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Lorentz
Covariance

of the Dirac Equation




2.1 Covariant Form of the Dirac Equation

It is necessary that the Dirac equation and the continuity equa-
tion upon which its physical interpretation rests be covariant under
Lorentz transformations. Let us first review what is meant by
a Lorentz transformation.! Two observers O and (¢ who are in
different inertial reference frames will describe the same physical
event with the different space-time coordinates. The rule which
relates the coordinates x* with which observer O describes the event
to the coordinates (z#)’ used by observer O’ to describe the same
event is given by the Lorentz transformation between the two sets of

coordinates:
3

@) = 3 @ar = e (2.1)

p=0

It is a linear homogeneous transformation, and the coefficients a*,
depend only upon the relative velocities and spatial orientations of
the two reference frames of O and 0. The basic invariant of the
Lorentz transformation is the proper time interval

ds? = g, dz* dz> = dr* dz, (2.2)

This is derived from the physical observation that the velocity of light
in vacuo is the same in all Lorentz frames. Equations (2.1) and (2.2)
lead to the relation on the transformation coefficients

0ty = 8% (2.3)

Equations (2.1) and (2.3} serve as defining relations for both
proper and improper Lorentz transformations. In the former ease the
determinant of the transformation coefficients satisfies the relation

det ja| = +1

Proper Lorentz transformations can be built up by an infinite sueces-
sion of infinitesimal transformations, They include transformations
to coordinates in relative motion along any spatial direction as well as
ordinary three-dimensional rotations. The improper Lorentz trans-
formations are the discrete transformations of space inversion and
of time inversion. They cannot be built up from a succession of
infinitesimal ones. Their transformation coefficients satisfy the

1'W. Pauli, “Theory of Relativity,” Pergamon Press, New York, 1958.

“The Principle of Relativity,” collected papers of H. A. Lorentz, A. Finstein,
H. Minkowski, and H. Weyl, Dover Publications, Inc., New York, 1923 reissue.
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relation
det |a| = —1
in both cases.

Our task is to construct a correspondence relating a given set
of observations of a Dirac particle made by observers O and O’ in their
respective reference frames. In other words, we seek a transformation
law relating the wave functions ¢(x) and ¢'(2’) used by observers O
and O, respectively. This transformation law is a rule which allows
0" to compute ¢'(2) if given ¥(z). According to the requirement of
Lorentz covariance, this transformation law must lead to wave fune-
tions which are solutions of Dirac equations of the same form in the
primed as well as unprimed reference frame. This form invariance
of the Dirac equation expresses the Lorentz invariance of the under-
lying energy-momentum connection

Dept = m’c*

upon which the considerations of Chap. 1 were based.
. In discussing covariance it is desirable to express the Dirac equa-
tion in a four-dimensional notation which preserves the symmetry

between ¢t and z°. To this end we multiply (1.13) by /¢ and intro-
duce the notation

70=B ’Yi:IBai £=1J213

This gives

. d d d d
27»‘(70@_1_716_13_14_72@4-73%3)4/—mcyb20 (2.4)

The new matrices v* provide an elegant restatement of the
commutation relations (1.16)

Yy F s = 2001 (2.5)

}vvht.are 1 is the 4 X 4 unit matrix and hereafter will not be explicitly
indicated. It is clear from their definition that the ¢ are anti-

hermitian, with (¥)? = —1, and that 4° is hermitian. In the repre-
sentation (1.17) they have the form
, 0 o 1 0
LJ— 0 —
v [—af 0] L [0 —1] 26)

It is convenient to introduce the Feynman dagger, or slash, notation:

A = tyllA“ = g“”;ypAr = ‘YDAO— T'A
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and in particular

L R A AT
V="~ a1V
Equation (2.4) then abbreviates to
(#hY — me)y = 0 (2.7)
or, with p* = & —é—’—,
) P oz,
(p—mcy =0 (2.8)

Addition of the electromagnetic interaction according to the
“minimal” substitution (1.25) gives

(p—%{—mc)¢=0

This in no way influences considerations of covariance, because
both p* and A+, and hence their difference, are four-vectors.

