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cone, and thereforc this assumption viclates the principle of causality. This fact
generalizes to the theorem that Lorentz covariant field theories for particles with
half-integer spin only satisfy the causality principle if these particles are fermions,
and for integer spin particles if they are bosons. In short, the connection between
spin and statistics is a theorem of relativistic quantum field theory, and among its
most important triumphs.

11.2 Second Quantization

In many circumstances the wave function is not a uscful construct for treating
systems of many interacting particles. It contains an enormous amount of infor-
mation, and is therefore very difficult to compute with even questionable accuracy.
Furthermore, most of this information is enly indirectly relevant to the properties
of the systems that are of greatest physical interest. To take an example, consider a
system of N identical spin 0 bosons and the problem of computing the probability
of finding one particle at &. Because of indistinguishability, it suffices to find the
probability of finding the particle nominally called 1 at x. If we knew the wave
function, W(x &2 ...z N ). this probability would be

pi{m) = fd:l!z.. cda

A similar formula, using the wave function in momentum space, holds for the prob-
ability of finding a particle with a given momentum. If the svstem has two-body
interactions, the kinetic energy can be computed from this momentum distribution,
and the energy due to the interactions from the probability of finding two particles
at specific positions. The latter is found by integrating the N-particle density over
all but two coordinates. In short, the information about higher order correlations
is, 80 to say, thrown out by the integrations that lead to the quantities of physical
interest.

It is also clear that if N is large, the probabilitics of the preceding paragraph,
which pertain to only one or a pair of particles, are insensitive to the value of N.
In the terminology of statistical mechanics, these are intensive quantities, having a
well-defined thermodynamic limit  the limit in which & and the volume tend to
infinity with a finite ratio r, the particle density. And speakiug of thermodynamics,
for systems with very large N, the ground state (or any pure state) is often only an
idealized notion, hecause most of these systems have excitation thresholds that tend
to zero as N — o, so that the zero temperature limit is rather artificial. Hence,
such systems are best described by the density matrix for a system in thermal
equilibrium.

What is needed, then, is a formalism that focuses on a small number of degrees
of freedom, which does not refer explicitly to N, and which can handle mixtures on
an cqual footing with pure states. This list of desiderata is met by the technique
of second quantization. 1 This name stems from the fact that in this fermalism
certain amplitudes that are c-numbers in conventional quantumm mechanics are re-
placed by non-commuting operators, which results in non-Hermitian field operators

Vizz,.. o). )

'Second quantization for bosons was invented by Dirac and by Jordan and Klein, and for
fermions by Jordan and Wigner.
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¢{®., ) whose equation of motion in the Heisenberg picture looks, superficially, like
the ordinary Schridinger equation {though its is actually nonlinear, whereas the
Schrédinger equation is strictly linear).

Above and beyond its technical merits, the formalism of second quantization has
a much deeper significance. It provides a vivid and direct mathecmatical expression
of particle-wave dualitv. As we said, the aperator @(a,£) and its relatives satisfy
wavelike aquations, and in addition, as we shall scon learn, these operators act
on variables that arc most corpuscular, because they create, destroy and count
particles.

(a) Bose-FEinstein Statistics

In 510.1 we saw that the free elactromagnetic field can be thonght of as a gas of
non-interacting particles {photons) obeyving Bose-Einstein statistics. A stationary
state of the electromagnetic field was specified by giving the number of photons
having various momenta and helicities. The basic operators that generated the
whole Hilbert space, the creation and destruction operators, and the commutation
rules betwoen them gnaranteed that all the state vectors were symimetric in the
individual photon variables. Furthermore, this formulation of elecirodynamics had
all the desirable features referred to in the introduction to this section. Thus the
expressions for the energy and momentum of the field, as well as the dynamical
(Maxwell) equations, did not expliciily depend on the number of photons present.
We therefore adapt the formalism of creation and destruction operators to our
present problem.

The systems of interest to us now differ in certain fundamental ways from the
radiation field, however. We are now concerned with particles having a rest mass,
and eonfine anrselves to a nonrelativistic theory; and to systems where the number
of particles is a constant of the motion. Thus we shall not deal with observables,
such as the electromagnetic field strengths, which do not commurte with the number
operator.

