
rad
ial
co
o
rd
in
ate
o
f
th
e
d
etector,
on
E
arth
,
is
called
 
D
.
T
h
e

d
iagram
also
sh
ow
s
a
sp
h
ere
a
t
th
e
sam
e
rad
ial
co
ord
in
ate,
 
D
.
W
e
assu
m
e
th
at
th
e

sou
rce
is
sp
h
erically
sy
m
m
etric,
so
th
at
th
e
p
ow
er
em
itted
b
y
th
e
sou
rce
is
u
n
iform
ly

sp
read
over
th
is
sp
h
ere.
S
in
ce
th
e
sp
eed
of
ligh
t
is
in
d
ep
en
d
en
t
of
an
gle,
all
th
e
p
h
oton
s

th
at
left
th
e
sou
rce
at
som
e
p
articu
lar
tim
e
t
S

are
arriv
in
g
at
th
e
 
=
 
D

sp
h
ere
at
th
e

p
resen
t
tim
e
t
0 .
T
o
calcu
late
th
e
p
ow
er
receiv
ed
b
y
th
e
d
etector,
w
e
n
eed
to
k
n
ow
w
h
at

fraction
o
f
th
ose
p
h
oton
s
h
it
th
e
d
etector.
T
h
e
fraction
is
sim
p
ly
th
e
area
of
th
e
d
etector

d
iv
id
ed
b
y
th
e
area
of
th
e
sp
h
ere,
or

fraction
=
area
of
d
etector

area
of
sp
h
ere
=

A

4
�
~a
2(t

0 )
sin
2
 
D

:

(T
h
e
area
of
th
e
sp
h
ere
at
rad
ial
co
ord
in
ate
 
D

is
given
b
y
4
�
~a
2(t

0 )
sin
2
 
D
,
b
ecau
se
th
e

p
art
of
th
e
m
etric
(7.27)
th
at
d
ep
en
d
s
on
d
�
an
d
d
�
is
eq
u
al
to
~a
2(t)
sin
2
 
tim
es
th
e

m
etric
for
a
sp
h
ere
of
u
n
it
rad
iu
s.)
T
h
e
p
ow
er
h
ittin
g
th
e
d
etector
is
fu
rth
er
red
u
ced
b
y

on
e
factor
o
f

1
+
z
S

=
a
(t
0 )

a
(t
S
)
;

(7.29)
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p
.
1
4

8
.2
8
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L
E
C
T
U
R
E
N
O
T
E
S
7
,
F
A
L
L
2
0
1
8

b
ecau
se
th
e
freq
u
en
cy,
an
d
h
en
ce
th
e
en
erg
y,
o
f
each
p
h
oton
is
red
u
ced
b
y
th
is
factor.
In

ad
d
ition
,
th
e
p
ow
er
is
red
u
ced
b
y
a
n
o
th
er
facto
r
o
f
(1
+
z
S
)
b
ecau
se
th
e
ra
te
of
arrival
of

p
h
oton
s
is
red
u
ced
b
y
th
is
fa
cto
r.
T
h
u
s,
if
P
is
th
e
p
ow
er
th
a
t
th
e
sou
rce
w
as
em
ittin
g

at
tim
e
t
S
,
th
en
th
e
p
ow
er
receiv
ed
b
y
th
e
d
etector
to
d
ay
is

P
r
e
c
e
iv
e
d

=

P

(1
+
z
S
)
2

A

4
�
~a
2(t

0 )
sin
2
 
D

:

(7.3
0)

T
h
e

u
x
is
given
b
y

J
=
P
r
e
c
e
iv
e
d

A

=

P

4
�
(1
+
z
S
)
2~a
2(t

0 )
sin
2
 
D

:

(7
.31
)

E
q
.
(7.31)
is
th
e
an
sw
er
to
ou
r
q
u
estion
,
b
u
t
it
is
n
ot
y
et
ex
p
ressed
in
term
s
of

u
sefu
l
variab
les
|

w
e
can
n
o
t
lo
ok
u
p
th
e
va
lu
es
of
~a
(t
0 )
o
r
 
D

in
stan
d
ard
ta
b
les,
so
w
e

n
eed
to
ex
p
ress
th
em
in
term
s
of
variab
les
th
a
t
w
e
can
lo
o
k
u
p
.
S
p
eci�
ca
lly,
w
e
w
ill
b
e

ab
le
to
ex
p
ress
th
e
righ
t-h
an
d
sid
e
of
E
q
.
(7
.31
)
in
term
s
of
P
,
z
S
,
H
0 ,
a
n
d
th
e
variou
s

con
trib
u
tion
s
to
th
e
cu
rren
t
va
lu
e
of


.

