Chapter b
STATISTICAL MODELS

In the previous chapter we discussed the self-consistent field
method for finding energy levels and wave functions for atoms. We
saw that any numerical calculation is very cumbersome, especially
for atoms with many electrons. For these, there exists a simpler
method to obtain at least a fair approximation. Developed by Thomas
and Fermi, it is based on Fermi-Dirac statistics. The results ad-
mittedly are less accurate than those of the Hartree-Fock caleula-
tions. The Thomas-Fermi method nevertheless is very useful for
calculating form factors and for obtaining effective potentials which
can be used as initial trial potentials in the self-consistent field
method. It is also applicable to the study of nucleons in nuclei and
electrons in a metal. Exchange is not treated in the Thomas-Fermi
model. However, a statistical model for the exchange effects can be
given also. We discuss this at the end of this chapter, after the pre-
sentation of the model without exchange.

THOMAS-FERMI MODEL

The goal of the Thomas-Fermi statistical method is to obtain the
effective potential energy which is experienced by an infinitesimal
test charge, and to find the electron density p(r) arcund the nucleus
of an atom.

Consider a number of electrons moving in a volume ,, subject
to a spherically symmetric potential energy V(r) which varies suf-
ficiently slowly with r so that the system can be treated by Fermi-
Dirac {ree particle statistics. The electrons are supposed to inter-
act with each other sufficiently to establish statistical equilibrium,
but still so little that we can speak of the kinetic and potential energy
of each individual electron. We assume rli_{noo V(r) = 0. The dis-
tribution function f is
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T JE-T/RT |

£ (5-1)

Here ¢ is the chemical potential, k is Boltzmann’s constant, and T
is the absolute temperature. If we assume that T = 0,

_hh E<y¢
lo E>¢ (5-2)

In the zero-temperature limit, therefore, { is the energy of the most
energetic electrons; the Pauli principle forces the electrons to oc-
cupy all states from the ground state to the state of energy ¢. £ is
not a function of r; if it were, electrons would migrate to that region
of space where { is smallest, because this would make the total en-
ergy of the system decrease. By this process, { would tend to equal-
ize. Clearly,

D%F(r)

g = Vi) + 5mm

(5-3)

(In this and subsequent chapters we use ordinary units.) Here pF(r)
is the maximum momentum of the electrons, the so-called Fermi
momentum, which must depend on r to make § constant.

We can obtain an expression connecting pp with p by considering
the number of quantum states of translational motion of a completely
free electron with a momentum whose absolute value lics between p
and p + dp. For this purpose we consider the electron as moving in
a box of volume & without any forces. Then the number of quantum
states is equal to

2
2 o 4nk? -
L 4nk? dk (1-18)
where hk = p and the factor 2 is due to the twe spin orientations that

an electron can have. We integrate the above from 0 to kF and this must
equal N, the total number of electrons within the box.

e =N =3 p=g (5-4)

It is then assumed that we can construct such a box with volume 2,
within the big volume §, originally considered, which is large enough
to make (5-4)valid, and yet small enough that the potential energy
does not vary too much within the box. Then we may consider (5-4)
and (5-3) simultaneously valid. We now perform a gaupge transforma-
tion on the potential energy
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V-¢ -V, (5-5)

From (5-3) and (5-4) it then follows that

1 (2m)3f2

T 3yt h?

(_Vl )3!2 (5-6)

The Poisson equation connects the electrostatic potential _—(_lf’e)V
with the charge density —ep. With suitable rearrangement this is

vV, = —4ne’p (5-7)
Combining {5-6) with (5-7) we get

1d
r dr®

‘:-e;; (Zm)3/2 (AVI )3!2 (5_8)

(rv,) =3

For r + 0 the leading term of V must be -Ze®/r. Hence (5-8)
is supplemented by the boundary condition

lim (rV,) = — 7€ (5-9)

r—=o

We make the change of variable

r = xb rv, = —Ze*d

b = (_3271%_3 M g-va < 885, 7Y (5-10)
me

with a, = B%/me?, the Bohr radius. Therefore the equation we must
solve is

£ _ 3 (5-11)
dx?® vx
&{0) = 1 (5-12)

This is the Thomas-Fermié equation, .

