
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.286:
T
h
e
E
arly
U
n
iv
erse

N
ov
em
b
er
29,
2018

P
rof.
A
lan
G
u
th

L
e
c
t
u
r
e

N

o
t
e
s
9

T
H

E

M

A
G

N

E
T
I
C

M

O

N

O

P
O

L
E

P
R
O

B
L
E
M

IN
T
R
O
D
U
C
T
IO
N
:

In
ad
d
ition
to
th
e
h
orizon
an
d

atn
ess
p
rob
lem
s
d
iscu
ssed
in
L
ectu
re
N
otes
8,
th
e

con
ven
tion
al
(n
on
-in

ation
ary
)
h
ot
b
ig
b
an
g
m
o
d
el
p
oten
tially
su
�
ers
from
an
oth
er
p
rob
-

lem
,
k
n
ow
n
as
th
e
m
agn
etic
m
on
op
ole
p
rob
lem
.
If
on
e
accep
ts
th
e
b
asic
id
eas
of
gran
d

u
n
i�
ed
th
eories
(G
U
T
's)
in
ad
d
ition
to
th
ose
of
th
e
con
ven
tion
al
cosm
ological
m
o
d
el,

th
en
on
e
is
led
to
th
e
con
clu
sion
th
at
th
ere
is
a
seriou
s
p
rob
lem
w
ith
th
e
overp
ro
d
u
c-

tion
of
p
articles
called
\m
agn
etic
m
on
op
o
les".
W
h
ile
a
fu
ll
u
n
d
erstan
d
in
g
of
th
e
p
article

p
h
y
sics
of
gran
d
u
n
i�
ed
th
eories
is
ob
v
iou
sly
m
u
ch
m
ore
th
an
can
b
e
accom
p
lish
ed
in
a

sin
gle
set
of
lectu
re
n
otes,
th
e
goal
h
ere
w
ill
b
e
to
giv
e
you
a
q
u
alitativ
e
u
n
d
erstan
d
in
g

of
w
h
at
a
gran
d
u
n
i�
ed
th
eory
is
an
d
h
ow
m
agn
etic
m
on
op
oles
arise
in
su
ch
th
eories.

W
e
w
ill
n
o
t
try
to
g
ive
a
solid
ju
sti�
cation
for
all
th
e
step
s
alon
g
th
e
w
ay,
b
u
t
w
e
w
ill

get
far
en
ou
gh
so
th
at
y
ou
w
ill
b
e
ab
le
to
estim
ate
for
y
ou
rself
th
e
m
agn
etic
m
on
op
ole

p
ro
d
u
ction
in
th
e
early
u
n
iv
erse,
verify
in
g
th
at
far
to
o
m
an
y
m
on
op
oles
are
p
red
icted
in

th
e
con
tex
t
of
th
e
con
ven
tion
al
h
ot
b
ig
b
an
g
cosm
ology.

T
H
E
S
T
A
N
D
A
R
D

M
O
D
E
L
O
F
P
A
R
T
IC
L
E
P
H
Y
S
IC
S
:

B
efore
d
iscu
ssin
g
gran
d
u
n
i�
ed
th
eories,
th
ere
are
a
few
th
in
gs
th
at
sh
ou
ld
b
e
said

ab
ou
t
th
e
\stan
d
ard
m
o
d
elof
p
article
p
h
y
sics,"
w
h
ich
is
th
e
b
ed
ro
ck
of
ou
r
u
n
d
erstan
d
in
g

of
p
article
p
h
y
sics.
T
h
e
stan
d
ard
m
o
d
el,
w
h
ich
w
a
s
d
evelop
ed
in
th
e
early
1970s,
h
as
en
-

joyed
en
orm
ou
s
su
ccess,
giv
in
g
p
red
iction
s
in
a
greem
en
t
w
ith
all
reliab
le
p
article
p
h
y
sics

ex
p
erim
en
ts
so
far.
T
h
e
m
o
d
el
h
as
b
een
en
larged
sin
ce
its
in
itial
d
iscovery,
ad
d
in
g
a
th
ird

gen
eration
o
f
fu
n
d
am
en
tal
ferm
ion
s,
b
u
t
th
e
form
of
th
e
stan
d
ard
m
o
d
el
h
as
rem
ain
ed

u
n
ch
an
ged
.
T
h
e
origin
al
form
u
lation
d
escrib
ed
m
assless
n
eu
trin
os,
b
u
t
th
e
m
o
d
el
can

easily
b
e
m
o
d
i�
ed
to
in
clu
d
e
n
eu
trin
o
m
asses
(w
h
ich
are
n
ow
k
n
ow
n
to
b
e
n
on
zero,
d
u
e

to
n
eu
trin
o
oscillation
s).
T
h
ere
is
m
ore
th
an
on
e
w
ay
to
ad
d
n
eu
trin
o
m
asses,
h
ow
ev
er,

an
d
w
e
a
re
still
n
ot
su
re
w
h
at
is
th
e
correct
w
ay
to
d
o
it.

P
h
y
sicists
d
iv
id
e
th
e
k
n
ow
n
in
teraction
s
in
n
atu
re
in
to
fou
r
classes:
(1)
th
e
stron
g

in
teraction
s,
w
h
ich
b
in
d
q
u
ark
s
togeth
er
in
sid
e
p
roton
s,
n
eu
tron
s,
an
d
oth
er
stron
gly

in
teractin
g
p
articles,
an
d
also
p
rov
id
e
th
e
resid
u
al
force
resp
on
sib
le
for
th
e
in
teraction
s

b
etw
een
th
ese
p
articles;
(2)
th
e
w
eak
in
teraction
s,
resp
on
sib
le
for
ex
am
p
le
for
b
eta
d
ecay

(n
!
p
+
e
�

+
��
e ;
e.g.
n
eu
tron
!
p
roton
+
electron
+
an
ti-electron
-n
eu
trin
o);
(3)

electrom
agn
etic
in
teraction
s;
an
d
(4)
grav
ity.
T
h
e
stan
d
ard
m
o
d
el
of
p
article
p
h
y
sics

d
escrib
es
th
e
�
rst
th
ree
of
th
ese,
om
ittin
g
grav
ity.
In
p
ractice
th
ere
is
n
o
p
rob
lem
ign
orin
g

grav
ity
a
t
th
e
lev
el
of
elem
en
tary
p
article
in
teraction
s,
as
th
e
g
rav
itation
al
force
b
etw
een

tw
o
elem
en
tary
p
articles
is
so
w
eak
th
at
it
h
as
n
ev
er
b
een
d
etected
.
T
h
e
grav
itation
al

force
b
etw
een
tw
o
p
roton
s,
for
ex
am
p
le,
is
10
3
6
tim
es
w
eak
er
th
an
th
e
electrostatic
force

b
etw
een
th
e
sa
m
e
tw
o
p
articles.
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T
h
e
elem
en
tary
p
article
con
ten
t

o
f
th
e
stan
d
ard
m
o
d
el
o
f
p
article

p
h
y
sics
is
sh
ow
n
in

F
ig.
9.1,*
at

th
e
righ
t.

A
ll
p
articles
a
re
clas-

si�
ed
a
s
eith
er
ferm
ion
s
or
b
oson
s.

F
erm
ion
s
are
p
articles
w
ith

sp
in
s

th
at
in
u
n
its
of
�h
are
eq
u
al
to
12
,

32
,
etc.,
w
h
ere
for
th
e
fu
n
d
am
en
-

tal
p
articles
th
e
sp
in
is
alw
ay
s
12
�h
.

F
erm
ion
s
ob
ey
th
e
P
au
li
ex
clu
sion

p
rin
cip
le.
B
oson
s
are
p
articles
w
ith

sp
in
s
th
at
a
re
in
teger
m
u
ltip
les
of
�h
.

T
h
ey
ob
ey
q
u
an
tu
m
m
ech
an
ica
l
ru
les

w
h
ich
are
th
e
o
p
p
osite
of
th
e
P
au
li

ex
clu
sion
p
rin
cip
le,
so
th
a
t
b
oso
n
s

F
ig
u
r
e
9
.1
:
T
h
e
p
articles
o
f
th
e
stan
-

d
ard
m
o
d
el
of
p
article
p
h
y
sics.

h
ave
a
n
en
h
an
ced
ten
d
en
cy
to
fall
in
to
th
e
sam
e
q
u
a
n
tu
m
state
|

th
at
is
th
e
u
n
d
erly
in
g

p
rin
cip
le
b
eh
in
d
th
e
w
ork
in
g
s
o
f
a
laser.
T
h
e
ferm
ion
s
of
th
e
stan
d
ard
m
o
d
el
b
elon
g
to

th
ree
\gen
eration
s,"
w
h
ere
th
e
secon
d
an
d
th
ird
gen
eration
s
a
re
essen
tially
cop
ies
o
f
th
e

�
rst,
ex
cep
t
th
ey
are
m
ore
m
a
ssiv
e.
(T
h
e
n
eu
trin
os
are
p
ossib
ly
an
ex
cep
tion
to
th
is,
as

w
e
d
o
n
o
t
k
n
ow
eith
er
th
e
va
lu
es
or
th
e
ord
erin
g
of
th
e
n
eu
trin
o
m
asses.)
E
ach
gen
eratio
n

con
tain
s
tw
o
q
u
ark
s,
w
ith
ch
arg
es
2/3
an
d
-1/3
in
u
n
its
of
th
e
m
ag
n
itu
d
e
o
f
th
e
electron

ch
arge,
an
d
also
a
n
eu
trin
o
an
d
a
lep
to
n
.
E
ach
q
u
ark
com
es
in
th
ree
d
i�
eren
t
\color"

states,
an
d
all
th
e
ferm
ion
s
h
ave
a
sso
ciated
an
tip
articles.
T
h
e
color
o
f
a
q
u
ark
of
co
u
rse

h
as
n
oth
in
g
to
d
o
w
ith
its
v
isu
a
l
a
p
p
earan
ce,
b
u
t
is
sim
p
ly
a
lab
el
w
h
ich
w
as
d
u
b
b
ed

\color"
b
ecau
se
th
ere
are
th
ree
p
ossib
le
valu
es,
like
th
e
th
ree
p
rim
ary
colo
rs.

T
h
e
in
teraction
s
of
th
e
sta
n
d
ard
m
o
d
el
are
m
ain
ly
p
rov
id
ed
b
y
th
e
\g
au
ge
b
o
son
s"

sh
ow
n
in
th
e
fou
rth
colu
m
n
o
f
th
e
d
iagram
.
T
h
ese
are
sp
in
-1
p
articles,
an
d
h
en
ce
b
o
son
s,

of
w
h
ich
th
e
m
ost
fam
iliar
is
th
e
p
h
oton

.
T
h
e
p
h
oton
is
its
ow
n
an
tip
article,
an
d
is
said

to
b
e
th
e
\carrier"
o
f
th
e
electro
m
agn
etic
in
teraction
s.
T
h
e
glu
on
s
g
a
re
th
e
carriers
o
f

th
e
stron
g
in
teraction
,
an
d
th
ere
are
eigh
t
o
f
th
em
,
in
clu
d
in
g
an
tip
articles.
T
h
e
Z
0,
W
+
,

an
d
W
�

p
articles
are
th
e
carriers
of
th
e
w
eak
in
teractio
n
s.
T
h
e
Z
0
is
its
ow
n
a
n
tip
article,

w
h
ile
th
e
W
+

an
d
W
�

are
an
tip
articles
of
each
oth
er.

