8.322: Quantum Theory II

Problem Set #2 Solutions
February 23, 2007

1. The Dirac Equation with a Central Potential

(a) The properties of the parity operator give

M7l = —7
IpIl = —p.

We also know that a8 = —a, so

HHApll = —a - —p'+ Bm + BV (—7)

= Hp.
(b) First note that
{+*.8} =0
y".&] =o.

Thus
VHpy =d-p—B(m+V(r).
Which gives
PTHpy T = — - 5= 3 (m + V(1)) = — Hy
Thus
Hy (7"Typ(r)) = —E (v Tg(r)
If Hp = a - p+ fm + ¢(r) then clearly
VBHHDWSH # —Hp,

and the spectrum is no longer symmetric in energy.



(c) We first note that [L;, p;| = i€;xpx.

0] - a7

Now we consider

0", Hp] = [, a - ]

This follows from [0y, o] = 2i€;j50u.
Thus [J_: HD} =0.
(d) Dirac states are labeled by (j,m,m;) and non-relativistic states by (I,7,m;). We

will drop the m; label since it has an obvious 1 to 1 correspondence. Note that given a

non-relativistic state [ the corresponding eigenvalue of the parity operator = = (—1)".

The third column here is the spectroscopic label.
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and so on.



2. Relativistic Corrections in a Central Potential
(a)

[@-p+ Bm+ V()] = EY

m+V Gp AN
o-p -m -V X X '

Solving these two equations in the limit |V]| < m gives

e
X=E+m”
To lowest order in v/c, E ~ m thus
5
X=om?

(b) The magnetic moment operator is given by
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We now must evaluate this anti-commutator.

—

{0 P, 7 %X 0} = oypi€ijrrion + €ijkTiOROIDI
= €075 Ok + 1€1kmTm) + €701 (Ot + 1€k1mTm)
= 2L; + i€ kP17 j€tkmOm + €45k jDI€KIMTm
= 2L; + i(0mi0j1 — Om;0i) im0 m + (00 jm — Oim )T P10 m

= 2Lz + ZO‘Z‘pjTj — zpﬁ‘jaj + Z’f’jpi(fj — Z’l“jij'i

= QLZ — 0; + 30’1‘
Thus
(i) = - [ diph(L+&)p
2m



(c) We let () = f(7)u where u is a two component constant spinor.

20" Ap = p17"975¢

1 — — —

= ¢ldp+ 10 (-7 95 +7 75,5 1}) ¢
— 1 —2 - —/ =
= ¢lGp+ ¢ (=p°F + 25(7 - P))¢
* - 1 * o = A~
= f*fu'du+ —4m2f ul (=p?a + 2p(F - P))uf.

Using (pip;) = $6;;p%, we find

<,I> - %uTﬁu (/ Brfrf - /d3rf*1§;2f) .

We note that we need to renormalize 1.

1= /d3rf*f~|— ﬁ/d?’rf*ﬁf,

giving

</Y> = %ufﬁu (1 — /d?’rf*%f) )



3. Anomalous Magnetic Moment

(a) We know that the non-relativistic limit of

(iv"0, — tey' A, —m) Y =0
is
e -\ 2 -
H(pz—(——A) gp——(L 2 By = FEp,

which is obtained by multiplying by 7° and taking ¢ = ( ) Thus

H — H + AH where

Ke 5
AH = o Vot F.

We note
Fjj = €;x By = —€iji, B
Fo; = —E'
Fyy = —E;
0i _ tro
o =]
ol = S = 1o’ o] = oy
Thus
AH = —%’yo(—%aiﬁ?i — e”kakeZﬂB )
ke L o= o=
=——~(—2ia-F+25-B
4m’y (—2id +25 - B)

Assuming E= 0, we look at the equation for ¢ since we are in the non-relativistic limit.
Thus

e — —
AH=——(2x)S- B
2m( £)S

In other words it takes the g factor from g =2 — g = 2(1 + k).
(b) Reading off from (a)



(c) We note again that a3 = —a, and that the parity operation is IIp = SII where
IT takes 7 to —7. Thus under parity a - E goes to itself as does B and the new term is

invariant.

(d) We note that {v*,v5} = 0. Thus we use the results above to get

AH =2S3(- B —ia- E)

2m
A Fe (id B =GB
2m \ - B —i0-F

Since ( and 5 anti-commute it is clear that the above argument for being invariant under
parity fails. In particular IIpAHIIp = —Ag.