Physically (5-11) holds vnly for pusitive ¢, for nggatwe\ & the
electron density vanishes because there is no §tate with E .) £, cf
(5-2) and (5-6) . The correct differential equation for negative ®is
therefore d?&/dx? = 0 (¢ < 0). If x, is the point where @crosses_ the
x axis, we have ¢ = A{x - x,), where A is a negative constant which
by continuily is equal to ¢’ (x,}. Thus the solution is com.pletely de-
termined if we know it for ¢ - 0, and we therefore consider only this
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portion of it. AL x,, ¥ (x,) = 0, and ¢'(x,) cannot vanish: for if it did,
equation (5-11)indicates that ¢” and all higher derivatives would van-
ish, giving the unacceptable trivial solution & = 0.

SOLUTIONS OFf THE THOMAS- FERM| EQUATION

Equation (5-11) is a second-order, nonlinear, differential
equaticn. It is important to notice that it is independent
of Z. Evidently, we shall obtain a whole family of
solutions, since we have specified only one boundary
condition. These solutions can be classified according to
the initial slope, which is clearly arbitrary in the
differential equation (5-11).

Certain properties of the solutions can be obtained by
examining (5~11). All solutions are initially concave
upward. Hence if a particular solution doesn't become zero,
it will remain concave upward, and will either diverge for
large x or approach the x axis asymptotically. If a solution
becomes zero for finite x = xg, the differential equation
(5-11) stops being valid as explained above. Finally, we
note that ¢ does not have a Taylor expansion in x about 0
since 9''(0) diverges. The behavior of the various passible
solutions is illustrated in Figure 5-1,

Numerical integration of equation (5-11) for various
initial slopes indicates that the solutions can be expressed
in a semiconvergent series

=l —ax +a, x4 a, k..
with
a, =3 a, =0  ¢'(0) = a, (5-13)

Three distinct types of solutions are found as predicted
above. One class consists of solutions which vanish for
finite x = %,. These have a2 larger than a critical value.
With a, smaller than the critical value, another class of
solutions is found, which do not vanish anywhere and diverge
for large x. Finally when a, is precisely at the critical
value, a unique solution is obtained which is asymptotic to
the x axis. Numerical determination of the critical initial

slope gives a; = -'(0) = 1.5880710... = 7/2, and this
critical solution
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Figure 5-1
Behavior of the solutions to (5-12)

has been tabulated (Landau and Lifshitz!, p. 261). These
three different types of solutions correspond to different
physical circumstances for the atom, which we now discuss.

DETERMINATION OF ADDITIONAL
BOUNDARY CONDITIONS

Further analysis of specific physical situations leads to a deter-
mination of additional boundary conditions on €, which in turn deter-
mine unique solutions, We examine several such situations.

Let the electronic configuration of a neutral atom or charged ion
under consideration be confined to a sphere of radius r,. The total
number of electrons N in the electronic configuration is given by

2
N = 47 fur" pré dr = —glgforo rdﬂr—.‘,—(rvl) dr
=7 fx°x<b"dx
a
g = (@'x - @)% (5-14a)

Using the boundary condition at x = 0 this reduces to

b(x,) — x,®"(x,) = Z ;N =

{5-14b)

N

where z is the net charge of the neutral atom or charged ion. (For a
neutral atom z = 0.)

11 .p. Landau and E.M. Lifshitz, Quantwm Mechanics, 3rd
ed., Pergamon, Oxford, 1977.
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Let us first consider free atoms or ions, viz., systems not subject
to external pressure. In this casep = Oatr = r, which implies

®(x,) = 0 {5-15a)

x,®'(x,) = — (5-15b)

z_

VA

For neutral atoms, z = 0 and (5-15) has the consequence that
P(x,) = 0 {5-16a)

X, '(x,) = 0 (5-16b)

If x, is a finite number, (5-16) gives ${x,) = #'(x,) = 0. Since no
nontrivial solutions with this property exist, a solution for a free
neutral atom with finite radius cannot be obtained, To achieve a so-
lution for a free neutral atom, we must assume that the surface of
the atom lies at infinity and interpret (5-16) as

lim &=20 (5-17a)
X — 0

lim x&' =0 (5-17b)
W o

(5-17a) by itself determines a unique solution, the only
solution which is asymptotic to the x axis. This is the
c¢ritical solution mentioned earlier, Since the function ¢
vanishes only at infinity, the neutral free atom has no
boundaries in the Thomas-Fermi model.