U
sin
g
th
e
d
e�
n
ition
of
~a
(t)
g
iv
en
b
y
E
q
.
(7.28),
on
e
sees
th
at
its
p
resen
t
va
lu
e
~a
(t
0 )

can
b
e
related
to


k
;0 ,
w
h
ich
w
a
s
d
e�
n
ed
b
y
E
q
.
(7.17).
W
ith
a
little
rearra
n
g
in
g,
th
e

relation
b
ecom
es

~a
(t
0 )
=

cH
�

1
0

p
�


k
;0

:

(7.3
2)

(N
ote
th
at
for
a
closed
u
n
iverse,


k

<
0,
so
th
e
d
en
o
m
in
ator
cou
ld
h
ave
b
een
w
ritten
as

p
j

k
;0 j.)

F
in
ally,
w
e
n
eed
to
evalu
a
te
 
D
,
w
h
ich
w
e
ex
p
ect
to
b
e
d
eterm
in
ed
b
y
th
e
red
sh
ift

z
S

an
d
cosm
ological
p
aram
eters:

 
D

=
 
(z
S
)
;

(7.33)

w
h
ere
 
(z
S
)
is
d
e�
n
ed
as
th
e
 
co
ord
in
ate
traversed
b
y
rad
ial
lig
h
t
p
u
lses
th
at
a
re
n
ow

reach
in
g
u
s
w
ith
red
sh
ift
z
S
.
T
h
ese
ligh
t
p
u
lses
travel
alon
g
a
n
u
ll
tra
jectory,
w
h
ere
th
e

w
ord
\n
u
ll"
m
ean
s
th
at
d
s
2

=
0
.
G
iv
en
th
e
m
etric
(7.2
7),
a
ra
d
ial
n
u
ll
tra
jectory
is

d
escrib
ed
b
y

0
=
�
c
2
d
t
2
+
~a
2(t)
d
 
2

=)

d
 d

t
=

c
~a
(t)
:

(7.3
4)

T
h
e
ev
olu
tion
eq
u
ation
for
~a
(t)
is
id
en
tical
to
th
e
ev
o
lu
tion
eq
u
atio
n
for
a
(t)
th
at
w
as

given
as
E
q
.
(7.18):

H
2

= �
_~a~a �
2

=
H
20

x
4 �

m
;0 x
+


r
a
d
;0
+


v
a
c
;0 x
4
+


k
;0 x
2 �
;

(7.3
5)
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w
h
ere

x
=

a
(t)

a
(t
0 )
=

~a
(t)

~a
(t
0 )
:

(7.36)

S
in
ce
th
e
ligh
t
p
u
lse
travels
from
tim
e
t
=
t
S

to
t
=
t
0 ,
th
e
rad
ial
co
ord
in
ate
th
at
it

trav
erses
can
b
e
fou
n
d
b
y
in
tegratin
g
E
q
.
(7.34)
to
�
n
d

 
(z
S
)
= Z

t
0

t
S

c
~a
(t)
d
t
:

(7.37)

S
in
ce
w
e
a
re
h
op
in
g
to
ex
p
ress
th
e
an
sw
er
in
term
s
of
th
e
red
sh
ift
of
th
e
sou
rce
z
S
,
it
is

u
sefu
l
to
ch
an
ge
th
e
variab
le
of
in
tegration
to
z,
w
h
ere

1
+
z
=
~a(t
0 )

~a(t)
:

(7.38)

T
h
en

d
z
=
�
~a(t
0 )

~a(t)
2
_~a(t)
d
t
=
�
~a(t
0 )H
(t)
d
t

~a
(t)
:

(7.39)

T
h
e
in
tegration
b
ecom
es

 
(z
S
)
=

1
~a
(t
0 ) Z

z
S

0

c
H
(z)
d
z
:

(7.40)

In
th
is
ex
p
ression
w
e
can
rep
lace
~a
(t
0 )
u
sin
g
E
q
.
(7.32),
an
d
w
e
can
rep
lace
H
(z
)
u
sin
g

E
q
.
(7.35),
recogn
izin
g
th
at
x
=
1
=(1
+
z
).
T
h
is
gives
ou
r
�
n
al
ex
p
ression
for
 
(z
S
):

 
(z
S
)
= q
j

k
;0 j

� Z
z
S

0

d
z

p


m
;0 (1
+
z
)
3
+


r
a
d
;0 (1
+
z
)
4
+


v
a
c
;0
+


k
;0 (1
+
z)
2

:

(7.41)

W
e
can
n
ow
g
o
b
a
ck
to
o
u
r
a
n
sw
er,
ex
p
ressed
as
E
q
.
(7.31),
an
d
elim
in
ate
th
e

u
n
w
a
n
ted
variab
les.
~a
(t
0 )
is
rep
laced
u
sin
g
E
q
.
(7.32),
an
d
sin
2
 
D

can
b
e
rep
laced
b
y

sin
2
 
(z
S
),
giv
in
g

J
=

P
H
20 j


k
;0 j

4
�
(1
+
z
S
)
2c
2
sin
2
 
(z
S
)
;

(7.42)
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.
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0
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F
ig
u
r
e
7
.5
:
H
u
b
b
le
d
iagram
from
th
e
p
ap
er
b
y
R
iess
e
t
a
l.
(19
98).

w
h
ere
 
(z
S
)
is
given
b
y
E
q
.
(7.4
1).