If we now assume that E = 0 as in (a), we see that the change in the equation for ¢ is

which to lowest order does not enter the non-relativistic limit.

In the case that E # 0, this term corresponds to an electric dipole moment.



4. MIT Bag Model

(a) The current is given by j, = ¢y,1. Starting with the Dirac equation when m = 0,

iy,0M') =0
_walau

and using ’yL = Y0YuY0, We derive the equation for P = Pia?,
—i0,by, = 0.

Now using the two equations we see that

0" g = (0" )Yt + 97, 0" = 0.
Now at r = R, we begin with the boundary condition

i = = 7T = Dy

Now looking at the conjugate,

S T )
Then

Fej =Y =0

on the surface r = R. Thus the current is conserved.

(b) From partial integration,
/d?wf(—mﬁw = /d?’r(—@'o?-W)w + ]{d%(—wﬁf - av).
The boundary condition sets the surface integral to be 0. Thus H is Hermitian.
(¢) From the Dirac equation we find
—i¢-Vx = Egp
—i0 - ﬁgo = Ey.
Combining these two equations, we find
~V2x = E*x
—V?p = E?p.



These two equations are identical to the free Schrodinger equation. Assuming £ > 0. We

let ¢ = Ajo(Er) which is merely the s-wave solution. Then

= — : arjO(Er)

A

0T

=F
E

jl (ET)
We now plug this solution into the B.C. and find
=iy ) = — j1I(ER) = jo(ER)

Solving we find FR = 2.0428.
(d) Letting a =~ 2.0428, we start with

Setting % = 0 gives

30\ 4 3/4 1/4

We then set E(Ry) = 939MeV. Solving for B gives B = (96MeV)*. Restoring h and ¢

and converting to atmospheres gives

B~ 1.75 x 10%%atm.



5. Helicity and Chirality
(a)

[h, Hp) =[G - p, - p + [0 - p, Bm]
= Pipjloi, ;]
= pip; (20)€ijro
— 2id- (p % p)
=0.

Thus A has eigenvalues +1.
(b) Suppose we are looking at the eigenstate with momentum p, energy E, and helicity
+1. Let |p] = p.

Hpy = Ey

(@ p'+ fm) Y = Edp

(v’(& - p)p + Bm) ¢ = By

(V’p+Bm—E)¢ =0

We note that

7’ (Bur) = —Pur
v’ (Bur) = Bur.

Thus fur = ur, and fur, = ur. We let ) = crugr + crur.

p(crur — cruy) = E(crugr + cLur,) — m(crug, + cpug).

Thus
cR _ptE

C1, m
Normalizing, one finds that up to a p and E independent constant

m E+p

erN\/mQ +(p+ E)? \/m2 + (p+ E)?




One can do the same procedure for h = —1 and find

E+p m
Vm?+ (p+ E)? \/m2 + (p+ E)?

WV~

If E — oo, then can set m = 0 giving

Yy ~uR

w, ~ Ur,.

In other words the helicity eigenstate with h = 1(—1) is equivalent to the right(left)

chirality eigenstate.

If E — m, then in both cases v is an equal mixture of ur and wuy,.
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6. Duffin-Kemmer Formulation of Maxwell’s Equations

(a)

108 .
— = E
c Ot VX
= —€;50; B
= %, 0, E;
—i(V-S)E
1 o=
=——(p-O)E
(DY)
Thus
oF -
h— =c(X-p)B
5 = ¢>D)
0B -
h— = —c(X-p)E
5 (3 p)
Thus

ihd T = £c(X - P)vs.

(b) Under the parity operation E — —FE but B — B. Thus

Since p — —p
iha{gi = j:C(i . ]7)17:‘: — ZhatUZF = :Fc(i . mﬁ:!:

(c) One way of doing this is to take

_ = 0 ok
fe vy + U Sk _ )
vy —U_ )y 0

(d) From (9) we find

Plugging in from (c)



(X ﬁ)?m = (i€jipi) (i€rmpr)
= —€kji€kimPiDi
= p26jm — PiPm

Thus

and similarly for B. Thus we have the wave equation for the transverse fields

Starting with (8), we find
ihOy(V - ) = £V - (3 - P

It then follows that

This is also true for 5.

(e) Consider (8) with solution
Ty = &4 (p)e =BT %51(1?) 40 <i -ﬁ) Z.(p)
If £ = c¢p then
&y = +i(k x £).

Which are just the conditions for left and right circularly polarized light.
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