8.322: Quantum Theory II
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1. Reflection above the barrier

(a)

We begin with the formula for scattering above a barrier from the notes,
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Using the results derived from the notes with the proper modifications we find
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We see that the results in (a) and (b) have the same dependence on strength and width of
the barrier, but the numerical prefactor is different. In particular the inverted oscillator

underestimates the WKB reflection probability for the potential considered in part (a).

A slow field reversal

(a) Adiabatic evolution requires
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where T is the time scale of the change and AF is the energy difference between the
eigenstates. If the field is slowly reversed, then at some point the B—field goes to zero and
the two spin states become degenerate. If the states become degenerate it is no longer
possible to prevent a transition since the adiabatic approximation fails. By rotating the
magnetic field, we can keep AFE at a constant u.B value and avoid the level degeneracy

that causes the approximation to fail.

(b) The xy—plane field ensures that the magnetic field never vanishes and therefore no

degeneracy appears (see Figure 1).

AE

t

Figure 1: By turning on a permanent By magnetic field, we obtain AFE,,;, = By > 0

Hence, the electron spin can be reversed as long as the magnetic field changes slowly.

(c) Let us assume that B, is changed linearly from B, to B(T') = —B,¢. The Hamiltonian
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where B, (t) = ZB;St, where t goes from —7/2 to T/2. This is the same setup that was

discussed in the supplementary notes with the following identifications
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Hence, the probability of flipping is
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. Quantum Adiabatic Engineering

(a) After subtracting the total energy, the Hamiltonian is
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Figure 2: Energy levels.
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Figure 2 shows the sketch of energy levels.

(b) As we have already shown in (a), by t = % the |—) state has adiabatically evolved
to |0) (see Figure 2). If we let it adiabatically evolve for another ¢t = %, then it will be
in the |+) state.

If we want to end up in the state |0), we adiabatically evolve for a time ¢ ~ % which

brings us to a state close to |0). Then we do not allow the field to change further.

4. Simplifying Degeneracies in the Adiabatic Approximation



The Hamiltonian is
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The trace of the Hamiltonian tells us the average energy which is of no importance in

this problem. Therefore we consider the traceless
, 1
H =H— §TrH

Since H' is a 2 x 2 traceless Hermitian matrix, it can be written as a linear combination
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of the Pauli matrices

Using Tr(o'07) = 26;;

75

Tr(c'H') = (Z Byo'o ) = Tr(Bio'o") = 2B
k

Hence,
1 krr/ 1 k ! 1 k
By = 5 T(o" H') = 5 > ok H, = 5 > ok Hun
m,n=1,2 m,n=1,2
And thus . oH
_ k
Bi=g X ohulamldas 5ol on)
m,n=1,2 @
. Berry Phase for Spin-J
The Berry phase is given by
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The spin operators give the followings
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Only m = M; 4+ 1 contributes to the sum.
SZ|Ja m> = m|J7 m>

The x,y components of (.J, M,|S|J, m)x (.J,m|S|J, M) are zero since (.J, M,|S.|J,m) = 0.

Hence, by substituting the above expressions into (0.1), we obtain
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. An adiabatic excursion

(a) The criterion for the adiabatic approximation is
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(b) The Hamiltonian for the two state system is given by
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where
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Thus using the results from the notes
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Thus the transition probability per unit time is approximately
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(c) We begin with
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Ignoring the adiabatic phase the we have the condition
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Solving for T' to order B*/B2 gives
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where wy, = eBy/mec.



(d) Due to the Berry’s phase there will be an extra phase difference €2, where 2 is the solid

angle traced out by B. Since By > B we assume that we can calculate the solid angle by

taking the area of the ellipse traced out and using R = B ignoring the curvature. Thus
2

B
Q= 7T2—Bg sin 2\

This changes (c¢) such that
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. Bohm-Aharonov Effect

The 1, (7, ﬁ) eigenstate satisfies the Schrodinger equation

- 2
1 AV, e - L o= S By = L3
5 < - EA(T)> + V(7= R) | ¥n(7, R) = E,(R) ¢n(7, R)

We can eliminate the vector potential from the Schrodinger equation by making a phase
transformation of the wavefunction. Since 1, is localized in a region where the B-field

vanishes, we can define

where

Substituting this back into the Schrodinger equation gives

2m \ i

! (WT> + V(7= R) | ¢.(F— R) = E(R) ¢u(7 — R)

that is ¢, is the n—th eigenfunction in the localized potential in the absence of B—field.

The Berry phase is given by

1(C) =i fc (Gl ) - dFE



Vi = Vr (eig(r”ﬁ)gbn(?— ﬁ)) = (—i—eA(ﬁ)gbn(F— R) =V, (7 — ﬁ)) (19 F)

Therefore
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0, because ¢y, is a stationary state
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8. Hannay’s Angle

(a) The only difference between the two problems is that in the case of the helix the wheel
center of mass moves in a vertical direction. The axis of the wheel executes the same cone.
One can achieve this by applying a constraint force which exerts no additional torque on
the wheel. Hence the two problems are equivalent.

(b) The equation of the helix is
7(s) = 2 cos(a) cos(s) + g cos(a) sin(s) + Zs sin(a)

By definition

Als) = f(s) _ —Z cos(a) cos(s) — g cos(a) sin(s) i cos(s) — dsin(s
=t — (5) ~ gsins)
b(s) = t(s) x f(s) = & sin(a) sin(s) — § sin() cos(s) + 2 cos(c)

(c) Since f(s) = |f(5)] n(s), we obtain k(s) = ]f(s)| = cos(a).