F
or
a
sam
p
le
of
th
e
recen
t
d
a
ta,
I
in
clu
d
e
as
F
ig.
7.5
a
grap
h
of
th
e
H
u
b
b
le
d
iag
ra
m

from
th
e
p
ap
er
b
y
R
iess
e
t
a
l.
(1998)
th
a
t
w
a
s
cited
a
t
th
e
b
egin
n
in
g
of
th
ese
lectu
re

n
otes.
S
h
ow
n
at
th
e
top
is
a
g
rap
h
of
m
agn
itu
d
e
v
s.
red
sh
ift
fo
r
a
sa
m
p
le
o
f
su
p
ern
ovae.

T
h
e
vertical
ax
is
rep
resen
ts
d
ista
n
ce
a
s
in
ferred
from
th
e
b
righ
tn
ess,
w
ith
la
rg
er
d
istan
ces

at
th
e
top
.*
E
ach
in
crease
of
5
m
agn
itu
d
es
corresp
o
n
d
s
to
th
e
b
rig
h
tn
ess
d
ecreasin
g
b
y
a

*
M
ore
p
recisely,
m
�
M

is
th
e
d
istan
ce
m
o
d
u
lu
s,
w
h
ich
is
related
to
th
e
lu
m
in
o
sity

d
ista
n
ce
d
L

b
y

m
�
M

=
5
log
1
0 �
d
L

1
M
p
c �
+
2
5
;

w
h
ere
th
e
lu
m
in
osity
d
istan
ce
is
d
e�
n
ed
as
th
e
d
ista
n
ce
at
w
h
ich
th
e
ob
ject
w
o
u
ld
h
ave
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.
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7

8
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E
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T
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R
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N
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E
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7
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F
A
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2
0
1
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factor
of
100,
so
on
e
m
agn
itu
d
e
corresp
on
d
s
to
a
factor
of
2.512,
an
d
an
in
crease
b
y
a
ten
th

of
a
m
agn
itu
d
e
corresp
on
d
s
to
ab
ou
t
a
10%
d
ecrease
in
b
righ
tn
ess.
S
h
ow
n
on
th
e
sam
e

grap
h
are
th
ree
th
eoretical
cu
rv
es,
calcu
lated
from
E
q
.
(7.42),
u
sin
g
d
i�
eren
t
th
eoretical

p
aram
eters.
T
h
e
low
est
cu
rv
e
rep
resen
ts
a
m
atter-d
om
in
ated

at
u
n
iv
erse
(C
D
M
=
\cold

d
ark
m
atter"),
w
ith
n
o
cosm
ological
con
stan
t.
T
h
e
m
id
d
le
cu
rv
e
rep
resen
ts
an
op
en

m
atter-d
om
in
ated
u
n
iv
erse,
w
ith


m

=


t
o
t

=
0
:2,
a
valu
e
w
h
ich
w
as
ob
servation
ally

p
lau
sib
le
b
efore
th
e
p
resen
ce
of
d
ark
en
ergy
b
ecam
e
con
v
in
cin
g.
T
h
e
u
p
p
erm
ost
cu
rv
e,

w
h
ich
seem
s
to
b
e
th
e
b
est
�
t
to
th
e
d
ata,
rep
resen
ts
a

at
u
n
iv
erse
w
h
ich
in
clu
d
es

n
on
relativ
istic
m
atter
an
d
a
cosm
ological
con
stan
t
(�
C
D
M

=
cosm
ological
con
stan
t
+

cold
d
ark
m
atter),
w
ith
th
e
n
on
relativ
istic
m
atter
com
p
risin
g
0
.24
of
th
e
critical
d
en
sity,

an
d
th
e
vacu
u
m
m
ass
d
en
sity
of
th
e
cosm
ological
con
stan
t
com
p
risin
g
0.76
of
th
e
critical

d
en
sity.
T
h
ese
ratios
w
ere
ch
osen
as
a
b
est
�
t
to
th
e
d
ata,
w
ith
in
th
e
class
of

at
m
o
d
els

w
ith
th
ese
tw
o
com
p
on
en
ts.
N
ote
th
at
th
ese
n
u
m
b
ers
agree
v
ery
w
ell
w
ith
th
e
P
lan
ck

2013
b
est
�
t
m
o
d
el,
ev
en
th
ou
gh
th
e
ob
servation
s
u
sed
to
d
eterm
in
e
th
e
p
aram
eters

are
com
p
letely
d
i�
eren
t.
T
h
e
in
itials
\M
L
C
S
"
at
th
e
top
stan
d
for
\M
u
lti-C
olor
L
igh
t

C
u
rve
S
h
ap
e,"
a
m
eth
o
d
o
f
an
aly
sis
th
at
th
e
au
th
ors
em
p
loy
ed
to
com
p
en
sate
for
sm
all

d
i�
eren
ces
in
th
e
b
righ
tn
ess
of
th
e
su
p
ern
ovae
b
ased
on
th
e
d
u
ration
of
th
e
ligh
t
ou
tp
u
t.