A
t
th
e
righ
t
o
f
th
e
d
iagra
m
is
th
e
H
iggs
p
article
(n
a
m
ed
for
P
eter
W
.
H
iggs
o
f
th
e

U
n
iversity
o
f
E
d
in
b
u
rgh
),
th
e
ex
isten
ce
o
f
w
h
ich
w
as
estab
lish
ed
in
J
u
ly
2
012
at
th
e
L
a
rg
e

H
ad
ron
C
ollid
er
(L
H
C
)
at
C
E
R
N
.
T
h
e
H
iggs
p
article
can
b
e
seen
on
ly
in
v
ery
h
igh
en
erg
y

p
ro
cesses,
b
y
m
o
d
ern
accelera
to
r
stan
d
ard
s,
an
d
ev
en
th
en
o
n
ly
rarely.
F
o
r
ex
am
p
le,
in

*
F
rom
th
e
W
ik
im
ed
ia
C
om
m
o
n
s.
S
ou
rce:
P
B
S
N
O
V
A
,
F
erm
ilab
,
O
Æ
ce
o
f
S
cien
ce,

U
n
ited
S
tates
D
ep
artm
en
t
o
f
E
n
erg
y,
P
article
D
ata
G
ro
u
p
.
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th
e
collision
o
f
tw
o
h
igh
en
ergy
p
roton
s
at
th
e
L
H
C
,
it
is
p
ossib
le
for
tw
o
glu
on
s
in
sid
e
th
e

p
roton
s
to
fu
se
in
to
a
H
iggs
p
article,
w
h
ich
can
th
en
d
ecay
to
tw
o
p
h
oton
s.
In
ad
d
ition

to
its
role
in
d
escrib
in
g
H
iggs
p
articles,
th
e
H
iggs
�
eld
is
resp
on
sib
le
for
th
e
m
asses
of

th
e
W
�
,
th
e
Z
0,
th
e
q
u
ark
s,
an
d
th
e
e
�
,
th
e
�
�
,
an
d
th
e
�
�
.
I
w
ill
com
e
b
ack
to
th
e

q
u
estion
of
w
h
at
ex
actly
w
e
m
ean
w
h
en
w
e
say
th
at
th
e
H
iggs
�
eld
is
resp
on
sib
le
for

th
ese
m
asses.
It
m
ay
also
b
e
resp
on
sib
le
for
th
e
n
eu
trin
o
m
asses,b
u
t
it
is
n
ot
resp
o
n
sib
le

for
th
e
m
ass
of
th
e
p
roton
;
ev
en
w
ith
ou
t
th
e
H
iggs
�
eld
,
it
w
ou
ld
b
e
p
ossib
le
for
m
assless

q
u
ark
s
to
form
a
m
assiv
e
b
ou
n
d
state,
su
ch
as
th
e
p
roton
.

T
h
e
sp
in
-1
p
articles
are
called
\gau
ge"
p
articles
b
ecau
se
th
e
stan
d
ard
m
o
d
el
is
an

ex
am
p
le
o
f
w
h
at
is
called
a
g
au
ge
th
eory.
W
e
w
ill
n
ot
h
ave
tim
e
to
d
escrib
e
in
d
etail

w
h
at
th
is
m
ean
s,
b
u
t
I
w
ill
attem
p
t
to
con
vey
som
e
p
artial
u
n
d
erstan
d
in
g.
Y
ou
alread
y

k
n
ow
ab
ou
t
on
e
gau
ge
th
eory
|

electrom
agn
etism
|

b
u
t
electrom
agn
etism
is
a
little

to
o
sim
p
le
to
m
ak
e
it
ob
v
io
u
s
h
ow
to
gen
eralize
th
e
id
ea.
T
h
e
gau
ge
th
eory
asp
ect
of

electrom
agn
etism
can
b
e
seen
o
n
ly
if
it
is
w
ritten
in
term
s
of
its
p
oten
tials:
th
e
vector

p
oten
tia
l
~A
an
d
th
e
scalar
p
oten
tial
�
,
w
h
ich
are
related
to
th
e
electric
�
eld
~E
an
d
th
e

m
agn
etic
�
eld
~B
b
y

~E
=
�
~r
��
1c
@
~A

@
t
;

~B
=
~r
�
~A
:

(9.1)

T
h
e
q
u
an
tu
m
th
eory
of
electrom
agn
etism
is
alw
ay
s
form
u
lated
in
term
s
of
th
ese
p
oten
-

tials.
~A
an
d
�
can
b
e
p
u
t
togeth
er
relativ
istically
to
d
e�
n
e
a
fou
r-p
oten
tial
A
�
,

A
�
=
(�
�
;A
i )
:

(9.2)

A
s
yo
u
h
ave
p
rob
ab
ly
seen
,
th
e
p
oten
tials
th
em
selv
es
can
n
ot
b
e
m
easu
red
,
b
u
t
are
in
fact

su
b
ject
to
th
e
sy
m
m
etry
of
gau
ge
tran
sform
ation
s.
T
h
a
t
is,
given
an
y
scalar
fu
n
ction

�
(t;~x
),
on
e
can
d
e�
n
e
n
ew
p
o
ten
tia
ls
�
0
a
n
d
~A
0
b
y

�
0(t;~x
)
=
��
@
�@

t
;

~A
0(t;~x
)
=
~A
+
~r
�
;

(9.3)

w
h
ich
can
b
e
w
ritten
in
fou
r-v
ector
n
otation
as

A
0�
(x
)
=
A
�
(x
)
+

@
�

@
x
�

:

(9.4)

G
au
ge
tran
sform
ation
s
a
re
a
sy
m
m
etry
in
th
e
sen
se
th
at
th
e
n
ew
�
eld
s
A
0�
(x
)
d
escrib
e
ex
-

actly
th
e
sam
e
p
h
y
sical
situ
ation
as
th
e
origin
al
�
eld
s:
~E
(t;~x
)
an
d
~B
(t;~x
)
are
u
n
ch
an
ged
.
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If
w
e
con
sid
er
tw
o
su
ccessiv
e
gau
ge
tran
sfo
rm
atio
n
s
d
escrib
ed
b
y
fu
n
ctio
n
s
�
1 (t;~x
)

an
d
�
2 (t;~x
),
th
e
com
b
in
ed
tra
n
sform
a
tion
can
b
e
d
escrib
ed
b
y
a
n
ew
fu
n
ctio
n
�
3 (t;~x
)

given
b
y

�
3 (t;~x
)
=
�
1 (t;~x
)
+
�
2 (t;~x
)
;

(9.5)

so
th
e
com
b
in
ation
of
gau
ge
tra
n
sform
a
tion
s
is
d
escrib
ed
m
ath
em
a
tica
lly
b
y
th
e
ad
d
ition

of
real
n
u
m
b
ers.
T
h
e
com
b
in
atio
n
is
ab
elian
|

it
d
o
es
n
ot
m
atter
in
w
h
a
t
ord
er
th
e

gau
ge
tran
sform
ation
s
of
�
1
a
n
d
�
2
are
p
erform
ed
.
T
h
e
ex
ten
sion
o
f
g
au
ge
th
eo
ries
to

n
on
ab
elian
(i.e.,
n
on
-com
m
u
ta
tive)
tran
sform
a
tion
s
w
a
s
in
ven
ted
in
19
54
b
y
C
h
en
N
in
g

(F
ran
k
)
Y
an
g
a
n
d
R
ob
ert
M
ills,
a
n
d
th
is
id
ea
b
ecam
e
a
k
ey
in
g
red
ien
t
o
f
th
e
stan
d
ard

m
o
d
el
of
p
article
p
h
y
sics
an
d
its
ex
ten
sion
s.
T
h
e
sta
n
d
a
rd
m
o
d
el
is
b
a
sed
o
n
g
au
ge

tran
sform
ation
s
th
at
follow
th
e
form
o
f
th
ree
m
ath
em
a
tical
g
rou
p
s:
S
U
(3),
S
U
(2
),
an
d

U
(1).
S
U
(3)
is
d
e�
n
ed
a
s
th
e
gro
u
p
o
f
com
p
lex
3�
3
m
atrices
w
h
ich
are
sp
ecial
(S
)

an
d
u
n
itary
(U
).
T
h
e
g
rou
p
op
era
tion
is
m
atrix
m
u
ltip
lica
tion
.
A
m
atrix
is
sp
ecial
if

its
d
eterm
in
an
t
is
1.
A
m
atrix
U
is
u
n
itary
if
it
ob
ey
s
th
e
rela
tio
n
U
yU
=
I
,
w
h
ere
U
y

is
called
th
e
ad
join
t
of
th
e
m
atrix
U
,
w
h
ich
m
ean
s
th
at
U
y

is
th
e
m
atrix
o
b
ta
in
ed
b
y

tran
sp
osin
g
U
(in
terch
an
ge
row
s
an
d
colu
m
n
s)
an
d
th
en
tak
in
g
its
co
m
p
lex
co
n
ju
g
ate.

I
d
en
otes
th
e
id
en
tity
m
atrix
.
T
h
e
d
e�
n
itio
n
o
f
a
u
n
itary
m
atrix
is
eq
u
ivalen
t
to
say
in
g

th
at
U
h
as
th
e
p
rop
erty
th
at
if
it
m
u
ltip
lies
a
com
p
lex
colu
m
n
v
ector
v
of
th
e
sa
m
e

size,
th
en
th
e
n
orm
of
v
is
u
n
ch
an
ged
:jU
vj
=
jvj,
w
h
erejvj�
p

v
yv
.
T
h
e
g
rou
p
S
U
(2)

is
d
e�
n
ed
an
alogou
sly,
ex
cep
t
th
at
it
u
ses
2�
2
m
atrices.
T
h
e
gro
u
p
S
U
(2)
is
in
fact

essen
tially
th
e
sam
e
as
th
e
g
rou
p
o
f
rota
tion
s
in
th
ree
sp
atial
d
im
en
sio
n
s,
a
lth
ou
gh
th
a
t

fact
is
n
ot
ob
v
iou
s
if
y
ou
h
ave
n
ot
seen
it.
(It
is
a
ctu
ally
a
2:1
m
ap
,
w
ith
tw
o
m
a
trices

in
S
U
(2)
corresp
on
d
in
g
to
each
rotation
m
atrix
.)
F
in
ally,
U
(1)
is
sim
p
ly
th
e
g
ro
u
p
o
f

com
p
lex
p
h
ases,
in
th
e
sen
se
th
at
an
elem
en
t
of
U
(1)
can
b
e
rep
resen
ted
as
a
com
p
lex

n
u
m
b
er
z
=
e
i�,
w
h
ere
�
is
a
rea
l
n
u
m
b
er.

In
th
is
lan
gu
age
stan
d
ard
electrom
a
gn
etism
is
a
ga
u
g
e
th
eory
b
a
sed
o
n
U
(1).
F
rom

E
q
.(9.5)
it
lo
ok
s
lik
e
w
e
sh
o
u
ld
b
e
ta
lk
in
g
ab
ou
t
th
e
g
rou
p
of
realn
u
m
b
ers
u
n
d
er
a
d
d
ition
,

b
u
t
in
fact
b
oth
d
escrip
tion
s
a
re
okay.
If
w
e
in
clu
d
ed
D
irac
�
eld
s
in
ou
r
th
eo
ry,
to
d
escrib
e

relativ
istic
electron
s,
th
e
D
ira
c
�
eld
 
w
ou
ld
tran
sform
u
n
d
er
th
e
ga
u
g
e
tra
n
sform
a
tion

a
s

 
0(x
)
=
ex
pf
ie
0 �
(x
)g
 
(x
)
;

(9.6)

w
h
ere
e
0
is
th
e
ch
arge
of
th
e
electro
n
.
S
o
th
e
tran
sform
ation
is
fu
lly
d
escrib
ed
b
y
th
e
co
m
-

p
lex
p
h
ase
z
=
ex
pf
ie
0 �
(x
)g.
N
ote
th
at
th
is
p
h
ase
d
o
es
n
ot
giv
e
u
s
en
o
u
g
h
in
form
a
tion

to
�
n
d
�
,
b
ecau
se
�
can
b
e
ch
a
n
g
ed
b
y
a
m
u
ltip
le
of
2
�
=
e
0
w
ith
ou
t
ch
an
gin
g
th
e
p
h
a
se.