Now,
Ccll_i = Zsin(s)—g cos(s) = 2 (sin(s) cos®(a)+sin(s) sin?(a))—7(cos®(a) cos(s)+sin?(a) cos(s))+
+2(cos(a) sin(a) — cos(a) sin(a)) = — cos(a)t 4 sin(a)b
Hence,
7(s) = sin(«)
db o . ) iy P .
i Zsin(a) cos(s)+ysin(a) sin(s) = —sin(a) (= cos(s) — gsin(s)) = —sin(a)n(s) = —7(s)n(s)
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(d) For any s, {(s),7(s),b(s)} forms an orthonormal frame. In this frame, we can expand
any u vector as

@ = wt + uph + uph
In particular,
(I;Frenet = wt£ + wnﬁ + wbi)
By plugging this into i = Wrrenet X U, we obtain

~

t(s) = —wnb + wyht

n(s) = wib — wyt

l;(s) = —wn + wpb

Comparing this to the Frenet formula gives
we = T(8) wp =0 wp = K(S)

Hence,

Brrenet = T(8)E + K(s)b = 2
We have
t - Grrenet = wi = 7(s) = sin(a)
which is not always zero. Thus, the orange spoke will move in the Frenet frame.

(e) We define
U(s) = cosO(s) n(s) +sinfd(s) b(s)
Now - . .
T (6089 N + sin @ l;) +6 (—sinﬁ n+ cosf 6)
= —k(s)cos O — (7‘(3) sin @ 4 sin 09) n+ (7‘(5) cos 0 + 6 cos 9) b
We also know that

—

v — — . ~ ~
T WFrenet X U = wy, Sin 0t — wy, cos Ot
s
Matching the components, we have
do
— =—7(s
s (s)

(f)

27 d@ )
AO =60(21) — 0(0) = —ds = —2msina = ()
o ds

From (a) we know that taking s from 0 to 27 is equivalent to having the wheel on the

rod execute a conical motion. (Then, Af measures the change in the angle of the orange
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spoke after one revolution.) This cone is analogous to the cone traced by the parameter
R during adiabatic motion in quantum mechanics. A#f is the solid angle subtended by

the rod during one cycle.

(g) All the steps in the derivation are unchanged except for the explicit formulas for the
curvature and torsion in terms of the angle o. In particular, the equation df/ds = —7(s)
is valid in general. Also the solid angle swept out by the cone is [ 7(s)ds over a closed

curve. Thus the result is preserved and the generalization gives
AO =)

where 2 is now the solid angle subtended by the surface whose boundary cycle is swept
through by the axis of the wheel.

. The Born-Oppenheimer Approximation for a Diatomic Molecule

(a)

_ 1 2 1 2 D > D
H = 2MNVR QmevT—FVN(R)—i-V;(T,R)
U R) =Y (R (7, F)

2m. "
V() [ 01 Ry (7 Rydr
Using V2(fg) = (V2f)g +2Vf-Vg+ f(V?g), we obtain

/wi‘(ﬁ R)V it (7, R)di* = (U(R)|VIm(R)) + 2((B)|Vrlm(R)) - Vi + 6m Vi



Also,

Joen( s

Combining these results in

24 V.(F,R) + VN(E)) R)di = /wl ' R) e (R) b (7, R)dF = €, (R)

Hyp = — 2]\14 (5sz2 L 2U(R)|\Vrlm(R)) - Vi + (I(R)|VAm(R )>)+5lmgm(ﬁ)

(b) In the Born—Oppenheimer approximation,

Hy(R) — Sy Ho(R)

Clearly,
Hol ) = =5 (it 2m(B)V () - T+ (B T3lm( ) + (B
Now, let

An(R) = i{m(B)|V glm(R))

denote the effective vector potential. We also have a gauge freedom here which we use to
set V- A= 0, i.e. we chose the transverse gauge for A. This can be done for the same
reasons as in standard electromagnetism, that the equation V?¢ = V - A always has a
solution.

Then, we have
N -\ 2 - S
(Vi = idn(R) = V32040V 5= Ay = T32m(R) [V plm(B)-V et (m((B) [V m( R))

Hence,
Hm(é)z——(v2 iA, (é)) + en(R)Vin(R)

(c) We just proved that

() o ) )
An(R) = i{m(R)|V g|m(R))

We have to show that it is real. First,

0 = Vi(m(R)|m(R)) = (Vem(R)|m(R)) + (m(R)|V rlm(R)) = 2 Re(m(R)|Vg|m(R))

This means that (m(R)|Vz|m(R)) is purely imaginary. Hence A,,(R) is real.
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The Berry phase associated to a path C' can be computed by

—

nlC) = [ (R Valm(F) - afi = [ () dF

(e) First we fix R and find the eigenwavefunctions and energies of the electrons. Since the
vibrational and rotational modes have much lower energies than the excitations of the
electrons, we only compute the electronic groundstate (e.g. by variational techniques).
Then, we compute the quantities Vm(é) and ffm(ﬁ) Finally, we may find the vibrational

and rotational modes by solving

Hm(é)q)m(é) = Em<ﬁ)q)m<ﬁ)
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