T
h
e
grap
h
at
th
e
b
ottom
sh
ow
s
th
e
sam
e
d
ata,
b
u
t
in
a
w
ay
th
at
v
isu
ally
em
p
h
asizes

th
e
d
i�
eren
ces
b
etw
een
th
e
th
ree
cu
rv
es.
O
n
th
is
g
rap
h
th
e
m
id
d
le
cu
rv
e
is
p
lotted
as

a
straigh
t
lin
e,
an
d
th
e
oth
er
cu
rv
es
are
sh
ow
n
as
o�
sets
relativ
e
to
th
e
m
id
d
le
cu
rv
e.

N
ote
th
at
th
e
cu
rv
es
d
i�
er
b
y
tw
o
o
r
th
ree
ten
th
s
of
a
m
agn
itu
d
e,
in
d
icatin
g
th
at
th
e

b
righ
tn
ess
d
i�
eren
ces
are
on
ly
20
to
30%
.
T
h
at
is,
th
e
m
easu
red
b
righ
tn
esses
of
th
e

d
istan
t
su
p
ern
ovae
are
2
0
to
3
0%
d
im
m
er
th
an
w
ou
ld
b
e
ex
p
ected
in
th
e
op
en
u
n
iv
erse



m

=


t
o
t
=
0
:2
m
o
d
el.

to
b
e
lo
cated
to
resu
lt
in
th
e
ob
serv
ed
b
righ
tn
ess,
if
w
e
w
ere
liv
in
g
in
a
static
E
u
clid
ean

u
n
iv
erse.
In
su
ch
a
u
n
iv
erse
th
e
en
erg
y

u
x
J
at
a
d
istan
ce
d
w
ou
ld
b
e
given
b
y

J
=

P
4
�
d
2

;

so
th
e
lu
m
in
osity
d
istan
ce
is
giv
en
b
yd

L

= r
P4

�
J
:

T
h
u
s,

m
�
M

=
�
52

log
1
0 �
4
�
J
�
(1
M
p
c)
2

P

�
+
25
:
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.
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T
h
e
con
n
ection
b
etw
een
th
is
e�
ect
an
d
acceleratio
n
is
a
little
h
ard
to
see,
b
u
t
it

can
b
e
seen
m
ost
clearly
if
on
e
th
in
k
s
ab
ou
t
th
e
ap
p
earan
ce
of
su
p
ern
ova
e
w
ith
a
�
x
ed

m
agn
itu
d
e,
an
d
h
en
ce
a
�
x
ed
d
ista
n
ce
as
m
easu
red
b
y
th
e
lu
m
in
o
sity.
T
h
en
th
e
m
easu
red

p
oin
ts
lie
to
th
e
left
of
th
e
o
p
en
u
n
iv
erse


m

=


t
o
t
=
0
:2
m
o
d
el,
w
h
ich
m
ean
s
th
at
th
e

red
sh
ift
is
low
er
th
an
ex
p
ected
.
L
ow
er
red
sh
ift
m
ean
s
sm
aller
v
elo
cities,
a
n
d
h
en
ce
th
e

u
n
iverse
in
th
e
p
ast
w
as
ex
p
an
d
in
g
m
ore
slow
ly
th
an
ex
p
ected
.
If
th
e
u
n
iv
erse
in
th
e
p
a
st

w
as
ex
p
an
d
in
g
m
ore
slow
ly
th
a
n
ex
p
ected
on
th
e
b
asis
of
th
e
cu
rren
t
ex
p
a
n
sio
n
rate,
it

m
ean
s
th
at
som
e
acceleratin
g
in

u
en
ce
m
u
st
h
ave
b
een
at
w
ork
.

