8.322: Quantum Theory II

Problem Set #12 Solutions
May 18, 2007

1. Scattering on a strip and the Landauer conductivity

(a) The 2D Schrodinger equation

»

Now we plug in the expansion
Y(a,y) =Y V2sin(nmy)in(k, )
n=1
(k? = 2mE is the electron energy) to obtain

— Z V2sin(nmy)v! (k, z) + Z(nﬂ)zﬂsin(nwy)wn(/ﬂ, T)+

+V(z,y) Z V2sin(nmy), (k, ©) = k2 Z V2sin(nry) i, (k, x)

n=1 n=1

Defining
Vom () = /QSin(mry)V(x,y) sin(mmy)dy

we can rewrite the Schrodinger equation as

> V2sin(nmy) (—w:xk, ) + (n7)*u (b, 2) + Y Vi () (k, ) = K2y (, az)) =0

m=1

By orthonormality of the sine function, the above holds iff

—(k,2) + ) Vam(@)m(k, ) = (K = n*7% )i (k, 7)

m=1

Hence, the 2D Schrodinger equation is equivalent to an infinite set of coupled 1D equa-

tions.



(b) Mumax is the highest open channel, i.e. the largest m for which

0

1 :
O 1k, 2) = T | ez

propagates to infinity. This happens when

is real, that is if k2 > m?=2.

(c) Consider the case when the incoming wave is ®,(k, z). The wave comes from the left

and the total incoming flux at r < —d is

o= [ 2m (w(e) V(o) i ds = | 2w (wx,y)*a%w(x,y)) dy

1
= 2/ 2 sin®(nmy)dy = 2
0

The total outgoing flux to the right is
1
o
]ou ri =2 I — | d
t, right /0 m(¢ &E) Y

Mmazx Mmazx 1

U(x,y) ~ Z V2sin(lmy) (x| Z Ton(K) Py (k) = Z V2sin(may) T (k)
=1 m m=1

where

Hence,

Mmax Mmax

k..
Tout, vight = 2 Z (2 sin(mmy) sin(m'my)dy) ITm (Tm/n(k)*Tmn(k)i\ / k—mel(km_km’)x)

m=1 m/=1

Mmazx Mmaxzx

=2 3" Re (Trn(k) T (k) = 2 > [T (k)2

The total outgoing flux to the left is

1
]out left — _2/ Im ( *a_w) dy
’ 0 ox

Mmazx Mmax 1

U(x,y) ~ — Z V2sin(lmy) (x| Z Ryn(K) Py (=K, x)) = — Z V2sin(may) Ry (k) ——=e~Fm®
=1 m m=1

where

2

2



Thus,

Mmax

Iout, left — 2 Z |Rmn(k)|2
m=1

By conservation of flux,
]in - ]out, left 1 ]out, right

Therefore,
1= Z(|Tmn|2 + |Rmn|2)

m

(d) The Lippmann—Schwinger equation is

UiR) = e+ 3 [ Gk, Vi ()00

with )
Ot G (K3 2, 27) = <m7f|m|m/a$/>
(e) We have
dd—;Gn(k;,x, 2') + (K* — n*7?)G(k; 2, 2') = §(z — o)

The solution is

1
Gukyz,2') = TN sin(k,|z — 2'|) + Asin(k, |z — 2'|) + B cos(k,|z — 2'|)

n

From the boundary conditions (G,, — e*#(*=%)) we have A = 0 and B = 1/2ik, and

1 . /
Gn(k, z, ZL’I) _ ﬁezkn\x—z |
1Ry

(f) From the Lippmann—Schwinger equation,

1 iknT - 1 1 ikm|z—2'
UR) = b+ 3 o / el ()0 ()
n m/:1 m

When z — oo,

Pt (z) —

mn

1 . eikme "E 1 41
8meFn® 4 — / e~ hmTy (1! ) (!