B
u
t
it
n
on
eth
eless
d
o
es
giv
e
u
s
en
ou
g
h
in
form
ation
to
�
n
d
th
e
ga
u
ge
tran
sform
atio
n
of

A
�
(x
),
sin
ce

@
�

@
x
�

=

1ie
0
e
�
ie
0
�
(x
)

@
@
x
�
e
ie
0
�
(x
)
:

(9
.7)

Y
an
g
an
d
M
ills
in
ven
ted
a
p
ro
ced
u
re
to
con
stru
ct
a
�
eld
th
eo
ry
b
ased
o
n
a
n
y
of

th
ese
gau
ge
grou
p
s.
A
gau
ge
tran
sform
atio
n
is
d
e�
n
ed
b
y
sp
ecify
in
g
a
n
elem
en
t
of
th
e
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grou
p
at
each
p
o
in
t
in
sp
acetim
e,
an
d
tw
o
su
ccessiv
e
tran
sform
ation
s
com
b
in
e
accord
in
g

to
th
e
d
e�
n
ition
of
m
u
ltip
lication
in
th
e
m
ath
em
atical
grou
p
.
S
in
ce
S
U
(3)
an
d
S
U
(2)
are

n
on
ab
elian
,
th
ese
a
re
called
n
on
ab
elian
gau
ge
th
eories.
T
h
ese
th
eories
req
u
ire
sp
eci�
c

sp
in
-1
�
eld
s,
w
h
ich
a
re
th
e
gau
ge
�
eld
s
sh
ow
n
in
colu
m
n
4
o
f
F
ig.
9
.1.
T
h
e
eq
u
ation
s
of

m
otion
o
f
th
ese
gau
ge
�
eld
s
a
re
com
p
letely
d
eterm
in
ed
b
y
th
e
gau
ge
sy
m
m
etry,
ex
cep
t

for
o
n
e
co
u
p
lin
g
co
n
sta
n
t
g
for
each
g
au
ge
sy
m
m
etry,
w
h
ich
d
escrib
es
th
e
size
of
th
e

n
on
lin
ear
term
s
in
th
e
eq
u
ation
s
of
m
otion
.
N
ote
th
at
lin
ear
eq
u
ation
s
of
m
otion
allow

an
y
tw
o
solu
tion
s
to
b
e
su
p
erim
p
osed
to
ob
tain
a
th
ird
solu
tion
,
w
h
ich
m
ean
s
th
at
w
aves

of
th
e
�
eld
d
o
n
ot
in
teract,
an
d
th
e
corresp
on
d
in
g
p
articles
are
free
(i.e.,
d
o
n
ot
in
teract).

T
h
e
cou
p
lin
g
con
stan
t
g
th
erefore
d
escrib
es
th
e
stren
gth
of
th
e
in
teraction
s
of
th
e
gau
ge

p
articles,
b
o
th
w
ith
th
em
selv
es
an
d
w
ith
o
th
er
p
articles.
F
o
r
electrom
agn
etism
th
e
gau
ge

cou
p
lin
g
con
stan
t
is
e,
th
e
m
agn
itu
d
e
of
th
e
electron
ch
arge,
w
h
ich
in
fact
d
escrib
es

th
e
stren
gth
of
th
e
in
teraction
b
etw
een
p
h
oton
s
a
n
d
an
y
ch
arged
p
article.
P
h
oton
s
a
re

aty
p
ical
am
on
g
g
au
ge
p
articles,
h
ow
ev
er,
in
th
at
p
h
oton
s
d
o
n
ot
in
teract
w
ith
oth
er

p
h
oton
s,
w
h
ich
is
a
con
seq
u
en
ce
of
th
e
fact
th
at
p
h
oton
s
ob
ey
an
ab
elian
gau
ge
th
eory.

In
ad
d
ition
to
th
e
gau
ge
�
eld
s,
gau
ge
th
eories
also
a
llow
o
th
er
�
eld
s
to
b
e
p
resen
t,
w
ith

in
teraction
s
th
at
are
stron
gly
restricted
b
y
th
e
gau
ge
sy
m
m
etry,
b
u
t
n
ot
com
p
letely

d
eterm
in
ed
b
y
it.

T
h
e
th
ree
gau
ge
sy
m
m
etries
of
th
e
stan
d
ard
m
o
d
el
are
u
su
ally
d
escrib
ed
togeth
er
as

a
p
ro
d
u
ct
g
ro
u
p
,
S
U
(3
)�
S
U
(2)�
U
(1).
A
n
elem
en
t
o
f
su
ch
a
p
ro
d
u
ct
grou
p
is
sim
p
ly
an

ord
ered
trip
let
(u
3 ;u
2 ;u
1 ),
w
h
ere
u
3
is
a
n
elem
en
t
of
S
U
(3),
u
2
is
an
elem
en
t
of
S
U
(2),

an
d
u
1
is
an
elem
en
t
of
U
(1).
T
h
u
s
th
e
p
ro
d
u
ct
grou
p
p
rov
id
es
a
com
p
act
n
otation
,
b
u
t

really
h
as
th
e
sam
e
in
form
ation
con
ten
t
a
s
yo
u
w
ou
ld
get
b
y
th
in
k
in
g
a
b
ou
t
th
e
th
ree

grou
p
s
in
d
iv
id
u
ally.

T
h
e
S
U
(3)
p
art
d
escrib
es
th
e
stron
g
in
teraction
s,
w
h
ile
th
e
S
U
(2)
an
d
U
(1)
togeth
er

d
escrib
e
th
e
electrom
agn
etic
an
d
w
eak
in
teraction
s.
T
h
e
tw
o
are
in
tertw
in
ed
in
th
eir

e�
ect,
h
ow
ev
er,
so
togeth
er
th
ey
d
escrib
e
th
e
e
lec
tro
w
ea
k
in
teraction
s.
W
h
ile
electro-

m
agn
etism
is
a
U
(1)
g
au
ge
th
eory,
th
e
U
(1)
of
electrom
agn
etism
is
actu
ally
a
com
b
in
ed

tran
sform
ation
th
at
in
v
olv
es
th
e
U
(1)
of
th
e
stan
d
ard
m
o
d
el
a
n
d
a
rotation
ab
ou
t
o
n
e

�
x
ed
d
irection
w
ith
in
th
e
S
U
(2)
grou
p
.

T
h
e
H
iggs
�
eld
of
th
e
stan
d
ard
m
o
d
el
is
a
com
p
lex
d
ou
b
let;
i.e.,

H
(x
)� 8>:
h
1 (x
)

h
2 (x
) 9>;
;

(9.8)

w
h
ere
h
1 (x
)
an
d
h
2 (x
)
are
each
co
m
p
lex
n
u
m
b
ers
d
e�
n
ed
at
each
p
oin
t
x
�
(t;~x
)
in

sp
acetim
e.
T
h
e
fu
n
ction
s
h
1 (x
)
an
d
h
2 (x
)
a
re
called
th
e
co
m
po
n
e
n
ts
of
th
e
H
iggs
�
eld

H
(x
).
T
h
e
d
ou
b
let
tran
sform
s
u
n
d
er
S
U
(2)
gau
ge
tran
sform
ation
s
in
w
h
at
is
called
th
e

fu
n
d
am
en
tal
rep
resen
tation
.
I.e.,

H
0(x
)
=
u
2 (x
)H
(x
)
;

(9.9)

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
9
,
F
A
L
L
2
0
1
8

p
.
6

T
H
E
M
A
G
N
E
T
IC
M
O
N
O
P
O
L
E
P
R
O
B
L
E
M

F
ig
u
r
e
9
.2
:
T
h
e
ap
p
rox
im
a
te
sh
ap
e
o
f
th
e
p
o
ten
tia
l
en
ergy
fu
n
ction
fo
r
th
e
H
ig
gs
�
eld

in
th
e
stan
d
ard
m
o
d
el
of
p
article
p
h
y
sics.

w
h
ere
u
2
d
en
otes
th
e
2�
2
co
m
p
lex
u
n
itary
m
atrix
th
a
t
d
e�
n
es
th
e
elem
en
t
of
th
e
ga
u
g
e

tran
sform
ation
at
th
e
sp
acetim
e
p
o
in
t
x
.
T
h
e
gau
ge
sy
m
m
etry
im
p
lies
th
a
t
th
e
p
oten
tia
l

en
ergy
d
en
sity
o
f
th
e
H
iggs
�
eld
m
u
st
b
e
gau
g
e
in
varia
n
t,
w
h
ich
in
tu
rn
m
ean
s
th
at
it

can
d
ep
en
d
on
ly
on
th
e
n
orm
o
f
th
e
�
eld
,

jH
j� p
jh
1 j 2
+
jh
2 j 2
:

(9.1
0)

T
h
e
p
oten
tial
en
ergy
fu
n
ction
fo
r
th
e
H
iggs
�
eld
is
assu
m
ed
to
h
ave
a
p
ecu
liar

form
,
as
sh
ow
n
in
F
ig.
(9.2).
T
h
e
p
oten
tia
l
en
ergy
fu
n
ctio
n
(w
h
ich
actu
a
lly
d
escrib
es

th
e
p
o
ten
tial
en
ergy
d
en
sity
)
is
ch
o
sen
to
p
ro
d
u
ce
a
p
h
en
o
m
en
o
n
called
sp
o
n
ta
n
eou
s

sy
m
m
etry
b
reak
in
g.
S
p
on
tan
eou
s
sy
m
m
etry
b
rea
k
in
g
is
actu
ally
a
com
m
on
p
h
en
om
en
o
n

in
m
an
y
b
ran
ch
es
of
p
h
y
sics,
in
clu
d
in
g
fam
iliar
p
ro
cesses
su
ch
as
th
e
freezin
g
of
w
a
ter.

In
th
e
case
of
w
ater,
th
e
releva
n
t
sy
m
m
etry
is
rotation
a
l
in
va
rian
ce.
T
h
e
law
s
of
p
h
y
sics

th
at
d
escrib
e
w
ater
are
com
p
letely
rotatio
n
ally
in
varian
t,
w
ith
n
o
d
irection
p
referred
ov
er

a
n
y
o
th
er
d
irection
.
H
ow
ev
er,
w
h
en
w
ater
freezes,
it
form
s
a
cry
sta
llin
e
lattice
w
h
ich
is

n
ot
rotation
ally
in
varian
t.
T
h
e
cry
stallin
e
lattice
p
ick
s
ou
t
d
e�
n
ite
d
irection
s
alon
g
w
h
ich

th
e
m
olecu
les
a
lign
.
T
h
e
in
itial
a
llign
m
en
t
is
ch
osen
ran
d
om
ly
a
s
th
e
�
rst
m
olecu
les
b
in
d

togeth
er,
a
n
d
th
en
th
e
rest
o
f
th
e
m
olecu
les
fo
llow
th
e
p
attern
as
th
ey
join
on
to
th
e

cry
stal.
In
gen
eral,
w
h
en
ev
er
th
e
gro
u
n
d
state
of
a
sy
stem
h
as
less
sy
m
m
etry
th
an
th
e

u
n
d
erly
in
g
law
s
th
at
d
escrib
e
it,
it
is
called
sp
on
ta
n
eo
u
s
sy
m
m
etry
b
rea
k
in
g.