Consider a system of spin zero bosons of mass m. The extension of the formalism
to nonzero spin is straightforward, and will not be spelled out. As in the theory of
the electromagnetic field, introduce creation and destruction operators, al, and ap,
having the commutation rules

[n,p,rt;rj,] = dpp [ap.ap] =0. (10)

Here the label p specifies the momentum, We again employ periodic boundary
conditions on a cube whose volume will now be called 2. From these operators we
then construct the number operators Ny = uLup. with commutation rules

al Ny| = —al, (11)

{G’P-'IVP} = a‘P ! I P p -

Define a normalized empty state, or vacuum, |0} by
tpl0) =0 (12)

for all p. The complete Hilbert space is then built up from |0). The state in which
the commuting observables {N,} have the eigenvalues {ny} is given by

{nph) = [[(np!) 2 (a}) 10} - (13)

P
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These states are obviously symmetric because the {a,} commute with each other.
Thus the two-particle state [p,p,) = af, af, |0} satisfies [p;py) = |pop;).

It is important to understand the difference between the space spanned by the
vectors (13), and the Hilbert space of “conventional” quantum mechanics. In the
conventional formulation, we specify the total number! N’ of particles, and the
Hilbert space $p only contains state vectors describing N’-body systems. Op-
erators that connect states with different numbers of particles do not arise. The
space spanned by the states (13) is [ar larger, however, and one refers to it as Foek
space. T'he Fock space § is the sum of all the Hilbert spaces referred to above, Le.,
F=5 %95 8024 ... The operators a, and a;f, are defined in §, though not in
the conventional formulation, hecause they connect vectors in $iy: and $y» with
N’ = N" 1 1. When dealing with systems (such as photons or pions) where the
number of hosons is not conserved, a description in Fock space is indispensable,
beeause abservables (c.g., the ficld strengths) that are lincar Hermitian forms in a,
and aL really exist. For systems such as liquid He, such observables do not oceur,
but. the Fock space formulation is almost as indispensable.

All other observables may be constructed from the ap’s. As we are dealing with
systems in which the total nutnber of particles is conserved, we are only concerned
with observables that arc products of equal numbers of creation and destruction
operators. The simplest example is the total momentum operator,

P= Zp apap - (14)
2

Equaticn (13) is an eigenstate of P with eigenvalue }_ pn,, whereas aI, increases
the eigenvalue of any eigenstate of P in the amount p, and vice versa for ap. If the

particles iu question do not interact, the Hamiltonian is
2
H= —alag,, 15
Zp: 2m PP (15)

and the states (13) are eigenstates of H with eigenvalue 3_(p*/2m)n,.
The momentum representation operatcrs are not sacrosanct. An equally impor-
tant sct of operators arc defined by?

PYlE) =073 e %y, ylle)=0 1) e P ). (16)
r P

These destruction and creation operators arc also called Bose field operators. Be-
caluse

-t /ﬂdm eTirPlE g {17
the inverse relations to (16) are

tp =73 /da: e TP B, a; = Q’%/dm e P Ttz . {(18)

! We reserve the symbol N for the number operator jsee (23}], and designate its eigenvalues by
N’ or n.

2In this chapter no confusion between the operators ¥{x) and wave functions should occur,
because we will always use the symbols ¢ and w for the latter.
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The completeness rclationship,
Q7 Y e P = b —a) (19]
r

then leads to the basic boson commutation rules

(@), v (@] = d(@ ') (20]
[(), p(z")] = i (x). ¢ (z")] =0. (21)
The operator for the total number of particles,
N = Z a;f,ap . (22}
P

can be expressed in terms of ¥ and ¥ by using (18) and (19):
N= [d:c Pixni(e) . (23)

The commutation rules of N with the field operators then follow from {20) and
(21):

[W(x). N =w(@), [¥@), N =-v(z). (24)
Hence it |N') is an eigenket of N with eigenvalue N’, ¥(x)| N’} has the eigenvalue
N’ —1 of N, whereas ¢/ (2)|N') belongs to the eigenvalue N’ 4 1. These facts also
follow immediately from the definition of ¥(3!) as a lincar form in ap(a;f,}.