Proof of Covariance

In order to establish Lorentz covariance of the Dirac equation,
we must satisfy two requirements. The first, is that there must be an
explicit prescription which allows observer (¥, given the ¢(z) of
observer 0, to compute the ¢'(z) which describes to O’ the same
physical state. Second, according to the relativity prineiple, P (z")
will be a solution of an equation which takes the form of (2.7} in the
primed system

(z‘ﬁ-}f‘ o - mc) V) =0

The 5+ satisfy the anticommutation relations (2.5); therefore ¥° = ¥°
and 4 = —7* as required for a hermitian hamiltonian. As may be
shown by a lengthy algebraic proof,! all such 4 X 4 matrices ¥ are
equivalent up to a unitary transformation U:

Fu= Uty U UM =U

18ee R. H. Good, Jr., Rev. Mod. Phys., 27, 187 (1955), especially Sec. I1L,
p. 190.
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and so we drop the distinction between ¥ and v* and write
S (p' — me)y(x) =0 (2.9)
with ' = g O
p ’Lﬁ'y” axﬂl
. We ask that the transformation between ¢ and ¥’ be linear,
since both. the Dirac equation and the Lorentz transformation (2.1) of
the coordinates are themselves linear. We introduce it in the form
V{(z') = ¢{ax) = S(a)(x) = S(a)y(e~'x') (2.10)

where S(a) is a 4 X 4 matrix which operates upon the four-component
column vector ¢(z). It depends upon the relative veloeities and
spatial orientations of O and 0’. S must have an inverse, so that if O
knows ¢/(z') which O’ uses to describe his observations of a given
physical state, he may construct his own wave function ¢(z)

P(x) = 8N ap/ (z') = S7H(a)¥ (ax) (2.11)
We could equally well write, using (2.10),
¥(z) = S(a™)¥ (az)
which provides the identification
Sa ) = S (a)

Th-e main problem is to find 8. It must satisfy (2.10) and (2.11).

g ,lso;amsts, observer (¥, given y{z) by 0, may construct ¢'(z") using
. By ree.xpressing the Dirae equation (2.7) of O in terms of '(z')
with the aid of (2.11), O’ could then check whether ¢'(z") satisfies

gi(s )own equation {2.9). He would find after left-multiplication by
a

. 0
1S wS—1! e — Poaly
[1 (@)y8*(a) - mc] V() =0
Using (2.1) to write
9 e 0
A am arr . T g

the primed equation is found to be
, _ (7]
[th(a)-y“S 1(a)a*“557, — mc] ¢z =0

This is form-invariant, that is, identical with (2.9), provided an S can
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be found which has the property

S(a)y*S—Yaya", = v*
or equivalently
a’yyt = S7Ha)y*S(a) (2.12)

Equation (2.12} is the fundamental relation determining 8. In seek-
ing S we are seeking a solution to (2.12). Onece we show that (2.12)
has a solution and find it, the covariance of the Dirac equation is
established. By way of terminology, a wave function transforming
according to (2.10) and (2.12) is a four-component Lorentz spinor.
We anticipate that § will present novel features not found in tensor
caleulus, since bilinear forms in ¢ such as the probability current (1.20)
are expected to form four-vectors.
We first construet S for an infinitesimal proper Lorentz trans-
formation
W= g% T At (2.13a)

with Aw™ = — Aw*” (2.13b)
according to Eq. (2.3} for an invariant proper time interval. Each
of the six independent nonvanishing Aw** generates an infinitesimal

Lorentz transformation,
Aw® = AB

for a transformation to a coordinate system moving with a velocity
¢ A8 along the x direction,

Awly = — Aw'? = Ap

for a rotation through an angle A¢ about the z axis, and so forth.
Expanding S in powers of Aw* and keeping only the linear term

in the infinitesimal generators, we write

i

4

Wl.th Opy = G

§=1-— §1=1+ i’a,., Aw  (2.14)

Ty Aa*® and

by (2.13b). KEach of the six coefficients o, is a 4 X 4 matrix, as are
the transformation S and the unit matrix 1. Inserting (2.13) and
(2.14) into (2.12) and keeping first-order terms in Aw**, we find

i
Byt = — 7 (8)*(1'0ap — Tag¥’)
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From the antisymmetry of the generators Aw#” there follows

249" avs — §%val = [v"0as] (2.15)

The problem of establishing proper Lorentz covariance of the
Dirac equation is now reduced to that of finding six matrices a.s
which satisfy (2.15). The simplest guess to make is an antisymmetrie
product of two matrices, and directly we find, using (2.5}, that