T
h
e
eq
u
ation
s
of
th
e
stan
d
a
rd
m
o
d
elare
ex
actly
in
varian
t
u
n
d
er
th
e
g
au
g
e
sy
m
m
etry,

b
u
t
th
e
on
ly
valu
e
of
H

th
at
w
o
u
ld
b
e
in
varia
n
t
u
n
d
er
th
e
gau
ge
tran
sform
atio
n
(9
.9)
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is
H

=
0
.
B
u
t
th
e
p
oten
tial
en
ergy
fu
n
ction
is
d
esign
ed
so
th
at
th
e
state
H

=
0
h
as
a

h
igh
en
ergy,
a
n
d
th
e
vacu
u
m
state
|

th
e
state
w
ith
th
e
low
est
p
ossib
le
en
ergy
d
en
sity

|

h
as
a
n
on
zero
valu
e
ofjH
j.
T
h
is
m
ean
s
th
at
in
th
e
vacu
u
m
H
m
u
st
h
ave
a
valu
e
th
at

b
reak
s
th
e
sy
m
m
etry.
T
h
ere
are
of
cou
rse
an
in
�
n
ite
n
u
m
b
er
of
d
irection
s
in
(h
1 ;h
2 )

sp
ace
w
h
ich
w
ou
ld
h
ave
th
e
sa
m
e
valu
e
ofjH
j,
an
d
all
w
ou
ld
m
in
im
ize
th
e
en
ergy
ju
st

as
w
ell.
L
ike
th
e
d
irection
of
th
e
cry
stal
ax
es,
th
e
d
irection
is
p
ick
ed
ou
t
a
t
som
e
early

tim
e,
an
d
after
th
at
it
is
\frozen
",
b
ecom
in
g
con
stan
t
in
tim
e
a
n
d
over
large
region
s
of

sp
ace.T

h
e
S
U
(2)�
U
(1)
p
art
of
th
e
stan
d
ard
m
o
d
el
gau
ge
sy
m
m
etry
im
p
lies
th
at
in
th
e

fu
n
d
am
en
tal
eq
u
ation
s
th
ere
is
n
o
d
istin
ction
b
etw
een
electron
s
an
d
n
eu
trin
os.
T
h
e

d
istin
ction
a
rises
en
tirely
from
th
e
sp
on
tan
eou
s
sy
m
m
etry
b
reak
in
g.
T
h
e
lep
ton
�
eld
s

in
teract
w
ith
th
e
H
iggs
�
eld
s,
an
d
th
ose
w
h
ich
in
teract
w
ith
th
e
com
p
on
en
ts
of
th
e
H
iggs

�
eld
s
th
at
h
av
e
n
on
zero
valu
es
w
ill
b
eh
ave
d
i�
eren
tly
from
th
e
com
p
on
en
ts
th
at
rem
ain

zero.
T
h
u
s
som
e
com
p
on
en
ts
of
th
e
lep
ton
�
eld
s
w
ill
d
escrib
e
electron
s,
an
d
som
e
w
ill

d
escrib
e
n
eu
trin
os.

B
efore
leav
in
g
th
e
stan
d
ard
m
o
d
el,
I'd
lik
e
to
try
to
q
u
alitatively
ex
p
lain
th
e
con
n
ec-

tion
b
etw
een
H
iggs
�
eld
s
an
d
m
ass.
F
irst,
w
h
en
w
e
say
th
at
th
e
H
iggs
�
eld
is
resp
o
n
sib
le

for
th
e
m
ass
of
th
e
q
u
ark
s,
lep
ton
s,
W
+
,
W
�
,
an
d
th
e
Z
,
w
e
are
talk
in
g
ab
ou
t
th
eir

rest
m
asses.
If
th
e
H
iggs
w
ere
n
ot
in
clu
d
ed
in
th
e
th
eory,
a
ll
th
ese
p
articles
w
ou
ld
h
av
e

zero
rest
m
ass,
lik
e
th
e
p
h
oton
.
T
o
u
n
d
erstan
d
h
ow
on
e
�
eld
can
in

u
en
ce
th
e
rest
m
ass

of
an
oth
er,
rem
em
b
er
th
at
p
articles
in
a
q
u
an
tu
m
�
eld
th
eory
are
sim
p
ly
th
e
q
u
an
tized

ex
citation
s
of
�
eld
s.
T
h
e
rest
m
ass
tim
es
c
2
is
th
e
least
en
ergy
th
at
a
p
article
can
h
av
e,

so
th
e
rest
m
ass
is
ju
st
1
=
c
2
tim
es
th
e
en
ergy
of
th
e
sm
allest
p
ossib
le
ex
citation
.
T
o
�
n
d

th
is
sm
allest
ex
citation
,
w
e
im
agin
e
d
escrib
in
g
th
e
�
eld
in
sid
e
a
rectan
gu
lar
b
ox
,
w
ith
for

ex
am
p
le
p
erio
d
ic
b
ou
n
d
ary
con
d
ition
s,
an
d
ex
p
an
d
th
e
�
eld
in
term
s
of
its
n
orm
alm
o
d
es.

F
or
sm
all
oscillation
s
each
n
orm
al
m
o
d
e
b
eh
aves
as
a
h
arm
on
ic
oscillator.
W
h
en
a
h
ar-

m
on
ic
oscillator
is
d
escrib
ed
q
u
an
tu
m
m
ech
an
ically,
th
e
low
est
en
ergy
lev
el
is
E
=
12
�h
!
,

w
h
ere
!
is
th
e
(an
gu
lar)
freq
u
en
cy
o
f
th
e
oscillator.
T
h
e
ex
cited
en
ergy
lev
els
are
ev
en
ly

sp
aced
,
w
ith
th
e
n
'th
en
ergy
lev
el
given
b
y

E
n
= �
n
+
12 �

�h
!
:

(9.11)

T
h
u
s
th
e
sm
allest
ex
citation
is
giv
en
b
y

�
E
=
E
1 �
E
0
=
�h
!
:

(9.12)

F
or
an
y
�
eld
,
th
e
m
o
d
e
w
ith
th
e
sm
allest
freq
u
en
cy
is
th
e
h
om
ogen
eou
s
m
o
d
e,
th
e
m
o
d
e

w
h
ere
th
e
w
h
ole
�
eld
oscillates
u
n
iform
ly.
T
h
u
s,
th
e
m
ass
of
th
e
p
article
is
sim
p
ly

m
0
=
�h
!
0

c
2

;

(9.13)
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w
h
ere
!
0
is
th
e
an
gu
lar
freq
u
en
cy
for
h
o
m
ogen
eou
s
oscilla
tion
s
of
th
e
�
eld
.
T
h
is
fo
rm
u
la

im
p
lies
th
at
th
e
rest
m
ass
of
th
e
p
h
oton
is
zero
,
sin
ce
th
e
freq
u
en
cy
of
a
p
h
o
ton
is

given
b
y
!
=
2
�
c=
�
,
so
it
ap
p
roa
ch
es
zero
as
�
ap
p
roach
es
in
�
n
ity,
w
h
ich
is
th
e
lim
it
o
f

h
om
ogen
eou
s
oscillation
s.
T
h
is
is
also
th
e
ca
se
fo
r
th
e
q
u
ark
s,
lep
to
n
s,
W
+
,
W
�
,
an
d
th
e

Z
of
th
e
stan
d
ard
m
o
d
el,
if
th
e
H
iggs
�
eld
h
as
zero
valu
e.
B
u
t
w
h
en
som
e
com
p
o
n
en
ts
o
f

th
e
H
iggs
�
eld
s
h
ave
a
n
on
zero
valu
e,
th
e
eq
u
a
tion
s
o
f
th
e
th
eo
ry
im
p
ly
th
a
t
th
ese
H
ig
gs

�
eld
s
in
teract
w
ith
th
e
o
th
er
�
eld
s,
in
so
m
e
cases
creatin
g
a
restorin
g
force,
p
rop
ortion
al

to
th
e
valu
e
of
on
e
of
th
e
H
igg
s
co
m
p
o
n
en
ts,
w
h
ich
p
u
sh
es
th
e
oth
er
�
eld
s
tow
a
rd
s
zero

valu
e.
T
h
is
restorin
g
force
resu
lts
in
a
n
o
n
zero
freq
u
en
cy
for
h
om
o
gen
eou
s
o
scillatio
n
s,

an
d
h
en
ce
a
rest
m
ass
for
th
e
co
rresp
on
d
in
g
p
articles.

W
h
ile
th
e
stan
d
ard
m
o
d
el
(w
ith
som
e
m
o
d
i�
catio
n
for
n
eu
trin
o
m
asses)
h
a
s
b
een

sp
ectacu
larly
su
ccessfu
lin
ex
p
la
in
in
g
allp
a
rticle
p
h
y
sics
ex
p
erim
en
ts,
few
if
a
n
y
p
h
y
sicists

regard
it
as
th
e
�
n
al
story,fo
r
at
lea
st
tw
o
ty
p
es
o
f
reason
s.
F
irst,
th
e
th
eo
ry
is
in
com
p
lete:

it
d
o
es
n
ot
in
clu
d
e
grav
ity,
n
o
r
d
o
es
it
co
n
tain
an
y
p
article
w
h
ich
can
acco
u
n
t
fo
r
th
e
d
ark

m
atter
in
th
e
u
n
iv
erse.
S
eco
n
d
,
th
e
th
eo
ry
is
v
iew
ed
b
y
p
h
y
sicists
a
s
b
ein
g
to
o
in
elegan
t

(i.e.,
to
o
u
gly
)
to
b
e
th
e
�
n
al
th
eory.
S
p
eci�
ca
lly,
th
e
th
eory
h
as
m
an
y
m
o
re
seem
in
gly

arb
itrary
featu
res
an
d
free
p
a
ram
eters
th
an
on
e
w
ou
ld
h
op
e.
W
h
y
sh
o
u
ld
th
ere
b
e
th
ree

u
n
con
n
ected
gau
ge
sy
m
m
etries,
an
d
w
h
y
sh
ou
ld
th
ere
b
e
th
ree
gen
eratio
n
s
o
f
ferm
ion
s?

T
h
e
th
eory
in
its
origin
al
fo
rm

h
as
19
free
p
a
ram
eters,
su
ch
as
th
e
m
asses
of
ea
ch
o
f

th
e
ferm
ion
s
an
d
th
e
stren
gth
s
o
f
th
e
th
ree
fu
n
d
am
en
tal
in
tera
ction
s,
w
h
ich
h
av
e
va
lu
es

th
at
m
u
st
b
e
m
easu
red
,
b
u
t
ca
n
n
o
t
b
e
d
ed
u
ced
from
an
y
k
n
ow
n
p
rin
cip
le.
T
o
accou
n
t

for
n
eu
trin
o
m
asses,
7
or
8
n
ew
p
ara
m
eters
m
u
st
b
e
ad
d
ed
.
W
h
at
d
eterm
in
es
th
e
valu
es

of
all
th
ese
p
aram
eters?
T
h
u
s,
w
h
ile
th
e
stan
d
a
rd
m
o
d
el
is
certain
ly
v
ery
accu
rate
ov
er

a
h
u
ge
ran
ge
of
p
h
en
om
en
a
,
th
e
�
eld
of
\
b
ey
on
d
-th
e-stan
d
a
rd
-m
od
el"
(B
S
M
)
p
article

p
h
y
sics
is
b
u
rgeon
in
g.

G
r
a
n
d
U
n
i�
e
d
T
h
e
o
r
ie
s:

G
ran
d
u
n
i�
ed
th
eories,
w
h
ich
w
ere
�
rst
p
ro
p
o
sed
in
th
e
19
70s,
are
o
n
e
p
ro
m
isin
g

attem
p
t
to
g
o
b
eyon
d
th
e
stan
d
a
rd
m
o
d
el.
G
ran
d
u
n
i�
ed
th
eories
are
aim
ed
p
rim
arily
at

u
n
ify
in
g
th
e
th
ree
gau
ge
in
tera
ction
s
o
f
th
e
stan
d
ard
m
o
d
el,
n
am
ely
th
e
S
U
(3
),
S
U
(2
),

an
d
U
(1)
in
teraction
s.
T
h
is
is
accom
p
lish
ed
b
y
em
b
ed
d
in
g
all
th
ree
sy
m
m
etry
g
ro
u
p
s

in
to
a
sin
gle,
larger
grou
p
,
w
h
ich
b
ecom
es
th
e
gau
ge
sy
m
m
etry
o
f
th
e
fu
ll
th
eory.
In
th
e

con
tex
t
of
th
e
fu
ll
gran
d
u
n
i�
ed
sy
m
m
etry,
th
ere
is
n
o
d
istin
ctio
n
b
etw
een
a
n
eu
trin
o,
a
n

electron
,
or
a
q
u
ark
.
T
h
e
d
istin
ction
is
en
tirely
created
b
y
th
e
sp
on
tan
eou
s
b
reak
in
g
o
f

th
e
sy
m
m
etry.
T
h
e
b
reak
in
g
of
th
e
fu
ll
gau
ge
sy
m
m
etry
d
ow
n
to
S
U
(3)�
S
U
(2)�
U
(1)
is

accom
p
lish
ed
b
y
in
tro
d
u
cin
g
H
ig
gs
�
eld
s
to
p
ro
d
u
ce
th
e
n
eed
ed
sp
o
n
tan
eou
s
sy
m
m
etry

b
reak
in
g.
(T
h
ese
�
eld
s
are
d
i�
eren
t
from
th
e
H
igg
s
�
eld
o
f
th
e
sta
n
d
a
rd
m
o
d
el,
b
u
t
th
ey

are
also
called
H
iggs
�
eld
s
b
ecau
se
th
ey
p
lay
a
com
p
letely
an
alogo
u
s
ro
le.)