T
h
e
grap
h
m
ay
n
ot
ap
p
ear
to
b
e
v
ery
co
n
clu
sive,
b
u
t
n
on
eth
eless
th
e
d
a
ta,
if
ta
k
en

at
face
valu
e,
is
statistically
v
ery
sign
i�
can
t.
E
sp
ecially
w
h
en
th
is
d
ata
is
com
b
in
ed
w
ith

th
e
d
ata
from
th
e
oth
er
grou
p
,
th
e
p
ossib
ility
th
at
w
e
are
seein
g
a
statistical

u
k
e
is
very

sm
all.
N
on
eth
eless,
th
ere
are
p
o
ssib
le
sy
stem
atic
errors
th
a
t
a
re
h
a
rd
to
evalu
a
te.
T
h
e

ob
served
e�
ect
is
sim
p
ly
th
e
fact
th
at
d
istan
t
su
p
ern
ovae,
a
t
a
given
red
sh
ift,
ap
p
ea
r

sligh
tly
d
im
m
er
(b
y
ab
ou
t
20
to
30%
)
th
an
ex
p
ected
.
O
n
e
a
ltern
ativ
e
ex
p
lan
atio
n
m
ig
h
t

b
e
th
at
th
ere
is
d
u
st
th
at
o
b
scu
res
ou
r
v
iew
,
cau
sin
g
th
e
su
p
ern
ovae
to
ap
p
ea
r
d
im
m
er

th
an
th
ey
really
are.
T
h
e
p
rob
lem

w
ith
th
is
ex
p
lan
atio
n
is
th
at
m
o
st
fo
rm
s
o
f
d
u
st

d
istort
th
e
sp
ectru
m
of
th
e
lig
h
t,
a
b
sorb
in
g
m
o
re
o
f
th
e
sh
orter
w
avelen
g
th
s,
resu
ltin
g

in
a
\red
d
en
in
g"
of
th
e
receiv
ed
lig
h
t.
S
in
ce
th
is
red
d
en
in
g
is
n
ot
o
b
serv
ed
,
th
e
d
u
st

m
u
st
b
e
\gray,"
th
e
w
ord
th
at
is
u
sed
to
d
escrib
e
a
�
lter
th
at
ab
so
rb
s
eq
u
a
lly
across
th
e

sp
ectru
m
.
It
is
p
h
y
sically
p
ossib
le
fo
r
d
u
st
to
b
e
gray
if
th
e
grain
s
are
la
rg
e
en
o
u
g
h
,
b
u
t

su
ch
d
u
st
is
n
ot
k
n
ow
n
to
ex
ist.
A
n
oth
er
d
iÆ
cu
lty
w
ith
th
e
d
u
st
h
y
p
oth
esis
is
th
a
t
if

m
ost
of
th
e
d
u
st
is
lo
cated
in
th
e
h
o
st
ga
la
x
y
o
f
th
e
su
p
ern
ova
,
as
o
n
e
w
o
u
ld
ex
p
ect,
th
en

th
e
am
ou
n
t
of
ab
sorp
tion
sh
ou
ld
d
ep
en
d
on
w
h
ere
th
e
su
p
ern
ova
is
lo
cated
w
ith
in
th
e

galax
y.
T
h
is
w
ou
ld
in
tu
rn
p
ro
d
u
ce
scatter
in
a
grap
h
lik
e
th
e
on
e
sh
ow
n
a
b
ove,
w
h
ile

th
e
am
ou
n
t
o
f
scatter
seen
is
con
sisten
t
w
ith
th
e
k
n
ow
n
sou
rces
of
u
n
certain
ty.
A
n
oth
er

totally
d
i�
eren
t
ex
p
lan
ation
fo
r
th
e
ob
servatio
n
s
is
th
e
p
ossib
ility
th
at
it
is
ca
u
sed
b
y

galactic
evolu
tion
.
H
eav
y
elem
en
ts
are
p
ro
d
u
ced
in
stars,
so
5
b
illion
y
ears
a
go
th
ere

w
as
a
n
oticeab
ly
low
er
ab
u
n
d
an
ce
of
h
eav
y
elem
en
ts
in
g
alax
ies.
If
th
e
low
er
ab
u
n
d
a
n
ce

of
h
eav
y
elem
en
ts
cou
ld
lead
to
d
im
m
er
su
p
ern
ova
e
ex
p
losio
n
s,
th
en
th
is
ev
id
en
ce
fo
r

a
cosm
ological
con
stan
t
w
ou
ld
d
isap
p
ea
r.
H
ow
ever,
astron
om
ers
h
ave
lo
oked
h
ard
to

�
n
d
an
y
v
isib
le
d
i�
eren
ces
b
etw
een
th
e
early
su
p
ern
ova
e
at
la
rge
red
sh
ift
an
d
th
e
recen
t

su
p
ern
ovae
n
earb
y,
an
d
so
fa
r
th
ey
h
ave
fou
n
d
n
oth
in
g
sign
i�
can
t.
F
u
rth
er,
in
th
e
n
earb
y

u
n
iverse
th
ere
are
g
alax
ies
w
ith
a
ran
ge
of
ab
u
n
d
an
ces
o
f
h
eav
y
elem
en
ts,
a
n
d
th
is
h
a
s

n
ot
b
een
ob
serv
ed
to
p
ro
d
u
ce
a
d
i�
eren
ce
in
th
e
b
rig
h
tn
ess
of
su
p
ern
ova
ex
p
lo
sion
s.

