
8.322: Quantum Theory II

Problem Set #2 Solutions

February 23, 2007

1. The Dirac Equation with a Central Potential

(a) The properties of the parity operator give

Π~rΠ = −~r

Π~pΠ = −~p.

We also know that β~αβ = −~α, so

ΠHDΠ = −~α · −~p + βm + βV (−~r)

= HD.

(b) First note that

{

γ5, β
}

= 0
[

γ5, ~α
]

= 0.

Thus

γ5HDγ5 = ~α · ~p − β (m + V (r)) .

Which gives

γ5ΠHDγ5Π = −~α · ~p − β (m + V (r)) = −HD

Thus

HD

(

γ5ΠψE(~r)
)

= −E
(

γ5ΠψE(~r)
)

If HD = ~α · ~p + βm + φ(r) then clearly

γ5ΠHDγ5Π 6= −HD,

and the spectrum is no longer symmetric in energy.
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(c) We first note that [Li, pj] = iǫijkpk.

[

~L,HD

]

=
[

~L, ~α · ~p
]

= i~α × ~p 6= 0.

Now we consider

[~σ,HD] = [~σ, ~α · ~p]

= −2i~α × ~p.

This follows from [σi, αj] = 2iǫijkαk.

Thus
[

~J,HD

]

= 0.

(d) Dirac states are labeled by (j, π,mj) and non-relativistic states by (l, j,mj). We

will drop the mj label since it has an obvious 1 to 1 correspondence. Note that given a

non-relativistic state l the corresponding eigenvalue of the parity operator π = (−1)l.

The third column here is the spectroscopic label.

(j, π) (l, j)
1

2
, + 0, 1

2
s1/2

1

2
,− 1, 1

2
p1/2

3

2
, + 2, 3

2
d3/2

3

2
,− 1, 3

2
p3/2

5

2
, + 2, 5

2
d5/2

5

2
,− 3, 5

2
f5/2

and so on.
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2. Relativistic Corrections in a Central Potential

(a)

[~α · ~p + β(m + V (r))] ψ = Eψ

(

m + V ~σ · ~p

~σ · ~p −m − V

) (

ϕ

χ

)

= E

(

ϕ

χ

)

.

Solving these two equations in the limit |V | ≪ m gives

χ =
~σ · ~p

E + m
ϕ.

To lowest order in v/c, E ≈ m thus

χ =
~σ · ~p

2m
ϕ.

(b) The magnetic moment operator is given by

~µ =
1

2
~r ×~j =

e

2
~r × ~α.

ψ†~µψ = e
(

ϕ† ~σ·~p
2m

ϕ†

) ~r × ~α

2

(

ϕ
~σ·~p
2m

ϕ

)

=
e

4m
ϕ†{~σ · ~p, ~r × ~σ}ϕ

We now must evaluate this anti-commutator.

{~σ · ~p, ~r × ~σ} = σlplǫijkrjσk + ǫijkrjσkσlpl

= ǫijkplrj(δlk + iǫlkmσm) + ǫijkrjpl(δkl + iǫklmσm)

= 2Li + iǫijkplrjǫlkmσm + iǫijkrjplǫklmσm

= 2Li + i(δmiδjl − δmjδil)plrjσm + i(δilδjm − δimδjl)rjplσm

= 2Li + iσipjrj − ipirjσj + irjpiσj − irjpjσi

= 2Li − σi + 3σi

Thus

〈~µ〉 =
e

2m

∫

d~rϕ†(~L + ~σ)ϕ
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(c) We let ϕ(~r) = f(~r)u where u is a two component constant spinor.

2ϕ† ~Aϕ = ϕ†γ0~γγ5ϕ

=
(

ϕ† χ†

)

(

~σ 0

0 ~σ

) (

ϕ

χ

)

= ϕ†~σϕ + ϕ†~σ · ~p

2m
~σ

~σ · ~p

2m
ϕ

= ϕ†~σϕ +
1

4m2
ϕ†

(

−(~σ · ~p)2~σ + ~σ · ~p{~σ, ~σ · ~p}
)

ϕ

= ϕ†~σϕ +
1

4m2
ϕ†(−~p 2~σ + 2~p(~σ · ~p))ϕ

= f ∗fu†~σu +
1

4m2
f ∗u†(−~p 2~σ + 2~p(~σ · ~p))uf.

Using 〈pipj〉 = 1

3
δijp

2, we find

〈

~A
〉

=
1

2
u†~σu

(
∫

d3rf ∗f −

∫

d3rf ∗ ~p 2

12m2
f

)

.

