8.322: Quantum Theory II

Problem Set #10 Solutions
May 8, 2007

1. The density of states and the phase shift

(a) For r > b, the potential is zero. Hence the radial wavefunction is

; r—00 SlHkT—l—ﬂ+5k
Ri(r) = ayji(kr) + by (kr) —— ¢ - ( kin 1(k))

Since the particle is confined in the sphere of radius R, we have R;(R) = 0.

sin (knR - %T + 51(/{Zn>> =0

from which we immediately obtain

knR+ 0(ky) = (n + é) T

(b) For V' = 0, the phase shifts are zero. If R is large, the energy levels are sufficiently

dense. Thus,

dE d [ Rh*k? Rk dk
dn dn ( 2m ) m dn
From (a),
[
kR + 6,(k,) = (n + 5) T
dk doy(k) dk
R kg
dn + dk  dn
and thus
dk s
a0 5, (k
i i B
Hence,
2
AFE ~ %7}% Zal(k)
+
Therefore,
h2kn 1 1 h2km 1 doy(k)
AE — AFEy = —— |~ ——
0 m<3+%k> R) m(RQdk;)
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setting h = 1,
km do,(k)

mR?  dk

(c) For a given [ angular momentum there are 20 + 1 degenerate states. Hence,

dAnl_dnl dnlo_ 1 dél(k) R _2l+1 dél(k‘)
- |5 (r+ B2) - ] e = 22 2

AE—AE()%—

dk  dk dk

™

(d) We know that
S = diag(e?®))

Thus,
Tr(lnS) = (20 + 1) In(e*®)) =Y ~(21 + 1)2i6 (k)

l l

1 d 20+ 1d6(k)
dekTr(mS)_; T

On the other hand,

dAn; 20+ 1 dél(k‘)

dk T dk
Thus we obtain A | 4
n; _ L a
a " amian S

where n(k) is the total density of states.

. Levinson’s Theorem — an example

(a) Recall that

dk 7 dk

Integrating from k£ = 0 to k = oo gives the total change in the number of scattering states

20+1

Any = (01(00) — 01(0))

Hence by Levinson’s theorem,
An; + Ny(bound) =0

Without a potential, there are no bound states. Thus, the above equation tells us that
the total number of states with angular momentum [ remains invariant when a potential

is introduced.

(b) For the attractive potential hole, we have inside the region r < b

sin(qr)
qr

R(r) = jo(qr) =



where ¢ = \/k? + 2mV,/h2. Outside (r > b) we have

R(r) = Ajo(kr) + Bno(kr) = k‘g sin(kr + 0o (k))

’
Matching
R(b—0)=R(b+0)
R'(b—0)=R(b+0)
gives
% sin(kb + 6o(k)) = Sinq(gb)

% cos(kb + 0p(k)) = % cos(gb)
Taking their quotient,

% tan(kb + 5o(k)) = % tan(qh)
which is the desired result.
(¢) When k — 00, ¢ = k so we have
1 1
z tan(kb + 0p(k)) = z tan(kb)

Hence,
lim do(k) = nm n ez

k—oo

At first sight there is an ambiguity. But since

U—0

and because the limit £ — oo is equivalent to U — 0, we must have

In other words, for k2 > U
U Ub
do(kb) = arctan ((1 - @) tan(kb + %)> — kb

At U = 0, this gives zero and thus fixes the branch of the arcus tangent function. So
So(kb) = 0+ O(U/K?) == ¢

(d) The bound state has wave functions
rRy(r) = Asin(gr) for r <b
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rRo(r) = Be™™" forr > b

where ¢ = %,L 2m(Vp — E) and k = %\/2mE. When a new bound state appears, its

energy is close to zero (weakly bound). Thus,

k=0
and from the matching of wavefunctions
sin(gb) = £1
and hence (2n+1)
n T
b= ——"
1 >
from which the values of U at which new bound states appear are
U — (2n + 1)*x?
4b?

(e) Near k = 0, ¢ ~ /U and we have

tan(kb + o(k)) = % tan(bv/T)

Introducing z = kb,
tan(z + do(2))  tan(bV/U)
z WU

Taylor—expansion of the phase shift gives

(0.1)

do(z) = nm+az

with a # 0 in the general case, since otherwise the LHS of (0.1) equals to one (by
L’Hépital’s rule). The different slopes are parameterized by the value of WU

a = a(bVU)

Now fix z to a small but finite value and change U. As b\/U crosses (n+ 5)m, the RHS of
(0.1) changes from large positive value to large negative value. Since dy(k) is continuous

in U, it should jump from the branch

(nm =5 4 3)
nw =g, Nt g
to

((n—i—l)ﬂ—g, (n+1)7r+g>

The phase shift is plotted in Figure 1 as a function of k.
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Figure 1: The phase shift as a function of k.