We have already observed that aLLO) is a one-particle state of momentum p, and
that the cigenvalues of aLap are integers which were shown tn be the number of
particles of momenturn p. What are the analogous statcments in the position rep-
resentation? It is tempting, on the basis of (23), te interpret the positive Hermitian
operator 1 (2)9(x) as the number density operator in position space- Le., to as-
sert thal in any state | ), (¢ (@) (x))dz is the mean number of particles in the
volume element dz-~ and to interpret |z} = ' (x)|0) as the state in which “one
particle is at the point =.” The latter is justified since it implies that the trans-
formation function from |z} to the onc-particle momentum eigenstate lpy = aL]O}
is

(xlp) = 0 0 ¢(z) f da'e'P ® yl (2')]0) = Q7560 (25)
which is correct. Furthermore, the basic commutation rule (14) leads to {(z|z’) =

§(z — x'). To verify the interpretation of ¢''(z)y(x) given above, we evaluate the
result of applying the operator

Nag = f da ' (2)d () (26)
AQ

onto the ket 21 (%)|0). If y does not lic in the volume A}, Nagéi(y)[0) = 0. On
the other hand, when y does lie in Af2,

Naat'(4)[0) = fA oy @) —u) 4 @0 - o D
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Thus ¢! (y)}0) is an eigenvector of Nag with eigenvalue one when y lies inside
A, and eigenvalue zero when g lies outside AQ, no matter how small AD may
be. The argument is rcadily extended to an n-particle state []7, % (y,)|0). Upon
commuting the destruction operator through te the right, we obtain

n n 6 "
~ ’l‘ti';O:/d;cg’r o2 —4y) o Ty )0
Ang@ [w:)10) Jan ¢ (ﬂ:); ( 4 )qurT(y“ Jl;[w (yj)‘ )

(28)

H

Naa [T#t @0y,

1=1

where Nj(, is the number of points in the set {y;,...,y,) thal lie inside AQ.
Hence Naq is the operator whose eigenvalues specify the number of particles in the
spatial volume A, and the interpretation of the aperator o (@) () given above
is therefore correct.

Having established that [T, #t(®;)|0) is an n-particle state in which the par-
ticles “are at” the indicated positions, we may now relate these states to the con-
ventional wave functions. Let @ (2 ... @,) be a normalized and totally symmetric
wave function for n-particles. Consider then the ket

o) = (n)~# fd.:cl codTy o (@) @)L T ()] 0) {29)

We shall show that the factor {n!)~% gives the conventional interpretation of |@g},
i.e., that the transformation function to the coordinate representation is the wave
function @a(®, ...®.). For this purpose it suffices to guarantee that

{wplpa) = fd:cq vy @p (1. B @alTy ), (30)

where | is constructed in the same way as lp,). In order to evaluate {©y|0,) we

require (:(2}) .. op(w )T () . yiiz,))o, where {L. ) is the expectation value

in |0). Repeated use of the commutation rules leads to

). vl @) (@a))e =D sl — ) 6x, —x),  (31)

where 3, is a sum over all n! permutations P of the n vectors (&, xy, ... )

. P i Ty — g
similarly, (a4, ...,y ..y ) = Z kg, 0k..q, . Hence
P

{pplos) = (n!}_lfd:m coda, ei{ey . @) Zgaa(m-l c )
F (32)

= _/da:’l coday ppl@s @ ea (L o2y)
where the last equality is a consequence of the assumed symmetry of @, 5(2; ... 2, );

QED. In the same vein, define normalized and completely symmetric n-particle
coordinate space kets by

@1, anint = ) Syl wia,)|0) . (33)
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The orthogonality relationship satisfied by these svmmetric kets is therefore

(@1...¢n|E) .. oxh;n) = [n!)_lzfi(ml...m’l) [ (34)
P

and the coordinate space wave function is indeed
Galy ... o) = (®1 .. @psn)iog) . {35)

The effect of applying the field operators onto the kets (33) is readily determined.
By inspection we have

Piy)e; . zpmy=vat+1l|yar.. Tayn+1). (36)

Repeated use of the commutation rule leads to the somewhat more complicated
result

i 1 n
Wly)|ey ... Tnin) = NG gﬁ(ms -y .. Ty T — 1) {37)

Combining (36) and (37), and recalling that all these kets are symmetric functions
of the coordinates, yields

Py o) e .. ain) = Zé{ws —y)EL T YTl BT (38)
s=1

All the equipment required for the construction of arbitrary sywmetric observ-
ables! in terms of the creation and destruction operators is now at hand. Consider
the simplest observable, a symmetric sum of one-particle observables (e.g., the tin-
ear or angular momenta). In couveutional quantum mechanics such an observable
for an n-body system is written as

F=>"f, (39)

i=1

where f; acts only on the coordinates of particle i. Let us first define the action of
this operator in the Hilbert space $,,. If |x); is a position cigenket of particle i, a
symmetrized position ket for n particles is given by

Iml .. rn)S - (n'}_% Z |$1>1 - |:En>n . (40)
P
The kets {40) span the space .. Applying F' to (40) gives

Fley.. @5 = (n!)i% Z f dy |[whilzz)e - 1T 1Y [®1)1
p

+ Y [dylanlyia ooty flazy
P

+ ...