It can be verified that 144 x-? satisfies the differential equation,
as well as the bounding conditions (5-17). The boundary condition at
the origin is not satisfied. Sommerfeld showed that this solution is
the asymptotic form of the correct solution for a free neutral atom.

For free ions {z # 0), the boundary condition (5-15a) indicates that
the solutions of (5-11) which vanish at finite x = X, correspond to
ions of radius r,. Boundary condition (5-15b} gives the net charge of
the ion. Since the slope of ® must be negative at x, (see Figure 5-1),
(5-15) implies that the theory cannot handle negative free ions.

Next, we consider neutral atoms under pressure. We do not concern
ourselves with ions under pressure, since an assembly of many ions
under pressure would lead to physical difficulties, because of the large,
cumulative Coulomb forces. When the atom is subject to an external
pressure, p(x, ) no longer equals zero, and we must remain with (5-14b}.
Evidently the solutions that do not vanish for any x correspond to this
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case. Equation (5-14b} determines x, and therefore the radius of such
systems. Since atoms are neutral, (5-14b) becomes

9%01 = @’ (x,) (5-18)

This defines the point x, at which the tangent to ® passes through the
origin. For x > x, the differential equation (5-12) is no longer a de-
scription of the physical situation.

APPLICATIONS

All atoms in the Thomas-Fermi model have the same electron dis-
tribution, except for a different scale of length and total number of
electrons. Equations {5-10) show that the length scale for any atom
is proportional to Z~'/® Thus the radius of the entire atom decreases
as Z7Y3, However it can be shown that the radius of the sphere which
contains all but one electron is roughly proportional to Z'¢,

An interesting application of the Thomas-Fermi method is to cal-
culate for which Z bound atomic states with a given angular momen-
tum first appear. We consider the reduced radial equation

EQ 2
ot E V)R =0

z 142
V_ = V) +2% (i_l;# (5-18)

[ We have made the usual WKB substitution #(¢ + 1) — (& + &)}
Bound states exist only if E — V. > 0 for some range of r. Since
E < 0, this means we must have

2
“—7— Zrd = 0.885 72/% 2x b > (L + L )2 (5-20)

for some range of r.
The following broad maximum is found in 2x9.

Vox 1 1.96 2,04 2,12 2.20 3.0

2x¢ 0.607 0.972 0.973 0.968 0.968 0.829
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A necessary condition for (5-20) to hold is that
0.885Z22* Max{2x®d) > (£ + ;_)2

0.861Z%2 > (L + 1)?

2

Z > 0.15T2F + 1) (5-21a)

This formula determines the value of Z for which an electron with a
given £ is first bound. We should expect that we ¢an change the
“‘greater’’ sign in (5-21a) to an “equal’’ sign if we increase the coef-
ficient somewhat. If we take 0.17 instead of 0.157:

Z = 0.172¢ + 1)® (5-21b)
we get
for £ =1 2 3 4

Z =48 21.25 58.3 123.9

Rounding to the nearest integer we obtain 5, 21, 38, 124. Comparing
with experiment, we find the first three results to be correct and the
last one predicting that g electrons can appear only in the 124th gle-
ment. This is six places beyond the predicted noble gas Z = 118, with
the heaviest element so far discovered having Z = 103,

The maximum of Vr? was found above to be quite flat. We expect
therefore that there will be close eancellation between V({r) and the
centrifugal potential term for the largest £ which can be bound by a
given atom. In this situation a small change in Z would eflect a4 large
change in the wave function; see pp. 8l.

VALIDITY OF THE THOMAS-FERMI METHOD

The Fermi model is useful for calculating properties that depend
on the average electron such as form factor (see Chapter 13), total
energy of all electrons, electrostatic potential produced by all elec-
trons at the nucleus, and average excitation potential. The latter oc-
curs in the theory of atomic stopping power and is defined by
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where E; is the average excitation potential of the jth orbital. The
Thomas-Fermi method, even when corrected for exchange effects {as
discussed below), is very poor for calculating properties that depend
on the outer electrons, such as the ionizaticn potential, or the mean
square radius of the atom, which is important for diamagnetism.

Because of the statistical nature of this model, best resulis are
obtained for large Z. Experience shows that ealculations for Z < 10
are unreliahle.