3. WKB approximation phase shifts

(a) For the s—wave,
U= }/()O(Qa ¢)R(T)

Let
u(r) =rR(r)

Then u satisfies a Schrodinger—like equation

h? h2k?
—%u” -+ V(?‘)u = %U

for which we can apply WKB. Hence,

utr) = e (5 [ ) + = (-3 [ moac)

where p(r) = v/2m(E — V (r)). From boundary conditions, cx = £ and thus

u(r) = W% sin (% / p(&)da)

Substituting p gives

/Orp@)df:/OVzm(E—wg))d&:hk [/0< —%-1) de + r

Therefore
1 . " 2mV (§)
u(r) = ) sin (kr + k/o ( 1-— gz 1) df)

5




from which we see that

For k =0,

For k — oo,

= mV(§)
o R’k

Thus by Levinson’s theorem,

No(bound) ~ %/OOO IV dr = %/OOO ST dr

which agrees with the sum rule derived in PS#5.

(b) The function u(r) satisfies a Schrodinger equation with potential V' (r) and boundary
condition u(0) = 0 which is identical to that of problem 1 of PS#5. Thus the phase shifts

are the same.

(c) As k — oo, the effect of the potential on the wavefunction becomes negligible. Hence,
(50(00) ~0
By Levinson’s theorem,

90(0) — dp(00) = mNp(bound) = 0

since there are no bound states. This immediately gives

Figure 2: The potential.



For small k (below the top of the barrier), we can apply the results of problem 1 of PS#5

1 o
So(k) = 2mn + ﬁ/ (\/h2k2 “2mV(€) — hk:) de — ko + g
zo
where g is the classical turning point s.t. V(zg) = F‘; fj.

1 b
do(k) = 2mn + /x <\/h2k:2 — sz(g)) d¢ — kb + %

At large k,

So(k) = /OOO <\/k2 —omV(r) /R — k:) dr

If we consider a k just below some special value (for instance k1) then the wavefunction
will rise in the classically forbidden region. However, when k > k;, the wavefunction will
have a node in the classically forbidden region and thus be of opposite sign once it is

outside the barrier. Thus we see that the phase shift will increase by approximately 7.

(e)

3,(K) Ky Ky 8

Figure 3: The s—wave phase shift as a function of k.

4. p-wave phase shift

(a) The wavefunction is spherical Bessel function
R(r) = ji(qr) for r < b

— 0. pD (2)
R(r) = ayhy”’ (kr) + aghy” (kr) for r > b
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where k& = ix. In order to have a normalizable function,

1 1
R(r) = hgl)(im“) =1 (— + —) e " forr > b

Kr  K2r?
Imposing the necessary continuity of the wavefunction and its first derivative,

sin(gb)  cos(gb) _ (_ %)

¢ gb
2cos(gb)  2sin(gb) N sin(qb) _c i 2\
qb? q2b3 b kb2 b31€2

From which
sin(gb) = —Ce™"®
cot(gb) 11 1

qb @202 kb * K2b?

When a new bound state emerges, it is weakly bounded. Hence, its energy is £ ~

Thus we have cot(gh) — oo and
gb=nm n=12...

and since U ~ ¢?, we have

Thus in order to have one bound state

T<vy<2T

(b) Given that b is a point outside the potential, for r > b
Ry(k,r) o< ayji(kr) + by (kr)

which converges to

oo . [ b [
Ri(k,r) —— %Sln (kzr—g) —k—;cos (kr—%)

A . Im
= o sin <kr 5 + 5l(k))

where 0;(k) is given by tan §;(k) = —b;/a.

From continuity of the wavefunction and its derivative,
Rl(/{?7 b) = aljl(kb) + bml(k:b)
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0

or —b
Solving,
@ — HZRE — kn;jl
L= knljl/ — kn;jl
SR kiR,
knygi — kjiny
And thus

Ji(x) Ry (kb) — kjiRi(k, b)
ni(x)Rj(kb) — knj(x)R;(k,b)
where x = kb. Using the following quantity,

tan (5[(]?) = —bl/al =

b0
b= Ri(k,b) gy k. 0) -

we obtain the desired result

_ @il@) = @) (k)
tandi(k) = @) BR)

(c) For the p—wave

Ri(k,r) x j1 (VK2 + Ur)

Hence,
0
S k)| =V U jiOVE+U) = V2 + U - fi(Va? +97)
r=b
Thus,
Var+92
Bi(k) = —————i1(Va2* +7?)
(V2T +2)"
and
tan 8y(k) = zji () (Va2 +97) — Vo + 9% (@) (Ve +77)
an (2)j1(V@* +79%) — Va? + () (Va® +97)
Using
2 tan®(y)
sin“(y) 1 + tan?(y)
we have the partial wave cross section
sin? 6, (k
o1 (k) = 127r7k21< )

which is plotted in Figure 4 for various 7’s.