We note that we need to renormalize ψ.

1 =

∫

d3rf ∗f +
1

4m

∫

d3rf ∗p2f,

giving

〈

~A
〉

=
1

2
u†~σu

(

1 −

∫

d3rf ∗ ~p 2

3m2
f

)

.
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3. Anomalous Magnetic Moment

(a) We know that the non-relativistic limit of

(iγµ∂µ − ieγµAµ − m) ψ = 0

is

Hϕ =
1

2m

(

~p −
e

c
~A
)2

ϕ −
e

2m

(

~L + 2~s
)

· ~Bϕ = Eϕ,

which is obtained by multiplying by γ0 and taking ψ =

(

ϕ

χ

)

. Thus

H → H + ∆H where

∆H = −
κe

4m
γ0σµνFµν .

We note

Fij = ǫijkBk = −ǫijkB
k

F0i = −Ei

Fi0 = −Ei

σ0i =
i

2
[γ0, γi] = iαi

σij =
i

2
[γi, γj] =

−i

2
[σi, σj] = ǫijkσk

Thus

∆H = −
κe

4m
γ0(−2iαiEi − ǫijkσkǫijlB

l)

= −
κe

4m
γ0(−2i~α · ~E + 2~σ · ~B)

Assuming ~E = 0, we look at the equation for ϕ since we are in the non-relativistic limit.

Thus

∆H = −
e

2m
(2κ)~S · ~B.

In other words it takes the g factor from g = 2 → g = 2(1 + κ).

(b) Reading off from (a)

HD → HD − β
κe

2m
(~σ · ~B − i~α · ~E)
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(c) We note again that β~αβ = −~α, and that the parity operation is ΠD = βΠ where

Π takes ~r to −~r. Thus under parity ~α · ~E goes to itself as does ~B and the new term is

invariant.

(d) We note that {γµ, γ5} = 0. Thus we use the results above to get

∆H = γ5

κ̃e

2m
β(~σ · ~B − i~α · ~E)

∆H =
κ̃e

2m

(

i~σ · ~E −~σ · ~B

~σ · ~B −i~σ · ~E

)

Since β and γ5 anti-commute it is clear that the above argument for being invariant under

parity fails. In particular ΠD∆HΠD = −∆H .

If we now assume that ~E = 0 as in (a), we see that the change in the equation for ϕ is

∆H = −
κ̃e

2m
(~σ · ~B)χ

which to lowest order does not enter the non-relativistic limit.

In the case that ~E 6= 0, this term corresponds to an electric dipole moment.
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4. MIT Bag Model

(a) The current is given by jµ = ψ̄γµψ. Starting with the Dirac equation when m = 0,

iγµ∂
µψ = 0

−iψ†γ†
µ∂

µ

and using γ†
µ = γ0γµγ0, we derive the equation for ψ̄ = ψ†γ0,

−i∂µψ̄γµ = 0.

Now using the two equations we see that

∂µjµ = (∂µψ̄)γµψ + ψ̄γµ∂
µψ = 0.

Now at r = R, we begin with the boundary condition

ir̂ · ~γψ = ψ → iψ̄r̂ · ~γψ = ψ̄ψ.

Now looking at the conjugate,

−iψ̄r̂ · ~γ = ψ̄ → −iψ̄r̂ · ~γψ = ψ̄ψ.

Then

r̂ ·~j = ψ̄r̂ · ~γψ = 0

on the surface r = R. Thus the current is conserved.

(b) From partial integration,

∫

d3rψ†(−i~α · ~∇)ψ =

∫

d3r(−i~α · ~∇ψ)†ψ +

∮

d2s(−iψ†r̂ · ~αψ).

The boundary condition sets the surface integral to be 0. Thus H is Hermitian.

(c) From the Dirac equation we find

−i~σ · ~∇χ = Eϕ

−i~σ · ~∇ϕ = Eχ.

Combining these two equations, we find

−∇2χ = E2χ

−∇2ϕ = E2ϕ.
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These two equations are identical to the free Schrödinger equation. Assuming E > 0. We

let ϕ = Aj0(Er) which is merely the s-wave solution. Then

χ =
1

E
(−i~σ · ~∇ϕ)

=
−i~σ · r̂

E
∂rj0(Er)

= E
i~σ · r̂

E
j1(Er)

We now plug this solution into the B.C. and find

−i~γ · r̂ψ = ψ → j1(ER) = j0(ER)

Solving we find ER = 2.0428.

