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Problem Set #11 Solutions
May 14, 2007

1. A formula for the phase shift
(a) We have

flk.E) = (21 +1)fi(k)Pi(cos b 5,) = —i—r@’lVlwﬁﬂ

l

FVS) = [ @19 @viz) @) dres
= [y v @) ez

— / e F Y () > (21 + 1)i'e™ M Py(cos b ) Ri(k,r) d°F
l

= Z(?l+1)ilei‘sl(k)/ err/dQeiEITCOSOE”fV(T)Pz(COSQg,f)Rl(k’,7“)
0

!
where we used the following:

(@) = (20 + 1)i'e™ P By(cos 07 ;) Ru(k, 7)
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Since the scattering is elastic, |k| = |k/|. We also know that
e—il}"rcos@zz/,f — Z(2l/ + 1)(_Z-)1/Pl,(cos HE’,f)jl’(k/T)
l/
Substituting this and using the following addition formula
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Now since ,
eusl (k)

fl(k) = 2 sin 5l(k)




we obtain our final expression

sin §;(k) = —2mk /000 2V (r)gi(kr)Ry(k,r)dr

(b) In the absence of the potential,
Ri(k,r) = ji(kr)
therefore to first order we have

sin;(k) = —ka/ r2dr j2(kr)V(r)
0
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(c) Since sin ¢; 4 is linear in V', we can always rescale the potential s. t.

sin 0,24 > 1

However, this should not surprise us since we used only the first Born approximation of
the true 9;. When the bound is not satisfied, the approximation fails anyway. To obtain

the correct bound, we need to take into account all the higher order corrections in general.

. Scattering from an atom in the first Born approximation

(a)

g = [F = B = /| + ]2 — 20F||¥| cos
Since |k| = |F|,
q = |k|\/2(1 = cos6)
—_—.
= 2|k|sin =
q | |sm2
(b) In the first Born approximation, the scattering amplitude is
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The potential due to the charge distribution is given by
V(f) — 262 €2p(f/) dd =/

AR

where the first term comes from the nucleus and the second term from the electron density.
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Hence,




Now
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where
F(q) = [ €%(2)d*T
is the form factor and ag is the Bohr radius. Then,
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(c) Assuming that the charge density is spherically symmetric,

d*F
dq?

On the other hand,

Comparing,

F(q) = /eiqrcos‘s'p(r)r2 sinf dr df do

d*F
y QQ) = /(zr cos 0)2e' "0 ()2 sin @ dr df do
q
4
= /(@r cos 0)%p(r)r?sinf dr df do = —% r4p(r)dr
0
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q=0

F can be regarded as a function of ¢>. By symmetry, odd derivatives of F with respect

to ¢ vanish and we have




In the forward scattering limit kK Hence, ¢~ 0.
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(d) For hydrogen,
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The form factor is
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We can check the relation in (c)
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(e) We first calculate py as a function of Z and A and find
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We now calculate the form factor F'(¢) for this charge distribution

F(@) = [ d2e™p(z)

4 R0A1/3
il rsin(gr)dr
qa Jo
4
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_ 32 3 3 . <
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We then use the earlier result that the differential cross section is given by

do 2\’

= =) F(7)?

dQ (aoqg) (@)
and plug in that ¢ = 2ksin(0/2).

(f) Plotted in order of increasing energy (k).
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(g) Smearing out the surface of the nucleus, leads to a change in the large ¢ behavior of the
cross-section. In particular, the cross-section will decrease faster for a smooth boundary

and will decay exponentially rather than as a power-law.

3. Born Approximation for a j—shell
(a) We have

2 L,
L[ giddy gy @B
41

where ¢ =k — k' such that ¢ = 2k sin(6/2).

f(kae):_

Substituting the potential 2mV (r) = —Aé(r — a),

A o LA sin(qr)
_ iq-T . 3 _ 2 Qi 7 -
f(k,0) 4#/6 d(r—a) d°% 47T/r dr 4w o d(r —a)
Aa . Aa ) .0
f(k, 9) = ? sm(qa) = m S1n {2/{:(1 S11 §:|

(b) See Fig. 1
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Figure 1: The scattering amplitude f(k,6) as a function of § € [0,71]. (A =2, a=k =1.)