INote that in the second quantization formalism, it is impossible to write down an operator
which refers to one specific particle.
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The matrix elements ;{y|f; ®); are the same for all ¢, however, and is written simply
as {y flz}. Therefore (41) is

"
Flz:...xp)s = Z 1. . e 1Y Tes1 .- o) (Y| flz.) . {42)

a=1
Qur problem is now sclved: the Fock space representation of the observable F is
F= fd:cd:c’uﬁ(sc)(ac Fleelz) {43}

Equation (38) insures that {43) gives the correct result {42) in every n-particle sub-
spacc of §. An intuitive appreciation for expressions such as F' should be acquired.
As one secs, the integrand destroys a particle at =, and recreates it at ®, with
amplitude {x|f|x'}.

More complicated observables can be constructed in a similar fashion. The deriva-
tions are straightforward, though tedious. We shall ouly quote Lhe resull for a sym-
metric sum of two-body operators, such as a two-body interaction, ie.,

G:Zgig = %ZQ:J .

(R i# 3

Let {&12a2ig|xixl) be the coordinate space matrix element of g between unsym-
metrized two-particle position kets. Then & is expressed as follows:

1 , e
o= 3 fdml el T (@) (x0) (s glael 2 (el v () . {44)

To give some examples of such operators, consider first the total momentum P.
Define the operator

Oy(e) _ . 1 N~ i
Jdx =27§ szpe:p Fap
then 1 i)
= fo ___U x) 45
P /dmpl\m)i 9 (43)

Note the appearance of the familiar expression (1/1)8/0x. The kinetic energy can,
in a similar fashion, be writlen as

.1 ai(x) v(x) 1 o,
L\ = — * = —— e yf ” i . 4
K 2m /dﬂ: dx A 2 die 4" (&) Vi) (46)

The Coulomb energy in a system of particles carrying the charge e is an cxample
of an operator of type G. In this case
by —2h)o(wy — )

r 1 — 4
{@122|g|T)23) prre—— (47)

and therefore the Coulomb energy is

Ve — %62/ ¢l @ ) (mo) (@) (1) dz1des . (48)

47T|-’B|_ — &y
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Finally, we point out tlal all of these relations can be written in an infinite
variety of ways. Let {u,(x)} be any complete orthonormal set of one-particle wave
functions, and define the creation and destruction operators b], and b, by

b, = fda: uy (2)w(ax) , b = /d:c u{z)pia) . {49)
The commutation rules (20) and (21) satisfied by the field operators then lead to

{bi/! b“ =dyu . [brxa bv-’] =0. (5{”

A unitary transformation from {u,{x)} to any other basis will lead to a new st
of creation and destruction operators with precisely the same commutation rules.
The operators F' and & can be also written in terms of b, and b,t:

F = "bbw|flv)b (51)
G = %Zb:ﬁlblg<V1V2\QIV{V§>bugbu; . (52)
[v]

(b} Fermi-Dirac Statistics

The second quantization formalism must undergo some fundamental changes if it is
to apply to a system of indistinguishable fermions because the occupation numbers
can only assume the values 0 and 1 if the exclusion principle is to be satisfied.
Consider a system of » fermions. Let {|a,};} be a complete set of states for parti-
cle 7, where o, stands for any convenient set of four one-particle quantum numbers.
These could be the position @ and the projection s of the spin angular momentum
on a given axis, or the four familiar quantum numbers used in spectroscopy. Recall
from §11.1 that an antisymmetric n-particle state can be written as the determinant

|QV1>1 L R R Iaul)u

'aV71>l -------- v,

The set of all such Slater determinants spans the Hilbert space §3,, for an n-body
Fermi system. It is crucial to note that {53} is specified, except, for phases, by stating
whether the quantum number ,, occurs or not. ‘I'hese are the only two possibilities,
because (53] vanishes if &, appears more than once. Hence (53) is specified equally
well by an infinite number of yes-no statements.