F
u
rth
erm
ore
a
p
ersu
a
siv
e
p
iece
of
ev
id
en
ce
w
as
u
n
cov
ered
in
early
2001
b
y

A
.G
.
R
iess,
P
.E
.
N
u
gen
t,
et
al.*
,
w
h
o
d
iscovered
in
d
ata
from
th
e
H
u
b
b
le
S
p
a
ce
T
elescop
e

*
\T
h
e
F
arth
est
K
n
ow
n
S
u
p
ern
ova:
S
u
p
p
ort
fo
r
a
n
A
cceleratin
g
U
n
iv
erse
a
n
d
a

G
lim
p
se
of
th
e
E
p
o
ch
o
f
D
eceleration
,"
h
ttp
:/
/arx
iv
.org/a
b
s/astro
-p
h
/0
104
45
5,
R
iess

e
t
a
l.,
A
stro
p
h
y
sica
l
J
o
u
rn
a
l
5
6
0
,
49{
71
(20
01).
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.
1
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8
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L
E
C
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R
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A
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0
1
8

a
su
p
ern
ova
a
t
th
e
colossal
red
sh
ift
of
1.7.
T
h
is
red
sh
ift
is
large
en
ou
gh
so
th
at
th
e
ligh
t

left
th
e
su
p
ern
ova
b
efore
th
e
era
of
acceleration
is
b
eliev
ed
to
h
ave
started
.
S
o
th
is
m
ea-

su
rem
en
t
w
ou
ld
b
e
ex
p
ected
to
sh
ow
th
e
d
eceleratin
g
b
eh
av
ior
ex
p
ected
for
earlier
tim
es,

an
d
in
d
eed
it
d
id
.
B
y
con
trast,
e�
ects
cau
sed
b
y
d
u
st
or
b
y
h
eav
y
elem
en
t
ab
u
n
d
an
ce

w
ou
ld
n
ot
b
e
ex
p
ected
to
rev
erse
at
earlier
tim
es.

O
n
b
alan
ce,
I
th
in
k
it
is
fair
to
say
th
a
t
cu
rren
tly
m
ost
cosm
ologists
regard
th
e
su
p
er-

n
ova
d
ata
a
s
p
ersu
asiv
e,
b
u
t
n
ot,
b
y
itself,
irrefu
tab
le.
H
ow
ever,
th
ere
is
also
in
creasin
gly

stron
g
ev
id
en
ce
from
ob
servation
s
of
th
e
cosm
ic
m
icrow
ave
b
ack
grou
n
d
rad
iation
,
w
h
ich

w
e
h
ave
su
m
m
arized
earlier
in
th
ese
lectu
re
n
otes
in
term
s
of
th
e
P
lan
ck
a
n
d
W
M
A
P

resu
lts.
T
h
ese
ob
servation
s
p
rov
id
e
a
m
easu
rem
en
t
of
th
e
am
ou
n
t
o
f
vacu
u
m
en
ergy
th
at

agrees
v
ery
w
ell
w
ith
th
e
su
p
ern
ova
resu
lts.
In
ad
d
ition
,
th
ey
p
rov
id
e
v
ery
stron
g
ev
i-

d
en
ce
th
at
th
e
u
n
iv
erse
is

at.
T
h
ere
is
also
m
u
ch
ev
id
en
ce
from
ex
tragalactic
astron
om
y

th
at
th
ere
is
n
ot
en
ou
gh
m
atter
in
th
e
u
n
iv
erse,
even
in
clu
d
in
g
th
e
d
ark
m
atter,
to
m
ak
e

u
p
th
e
critical
d
en
sity
th
at
is
req
u
ired
b
y
g
en
eral
relativ
ity
for
a

at
u
n
iverse.
If
th
is
is

rig
h
t,
th
en
vacu
u
m
en
ergy
b
ecom
es
th
e
m
ost
straigh
tforw
ard
ex
p
lan
ation
of
w
h
ere
th
e

m
ass
d
en
sity
is
h
id
d
en
.
A
lso
,
a
s
w
e
h
ave
d
iscu
ssed
,
th
e
in
clu
sion
of
vacu
u
m
en
ergy
m
ak
es

th
e
calcu
lation
of
th
e
a
ge
of
th
e
u
n
iv
erse
from
th
e
H
u
b
b
le
ex
p
an
sion
rate
con
sisten
t
w
ith

th
e
estim
ated
ages
of
th
e
o
ld
est
stars.
W
ith
all
th
e
ev
id
en
ce
com
b
in
ed
,
th
ere
seem
s
to
b
e

n
o
altern
ativ
e
to
th
e
b
elief
th
at
ab
ou
t
70%
of
th
e
m
ass
d
en
sity
of
th
e
u
n
iverse
is
in
th
e

form
of
d
ark
en
ergy
|

a
n
egativ
e
p
ressu
re
m
aterial
th
at
is
eith
er
vacu
u
m
en
ergy
(also

called
a
cosm
ological
con
stan
t),
o
r
p
erh
a
p
s
\
q
u
in
tessen
ce,"
w
h
ich
w
e
w
ill
d
iscu
ss
later.