(d) Letting a ≈ 2.0428, we start with

E(R) =
3a

R
+

4πBR3

3
.

Setting ∂E
∂R

= 0 gives

R0 =

(

3a

4πB

)1/4

⇒ E(R0) =
4

3
(3a)3/4(4πB)1/4.

We then set E(R0) = 939MeV . Solving for B gives B = (96MeV )4. Restoring h̄ and c

and converting to atmospheres gives

B ∼ 1.75 × 1028atm.
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5. Helicity and Chirality

(a)

[h,HD] = [~σ · p̂, ~α · ~p] + [~σ · p̂, βm]

= p̂ipj[σi, αj]

= p̂ipj(2i)ǫijkαk

= 2i~α · (p̂ × ~p)

= 0.

h =

(

~σ · p̂ 0

0 ~σ · p̂

)

⇒ h2 = I.

Thus h has eigenvalues ±1.

(b) Suppose we are looking at the eigenstate with momentum ~p, energy E, and helicity

+1. Let |~p| = p.

HDψ = Eψ

(~α · ~p + βm) ψ = Eψ
(

γ5(~σ · p̂)p + βm
)

ψ = Eψ
(

γ5p + βm − E
)

ψ = 0

We note that

γ5(βuR) = −βuR

γ5(βuL) = βuL.

Thus βuR = uL and βuL = uR. We let ψ = cRuR + cLuL.

p(cRuR − cLuL) = E(cRuR + cLuL) − m(cRuL + cLuR).

Thus

cR

cL

=
p + E

m

Normalizing, one finds that up to a p and E independent constant

ψ+ ∼
m

√

m2 + (p + E)2
uL +

E + p
√

m2 + (p + E)2
uR
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One can do the same procedure for h = −1 and find

ψ− ∼
E + p

√

m2 + (p + E)2
uL +

m
√

m2 + (p + E)2
uR

If E → ∞, then can set m = 0 giving

ψ+ ∼ uR

ψ− ∼ uL.

In other words the helicity eigenstate with h = 1(−1) is equivalent to the right(left)

chirality eigenstate.

If E → m, then in both cases ψ is an equal mixture of uR and uL.
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6. Duffin-Kemmer Formulation of Maxwell’s Equations

(a)

1

c

∂ ~B

∂t
= −~∇× ~E

= −ǫijk∂jEk

= iΣj
ik∂jEk

= i(~∇ · ~Σ) ~E

= −
1

h̄
(~p · ~Σ) ~E.

Thus

h̄
∂E

∂t
= c(~Σ · ~p) ~B

h̄
∂B

∂t
= −c(~Σ · ~p) ~E.

Thus

ih̄∂t~v± = ±c(~Σ · ~p)~v±.

(b) Under the parity operation ~E → − ~E but ~B → ~B. Thus

~v+ → −~v−

~v− → −~v+

Since ~p → −~p

ih̄∂t~v± = ±c(~Σ · ~p)~v± → ih̄∂t~v∓ = ∓c(~Σ · ~p)~v∓

(c) One way of doing this is to take

f =

(

v+ + v−

v+ − v−

)

Σ̃k =

(

0 Σk

Σk 0

)

(d) From (9) we find

−h̄2∂2f

∂t2
= c2(~̃Σ · ~p)2f

Plugging in from (c)

−h̄2 ∂2

∂t2

(

~E

i ~B

)

= c2

(

(~Σ · ~p)2 0

0 (~Σ · ~p)2

) (

~E

i ~B

)
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(~Σ · ~p)2

jm = (iǫjikpi)(iǫklmpl)

= −ǫkjiǫklmpipl

= p2δjm − pjpm

Thus
(

1

c2

∂2

∂t2
−∇2

)

~E + ~∇(~∇ · ~E) = 0

and similarly for ~B. Thus we have the wave equation for the transverse fields

Starting with (8), we find

ih̄∂t(~∇ · ~v±) = ±c~∇ · (~Σ · ~p)~v±

It then follows that

∂t(~∇ · ~E) ∼ ~∇ · (~∇× ~E) = 0.

This is also true for ~B.

(e) Consider (8) with solution

~v± = ~ε±(p)eiEt/h̄−i~p·~x/h̄ ⇒
E

c
~ε±(p) = ±c

(

~Σ · ~p
)

~ε±(p)

If E = cp then

~ε± = ±i(k̂ × ~ε±).

Which are just the conditions for left and right circularly polarized light.
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