Let us introduce a vector space, the Fock space §, spanned by the states RET Y
specified by the occupation numbers n, = 0,1. There is then a correspondence
between the state vectors (53) in §,,, and the vectors in F:

law, -ty 4 < g s, . ), Zni =n. (54)
i

The sign ambiguity appears because |ou, iy, ... a,,) and |a,, 0, o, .. L)
have the same occupation numbers. This ambiguity is removed by the convention
that 1y <vp < ... < vy in oy, .. ap b4,



514 11. Systems of Identical Particles

One should be quite clear on the meaning of (54}. Consider a three-body system
where oue particle is in each of the states aa, ag, as. Then (54) reads |aaagas) 4 <
|0,1,1,0.1,0,0,...). That is, whereas the state |a,, .. ..., ) 4 is specified by n quan-
tum numbers,; the Fock space state requires an infinite set of quantum numbers for
its specification. On the other hand, the quantum numibers in the F-descriplion can
only take on two values, whereas the o, will, in general, take on an infinite number
of values.

We now introduce operators which work on the states |{r,}}. Define a pair of
operators af, and a, for each possible state |, ), with the algebraic properties

{a},a} = 8.0, {a,, 0.} =10, (55)

where {4, B} = AB + B4 is called the anticommutator of A and B. Due to (55),
{ala,)? = ala,(1 — a,al). But (55) requires

(@)? = {(al)* =0, (56]

and therefore
2 t

(abou)® = alay ; (57)
hence the eigenvalues of ala, are zero and one. Define now the number operator
Ny by

N, =ala. . {58}

Then the eigenvalues of N, are the occupation number n, = 0, 1 mtroduced earlier.
Furthermore, a simple calculation shows that [N,, N,,] = 0. The kets |{n,}} that
span § are therefore the simuliancous cigenveciors of Lhe observables {V, }.

Thke commutation rules of al, and a, with &V, are again important. Computations
with Fermi operators are facilitated by the identities

[4.BC] = {A,B}C B{A,C},

59
[AB,Cl = A{B,C} —{A,C}B. (59)

With their help we immediately find
[am -Nu’] = au(suv’ ) [CLI, IV,,'] = _ai‘jwt’ . (60)

These are preciscly the same relations as in the Bose case [see (11). Hence a/, and
.. are, respectively, creation and destruction operators. Conditions (56} and {57),
which are built inte the basic algebraic rules, assure that these operators cannot
construct states that violate the exclusion principle.

As in the Bose case, a basis in § is constructed from the empty of vacuum state
in which n, = 0 for all ». This state |0) is again defined by a,|0) = 0 for all v.
Because

{ay, ...apa, ...al dg=1,

L5t Vi
the kets a}, ...al, |0} are orthonormal. They are explicitly antisymmetric in virtue
of (53). If [}, .. .al_]c stands for the canonical order (where the smallest value of
v stands on the left, ete.), we have the correspondence

oty ot )4 & [af L al ]e]0)

4 14

between “conventional” states | }4 in $, and the vectors in §.
}
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The creation and destruction operators in coordinate space may be lutroduced
as in (49). Let {xs|a,) be the one-particle coordinate space wave function for spin
projection s, and define the field operators hy

i) = anlonlzs) . le) = S(aslaybal | (61)

15

Equation (35) then yicld the fermion enticommutation rules
{u2). vl (@)} = dewble — ). {usl@).ve (@)} =0 (62)
These rules imply the equivalent of (31):

L4

<Tj)%($ ) o (@ JWL(:EL) W, (Tn) ZZFP _T) (63)

.
n
i—1

where the unprimed (or primed) space and spin coordinates must be permuted as
a unif, and ep is the signature of the permmutation. Thus for n = 2 the right-hand
side of (63) reads

6515’15(:‘31 - $;)5s;=26($2 - 33"2) - 1536(331 - $f2)(}»z'x 5(3"2 - T;) :

If o, (151, @,8,) is an n-particle antisymmetric wave function, the ket in & cor-
responding to it is

\@a>:(nz)-éfdml...dmn S almrs o masa)il, (20wl (2,0(0) . (64)

51...855

This expression has the same structure as {29). The proof that {64) is the correct
prescription will not be given for the present case.