T
H
E
P
A
R
T
IC
L
E
P
H
Y
S
IC
S
O
F
A

C
O
S
M
O
L
O
G
IC
A
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C
O
N
S
T
A
N
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W
h
ile
th
e
ob
servation
al
ev
id
en
ce
for
a
cosm
ological
con
stan
t
seem
s
stron
g,
th
e
u
n
-

d
erly
in
g
p
h
y
sics
of
a
cosm
ological
con
stan
t
rem
ain
s
v
ery
m
y
steriou
s.
F
rom
th
e
p
oin
t
of

v
iew
of
m
o
d
ern
p
article
p
h
y
sics
it
is
n
ot
at
all
stran
ge
th
at
th
e
vacu
u
m
sh
ou
ld
h
ave
a

n
on
zero
m
ass
d
en
sity,
b
u
t
it
is
very
h
ard
to
im
agin
e
an
y
reason
w
h
y
it
sh
ou
ld
h
ave
a

va
lu
e
an
y
w
h
ere
n
ear
th
e
valu
e
th
at
is
b
ein
g
ob
serv
ed
.

A
ccord
in
g
to
m
o
d
ern
p
article
p
h
y
sics,
th
e
vacu
u
m

is
actu
ally
a
v
ery
com
p
licated

state.
It
is
d
e�
n
ed
as
th
e
state
w
ith
th
e
low
est
p
ossib
le
en
ergy
d
en
sity,
b
u
t
it
is
n
ot

\em
p
ty
"
in
an
y
con
ven
tion
al
sen
se.
F
or
ex
am
p
le,
th
e
electric
an
d
m
agn
etic
�
eld
s
are

con
stan
tly

u
ctu
atin
g
in
th
e
vacu
u
m
,
b
ecau
se
th
e
u
n
certain
ty
p
rin
cip
les
of
q
u
an
tu
m

th
eory
d
o
n
ot
allow
th
em
to
rem
ain
at
zero
valu
e.
T
h
ese

u
ctu
ation
s
giv
e
a
p
ositive
con
-

trib
u
tion
to
th
e
va
cu
u
m
en
erg
y.
T
h
e
calcu
lation
o
f
th
is
con
trib
u
tion
is
form
ally
in
�
n
ite,

sin
ce
each
m
o
d
e
o
f
oscillation
con
trib
u
tes,
an
d
th
ere
are
an
in
�
n
ite
n
u
m
b
er
o
f
m
o
d
es
a
t

arb
itrarily
sh
ort
w
avelen
gth
s.
It
seem
s
reason
ab
le,
h
ow
ev
er,
to
tru
n
cate
th
is
in
�
n
ite
su
m

at
w
h
at
is
called
th
e
P
lan
ck
len
gth
,

�
P
la
n
c
k

= r
�h
Gc

3

=
1
:6�
10
�

3
3

cm
:

(7.43)
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.
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T
h
is
is
th
e
scale
at
w
h
ich
q
u
an
tu
m
grav
ity
e�
ects
are
b
eliev
ed
to
b
eco
m
e
im
p
o
rta
n
t,
an
d

even
th
e
very
n
otion
o
f
cla
ssical
sp
ace
p
resu
m
ab
ly
b
reak
s
d
ow
n
.
W
ith
th
is
cu
t-o�
th
e

an
sw
er
b
ecom
es
�
n
ite,
b
u
t
it
is
m
ore
th
an
1
20
ord
ers
of
m
agn
itu
d
e
larger
th
a
n
th
e
en
ergy

d
en
sity
asso
ciated
w
ith
th
e
ob
serv
ed
cosm
ologica
l
con
stan
t!
Y
ou
w
ill
h
av
e
a
ch
an
ce
to

w
ork
th
is
o
u
t
in
d
etail
on
P
ro
b
lem
S
et
8.

T
h
ere
a
re
k
n
ow
n
n
egative
co
n
trib
u
tion
s
to
th
e
va
cu
u
m
en
ergy
d
en
sity
a
s
w
ell,
com
-

in
g
from
ferm
ion
s,
su
ch
as
th
e
electron
.
F
erm
io
n
s
giv
e
a
h
u
g
e
n
egativ
e
con
trib
u
tion
to

th
e
en
ergy
d
en
sity
of
th
e
vacu
u
m
,
a
n
e�
ect
th
at
can
b
e
u
n
d
ersto
o
d
in
tu
itively
in
term
s
o
f

a
m
etap
h
or
k
n
ow
n
as
th
e
\D
irac
sea".
T
h
at
is,
th
e
D
irac
eq
u
atio
n
w
h
ich
d
escrib
es
rela-