Comparing with the definition of T,,,, we have

Mmax 1

d
1 I
Ton (k) = 6 + > — / — e ey () () da!
m’zzl ~a Vkm

0
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When x — —o0,

1 - efikmaf Mmax 1 d 1 e
Y (z) — \/k_émne ke 4 N E 5 /d \/k_e ey, (x’)wgzl(x')dx’
n moq — m

Comparing with the definition of R,,,, we have

Mmax

o)== 3 5; o i AT

(g) In the first Born approximation,

Mmaz ik +kn)z
Z 21 / \/k ky,

Mmaz cilkn—km

T ( —5mn+222/ \/W Vi (@) d!

(h) If Viun(z) = 0, then T, (k) = 6. Hence,

Tr [T (kp)T(kr)] = dim T(kp) = Mumax

and 002
e
U(kF) - Tmmax(kF)
o
4e2|
h
262
h
0 T én T Ke

Figure 1: ¢ as a function of kp.

2. Analyzing a scattering amplitude

(a) In general,

o0

= (21 + 1) fi(k) Pi(cos 0)

=0



From the form of the given scattering amplitude

f(k,0) = % (/fo—g(% + Ae?PM®) sin(26h(k)) cos 9)

clearly, [ = 0,1 are active.

(b) The partial wave is related to the corresponding S—matrix component by
Si(k) =1+ 2ik fi(k)

From f(k,0) we have

and the unitarity constraint is

)Y (1 By Al

1=25; = (1
So(k)So(k) ( +k0—k—’ir ko — k — il (k — ko) + 1

from which g(k) = 0 or I'. We keep the nontrivial solution

Next, we can read off
On the other hand,

from which we get

A=3
Also,
28h(k) = 01(k)
At small k,
0 ~ tand; ~ (/{:R)ZZJrl
and thus
28h(k) ~ k*
Hence,
h(k) ~ Kk
(c) For I =0,
621'50 1



Hence, .

ko —k —il

and
5 —lln ko — k + i
07 9 " \ky— k —il

For [ = 1, we have seen that

01(k) = 26h(k)

(d) The differential cross section is

2

r .
— + 3e%0MM) in(28N(k)) cos

Y P
ag k2 |kg—k—iD

(e) Generically,
o1 =4m(20+1) - [filk)[?

Here

47 I?
=4 i
o0 =4mlhl = i T

o1 =41 -3 |fo|* = = sin®(28h(k))

(f) The total cross section is

47 2 127
Ototal = O, =00+01= 55

z F R T e S @0R(E)

As k =~ kg, we have

A 127
Ototal = k_g + k‘—g SlIl2<2ﬁh(/{30)) —

am (ko — k)?
kKt T2
(The last term may be zero.)

(g) For general k, we have again

47 2 127

o (K) = 73 O R

sin?(28h(k))

The imaginary part of the forward scattering amplitude is

1 I?
Im f(k,0) = AT + 3sin®(26h(k))

We see that

41
Ototal = ?Im f(ka 0)

and the optical theorem holds.



3. Scattering of thermal neutrons - Wigner’s R Matrix Method

@ h h
Ade Broglie — — — ~ 0.175 nm

V2mE

(b) The angular momentum barrier prevents neutrons probing the core potential when
[ #0.

(c) Let u(r) and w(r) be two wavefunctions satisfying the boundary conditions

u

ul

R w

r=0 w'’

=R

r=0

For H to be Hermitian, we need

/0 () (Hu(r)] dr = /0 () w(r) dr

which is - -
| vy a= [ e a

Integrating by parts gives

Thus we need
[—w*(r)w'(r) + ' (r) w(r)l; =0

(55) (55) -

This is satisfied iff

that is

Hence, H is Hermitian provided that R is real.

(d) With V(r) =0 for r > 0, the Schrodinger equation becomes
—"(r) = k*u(r)

with solution

u(r) = Asin(kr + do(k))

Then,
u'(r) = Ak cos(kr + do(k))



and

Thus,

do(k) = arctan(kR)
(e) The S—matrix
4 . 1—1ikR
k) = 2ido (k) _ ,2iarctan(kR) _
Solk) = e ‘ 1+ikR
For k = ik,

SO (Zli) _ 6—2artanh(mR)

Note that artanh(z) — —oo as x — —1. Hence, Sy has a pole at k = 1/iR, i.e. when
k=—1/R.