(c) Recall
f(k,0) = (21 + 1) fi(k) Pi(cos 6)

!
Using the orthonormality of P,

2fo(k) = /1 d(cos 6)Py(cos ) [Z (20 +1 k)P, (cos 9)] /1 d(cos ) Py(cosO) f(k,0)

1 1 1

Hence,
1 [" Aa 0
k) == —————in |2kasin = | sinf df
fo(k) 2/0 2o sm(0/2) sm{ ast] sin
DY 0 A
= 2/0 i sin(2kasin0/2)d <sm §> oY% — (1 — 2cos(2ka))
A
fo(k) = = sin?(ka) (0.1)

Now

20 k) = 1 4 2k f,(k)

Combining with (0.1) this gives
2\
tan 20y (k) = ?SiHZ(k&) (0.2)

For small k
50(k‘) ~ /\azk

(d) The solution to the Schrodinger equation

where Ry(r) = r - u(r). For the s-wave,

(—id—Q + vm) u(r) = Bu(r)

2m dr?

Substituting the potential

V(r)= —%(5(7’ —a)

gives
u” +N(r — a)u + k*u =0

with £ = v2mFE. For r # a, we have the solution

u(r) = Asin(kr) + B cos(kr)



For r < a we demand the radial wavefunction u(r) to vanish at r =0
u(r) ~ sin(kr)
For r > a we have a phase shift
u(r) ~ sin(kr + do(k))
At r = a, u(r) must be continuous. Moreover, integrating from a — 0 to a + 0 gives
w'(a+0)—u'(a—0)+ Iu(a) =0

This yields
cot(ka) — cot(ka + do(k)) =

| >

Finally, \
do(k) = arccot (cot(ka) - E) — ka (0.3)

We can see the deviance of the Born approximated phase shift from the exact value by

plotting the two functions (0.2) and (0.3). See Figure 2 and Figure 3.
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Figure 2: The exact (thick line) and the Born approximated (thin line) phase shifts for a = 1
and A = 1/2.
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Figure 3: The phase shifts for a = 1 and A = 5. The system has a bound state since dy(k) — 7

as k — 0. The Born approximation fails to capture this.



4. Spin dependent scattering

(a) For the two—component spinor wavefunction (ﬁ) the time-independent Schrodinger

() (it ) () - #(5)

[\
-~

Vo

equation is

(b) The Lippmann—Schwinger equation,
1

Vg = 108 + e ol
gives
1
)= — 4 (2 = I\ /= (+)\ 3
W0 =00+ [ g P &
65" @ £)
where o
4) /= 2m, etklz—T
B)y=-—"——
GO (ﬁ,l‘, ) A7 |f—f’|
(c) By definition,
I om ( 2m [, .
AN = . +) _ _ = / 1 12 £
FB,R) = =0 Volv ) = == [(RIVIRL ) + FIW v )]

(Here 2/);/ TL are the two components of the spinor v T‘)

The first Born approximation takes |wl($)> = [¢z ;). Then,

kR = == [(RIVIR) + 0] = = [ &7 e V(@)™ = -V (F — )
Next,
Fulh ) = =220 VIR = 22wl ) = — 224 - F)
b A TR k1 4 kT 4
Similarly,
P 2m ~ = -
kEE)= "Wk —k
fulk, k) = ——W( )
Finally,

= - 2m
fulk. k) = = (op [VIeg))

To first order this is zero since |¢£ l> = 0. Hence, we need to consider the 274

order
correction,
1 —
T l
V= = (V.0+Wlk )
Vg, E—%+k< +WIK)
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Hence,
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