7
Tue = 5 [Yurys) (2.16)

is the desired matrix. According to (2.14), 8§ for an infinitesimal
Lorentz transformation is given by
i . ,
S =1+ghwylaer =1 - Ti"‘" A (2.17)
We now eomplete our task by constructing the finite proper
transformations by a succession of infinitesimal ones. First, to build
up (2.1) from (2.13), we write

Aw’y = Aw(l)%, (2.18)

where Aw is the infinitesimal parameter, or “‘angle of rotation” about
an axis in the direction labeled n, and I, is the 4 X 4 (in space-time)
matrix of coefficients for a unit Lorentz rotation about this axis,
v and u label row and column respectively. Thus for a transformation
to a primed system in motion along the z axis with an infinitesimal
velocity ¢ Aw = ¢ A8

Iy = (2.19)

S oS-
oo o
oo oo

0
—1
0
0
80 that
JO, =g= —J0 = $J10 = 1
Using the algebraic property of {7, that

I* = and It =47

oo oo
ool

0
1
0
0

oo D -

we can write the finite transformation for uniform relative x-axis
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motion as

. w \a o
2 = lim g+§,1) a,(9+wf) AL
= (eT)"uz*

= (cosh wl + sinh wl)"z*

= (1 — I* + I?cosh w + I sinh «)"a*

H

For the individual components this gives

zY coshw —enhw 0 O]|f2°
zl — sinh w coshw 0 0]] 2!
A 0 0 1 0f]z (2.20)
¥ 0 0 0 1][a?
or
" = {cosh «)(z® — tanh w x!)
z" = (cosh w)(z! — tanh w z°% 2.21)
2 = g?
¥ = 3
1
where tanhw = 8 and cosh w =

Vi—B
relate the Lorentz rotation angle w with the relative velocity cf.

This result can be generalized to include motion along any direc-
tion or spatial rotation about any axis. The six matrices I*, gener-
ating the six independent Lorentz rotations are the four—dime‘n"smn?,l
generalizations of the three-dimensional space rotations familiar in
the nonrelativistic theory.

Turning now to the construction of a finite spinor transformation
S, we have from (2.14) and (2.18)

‘(') = SY(z) = lim (1—53’-5 I'”)Ntl:(a:)
‘;’(:E)_ \b(ﬂ'} _Nl—)m 4N wrdn
~ exp (- gway,m) ¥izx) (2.22)

Specializing again to the transformation (2.19) we have
V() = e Pemy() (2.23)

where z' and x are related by (2.21).
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Similarly, for a rotation through an angle ¢ about the z axis,
= — /= —1 and

V(@) = etrmeniy(z) (2.24)
where
gt = [83 gj

in the representation (1.17), with

_[r 0]
=l —1

the Pauli 2 X 2 matrix. We recognize the similarity of (2.24) with the
form of rotation of a two-component Pauli spinor

(') = el () (2.23)

The covariant “angle’” variables w** in (2.18) are associated with the
Lorentz transformation in the same sense that the rotation angle and
direction in w are for the three-dimensional rotation. The appearance
of half-angles in (2.24), as in (2.25), is an expression of the double-
valuedness of the spinor law of rotation; it takes a rotation of 4r
radians to return ¢(x) to its original value. Because of this, physical
observables in the Dirae theory must be bilinear, or an even power in
¥(z).

For spatial rotations, 8§ = Sg is unitary, since the o;; are hermitian,
and

SI: = g—Wveting — p—liDeile;; — Ry

This is not true for transformations to a moving coordinate system
S = 8.. For instance, for the transformation (2.23)

Sp = g~ Uluey = pg—{w/2a; = STL 2 SI}
However, S, does have the property
SEI = ‘YGSL’YO

found by expanding S; in a power series. Since [v,,6"] = 0, this can
be generalized to include rotations

S = yeS™0 (2.26)

The continuity equation is also covariant. The probability
current (1.21) and (1.22), in the notation of (2.4), is

3z} = of' 2}y "y ()
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and under (2.1) transforms to
@) = @)y (@)
= ot (&) Styoy Sy (x})
= ol (&) yoS—lyS¥{x)
= ca* Y (@)vorv'¥(z)
= a*,j*(x) {2.27)
Bvidently j#(z) is a Lorentz four-vector and the continuity equation

aje{x) _
drr 0

is invariant. Also, the probability density j°(zx) = cp(z) transforms as
the time eomponent of a conserved four-vector. This is the desired
result noted in Sec. 1.3 for an invariant probability.