The construction of expressions for symmetric observables proceeds in a manner
that differs only in detail from the Bose case; they arc left to the reader. The final
expressious have preciscly the same form as in the Bose case. Thus the generic
one-body operator (tyvpe F) is

F= Zfd,wda:’x_[);(:n)'(a:slf\m’s’)wsr(a:’) , (65)
and the two-body operator G is

= Z ]dﬂ?l eyl (@1)yl, (@) (@1 s1@asa|glal sl@yshhiy (2h v (@) |
(66)
The order of the operators ¥, (25 )we; (#]) was immaterial in (44). Not 5o in the

antisymmetric case; one must adhere to the order as given in (66). The most im-
portant observables are the number aperator

N=Z/m@wmw: (67)

the momentum

167,) (x) )
P = Z/d T (68)
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and the Coulomb energy

N ,1" A , Yl N
Vo = %eQZ/dmdmfw.q(m)d’g‘(m )1{)3 (ili )#s(m) . (:69)

dm|e — 2’|

(c) The Equations of Motion

In the Fock space representation the Schridinger picture is usually inappropriate,
beeause it focuses attention on the intractable many-particle state vector. For this
reason the Heiscnberg picture will be used. Assuming that the Hamiltonian H is
time-independent, we define the Heisenberg observables in the familiar way:

1(zt) = etiyp(z)e Hh (70)

The definition {70) applics cqually well to the Fermi and Bose field operators, or
to the creation and destruction operators in any representation. In (70) we have
purposely written the argument of the field operator as x; this symbaol will stand for
# and the spin projection s, and mstead of 3 [ de, we shall simply write Jidr)
henceforth, Thus the number operator is [(dz)y!(x)¢(x) for particles of any spin
and either statistics.

The commutation rules between equal-time field operators is unaffected by the
unitary transformation (70). For Fermi fields, for cxample, we still have

(v (at), v(2't)} = oz —2)

where §(z—2') = §{z—x)5. . Knowledge of the equal-time algebraic rules therefore
suffices to determine the commutator which appears in the equations of motion

ip(at) = [(at), 1] . (71)
Assume that H has the form
H=K+U+V, (72)
where K is the kinetic energy
I AR ; ~
K= s / () (2)V () | (73)
L]
{7 is a one-hody potential
U= [ (@) (@ el ) (74)

whichi describes the interaction of the system with any static external ficlds that
may be present, and V is the two-body interaction

1 fy :
V=1 o). el e nmhlea@e) . 09
Dircet caleulation gives

. 1 N RS A ;o L Y L
(o000, V) = 5 [ @)oo @)l vl + Gyl epw V), (76)
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where the plus sign holds for Bose statistics, the minus for Fermi statistics. The
exchange teru may be rewritten as follows:

+ f (dz') (day) (eylofayah (s () = f () (Yol Yo (e s )

But {zylv|z521} = (yz|v|xja}), and therefore the two terms in (76) give the same
cantribution. In both statistics, the equations of motion are therefore

W) = —5-V2e) + [l
‘ {77)
+ [ et el e () e ) ()

This equation has the canonical form i) (xt) = §H Jowt(xt).
When u and » are hoth local and spin independent, the matrix clements are

{xlul’y = d(z — 2 YU () . (78)

(Trzzlv|riag) = (e — #))6(z2 — p)v(z) — 2) (79)

The equation of motion then simplifies to

(at) = ~5V%(at) + Ula)ilat] + Vaalatyplat) (s0)
where
Ve {xt) = /v(;r —an(x't)dz’ , (81)
and
n(at) = > "yl (@t (@) (82)

is the number density operater.

There is a rather superficial resemblance between the equation of motion 80} and
the Schrodinger equation. However, Schrédinger’s equation is linear, whereas {80)
is nonlinear because Vo i a functional of «». Nevertheless. the ficld equation has an
intuitively simple structure. If we momentarily ignore that n{et) is an operator, we
see that Veg(xt) is the potential energy at @ as computerd in the classical manner
from the two-body potential v(x — ®') and the density n{xt).

