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Perturbation Theory Summary

A quick summary of perturbation theory in the presence of degeneracies.

1 Steps
We assume that the eigenstates of Hy are known and are discrete.
Hy |no) = Ej no)
Suppose Hy has a degenerate subspace, D,
Hy |ng) = Eo |ng) for all |ng) € D
We want to construct the perturbation expansion for the eigenstates and eigenvalues of
H=Hy+V.
To solve the problem, take the following steps:

e Diagonalize the perturbation in the degenerate subspace:

Find a new basis for D such that V is diagonal in D: Vi,,;, = dmn Van for m,n € D.
e Lump the diagonal elements of V' in D into the zeroth order eigenvalues:
E - E°=E’+V,,, ifneD

(and then for simplicity drop the / notation, remembering that E9 contains Vj, if n
is in D).

e Proceed as before in the derivation of the perturbation expansion.

2 Results

Here are the resulting formulas for the energy through third order and the wavefunction
through second order:
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Energy

For n ¢ D the standard formula is unchanged. For n € D:
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Wavefunction

Once again, if the state under investigation is not in D nothing changes. For n € D, and
for m ¢ D:
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And for m € D (only through the first non-trivial order):
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Note that the (explicitly) first order term, V;,, vanishes. Note also, that the term written
above while naively second order is actually first order because Eg — E,Qﬂ = Vin — Vinm.

3 If the degeneracy is not completely removed

Suppose that diagonalizing V in D does not completely remove the degneracy, so the new
zeroth order Hamiltonian remains degenerate in a subspace, Dy C D. So all the basis
states in D; have the same energy E. Troubles will appear in the form of vanishing energy
denominators if you go to high enough order in perturbation theory. For the perturbative
expansion of the energy the difficulty first appears at fourth order. Here is one of the fourth
order terms (the most obvious one), for n € Dy,

B- Y Vak Viep Vot Vin
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The problem is that the state |pg) can be in D; because the matrix elements Vj,, and V,,; are
not zero (remember |k) and |I) are not in D1). So the energy difference E) — EY vanishes.

The solution is (offered without proof), to choose a new basis for D; where the (Her-
mitian) operator pr, defined by

VoV
2 _j: nkVkp
Vnp_ - m7 fOI" n,pGDI

is diagonal in D1. You can see that if this matrix is diagonal, then the expression for E}
no longer can have a zero in the denominator.
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This process can be continued indefinitely to remove all problems with degenerate
perturbation theory. In fact, the formal reassurance that this is possible is more important
than the actual construction, which is rarely, if ever, used.