Recall that
U(T’) — A (e—ikr o €2i50(k)€ik'r) — A (e—ikr . eQiarctan(kR)eikr)

Thus we have

(b(r) = khm (k - 'ZK,)U(T) ~ ei(i“)r — g HT

Therefore if k£ > 0, then ¢(r) is normalizable. The wavefunction is concentrated around

r = 0. It corresponds to a bound state of the neutron. The energy of the state is

k? 2 1
ok
2m 2m 2mR?
In order for Wigner’s R-theory to be reliable, the wavefunction must extend to a large

length scale w.r.t. Ry. That is |R| > Ry. In terms of the energy,

1 1
Bl =
£l 2mR>2 < 2mR%

(f) The total cross section is

27192
(k. R) ol R = 5 s (oK) = 5 - s
When the bound state approaches the threshold, we have
)
2mR?
and thus

R — —o0
Hence, around the threshold
L Am
TR

so the cross section diverges as the bound state approaches threshold.

o(k)
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4. Spin dependent scattering

(a) From the last problem set we know

- 2m, - - 2m, - 1 dV - -
(b K = === (K §'|V|k,s) = === (k' &’ ———L-S|k
fos (b, K) = = (K, ' |VIk, 5) = = — (K, S|V (1) + 5 55— =L - S|k, 5)
_ 2m (5 1 1dV ==, =
S (<k|v<r>|k>5ss/+m<k|r LI - (5151))
2m 8= i(RF)Eyr (= 1 3z kBl dV o p

2 4 o 2 5 av i -
—— Osst 7T/ rV(r)sin qr dr —l—%s / ridr —2i (COS @ =m qr) Ggxk
s 0 2m?c dr

g g (qr)?
V(g?)
2 ~ 4 dV (sin qr  cos qr\,» -, =
=" | V(A + —— 2dr — — kExE)-S
4 ( (Q)+2m2c2q/r Tdr((qr)2 qr >< X K)
VS;?‘JQ)
o 2moe > T oo &
= =22 (V{a®) + Vsola®)(E x ) - §)
where
~ 9 Ar [ ,
V(g") = 535/? rV(r)sin qr dr
0
~ 47 dV [ sin qr _ cos qr
Vso(q?) = —— 2d
sold’) 2m262q/r " (( r)? qr )
(b) The spin averaged differential cross section is
<d—a>=<|f (B, K[ s o <|V( %)+ Vool(q”) (k x K) - S*) e
a0 ss ) ss 47T SO ss

Since V' is real and Vo is imaginary,

(90 = (20 (7206 + 1Tsold)PUE > F) - 57).0)
Finally, we have

(0 )50 = 5 S0 ((F xR - 8) (< 7 8) 1)



So

do, _ (2m ’ 20 2 ¥ 2 2(%><];/)2 _om? [y > 2 2k4sm2913,13’
<Ky—QE)(V@>H%am+—Z———@p V() + Vsolg) P

(¢) An unpolarized particle is described by the density matrix

(12 o
po_( 0 1/2 )

If we regard the scattering amplitude as a matrix function of k and K’ ,

f@?ﬁ:%"GMMHé%dﬁ@x?»ﬁ

A

If we look at scattering into a specified K , then each incident spin state |s) is mapped

into a final spin state f|s). The density matrix thus goes to

L, foof!
Po Ps = TI‘(fpofT)

Defining the polarization as P = Tr(Gp,), we have

5 _ - fpofT )
P_ﬁ<%HMMU

Plugging in f, we obtain

Re |V(¢*) Vo la")| (F x F)

P=— —
V(@*)P + 1[VsolP(k x k)

so the polarization is normal to the scattering plane and vanishes for forward scattering.
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