W
e
are
n
ot
attem
p
tin
g
a
fu
ll
d
escrip
tion
o
f
an
y
o
f
th
ese
top
ics,
b
u
t
I
w
ill
ex
p
lain

h
ow
th
e
th
ree
grou
p
s
can
b
e
em
b
ed
d
ed
in
on
e
larg
er
g
rou
p
.
T
h
ere
are
m
an
y
w
ay
s
to
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d
o
it,
b
u
t
th
e
sim
p
lest
is
to
em
b
ed
th
em
in
S
U
(5
),
th
e
g
ro
u
p
of
5�
5
u
n
itary
m
atrices

w
ith
d
eterm
in
an
t
on
e.
T
h
is
w
as
th
e
origin
al
g
ran
d
u
n
i�
ed
th
eory,
p
rop
osed
in
1974
b
y

H
ow
ard
G
eorgi
an
d
S
h
eld
on
L
.
G
lash
ow
of
H
arvard
.*
T
o
d
o
th
is,
w
e
can
let
th
e
S
U
(3)

su
b
grou
p
of
S
U
(5)
b
e
th
e
set
of
m
atrices
of
th
e
form

g
3
= 8>>>>>>>>>>>>:

x

x

x

0

0

x

x

x

0

0

x

x

x

0

0

0

0

0

1

0

0

0

0

0

1 9>>>>>>>>>>>>;
;

(9.14)

w
h
ere
th
e
3�
3
b
lo
ck
o
f
x
's
rep
resen
ts
an
arb
itrary
S
U
(3)
m
atrix
.
S
im
ilarly
th
e
S
U
(2)

su
b
grou
p
can
b
e
d
escrib
ed
b
y
m
atrices
of
th
e
form

g
2
= 8>>>>>>>>>>>>:

1

0

0

0

0

0

1

0

0

0

0

0

1

0

0

0

0

0

x

x

0

0

0

x

x 9>>>>>>>>>>>>;
;

(9.15)

w
h
ere
th
is
tim
e
th
e
2�
2
b
lo
ck
of
x
's
rep
resen
ts
an
arb
itrary
S
U
(2)
m
atrix
.
N
ote
th
at

th
ese
m
atrices
com
m
u
te
w
ith
m
atrices
o
f
th
e
form
sh
ow
n
ab
ove
in
E
q
.
(9.14).
F
in
ally,

w
e
n
eed
to
�
n
d
a
set
of
U
(1)
m
atrices,
com
p
lex
p
h
ases,
w
h
ich
com
m
u
te
w
ith
b
oth
classes

of
m
atrices
d
escrib
ed
ab
ove.
T
h
is
can
b
e
d
on
e
b
y
settin
g

g
1
= 8>>>>>>>>>>>>:

e
2
i�

0

0

0

0

0

e
2
i�

0

0

0

0

0

e
2
i�

0

0

0

0

0

e
�
3
i�

0

0

0

0

0

e
�
3
i� 9>>>>>>>>>>>>;

;

(9.16)

w
h
ere
th
e
factors
o
f
2
an
d
3
in
th
e
ex
p
on
en
ts
w
ere
ch
osen
so
th
at
th
e
d
eterm
in
an
t
|

in

th
is
case
th
e
p
ro
d
u
ct
of
th
e
d
iagon
al
en
tries
|

is
on
e,
as
it
m
u
st
b
e
for
an
S
U
(5)
m
atrix
.

*
H
.
G
eorgi
an
d

S
.
L
.
G
lash
ow
,
\U
n
ity

o
f
A
ll
E
lem
en
tary
-P
article
F
orces,"

P
h
y
s.
R
e
v
.
L
e
tte
rs,
vo
l.
3
2
,
p
p
.
438-441

(1974).

A
vailab
le

from

P
h
y
s.
R
e
v
.

L
e
tte
rs

at
h
ttp
://p
rl.ap
s.org/ab
stract/P
R
L
/v
32/i8/p
438
_

1
,
from

P
h
y
s.
R
e
v
.

L
e
t-

te
rs

w
ith

a
n

M
IT

certi�
cate
as
h
ttp
://p
rl.ap
s.org.lib
p
rox
y.m
it.ed
u
/ab
stract/P
R
L
/

v
32/i8/p
438
_

1
,
o
r
it
can

b
e
fou
n
d

for
ex
am
p
le
at
h
ttp
://p
u
h
ep
1.p
rin
ceton
.ed
u
/

�
k
irk
m
cd
/ex
am
p
les/E
P
/georgi
_

p
rl
_

32
_

4
3
8
_

74.p
d
f.
T
h
e
p
ap
er
h
ad
a
on
e
sen
ten
ce
ab
-

stract:
\S
tron
g,
electrom
agn
etic,
an
d
w
eak
forces
are
con
jectu
red
to
arise
from
a
sin
gle

fu
n
d
am
en
ta
l
in
teraction
b
ased
on
th
e
gau
ge
grou
p
S
U
(5)."
A
ccord
in
g
to
th
e
IN
S
P
IR
E

d
atab
ase,
it
h
as
b
een
cited
over
4,600
tim
es.
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In
th
e
S
U
(5)
th
eory
th
ere
is
on
ly
o
n
e
gau
ge
in
teraction
stren
gth
,
w
h
ile
in
th
e
sta
n
-

d
ard
m
o
d
el
th
ere
are
th
ree.
T
h
e
trick
of
relatin
g
on
e
S
U
(5)
in
tera
ction
stren
gth
to
th
e

th
ree
in
teraction
stren
gth
s
o
f
S
U
(3)�
S
U
(2
)�
U
(1
)
w
a
s
a
key
step
in
th
e
d
ev
elo
p
m
en
t
of

gran
d
u
n
i�
ed
th
eories.
T
h
e
in
tera
ction
stren
gth
s,
it
tu
rn
s
ou
t,
a
re
n
o
t
�
x
ed
con
sta
n
ts,

b
u
t
vary
w
ith
en
ergy
in
a
ca
lcu
lab
le
w
ay.
W
h
en
th
e
th
ree
in
teractio
n
stren
gth
s
are
ex
-

trap
olated
from
th
e
m
easu
red
valu
es
to
m
u
ch
h
igh
er
en
ergies,
it
is
fou
n
d
th
at
to
a
g
o
o
d

ap
p
rox
im
ation
th
ey
m
eet,
as
sh
ow
n
in
F
igu
re
9.3.*

In
F
igu
re
9.3,
�
1 ,
�
2 ,
an
d
�
3
are
th
e
co
u
p
lin
g
stren
gth
s
of
th
e
U
(1),
S
U
(2
),
a
n
d
S
U
(3
)

in
teraction
s,
resp
ectiv
ely,
as
m
ea
su
red
at
low
en
ergies
a
n
d
ex
ten
d
ed
to
h
igh
en
ergies

accord
in
g
to
th
e
th
eory.
(T
h
e
�
i
are
related
to
th
e
co
u
p
lin
g
co
n
stan
ts
g
i
m
en
tion
ed

earlier
b
y
�
i �
g
2i =4
�
.)
T
h
e
h
o
rizon
tal
ax
is
sh
ow
s
th
e
b
ase-1
0
log
arith
m
of
th
e
en
ergy

scale
in
G
eV
.
T
h
e
top
grap
h
sh
ow
s
th
e
calcu
lation
fo
r
th
e
stan
d
a
rd
m
o
d
el,
w
h
ile
th
e

b
o
ttom

grap
h
sh
ow
s
th
e
m
o
re
p
ro
m
isin
g
ca
lcu
lation
for
th
e
M
in
im
a
l
S
u
p
ersy
m
m
etric

S
tan
d
ard
M
o
d
el,
an
ex
ten
sio
n
of
th
e
stan
d
a
rd
m
o
d
el
th
a
t
in
corp
o
ra
tes
su
p
ersy
m
m
etry.

(S
u
p
ersy
m
m
etry
is
a
p
rop
o
sed
,
ap
p
rox
im
ate
sy
m
m
etry
th
at
con
n
ects
ferm
ion
s
to
b
oson
s

an
d
v
ice
v
ersa,
w
h
ich
w
ou
ld
co
n
n
ect
ea
ch
of
th
e
k
n
ow
n
p
articles
to
a
p
a
rtn
er
th
at
is

sligh
tly
to
o
m
assive
to
h
ave
y
et
b
een
seen
.)
T
h
is
gra
p
h
is
p
erh
ap
s
on
e
of
th
e
stron
gest

p
ieces
of
ev
id
en
ce
for
su
p
ersy
m
m
etry,
an
d
for
gra
n
d
u
n
i�
cation
.
It
im
p
lies
a
u
n
i�
cation

scale
of
ab
ou
t
10
1
6
G
eV
.

T
h
e
gran
d
u
n
i�
ed
th
eory
is
con
stru
cted
so
th
at
th
e
sp
on
ta
n
eo
u
s
sy
m
m
etry
b
rea
k
in
g

gives
m
asses
of
ord
er
1
0
1
6
G
eV
to
th
ose
gau
g
e
b
o
son
s
th
a
t
rep
resen
t
in
tera
ction
s
th
a
t

are
p
art
of
S
U
(5),
b
u
t
n
ot
p
a
rt
of
th
e
S
U
(3)�
S
U
(2
)�
U
(1
)
su
b
g
rou
p
of
th
e
stan
d
ard

m
o
d
el.
E
n
ergies
of
ord
er
10
1
6

G
eV
are
tota
lly
u
n
atta
in
ab
le;
th
e
L
H
C
is
d
esign
ed
to

reach
a
n
en
ergy
of
7
T
eV
=
7,000
G
eV
p
er
b
ea
m
,
o
r
14
T
eV
total.
N
on
eth
eless,
w
e
can

sp
eak
th
eoretically
a
b
o
u
t
en
ergies
h
igh
co
m
p
a
red
to
10
1
6
G
eV
,
an
d
th
en
th
e
sp
o
n
tan
eo
u
s

sy
m
m
etry
b
reak
in
g
o
f
th
e
g
ran
d
u
n
i�
ed
th
eo
ry
w
ou
ld
b
ecom
e
u
n
im
p
ortan
t.
A
t
su
ch

v
ery
h
igh
en
ergies,
th
e
fu
ll
gau
ge
sy
m
m
etry
w
ou
ld
b
ecom
e
a
p
p
aren
t.
B
u
t
at
en
ergies
low

com
p
ared
to
10
1
6
G
eV
,
th
ese
1
0
1
6
G
eV
-scale
p
a
rticles
w
o
u
ld
b
e
to
o
h
eav
y
to
ev
er
p
ro
d
u
ce,

an
d
w
e
w
ou
ld
ex
p
ect
to
see
p
recisely
th
e
p
article
p
h
y
sics
o
f
th
e
S
U
(3)�
S
U
(2)�
U
(1)

stan
d
ard
m
o
d
el.