5. The K-matrix

(a) An adequate parametrization of a resonance
K2 — k2 — ik,

51(k) =

The complex conjugate (for real k)

Silk)" = = k2 — ik

and
S1(k)*Si(k) =1

i.e. S1(k) is unitary. The poles are at k? — k? + iky; = 0

. 2

(2951 71

ke = —— £4/k2— 1L
* 9 17y

10
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Figure 4: The partial wave cross section for /7 = 0.5, 0.93, 0.98, 1.05, 1.5, red, green, blue,

purple and black curves respectively. As we approach 7, a sharp peak near k = 0 develops.
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on the complex k-plane. k, is near the physical region (see Figure 5).

[k

Figure 5: Poles on the k-plane.

Next,
k2 — k2 — ivk2y

Because of the square root, k2 lives on a Riemann surface. Its two sheets can be rep-

Si (k) =

resented by a branch cut on the positive real axis along which the two sheets are glued
together. The branch cut connects the branch point zero and “the point at infinity”. The

two poles ki are now at

both located on the second sheet (see Figure 6).

K2

(2nd sheet)

Figure 6: Poles on the k?-plane.
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A general S—matrix is expected to be single-valued as a function of real k. S has no
poles in the upper—half plane (except possibly on the positive imaginary axis). Hence,
the given S is consistent with the general restrictions.

(b) Suppose

k? — k? —iky,  k* — Kk — ik,

k pu—

If £ >0,

(K% — k7)) (K* — k3) + k*n172)* — k(71 (K — K3) — 7o (K® — k7))?
(k% = k2)(K? = k3) + F*172) + K2 (12 (B — K3) — 9 (k* — k7))?

(k) Su(k) =2 |1+

which is in general

Sk(k)"Sk(k) # 1
(c) Under the K-matrix parametrization,

lim w(r) o sin(kr) + kK (k) cos(kr)

r—00

eikr o e—ik’r eikzr o e—ikr
=——— 4+ kKk)| —
ik (S5

oc (1 +ikK(k))e™ + (=1 + ikK (k))e ™
1+ ikK(k) ,,

—ikr

1 kK (k)

from which we see that |+ ikK (k)
7

k)= —————

S(k) 1 — kK (k)

Then, for any real k and K(k),

stes) = (i) (1)) =

Thus, S(k) is unitary.

As a function of k2
_1+iVEPK
1 —ivVE2K

and if K is analytic, S has the expected branch cut.

S(k?)

(d) Recall that for a resonance

B2 — k2 —iky 1t ikptE
k2 — K +iky, 1 —ik2

kZ—k?

Sl(k> =
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Thus,

For two resonances, we expect

g 2
Ky(k) =
)= T

This gives
(k? — k*) (k3 — k?) + ik( (K3 — k?) + 72(k — &)
(k? — k2)(k3 — k?) — ik(n (k3 — k?) + 72 (kT — k2))

SQ(k) =

Sy (k) has poles at
j:k?l and + ]{?2
For k* ~ k?, the denominator of S; has the form

ik,
k- k2

1 +...o<k:32-—k:2—i7jk

which is the resonance.
(e) Making a Taylor expansion
K(k)=c +ck*+. ..
To have a bound state, .S should have a pole on the imaginary k—axis. For weakly bound
(or virtual) state, the pole must be at small |k|. Since

14kl ek +..)

S(k) N 1-— ik(Cl + CQkQ + .. )

the condition on ¢y is

¢ — oo
Here the minus sign is for the bound state and plus is for the nearly bound virtual state.

Now by definition,
lim w(r) o sin(kr) + kK (k) cos(kr)

= (1 +ikK(k))e™ + (=1 + ik K (k))e *"
Suppose ¢; is large and negative. Then, for k = ik,

'r'li—%lo u(r) o« (1 —ker)e ™™ + (=1 — ke )e™
We have a bound state if

lim u(r) oce”

r—00

from which

ke = —1
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