For fixed Z, the Thomas-Fermi results are inaccurate for large
and small r. For large r the electron density is overestimated. In-
deed, we saw that the Thomas-Fermi atom has no boundaries, with the
electron density p ~ (®/r)¥? decreasing as 1/r® at large distance.
On the other hand, we expect the electron density of a physical atom
should decrease exponentially. Fur small r the Thomas- Fermi den-
sity diverges as L,/r*2 rather than remaining finite.

CORRECTION FOR EXCHANGE ;
THE THOMAS-FERMI-DIRAC EQUATION

The Thomas-Fermi equation (5-11) does not take into
account the exchange interaction. This was done by Dirac.
We shall here give a simple derivation of this correction.

We recall the exchange term in the Hartree-Fock thecory,

f Ulr,, ry) u (r,) dr,

2

e
U(ru 1'2) = - E'z_' p(rlxr2)

plr., 1) = Zul(r)u (r)
i ] J

In the spirit of the Thomas-Fermi method we consider the electrons
to be free (subject to a constant potential). Thus we set

ajir) = grveelly T (5-22)

p(rl’rz) = ﬂ_-lzeikj'(rl—rz)
i
1 ik-r
(27" f e

44

12 49k (rm =r - rz)
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4q ko sin krj, K2 dk

(ZN)S 4] kr12

1 1 .
on T {sin kF Ty ~ kprjcos kFrlz) (5-23)
1

2z

which verifies (4-60).

In the expression (5-23) for p(r),r:) kg depends on '
position in the following fashion; see also footnote 4 in
Chapter 4. When r; and r; are sufficiently close together so
that they lie in the same cell @ in which we take the
potential tec be constant, kp is evaluated at the radius
vector of that cell, which we may take to be %(r;+rz}. When
r, and T, lie in different cells, we may assume |r; - rs| to
be large. 1In that case the dependence of kp on position may
be ignored as p(r,,r;) goes rapidly to zero., In evaluating
integrals over r;, which invelve p(r,,r2), we may take RE to
be a function of r, only, hence constant in the integration.

It is seen that

Kp ,

olr1) = gz = 7 P (5-24)
The factor % is present due to the fact that the density
matrix o{r,r} is defined as a sum of {uj(r)|® taken over all
orbitals with the same value of the spin projection, while
the density p is the sum of |u]-_(r)|2 over all orbitals with
both spin projections. In the absence of interactions half
the electrons will be in one spin state and half in the
other.

We recall that for the ith electron

pir,, ry) Ll.l(l‘a) d (4-39)
= — 2 2 - T -
Vegg(ri) fe Iy uir,) 7
Hence in the Thomas-Fermi spirit
= _ a2 B(_U_:-Ezl iki.rZI 5-25a
Vo) = -ef Sl dr, (5-25a)

This integral is evaluated to be

0 E 1/3 921:'( )
veff(r‘) - (np) 1

%k Fm) (5-25b)
7" °F
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where
k,
n =L
l(F
1  1-7 1+3
F(n) = 5 * i log1 - (5-26)

F(0) = L, F(1) = i, and F decreages from 1 to £ monotonically as 7
goes from O to 1.

We now must determine a relation between V, the electrostatic po-
tential energy, and p. The simplest argument is that the total energy
of the most energetic electron is now, instead of (5-3),

2

Pr 2
L=V - % e*kpF (1) + E% = V(r) - Eﬁ—(Swzp)l/a

1k 2 . 2f3
+ S5 (3m7p)

(5-27)
Here the effective exchange potential energy has been added
to V(r); Vaff depends on the momentum according to (5-25).
In our case of the most energetic electron, n = 1 and F(l) =
%, according to (5-26). The result (5-27) is identical with
(5-30) to be derived below.

For variety, we shall now derive (5-27) in another
fashion. We shall consider the total energy E of the system
of electrons, vary this quantity as a function of g, and
obtain the desired relations from the requirement that E be
stationary, This variational approach could have been used
in deriving the Thomas-Fermi model.