T
h
e
M
a
g
n
e
tic
M
o
n
o
p
o
le
P
r
o
b
le
m
:

A
m
agn
etic
m
on
op
ole
is
a
p
a
rticle
w
ith
a
n
et
N
orth
o
r
S
ou
th
m
agn
etic
ch
arge.
T
h
e

m
agn
etic
�
eld
of
a
m
on
op
o
le
p
o
in
ts
ra
d
ially
ou
tw
ard
(or
in
w
ard
),
w
ith
a
m
a
gn
itu
d
e

p
rop
ortion
al
to
1
=
r
2,
ju
st
lik
e
th
e
C
ou
lom
b
�
eld
of
a
p
oin
t
electric
ch
arg
e.
S
u
ch
p
a
rticles

*
T
aken
from
th
e
P
article
D
ata
G
rou
p
2
016
R
ev
iew
of
P
article
P
h
y
sics,
C
.
P
atrign
an
i

et
al.
(P
article
D
ata
G
rou
p
),
C
h
in
.
P
h
y
s.
C
,
4
0
,
1
00001
(2016
),
C
h
ap
ter
1
6,
G
ra
n
d

U
n
i�
ed
T
h
eo
rie
s,
R
ev
ised
J
an
u
ary
2016
b
y
A
.
H
eb
ecker
an
d
J
.
H
isan
o
,
h
ttp
:/
/w
w
w
-

p
d
g.lb
l.gov
/2016/rev
iew
s/rp
p
20
16-rev
-g
u
ts.p
d
f.



8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
9
,
F
A
L
L
2
0
1
8

p
.
1
1

T
H
E
M
A
G
N
E
T
IC
M
O
N
O
P
O
L
E
P
R
O
B
L
E
M

F
ig
u
r
e
9
.3
:
R
u
n
n
in
g
of
th
e
U
(1),
S
U
(2),
an
d
S
U
(3)
in
ter-

action
stren
gth
s
w
ith
en
ergy,
in
th
e
stan
d
ard
m
o
d
el
(S
M
)
of

p
article
p
h
y
sics
an
d
in
th
e
m
in
im
al
su
p
ersy
m
m
etric
stan
d
ard

m
o
d
el
(M
S
S
M
).
T
h
e
h
orizon
tal
a
x
is
is
log
1
0
Q
,
w
h
ere
Q
is
th
e

en
ergy
in
G
eV
.
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d
o
n
ot
ex
ist
in
th
e
u
su
al
form
u
latio
n
of
electro
m
agn
etism
,
in
w
h
ich
all
m
a
gn
etic
e�
ects

arise
from
electric
cu
rren
ts.
A
n
o
rd
in
ary
b
ar
m
a
gn
et,
w
ith
in
tern
al
cu
rren
ts
asso
cia
ted

w
ith
th
e
align
m
en
t
of
electron
ic
orb
its,
h
a
s
th
e
form
o
f
a
d
ip
ole,
w
ith
N
orth
an
d
S
o
u
th

p
o
les
at
th
e
tw
o
en
d
s.
If
a
b
a
r
m
agn
et
is
cu
t
in
h
alf,
on
e
ob
tain
s
tw
o
d
ip
oles,
each
w
ith

a
N
orth
an
d
S
ou
th
p
ole.
G
ra
n
d
u
n
i�
ed
th
eo
ries
(G
U
T
s),
h
ow
ev
er,
im
p
ly
th
a
t
m
a
gn
etic

m
on
op
oles
n
ecessarily
ex
ist.
T
h
ey
are
gen
erally
su
p
erh
eav
y
p
articles,
w
ith
m
ass
en
ergies

of
ap
p
rox
im
ately
10
1
8

G
eV
.
T
h
at
is,
th
ey
are
ab
ou
t
tw
o
ord
ers
o
f
m
ag
n
itu
d
e
h
eav
ier

th
an
th
e
u
n
i�
cation
scale.

T
h
e
m
agn
etic
m
on
op
oles
o
f
gra
n
d
u
n
i�
ed
th
eories
are
con
stru
cted
as
tw
ists,
or
k
n
o
ts,

in
th
e
G
U
T
H
iggs
�
eld
s,
so
th
e
p
ro
d
u
ction
of
m
a
gn
etic
m
on
op
oles
is
closely
lin
k
ed
to

th
e
b
eh
av
ior
of
th
e
G
U
T
H
ig
gs
�
eld
s
as
th
e
early
u
n
iv
erse
ex
p
a
n
d
ed
an
d
co
oled
.
M
ore

tech
n
ically,
th
ese
k
n
ots
in
th
e
G
U
T
H
iggs
�
eld
s
a
re
called
to
po
log
ica
l
d
e
fec
ts.

A
t
h
igh
tem
p
eratu
res
th
ese
H
iggs
�
eld
s
w
ill
u
n
d
ergo
large
th
erm
a
l

u
ctu
atio
n
s.
In

m
an
y
gran
d
u
n
i�
ed
th
eories
th
e
h
igh
tem
p
eratu
re
th
erm
al
eq
u
ilib
riu
m

sta
te
is
on
e
in

w
h
ich
th
e
valu
es
of
th
e
�
eld
s
avera
ge
to
zero,
w
h
ich
m
ean
s
th
at
th
e
G
U
T
sy
m
m
etry
is

u
n
b
roken
.
A
s
th
e
sy
stem
co
o
ls
a
p
h
ase
tra
n
sitio
n
is
en
cou
n
tered
.
A
p
h
ase
tra
n
sitio
n
is

ch
aracterized
b
y
a
sp
eci�
c
tem
p
eratu
re,
called
th
e
critica
l
tem
p
eratu
re,
at
w
h
ich
so
m
e

th
erm
al
eq
u
ilib
riu
m

p
rop
erties
of
th
e
sy
stem

ch
an
ge
d
iscon
tin
u
o
u
sly.
In
th
is
case,
at

tem
p
eratu
res
b
elow
th
e
critica
l
tem
p
era
tu
re,
som
e
su
b
set
o
f
th
e
H
ig
gs
�
eld
s
acq
u
ire

n
on
zero
m
ean
valu
es
in
th
e
th
erm
al
eq
u
ilib
riu
m
state
|

th
e
G
U
T
sy
m
m
etry
is
th
ereb
y

sp
on
tan
eou
sly
b
roken
.
T
h
ere
m
ay
b
e
o
n
e
or
p
erh
ap
s
sev
eral
su
ch
p
h
ase
tra
n
sition
s
b
efore

th
e
sy
stem
reach
es
th
e
low
est
tem
p
eratu
re
p
h
ase
|

th
e
p
h
ase
w
h
ich
in
clu
d
es
th
e
vacu
u
m
.

F
or
sim
p
licity,
w
e
w
ill
d
iscu
ss
th
e
case
in
w
h
ich
th
ere
is
on
ly
on
e
su
ch
p
h
ase
tran
sition
.

In
an
y
case,
th
e
b
rok
en
sy
m
m
etry
sta
te
w
h
ich
ex
ists
b
elow
th
e
critical
tem
p
eratu
re
is

n
ot
u
n
iq
u
e,
for
p
recisely
th
e
sa
m
e
reason
th
a
t
th
e
vacu
u
m
sta
te
is
n
ot
u
n
iq
u
e.

In
th
e
con
ven
tion
al
co
sm
ological
m
o
d
el,
it
is
a
ssu
m
ed
th
at
th
is
p
h
ase
tra
n
sitio
n

o
ccu
rs
q
u
ick
ly
o
n
ce
th
e
critica
l
tem
p
eratu
re
is
reach
ed
.
T
h
u
s,
in
a
n
y
giv
en
region
o
f

sp
ace
th
e
H
iggs
�
eld
s
w
ill
settle
in
to
a
b
ro
k
en
sy
m
m
etry
state,
in
w
h
ich
so
m
e
su
b
set
of

th
e
H
iggs
�
eld
s
acq
u
ire
n
on
zero
m
ean
valu
es.
T
h
e
ch
oice
o
f
th
is
su
b
set
is
m
ad
e
ra
n
d
om
ly,

ju
st
as
th
e
orien
tation
of
th
e
a
x
es
of
a
cry
stal
are
d
eterm
in
ed
ran
d
o
m
ly
w
h
en
th
e
cry
stal

�
rst
starts
to
con
d
en
se
from

a
m
olten
liq
u
id
.
T
h
e
oth
er
p
a
rticles
in
th
e
th
eory,
su
ch

as
th
e
q
u
ark
s
an
d
lep
ton
s,
are
also
d
escrib
ed
b
y
�
eld
s,
w
h
ich
in
teract
w
ith
th
e
H
igg
s

�
eld
s
in
a
m
an
n
er
con
sisten
t
w
ith
th
e
G
U
T
sy
m
m
etry.
T
h
ro
u
gh
th
ese
in
teraction
s,
th
e

ran
d
om
ly
selected
com
b
in
a
tion
of
n
on
zero
H
ig
gs
�
eld
s
d
eterm
in
es
w
h
at
co
m
b
in
a
tion
o
f

th
e
�
eld
s
w
ill
act
lik
e
a
n
electro
n
,
w
h
at
com
b
in
ation
w
ill
act
lik
e
a
u
-q
u
ark
,
etc.
T
h
e

sam
e
ran
d
om
ch
oice
d
eterm
in
es
w
h
at
com
b
in
ation
of
v
ector
b
o
son
�
eld
s
w
ill
act
like
th
e

p
h
oton
�
eld
,
an
d
w
h
at
com
b
in
a
tion
s
w
ill
act
lik
e
th
e
W
's,
Z
's,
o
r
g
lu
o
n
s.
In
ad
d
itio
n
,

som
e
vector
b
oson
s
a
cq
u
ire
m
asses
of
th
e
ord
er
o
f
10
1
6

G
eV
,
an
d
th
ese
vecto
r
b
oson
s

are
th
en
irrelevan
t
to
th
e
low
en
ergy
p
h
y
sics
w
h
ich
w
e
ob
serve
in
p
resen
t-d
ay
accelera
tor

ex
p
erim
en
ts.
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A
s
m
en
tio
n
ed
a
b
ove,
th
e
m
agn
etic
m
on
op
oles
are
ex
am
p
les
of
d
efects
w
h
ich
form
in

th
e
p
h
ase
tran
sition
.
T
h
e
d
efects
arise
w
h
en
region
s
of
th
e
h
igh
tem
p
eratu
re
sy
m
m
etric

p
h
ase
u
n
d
ergo
a
tran
sition
to
d
i�
eren
t
b
rok
en
-sy
m
m
etry
states.
In
th
e
an
alogou
s
situ
-

ation
w
h
en
a
liq
u
id
cry
stallizes,
d
i�
eren
t
reg
io
n
s
m
ay
b
egin
to
cry
stallize
w
ith
d
i�
eren
t

orien
tation
s
o
f
th
e
cry
stallograp
h
ic
ax
es.
T
h
e
d
om
ain
s
of
d
i�
eren
t
cry
stal
orien
tation

grow
an
d
coalesce,
an
d
it
is
en
ergetically
favorab
le
for
th
em
to
sm
o
oth
th
e
m
isalign
m
en
t

alon
g
th
eir
b
ou
n
d
aries.
T
h
e
sm
o
oth
in
g
is
often
im
p
erfect,
h
ow
ever,
an
d
lo
calized
d
efects

rem
ain
.

T
h
e
d
etailed
n
atu
re
of
th
ese
d
efects
is
to
o
com
p
licated
to
ex
p
lain
h
ere,
so
I
w
ill
settle

for
th
e
statem
en
t
of
som
e
g
en
eral
facts.
T
h
ere
are
th
ree
ty
p
es
of
d
efects
th
at
can
o
ccu
r.

T
h
e
sim
p
lest
ty
p
e
is
a
su
rfacelik
e
d
efect
called
a
d
om
ain
w
all.
T
h
is
ty
p
e
of
d
efect
arises

w
h
en
ev
er
th
e
b
rok
en
-sy
m
m
etry
state
in
on
e
region
of
sp
ace
can
n
ot
b
e
sm
o
oth
ly
d
eform
ed

in
to
th
e
b
rok
en
-sy
m
m
etry
state
in
a
n
eigh
b
orin
g
region
of
sp
ace.
A
d
om
ain
w
all
th
en

form
s
a
t
th
e
in
terface
b
etw
een
th
e
tw
o
region
s.
S
om
e
gran
d
u
n
i�
ed
th
eories
allow
for

th
e
form
ation
of
su
ch
d
om
ain
w
alls,
an
d
oth
ers
d
o
n
ot.
T
h
e
secon
d
ty
p
e
is
a
lin
elik
e

d
efect
called
a
cosm
ic
strin
g.
A
gain
,
som
e
gran
d
u
n
i�
ed
th
eories
allow
su
ch
d
efects
to

ex
ist,
an
d
oth
ers
d
o
n
ot.
F
in
ally,
th
e
th
ird
ty
p
e
is
a
p
o
in
tlike
d
efect,
called
a
m
agn
etic

m
on
op
ole.
In
con
trast
to
th
e
�
rst
tw
o
ty
p
es
of
d
efects,
m
agn
etic
m
on
op
oles
ex
ist
in
a
n
y

gran
d
u
n
i�
ed
th
eory.