Because the combination ¢'ye in (2.27) occurs so often, it is
dignified by a new notation

¥(z) = ¥'vo

where § (2} is known as the adjoint spinor.
property is given by

(2.28)

1ts Lorentz transformation

V@) = Vs (2.29)

Space Reflection

We now expand our outlook to take into account the existence of
the improper Lorentz transformation of space reflection

X = —x =1

Again covariance requires a solution of (2.12), but in this ¢ase
we cannot build it up from the infinitesimal transformations. How-
ever, it is easy enough to solve (2.12) directly. The transformation
matrix is

1 0 0 0
0 -1 0 oy _ ,
@ =14 0 —1 ol =9 (2.30)
] 0 0 —1
Denoting 8 = P for the coordinate reflection, (2.12) becomes
P-lyP = gy (2.31)
which is satisfied by
P = eieyg (2.32)
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2.4

The phase factor is of no physical interest here and may be narrowed
down to the four choices +1, ¢ if we require that four reflections
return the spinor to itself in analogy with a rotation through 4x
radians. P in (2.32) evidently is unitary, P-! = P!, and satisfies
(2.26) as well. Equation (2.32) tells us that

V(@) = ¢ (—xt) = ePvad(x,l)

In the nonrelativistic limit ¢ approaches an eigenstate of P,
and by (1.24) and (2.6) the positive- and negative-energy states at rest
have opposite eigenvalues, or intrinsic parities.

The discussion of the other improper transformations, such as
time reversal, is more involved; it is given in Chap. 5.

(2.33)

Bilinear Covariants

By forming products of the 4 matrices it is possible to construct
16 linearly independent 4 X 4 matrices T'kg which appear often in
applications of the Dirae theory, These are

=1 TI/=9 T5=o0,

TP = ,570717273 = 5 = 'yE' P“f = Y5¥u (234)

By using the anticommutation relations (2.5) the T are readily
established to be linearly independent by the following argument:

1. For each I'*, ()2 = +1.
2. For each T except I'S, there exists a ' such that

[ = —Tm['"
From this it follows that the trace of I'* vanishes:
+ Tr " = TrT*(I")? = — Tr T=['*[m = — Tr [*(™)2 = ()
3. Given I'* and I'’, @ 5 b, there exists a I'* # TS such that
eI =

This follows by direct inspection of the I's,
4. Suppose there exist numbers a, such that

Ea"I"' =0

Then multiply by T 5 I'S and take the trace; using (3), we find
an = 0. If '™ = T5 we find a, = 0, and all coefficients vanish.
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This establishes the linear independence of the T». It follows
that any 4 X 4 matrix can be written in terms of the I'*.

We may now write down the Lorentz transformation properties
of the bilinear forms $(z)T"(x) constructed from the 16 I'». We need
only the observation that

vhys + sy =0 (2.35)
and therefore
[vs,0u] =0
or
[81751 =0 (2.36)
for all proper Lorentz transformations. As a special case of (2.35)
Pys = —v:P (237)

Carrying out calculations similar to (2.27) we find:

V()W (@) = $)(z)

a scalar

det |a|d(z)ysb(z)

a pseudoscalar

a'u‘p(x) v (x)

a vector

(@ )ysyd (@) = det laja’ (D) vsyd(z)
a pseudovector

V(z)ay (&) = ataa’sd(x)a"Pi(z)

a second-rank tensor (2.38)

¥ (@) (&) = P{x) 81 ysS¥(2)

Ii

VizH)y (x')

Problems

1. Verify (2.26).
2. Verify the transformation laws given in (2.38).

3. Given a free-particle spinor w(p), construet u(p + @) for gu — 4, with p-g — 0,
in terms of u(p) by making a Lorentz transformation.

4. Show that there exist four 4 X 4 matrices ¥ such that
Re rtﬂ =1{
Ty, Tl = 294

[ir,._"’_ - m] V@) =0

[if "

that is, the Dirac equation is real.