The total energy is the sum of the kinetic energy Ey and
petential energy E,. The total kinetic energy of the
electrons can be oﬁtained by multiplying the number of states
by fi%k?/2m, integrating over all momenta from 0 to kg, and
then integrating over all volume. The result is easily found
to be

- Ih2q2 3 \wa
EkAde[S 2m(ﬂp) .U] (5-28)

The potential energy is

- Ze? 1 e?
Ep ﬁf [(*T)p + (Efdrz?v:p(rz))p

3\J 3p 13
"4'92(7{) "]d‘" (5-29)
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The first term is due to the nuclear_charge'. the seclond term
is due to the interelecctron interaction, t}}e fact_;or % being
inserted to aveid counting the electron pairs twice. The
third term is the exchange energy, a}lready computed when the
Thomas-Fermi approximation was applied to the Hartree-Fock
;v osee (4-66). ‘

theaxe‘)r’ww se1(: the)arbitrary VariE}tion of E = Ex + Ep with
respect to O equal to O and obtain

ot /3 \23 2(3_9 1!320
3062?(50) + V e -

2 ez hz .
V(I‘l) = “%QT + fd'rz r_“ p(l‘z} a, = met (5-30)

i £ fact, the variation of E is not totally
L[J.IIIIII‘ez?:;TiI_thd, sin::e we must also have [p l‘iT = N,_tl‘}e total
number of electrons. We can intrc_:duce this subs%dmry
condition by the Lagrange multiplier metl}od. This adds a .
term A to (5-30), where A is the multiplier. We now can make
a gauge transform V + A >V and obt:.nn (5-30}.1] )

We now solve (5-30) for the density. Setting ¥y =

a9 (30/7) A (a0/M)ky, we get

L o2 Y ) (5-31)
v :?(1 + 1 21 )

The plus sign is chosen in front of the radical tu gssure agrcem?tn}f
with the Thomas-Fermi theory and to avoid negative density. Wi

g =L Y& (5-32)
25 e
we obtain
V2 1 (5-33)
Yo M 2

Poisson’s equation now gives

2 4”2
%2— (ri¥) = dna,pr = a2 vir

dz B 91/2 ("-.17 ) 17 )a (5-54)
ae 0¥ = 3aZ7r C\ 2
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Finally, changing variables as in (5-10),
r =xb r¥ =a,Z®& b = 0.885a,2°V?
we obtain

@M

Y

X(V ;
= h 1 = -2/3
\ ’laOZ Ny 0.2118Z (5-35)

This is the Thomas-Fermi-Dirac equation. Unlike (5-12), it
depends on Z through 8. We see that for Z —~ «, (5-35)becomes
{5-11) Indeed it can be shown quite rigerously that the Thomas-
Fermi model becomes exact as Z — =, Moreover, there are
non-asymptotic corrections, present at finite Z, which fall off
more slowly with Z than the exchange term.?

The boundary conditions for the Thomas-Fermi-Dirac equation
are the following:

$(0) 1

Blxy) = %, @' (%) = 2 - Z (5-36)
For Iree atoms and ions we can no longer define the surface by plx,) =
0, since it is seen from (5-33)that p never vanishes. However, we can
define x, by requiring that the pressure vanish there. To do this we
write the specific energy € {energy per particle) from (5-28) and
(5-29).[There is actually some problem about the electrostatic in-
teraction of the electrons, but (5-37)gives the correct result.]

3 e 3 ¢
€=: a, y: o+ V(ry — 1 E: v (5-37)
The pressure P = — (3 e/av)s , where v is the specific volume and S

is the entropy. Since (5-37)has been derived for T = 0, the entropy
is equal to zero, hence already constant, so we merely need to dif-

ferentiate with respect to v. Recalling y = ({3/m)p"3a,, v = 1/p,
we obtain

e? ﬂ.ﬁ 2 -
P -0 5;[_% - %] (5-38)

’A systematic study of corrections to the Thomas-Fermi
theory, as well as an assessment of its validity may be found
in E.H. Lieb, Rev. Mod. Phys. §3, 603(1981).
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Table 5-1
Comparison of Energy Tevels of Ag as Calculated by Hartree- Fock Method
and Thomas-Fermi-Dirac Method (Values are given in Ry}

Hartree-Fock Thomas-Fermi-Dirac
18 1828 1803
28 270 263
2p 251 245
3d 29.8 29.2
is 8.46 7.95
This vanishes at
or
plx,) = 2.13 x 107%a,® (5-39)

Had we not included the exchange effect, P would vanish aty = 0, im-
plying p{x,) = 0 as before. A lower density than (5-39) is unphysical
in the Thomas-Fermi-Dirac model since this would correspond to
negative pressure. Substituting (5-39)in (5-33)we {ind with some al-
gebra that

d(x,) _ B -
x, 18 (5-40)