The solution of the operator equations of motion is equivalent to solving the
Schrédinger equation in cach and every subspace Hy of §. Clearly, that eanuot be
done if there are interactions between the particles. But the Hcisenberg equations do
provide equations of motion for the correlation functions. These cquations cannot
be solved exactly either, of course, but it is far easier to use our intuition in making
approximations on correlation functions than on the many particle wave function.
Furthermore, the second quantized method handles mixtures and pure states on
an equal footing. This is indispensable when dealing with large systems at nonzero
temperature.
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(d) Distribution Functions

As in classical statistical mechanics, it usually suffices to restrict attention to the
behavior of any one particle, or to any pair of particles, with all others being
averaged over. This is done by introducing reduced density matrices and distribution
functions. Once these are known it is possible to compute the expectation values
of the most important symmctric observables.

For this purpose, define the n-particle distribution motrices

(T Wiz} = Trp &' (z )u(xl) (83)
() 2| Welz122) = Trp 7 (2 ) (@) () (x)) (84)

ete., where p is an arbitrary density matrix defined in §, the trace runs over any
complete set in §, and as before, r = (=, s). The diagonal clements of the distribu-
tion matrices, obtained by setting x; = x{, have a simple significance in coordinate
space, and they merit a more compact notation:

Dolmy...zp) = (T, 2 |[Whlzy. ) (85)

Because D{xs) = Trp ¥i(x)ys(x), it is clear that Dh(xs) is the densily al «
of particles having spin projection s. The off-diagonat elements of Wy also have
physical significance, because the momentum distribution, defined as the number
of particles having momenlum p and spin projection s, is

1 . ’
Trp a)s0ps = a fdmdm’e_""'(m_” Has|W,|x's) . (86)

Thus W) incorporates hoth the coordinate space and momentum space densities.
More generally, for an n-particle state W, is the Wigner distribution, apart from
normalization (recall §2.2(d)). As for Wy, it is normalized as follows:

f dzDy () = (N) = N . (87)

The pair distribution function, Do(21,x9), is of great importance. From the basic
commutation rules it follows that

apt {1 )1;’,1T (mg)fr;‘:(r"z)?}'}(rﬂl) = 'l;")T(.’Jfl )’1,5‘(:1{ )wT'CIQ)‘,[)(x;) —d(xe —T;)wt{zl)b(ﬂl) {8R)

for both Bose and Fermi statistics. Thercfore
fd-.‘lfld:EQDg(ﬂjl,Cl’??) = <N2> - (N) . (89)

For a system with many particles, not to mention the thermodynamic limit, (V) is
negligible, and {N?) — (N}z. In these circumstances, therefare

P(Iw_,{lfg} = <4’V>_2D2(Il,1'2) (90)

is a joint probability distribution for any pair.

When the density matrix p is invariant under spatial symmetries, these are re-
flected in the distribution matrices. For example. neglecting gravity, a fluid in ther-
mal equilibrium is spatially homogencous and isotropic except in the vicinity of
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boundarics. Then Dy(ryxy) depends only on the coordinate difference |x; — aq).
unless x1 and/or zy is near a boundary. Results of this type are consequences of
syminetry assumptions about the ensemble of states. For instance, assume that p
is translation invariant, ie. [p, P] = (. The momentum operator generates transla-
tions:

Uyl —a) = P 2y (m)e™ P2 (91)

The same transformation law applies Lo any operator A(z), such as @l(@)yy (),
constructed from the operators i and ¥ at the point x. Furthermore,

Trp A(x)B(x') = Tr p T ®A[0)e P (=2 g(g)eiP = (92)
Then Tr XY =Tr Y X and [P, p} = 0 produce
Trp A(x)B(z') = Trp Az —2")B(0) . {93)

As a consequence, the distribution matrices W), are only functions of the coordinate
differences if p is invariant under translations.

If p is rotationally invariant, there are further simplifications. Should spin-orbit
forces be negligibly weak, p is invariant under orbital and spin rotations separately,
and it then follows that [p, L] = [p, §] = 0. In this case,

<fﬂ1 S1..- mns"ﬂ|w’"‘mfl'q’l - .mLS:L)

is a function of the absclute value of the coordinate differences, and vanishes unless

T n
o ,
2 Spm = E Sy -

m—1 m—1

When p is invariant under translations, the momentum representation offers many
advantages. Define

<p1 - .Dn|Wu |p'1 ) p:d = an‘/d:l:l. ..dw;e_l(pl ~®y Py, @)

; 't m
X A{x1. . | Whlx] .. ..’L‘:]:'(_{l(pl TyE P )

— 1 T .

=Trp By oGy Ay - Ay

(94)

then translation invariance implies that W, vanishes unless

S b= S B
=1

m=1