tiv
istic
electron
s
h
as
b
oth
p
ositive
en
ergy
an
d
n
ega
tiv
e
en
erg
y
solu
tio
n
s.
T
h
ese
so
lu
tio
n
s

are
v
iew
ed
as
th
e
p
o
ssib
le
en
erg
y
lev
els
of
p
a
rticles.
W
h
en
on
e
of
th
e
p
ositive
en
erg
y

levels
b
ecom
es
o
ccu
p
ied
b
y
a
p
a
rticle,
th
e
overall
en
erg
y
of
th
e
sta
te
in
creases.
B
u
t
th
e

overall
en
ergy
is
low
ered
w
h
en
ever
on
e
of
th
e
n
egativ
e
en
erg
y
lev
els
b
eco
m
es
o
ccu
p
ied

b
y
a
p
article.
T
h
e
vacu
u
m
,
th
erefo
re,
is
th
e
state
in
w
h
ich
a
ll
th
e
n
eg
ativ
e
en
ery
lev
els

are
�
lled
.
T
h
e
o
ccu
p
ation
o
f
on
e
of
th
e
p
ositiv
e
en
ergy
lev
els
th
en
corresp
o
n
d
s
to
an

electron
,
w
h
ich
can
b
e
p
resen
t
in
an
o
th
erw
ise
vacu
u
m
state.
T
h
e
overall
en
ergy
can
a
lso

b
e
in
creased
b
y
vacatin
g
on
e
o
f
th
e
n
eg
ativ
e
en
ergy
lev
els,
leav
in
g
b
eh
in
d
a
\h
o
le
in
th
e

D
irac
sea."
S
u
ch
a
h
ole
corresp
o
n
d
s
to
a
p
ositron
,
th
e
an
tip
a
rticle
of
th
e
electron
.

T
h
is
\�
llin
g
of
th
e
D
irac
sea
"
giv
es
a
n
egativ
e
en
ergy
d
en
sity
to
th
e
va
cu
u
m
,
sin
ce

th
e
�
llin
g
of
each
n
egative
en
ergy
lev
el
d
ecrea
ses
th
e
ov
erall
en
ergy.
L
ike
th
e
p
o
sitiv
e

con
trib
u
tion
of
th
e
electrom
a
gn
etic
�
eld
oscilla
tion
s,
th
e
m
agn
itu
d
e
of
th
is
con
trib
u
tion
is

form
ally
in
�
n
ite.
W
h
en
it
is
cu
t
o�
at
th
e
P
lan
ck
len
g
th
it
b
eco
m
es
�
n
ite
a
n
d
com
p
ara
b
le

in
m
agn
itu
d
e
to
th
e
p
o
sitive
con
trib
u
tion
o
f
th
e
electrom
agn
etic
�
eld
.

T
h
ere
is
a
p
o
ssib
ility
th
at
th
ese
h
u
ge
p
o
sitiv
e
an
d
n
eg
ative
con
trib
u
tio
n
s
cou
ld
so
m
e-

h
ow
can
cel
each
o
th
er
alm
ost
b
u
t
n
ot
q
u
ite
ex
actly,
b
u
t
n
o
o
n
e
k
n
ow
s
w
h
y.
In
th
e
ab
sen
ce

of
an
y
real
u
n
d
erstan
d
in
g,
p
h
y
sicists
h
ad
u
n
til
recen
tly
assu
m
ed
th
at
th
e
p
o
sitiv
e
an
d

n
egative
con
trib
u
tion
s
m
ost
likely
can
cel
ex
a
ctly
b
ecau
se
o
f
som
e
u
n
k
n
ow
n
sy
m
m
etry

p
rin
cip
le.
E
ven
if
th
at
w
ere
th
e
case,
it
w
ou
ld
of
cou
rse
b
e
an
im
p
ortan
t
ch
allen
g
e
to

u
n
d
erstan
d
w
h
y.
If
th
ere
really
is
a
cosm
ological
co
n
sta
n
t,
th
en
it
lo
o
k
s
like
th
e
p
ositiv
e

an
d
n
egative
con
trib
u
tion
s
to
th
e
vacu
u
m
en
ergy
d
en
sity
can
cel
to
a
n
a
ccu
ra
cy
o
f
1
20

d
ecim
al
p
laces,
b
u
t
m
iss
in
th
e
1
21st
d
ecim
al
p
lace.
O
r
m
ay
b
e
w
e
a
re
ju
st
lo
ok
in
g
at
th
is

all
w
ron
g.

A
t
th
e
p
resen
t
tim
e,
th
e
co
sm
ological
con
stan
t
p
rob
lem
is
p
erh
ap
s
th
e
m
o
st
sign
i�
-

can
t
ou
tstan
d
in
g
p
rob
lem
in
ou
r
u
n
d
ersta
n
d
in
g
o
f
fu
n
d
am
en
tal
p
h
y
sics.