These results imply that in the Thomas-Fermi-Dirac theory
atoms as well as ions have a finite radius. Equation (5-40}
does not apply of course to systems under external pressure,
since then the density can be larger than that given in
(5-39). (No solution which goes to zero at x = « exists, as
can be seen from (5-35). This causes no difficulty since
atomic solutions no longer satisfy (5-17}.] As before, the
differential equation applies only to x < x;. Moreover, from
numerical calculations it is found that in the Thomas-Fermi-
Dirac model negative free ions are not treated.

One can solve the radial, one-electron Schrodinger
equation for all normally occupied orbitals n, £ for many
atoms, using as the potential that given by the Thomas-Fermi-
Dirac method. This gives both energy levels and wave
functions for these orbitals. From these wave functions, cne
could then construct a potential using the Hartree-Fock
prescription, and this should be very good starting data for
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a Hartree-Fock calculation. For atcms for which no Hartree-
Fock soluticn is available, the one-electron Thomas-Fermi-
Dirac wave functions are the best available. That they are
indeed very good is shown by comparing their eigenvalues with
the Hartree-Fock results., We list these for a few orbitals
in silver for which both types of calculation exist in Table
5-1.

PROBLEMS

1. Derive the Thomas-Fermi equation, using the variation principle
as in the derivation of the Thomas-Fermi-Dirac theory.

2. A solvable Hartree-Fock problem: Consider a N electron ‘“gas”
moving in a large box of volume &£ in which there is a background
positive charge density of eN/Q. The electrons interact with this
background through a potential of the form

—e? ‘[,—TE(:L)ITI dar’ (1)

where p is the density of the electron gas.
=N

They also interact with each other through the usual Coulomb in-
teraction. Assume the number of spin up (down) electrons is
N, (N.).

N, + N, = N {3)

Let the spin up (down) electrons be described by individual wave
functions u"i a(u{ﬁ), where ui’{ui‘) is the space part, and «(p3) the

spin part of the wave function. Write down the Hartree-Fock equa-
tions for uii. Show that they are solved by plane waves

* _ 1 1ki-r
Ui (r) = \Tﬁﬁ {4)

Procedure: Assume the solution is of the form {4}, Evaluate the
direct and exchange interactions
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it (') 2 hag () ?
- ’ 2 ’
V(r)*ezle—rjﬁr—,l“d’f +efz_—lr—r’l dar
i i
u *(r') ui‘(r)
U, (r,r') = - ezz %—-;rl—u for spin up electrons
i
us* (r') ug (r)
U (r,r'} =~ ezz: T for spin down electrons
i (5)

The sums over i are performed with the usual assumption that the
spin up {down) electrons fill up the available spaces up to the Fermi
momentum k* (k:F). [Recall equations (5-23) to (5-26).] Thus, show
the following’

. _ i . 2 p_ ’
Vi) _ezj‘lr~r’id'r +ef|r—r’\d7

+3
I
Py g T
—ezpi{rl,re)
Ui(rl,ri) ra
—32 i . x + +
= g }g—[smkFrlz—kb,rmcnskFrmJ
f U (r, 1) u(r,) dr,
_ 2 . £, 4+
= ﬂekFF(n )ui (r,)
L 1-!]2 1+7]
F(n} = 3 + pe log g
nt s (8)

oy |7
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{Many of the integrals that arise in this problem are evaluated
in Chapter 5.} Noting that the direct interaction potential V(r)
cancels the interaction with the background (1), show that the
Hartree-Fock eigenvalue is

+
2
Eizf_ll(j _2ekF Fn¥)
k = 2m 7 1

and the expectation value of the Hamiltonian is

Q S'ZHEE R - _ l
= _(2’11)3 }_m5m (sz + kFS) — a? (k; + kFa).‘

(This provides a plausible, but not very accurate, picture of
valence electrons in a conducting metal.}

3. Show directly from the Thomas-Fermi equation (5-12), thata
solution which remains finite at infinity must go to zero, rather
than to a constant.

4. Verify the manipulations leading to (5-11).

5. Assuming a solution to (5-11)of the form (5-13), verify that a,
is undetermined, a, = 4/3, a, = 0.