T
o
see
h
ow
a
p
oin
tlike
d
efect
can
arise,
let
u
s
con
sid
er
th
e
sim
p
lest
th
eory
in
w
h
ich

th
ey
o
ccu
r.
T
h
is
th
eory
is
to
o
sim
p
le
to
d
escrib
e
th
e
real
w
orld
,
b
u
t
it
serv
es
as
a
\toy
"

m
o
d
el
w
h
ich
is
u
sefu
l
to
illu
strate
m
an
y
featu
res
of
sp
on
tan
eou
sly
b
rok
en
gau
ge
th
eories.

T
h
e
th
eory
h
as
a
th
ree-com
p
on
en
t
m
u
ltip
let
of
H
iggs
�
eld
s,
w
h
ich
I
w
ill
d
en
ote
b
y
�
a ,

w
h
ere
a
=
1
;2
,
o
r
3
.
T
h
e
sy
m
m
etry
w
h
ich
op
erates
on
th
is
m
u
ltip
let
is
id
en
tical
in
its

m
ath
em
atical
form

to
th
e
tran
sform
ation
s
th
at
d
escrib
e
h
ow
th
e
th
ree
com
p
on
en
ts
of

an
ord
in
ary
v
ector
a
re
m
o
d
i�
ed
b
y
a
rotation
.
T
h
e
p
oten
tia
l
en
ergy
d
en
sity
asso
ciated

w
ith
th
e
H
iggs
�
eld
s
is
th
en
a
fu
n
ction
of
th
e
th
ree
com
p
o
n
en
ts
�
a .
T
h
e
en
ergy
d
en
sity

fu
n
ction
,
h
ow
ev
er,
is
an
in
gred
ien
t
of
th
e
fu
n
d
a
m
en
tal
th
eory
w
h
ich
m
u
st
b
e
in
varian
t

u
n
d
er
th
e
sy
m
m
etry.
T
h
u
s,
th
e
en
ergy
d
en
sity
can
d
ep
en
d
on
ly
on

j�j� q
�
21
+
�
22
+
�
23
:

(9.17)

T
h
e
p
oten
tial
en
ergy
d
en
sity
for
th
is
�
eld
w
ill
b
e
a
ssu
m
ed
to
h
ave
th
e
gen
eral
form
sh
ow
n

ea
rlier
fo
rjH
j,
so
th
a
t
sp
o
n
tan
eou
s
sy
m
m
etry
b
reak
in
g
en
su
es.
T
h
e
en
ergy
d
en
sity
w
ill

b
e
m
in
im
ized
w
h
en
j�j
h
as
som
e
p
articu
lar
n
on
zero
valu
e,
w
h
ich
w
e
w
ill
call
�
v .
N
ow

con
sid
er
th
e
follow
in
g
static
con
�
gu
ration
of
th
e
H
iggs
�
eld
:

�
a (~r
)
=
f
(r)^r
a
;

(9.18)

w
h
ere
r
�
j~rj,
^r
a

d
en
otes
th
e
a
-com
p
on
en
t
of
th
e
u
n
it
v
ector
^r
=
~r=
r,
an
d
f
(r)
is
a

fu
n
ction
w
h
ich
van
ish
es
w
h
en
r
=
0
an
d
ap
p
roach
es
�
v
as
r!
1
.
T
h
is
con
�
gu
ration
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is
sketch
ed
b
elow
in
F
ig.
9.4.
A
n
a
rrow
is
d
raw
n
at
ea
ch
p
oin
t
in
sp
ace,
an
d
th
e
th
ree

v
ector
com
p
on
en
ts
of
th
e
arrow
are
u
sed
to
rep
resen
t
th
e
th
ree
com
p
on
en
ts
of
th
e
H
iggs

�
eld
:

F
ig
u
r
e
9
.4
:
G
rap
h
ica
l
rep
resen
tion
of
th
e
th
ree-com
p
on
en
t

H
iggs
�
eld
in
th
e
v
icin
ity
of
a
m
agn
etic
m
on
op
ole.

If
th
e
d
iagram
w
ere
con
stru
cted
a
s
a
th
ree-d
im
en
sion
al
m
o
d
el,
th
en
all
of
th
e
a
rrow
s

w
ou
ld
p
o
in
t
rad
ially
o
u
tw
ard
fro
m
th
e
origin
.
(A
n
an
tim
on
op
ole
is
d
escrib
ed
b
y
a
sim
ilar

p
ictu
re,
ex
cep
t
th
at
th
e
arrow
s
w
ou
ld
p
oin
t
rad
ially
in
w
ard
.)
N
ote
th
at
th
e
in
d
ex
a
o
n

�
a
n
orm
ally
h
as
n
oth
in
g
to
d
o
w
ith
an
y
d
irectio
n
in
p
h
y
sical
sp
ace
|

�
1 ,
�
2 ,
an
d
�
3
are

ju
st
th
ree
scalar
�
eld
s.
T
h
eir
b
eh
av
io
r
is
rela
ted
b
y
a
sy
m
m
etry
of
�
eld
s
|

th
e
ga
u
ge

sy
m
m
etry
|

b
u
t
th
is
sy
m
m
etry
is
u
n
rela
ted
to
th
e
sy
m
m
etry
o
f
ro
tatio
n
s
in
p
h
y
sical

sp
ace.
N
on
eth
eless,
each
�
eld
�
a
is
a
llow
ed
to
b
e
an
a
rb
itrary
fu
n
ction
of
p
osition
,
so

th
ere
is
n
oth
in
g
to
p
reven
t
th
e
�
eld
s
fro
m
assu
m
in
g
th
e
form
of
E
q
.
(9.18),
as
illu
strated

in
F
ig.
(9.4).

T
h
e
H
iggs
�
eld
s
for
th
e
m
on
op
ole
con
�
gu
ratio
n
a
re
in
a
vacu
u
m
state
a
t
large
d
is-

tan
ces,
b
u
t
th
e
�
eld
s
d
i�
er
from
th
eir
vacu
u
m
va
lu
es
in
th
e
v
icin
ity
o
f
r
=
0,
resu
ltin
g

in
a
con
cen
tration
of
en
ergy.
It
can
b
e
p
roven
th
at
th
is
con
�
gu
ra
tion
is
\
top
o
log
ically

stab
le"
in
th
e
follow
in
g
sen
se:
if
th
e
b
ou
n
d
ary
con
d
ition
s
for
th
e
�
eld
s
at
in
�
n
ity
are
h
eld

�
x
ed
,
an
d
if
th
e
�
eld
s
are
req
u
ired
to
b
e
co
n
tin
u
ou
s
fu
n
ction
s
o
f
p
o
sition
,
th
en
th
ere
m
u
st

alw
ay
s
b
e
at
least
on
e
p
oin
t
a
t
w
h
ich
all
th
ree
co
m
p
o
n
en
ts
o
f
th
e
H
ig
gs
�
eld
van
ish
.
I
w
ill

n
ot
a
ttem
p
t
to
p
rove
th
is
th
eorem
,
b
u
t
I
recom
m
en
d
th
a
t
y
ou
stare
at
th
e
d
iagram
u
n
til

th
e
th
eorem
b
ecom
es
b
elieva
b
le.
B
ecau
se
of
th
is
top
olog
ica
l
p
rop
erty
of
th
e
m
a
gn
etic

m
on
op
ole
con
�
gu
ration
,
it
is
som
etim
es
referred
to
as
a
\k
n
o
t"
in
th
e
H
ig
gs
�
eld
.
T
h
e

con
�
gu
ration
in
volves
a
con
cen
tration
of
en
ergy
lo
calized
aro
u
n
d
a
p
oin
t,
a
n
d
it
b
eh
aves

ex
actly
a
s
a
p
article.

S
o
far
I
h
ave
n
ot
m
en
tion
ed
a
n
y
th
in
g
ab
ou
t
m
agn
etic
�
eld
s,
so
th
e
astu
te
rea
d
er

is
n
o
d
ou
b
t
w
on
d
erin
g
w
h
y
th
ese
p
articles
a
re
ca
lled
m
agn
etic
m
o
n
op
oles.
F
or
p
resen
t
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p
u
rp
oses
th
e
im
p
ortan
t
p
rop
erty
is
th
at
th
ese
ob
jects
are
top
ologically
stab
le
k
n
ots
in
th
e

H
iggs
�
eld
s,
b
u
t
in
fact
th
ey
m
u
st
h
av
e
a
n
et
m
agn
etic
ch
arge.
T
h
e
reason
com
es
from

en
ergy
con
sid
eration
s.
In
th
e
a
b
sen
ce
of
an
y
oth
er
�
eld
s,
th
e
en
ergy
of
th
e
m
agn
etic

m
on
op
ole
H
iggs
�
eld
con
�
gu
ration
w
ou
ld
b
e
in
�
n
ite.
T
o
u
n
d
erstan
d
th
is
in
�
n
ity,
yo
u

m
u
st
accep
t
w
ith
ou
t
p
ro
of
th
e
fact
th
at
th
e
ex
p
ression
for
th
e
en
ergy
d
en
sity
of
a
H
iggs

�
eld
con
tain
s
a
term
p
rop
o
rtion
al
to
th
e
sq
u
are
of
th
e
grad
ien
t.
T
h
e
form
of
E
q
.
(9.18)

for
large
r
(w
ith
f
(r)!
�
v )
th
en
im
p
lies
th
at
th
e
grad
ien
t
of
�
a
falls
o�
as
1
=
r
at
large

d
istan
ces.
T
h
e
total
en
ergy
w
ith
in
a
large
sp
h
ere
is
th
erefore
p
rop
ortion
al
to

4
� Z
r
2
d
r �
1r �
2

an
d
th
erefore
d
iv
erges
lin
early
w
ith
th
e
rad
iu
s
o
f
th
e
sp
h
ere.
H
ow
ev
er,
th
e
ex
p
ression
for

th
e
en
ergy
d
en
sity
b
ecom
es
m
ore
com
p
licated
w
h
en
th
e
v
ector
b
oson
�
eld
s
a
re
in
clu
d
ed
.

It
is
b
ey
on
d
w
h
at
w
e
h
av
e
tim
e
to
d
iscu
ss
h
ere,
b
u
t
it
can
b
e
sh
ow
n
th
at
th
e
total
en
ergy

of
th
e
H
iggs
�
eld
con
�
gu
ration
of
E
q
.
(9.18)
can
b
e
m
ad
e
�
n
ite
on
ly
if
th
e
con
�
gu
ration

in
clu
d
es
vector
b
oson
�
eld
s
th
at
corresp
on
d
to
a
n
et
m
agn
etic
ch
arge.
(T
h
e
u
su
al
~r�
~B
=

0
eq
u
ation
h
old
s
far
aw
ay
from
th
e
cen
ter
o
f
th
e
m
on
op
ole,
w
h
erej�j
is
very
close
to
�
v ,

b
u
t
~r
�
~B
can
b
e
n
on
zero
n
ear
th
e
cen
ter
o
f
th
e
m
on
op
ole,
w
h
ere
th
e
H
iggs
�
eld
s
b
ecom
e

sm
all
an
d
th
e
oth
er
gau
ge
�
eld
s
b
ecom
e
p
art
of
th
e
d
y
n
am
ics.)
E
ven
th
e
m
agn
itu
d
e

of
th
is
m
agn
etic
ch
arge
is
d
eterm
in
ed
u
n
iq
u
ely.
T
h
e
m
agn
etic
ch
arge
m
u
st
corresp
on
d

to
a
valu
e
1
=
(2
�
)
tim
es
th
e
electric
ch
arge
o
f
a
n
electron
.
H
ere
�
d
en
otes
th
e
u
su
al

�
n
e
stru
ctu
re
con
stan
t
o
f
electro
d
y
n
a
m
ics:
�
=
e
2=�h
c
in
cgs
u
n
its,
or
�
=
e
2=4
�
�
0 �h
c

in
S
I
(m
k
s)
u
n
its.
In
an
y
case,
�
�
1
=137.
T
h
is
m
ean
s
th
at
th
e
m
agn
etic
ch
arge
of
a

m
on
op
ole
is
68.5
tim
es
as
large
as
th
e
electric
ch
arge
of
an
electron
,
an
d
th
e
force
b
etw
een

tw
o
m
on
op
oles
is
th
en
(68
:5)
2
tim
es
as
large
as
th
e
force
b
etw
een
electron
s
at
th
e
sam
e

d
istan
ce.

T
h
e
m
ass
of
a
m
on
op
ole
can
b
e
estim
ated
in
th
ese
m
o
d
els,
an
d
it
tu
rn
s
ou
t
to

b
e
ex
traord
in
ary.
T
h
e
m
ass
is
ap
p
rox
im
a
tely
1
=
�
tim
es
th
e
m
ass
scale
at
w
h
ich
th
e

u
n
i�
cation
o
f
forces
o
ccu
rs.
S
in
ce
th
e
u
n
i�
cation
of
forces
o
ccu
rs
rou
gh
ly
a
t
10
1
6
G
eV
,

it
fo
llow
s
th
at
M
c
2
for
a
m
on
op
ole
is
ab
ou
t
10
1
8
G
eV
.

H
av
in
g
gon
e
th
rou
gh
th
e
b
asic
p
h
y
sics,
w
e
are
n
ow
in
a
p
o
sition
to
d
iscu
ss
h
ow
on
e

estim
ates
th
e
n
u
m
b
er
o
f
m
agn
etic
m
on
op
oles
th
at
w
ou
ld
b
e
p
ro
d
u
ced
in
th
e
G
U
T
p
h
ase

tran
sition
.
I
w
ill
p
resen
t
a
cru
d
e
argu
m
en
t
w
h
ich
is
p
rob
ab
ly
accu
rate
to
w
ith
in
on
e
or

tw
o
ord
ers
of
m
agn
itu
d
e.
A
lth
ou
gh
th
e
argu
m
en
t
w
ill
b
e
cru
d
e,
th
ere
is
really
n
o
n
eed

to
carry
o
u
t
a
m
ore
accu
rate
calcu
lation
.
T
h
e
m
agn
etic
m
on
op
ole
p
rob
lem
is
so
sev
ere

th
an
an
am
b
igu
ity
o
f
tw
o
ord
ers
of
m
agn
itu
d
e
in
th
e
estim
ate
is
u
n
im
p
ortan
t
to
th
e

con
clu
sion
.

R
ecall
th
at
th
e
m
on
op
oles
a
re
really
k
n
ots
in
th
e
H
iggs
�
eld
,
so
th
eir
n
u
m
b
er
d
en
sity

is
related
to
th
e
m
isalign
m
en
t
of
th
e
H
iggs
�
eld
in
d
i�
eren
t
region
s
of
sp
ace.
T
h
is

8
.2
8
6
L
E
C
T
U
R
E
N
O
T
E
S
9
,
F
A
L
L
2
0
1
8

p
.
1
6

T
H
E
M
A
G
N
E
T
IC
M
O
N
O
P
O
L
E
P
R
O
B
L
E
M

m
isalign
m
en
t
can
b
e
ch
aracterized
b
y
a
\co
rrelatio
n
len
gth
"
�.
W
e
w
ill
n
eed
o
n
ly
a
n

ap
p
rox
im
ate
d
e�
n
ition
of
th
is
correlation
len
gth
,
so
it
w
ill
su
Æ
ce
to
say
th
at
�
is
th
e

m
in
im
u
m
len
gth
su
ch
th
at
th
e
H
igg
s
�
eld
at
a
giv
en
p
oin
t
in
sp
a
ce
is
a
lm
ost
u
n
correla
ted

w
ith
th
e
H
iggs
�
eld
a
d
istan
ce
�
aw
ay.
O
n
e
th
en
estim
a
tes
th
a
t
th
e
n
u
m
b
er
d
en
sity
of

m
agn
etic
m
on
op
o
les
an
d
an
tim
o
n
op
oles
is
given
rou
gh
ly
b
y

n
M

�
1
=
�
3
:

(9
.19
)

In
w
ord
s,
w
e
a
re
estim
atin
g
th
at
ev
ery
cu
b
e
w
ith
a
sid
e
of
len
gth
�
w
ill
h
ave,
o
n
th
e

average,
ap
p
rox
im
ately
o
n
e
m
agn
etic
m
on
op
ole
in
it.
T
h
is
estim
ate
w
as
�
rst
p
rop
o
sed

b
y
T
.W
.B
.
K
ib
b
le
of
Im
p
erial
C
olleg
e
(L
on
d
on
).

T
h
e
rem
ain
in
g
p
rob
lem
is
to
estim
ate
�.
H
ere
w
e
w
ill
b
e
w
o
rk
in
g
in
th
e
con
tex
t
of

con
ven
tion
al
cosm
ology,
in
w
h
ich
it
is
a
ssu
m
ed
th
at
th
e
p
h
ase
tra
n
sition
o
ccu
rs
q
u
ick
ly

on
ce
th
e
critical
tem
p
eratu
re
is
reach
ed
.
U
n
d
er
th
ese
assu
m
p
tion
s
th
e
p
h
a
se
tran
sitio
n

h
as
n
o
sign
i�
can
t
e�
ect
on
th
e
ev
olu
tion
of
th
e
early
u
n
iv
erse.
W
h
en
th
e
u
n
iv
erse
co
o
ls

b
elow
th
e
critical
tem
p
eratu
re
T
c
o
f
th
e
G
U
T
p
h
a
se
tran
sition
(w
ith
k
T
c �
10
1
6
G
eV
),

it
b
ecom
es
th
erm
o
d
y
n
am
ically
p
rob
ab
le
for
th
e
H
ig
gs
�
eld
to
a
lig
n
u
n
ifo
rm
ly
ov
er
rea-

son
ab
ly
large
d
istan
ces.
If
th
e
sy
stem
w
ere
allow
ed
tim
e
to
reach
th
erm
al
eq
u
ilib
riu
m
,

th
en
v
ery
few
m
on
op
oles
w
ou
ld
b
e
p
resen
t
|

th
eir
a
b
u
n
d
an
ce
w
ou
ld
b
e
su
p
p
ressed
b
y

th
e
u
su
al
B
oltzm
an
n
factor

e
�
M
c
2

=
k
T

from
statistical
m
ech
an
ics.
F
or
th
is
case
th
e
factor
is
rou
gh
ly
e
�
1
0
0�
10
�
4
3.
H
ow
ever,

if
th
e
w
h
ole
p
ro
cess
m
u
st
h
ap
p
en
on
th
e
tim
e
scales
at
w
h
ich
th
e
early
u
n
iv
erse
ev
olv
es,

th
en
th
ere
is
n
ot
en
ou
gh
tim
e
fo
r
th
is
lo
n
g
ran
ge
correlation
of
th
e
H
ig
gs
�
eld
to
b
eco
m
e

estab
lish
ed
.
W
h
ile
w
e
are
n
o
t
p
rep
ared
to
calcu
late
th
e
correla
tion
len
gth
in
th
ese
cir-

cu
m
stan
ces,
w
e
can
safely
say
th
a
t
th
e
co
rrelation
len
gth
m
u
st
b
e
less
th
an
th
e
h
orizon

d
istan
ce
|

th
is
statem
en
t
a
ssu
m
es
on
ly
th
a
t
th
e
co
rrelation
o
f
th
e
H
igg
s
�
eld
req
u
ires

th
e
tran
sm
ission
of
in
form
a
tion
,
a
n
d
sp
ecial
relativ
ity
im
p
lies
th
a
t
in
form
atio
n
can
n
ot

p
rop
agate
faster
th
an
th
e
sp
eed
o
f
ligh
t.
It
is
th
en
a
straigh
tfo
rw
ard
ca
lcu
la
tion
,
w
h
ich

y
ou
w
ill
d
o
in
P
rob
lem
S
et
9
,
to
�
n
d
a
low
er
b
ou
n
d
on
th
e
n
u
m
b
er
o
f
m
o
n
o
p
oles
th
a
t

w
ou
ld
h
ave
b
een
p
ro
d
u
ced
a
t
th
e
G
U
T
p
h
ase
tran
sitio
n
u
n
d
er
th
ese
assu
m
p
tion
s.

If
you
d
o
th
e
p
rob
lem
rig
h
t,
y
ou
sh
ou
ld
�
n
d
th
at
th
e
co
n
trib
u
tion
to


to
d
ay,
fro
m

m
on
op
oles,
w
ou
ld
b
e
b
igger
th
a
n
10
2
0,
accord
in
g
to
th
is
calcu
latio
n
.

T
h
is
n
u
m
b
er
is
ob
v
iou
sly
u
n
accep
ta
b
le,
b
u
t
on
e
w
ay
to
d
riv
e
th
is
p
oin
t
h
o
m
e
is

to
con
sid
er
th
e
age
of
th
e
u
n
iv
erse.
A
s
you
reca
ll,
a
la
rge
valu
e
o
f


im
p
lies
th
at
th
e

u
n
iverse
slow
ed
d
ow
n
rap
id
ly
to
its
p
resen
t
ex
p
an
sion
rate,
giv
in
g
a
low
p
red
icted
ag
e

for
th
e
u
n
iv
erse.
T
h
e
form
u
la
for
th
e
ag
e
of
th
e
u
n
iv
erse
w
as
d
eriv
ed
in
L
ectu
re
N
otes

4,
assu
m
in
g
th
at
it
can
b
e
ap
p
rox
im
ated
as
b
ein
g
m
atter-d
om
in
ated
th
ro
u
g
h
o
u
t
its
evo
-

lu
tion
.
S
in
ce
th
e
m
on
op
oles
w
o
u
ld
b
eh
ave
a
s
n
on
relativ
istic
m
a
tter,
th
is
w
o
u
ld
b
e
a
n
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8
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L
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2
0
1
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.
1
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ex
cellen
t
a
p
p
rox
im
a
tio
n
h
ere.
F
or


>
2,
d
u
rin
g
th
e
ex
p
an
d
in
g
p
h
ase,
th
e
age
is
g
iv
en

b
y

t
=




2
H
(

�
1)
3
=
2 �
sin
�
1 �
2 p


�
1




�
�
2 p


�
1




�
;

w
h
ere
th
e
in
v
erse
sin
e
fu
n
ction
is
to
b
e
evalu
ated
in
th
e
ran
ge
�2

to
�
.
F
or
very
large



th
e
in
v
erse
sin
e
fu
n
ction
ap
p
roach
es
�
,
an
d
th
e
age
is
ap
p
rox
im
ated
b
y

t
=

�
2
H
p



:

(9.20)

T
ak
in
g


a
s
1
0
2
0,
th
e
age
tu
rn
s
ou
t
to
b
e
2.2
y
ears.
T
h
e
p
red
iction
th
at
y
ou
w
ill
�
n
d

w
ill
b
e
even
sm
aller
th
an
th
at,
sin
ce
y
ou
sh
ou
ld
�
n
d
a
valu
e
of


b
igger
th
an
10
2
0.

T
h
u
s
if
gran
d
u
n
i�
ed
th
eories
a
re
correct
|

w
h
ich
is
p
lau
sib
le
b
u
t
n
ot
n
ecessarily

tru
e
|

th
en
w
e
h
ave
an
oth
er
seriou
s
p
rob
lem
for
th
e
con
v
en
tion
al
h
ot
b
ig
b
an
g
m
o
d
el.

T
h
e
u
n
iv
erse,
a
fter
all,
is
certain
ly
m
ore
th
an
2.2
y
ears
old
!


