
8.322: Quantum Theory II

Problem Set #6 Solutions

April 9, 2007

1. Reflection above the barrier

(a)

We begin with the formula for scattering above a barrier from the notes,

|R|2 = exp

(

−2

~

∫ p0(E)

−p0(E)

dpIm

[

V −1(E − p2

2m
)

])

Here V (x) = −V0

√

1 + x2/a2, thus

y = −V0

√

1 +
x2

a2
=⇒ x = a

√

y2

V 2
0

− 1

which gives

V −1(y) = a

√

y2

V 2
0

− 1.

Here E = 0 and plugging in for V −1 and p0 into the expression for |R|2 gives

|R|2 = exp

(

−4

~

∫ √
2mV0

0

dpa

√

1 − p4

4m2V 2
0

)

= exp

(

−4

√

2ma2V0

~2

∫ 1

0

dpa
√

1 − p4

)

= exp

(

−4

√

2ma2V0

~2

√
πΓ(1

4
)

8Γ(7
4
)

)

= exp

(

−
√

2πΓ(1
4
)

2Γ(7
4
)

√

mV0a2

~2

)

(b)

Using the results derived from the notes with the proper modifications we find
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|R|2 = exp

(

−2π

√

mV0a2

~2

)

We see that the results in (a) and (b) have the same dependence on strength and width of

the barrier, but the numerical prefactor is different. In particular the inverted oscillator

underestimates the WKB reflection probability for the potential considered in part (a).

2. A slow field reversal

(a) Adiabatic evolution requires

T ≫ ~

∆E

where T is the time scale of the change and ∆E is the energy difference between the

eigenstates. If the field is slowly reversed, then at some point the B–field goes to zero and

the two spin states become degenerate. If the states become degenerate it is no longer

possible to prevent a transition since the adiabatic approximation fails. By rotating the

magnetic field, we can keep ∆E at a constant µeB value and avoid the level degeneracy

that causes the approximation to fail.

(b) The xy–plane field ensures that the magnetic field never vanishes and therefore no

degeneracy appears (see Figure 1).

t

E

∆E

Figure 1: By turning on a permanent B0 magnetic field, we obtain ∆Emin = µeB0 > 0

Hence, the electron spin can be reversed as long as the magnetic field changes slowly.

(c) Let us assume that Bz is changed linearly from Bz0 to B(T ) = −Bz0. The Hamiltonian

is
µe

2

(

Bz(t) Bx

Bx −Bz(t)

)
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where Bz(t) = 2B0
z t

T
, where t goes from −T/2 to T/2. This is the same setup that was

discussed in the supplementary notes with the following identifications

ǫ ≡ 1

2
µeBx f(t) ≡ µeB

0
z t

T

Hence, the probability of flipping is

|R|2 = exp

(

−πTµe

B2
x

4~B0
z

)

≤ 10−6.

We plug in

B0
z = 5 kG = 1000 Bx

and

µe ≈ 2µB =
e~

me

and obtain

10−6 ≥ exp

(

− eπBxT

4000 me

)

and thus

T ≥ − ln(10−6)
4000 me

eπB0

= 200 µs

3. Quantum Adiabatic Engineering

(a) After subtracting the total energy, the Hamiltonian is

H = −µ0
1

~

~S· ~B−c
1

~2
S2

z =






−c − µ0(B0 − βt) −µ0Bx 0

−µ0Bx 0 −µ0Bx

0 −µ0Bx −c + µ0(B0 − βt)






For t = 0

H ≈






−c − µ0B0 0 0

0 0 0

0 0 −c + µ0B0






with eigenvalues

E = 0, −c ± µ0B0

For t = 1
β
(B0 − c/µ0)

H ≈






−2c −µ0Bx 0

−µ0Bx 0 −µ0Bx

0 −µ0Bx 0





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Figure 2: Energy levels.

with eigenvalues

E ≈ −2c, ±µ0Bx

For t = B0

β

H ≈






−c −µ0Bx 0

−µ0Bx 0 −µ0Bx

0 −µ0Bx −c






with eigenvalues

E ≈ −c, −c − 2

c
µ2

0B
2
x,

2

c
µ2

0B
2
x

Note that the eigenvector with the largest eigenvalue is mostly ∼






0

1

0




.

Figure 2 shows the sketch of energy levels.

(b) As we have already shown in (a), by t = B0

β
the |−〉 state has adiabatically evolved

to |0〉 (see Figure 2). If we let it adiabatically evolve for another t = B0

β
, then it will be

in the |+〉 state.

If we want to end up in the state |0〉, we adiabatically evolve for a time t ≈ B0

β
which

brings us to a state close to |0〉. Then we do not allow the field to change further.

4. Simplifying Degeneracies in the Adiabatic Approximation
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The Hamiltonian is

H =




E0 +

∑N

j=1〈a1|δαj
∂H
∂αj

∣
∣
∣
α0

|a1〉
∑N

j=1〈a1|δαj
∂H
∂αj

∣
∣
∣
α0

|a2〉
∑N

j=1〈a2|δαj
∂H
∂αj

∣
∣
∣
α0

|a1〉 E0 +
∑N

j=1〈a2|δαj
∂H
∂αj

∣
∣
∣
α0

|a2〉





The trace of the Hamiltonian tells us the average energy which is of no importance in

this problem. Therefore we consider the traceless

H ′ = H − 1

2
TrH

Since H ′ is a 2 × 2 traceless Hermitian matrix, it can be written as a linear combination

of the Pauli matrices

H ′ =
∑

k

Bkσ
k

Using Tr(σiσj) = 2δij,

Tr(σiH ′) = Tr

(
∑

k

Bkσ
iσk

)

=
∑

k

Tr(Bkσ
iσk) = 2Bi

Hence,

Bk =
1

2
Tr(σkH ′) =

1

2

∑

m,n=1,2

σk
mnH ′

nm =
1

2

∑

m,n=1,2

σk
mnHnm

And thus

Bk =
1

2

∑

m,n=1,2

σk
mn〈am|δαj

∂H

∂αj

∣
∣
∣
∣
α0

|an〉.

5. Berry Phase for Spin-J

The Berry phase is given by

γMJ
(C) = −Im

{
∑

m6=MJ

∫

S

d~S
〈J,MJ |∇B

~S · ~B|J,m〉 × 〈J,m|∇B
~S · ~B|J,MJ〉

(MJ − m)2| ~B|2

}

γMJ
(C) = −Im

{
∑

m6=MJ

∫

S

d~S
〈J,MJ |~S|J,m〉 × 〈J,m|~S|J,MJ〉

(MJ − m)2| ~B|2

}

(0.1)

The spin operators give the followings

Sx|J,m〉 =
1

2
(S++S−)|J,m〉 =

1

2

√

(J − m)(J + m + 1)|J,m+1〉+1

2

√

(J + m)(J − m + 1)|J,m−1〉

Sy|J,m〉 =
1

2i
(S+ − S−)|J,m〉
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Only m = MJ ± 1 contributes to the sum.

Sz|J,m〉 = m|J,m〉

The x, y components of 〈J,MJ |~S|J,m〉×〈J,m|~S|J,MJ〉 are zero since 〈J,MJ |~Sz|J,m〉 = 0.

Hence, by substituting the above expressions into (0.1), we obtain

γMJ
(C) = −Im

{
∫

S

d~S
B̂

| ~B|2

(
1

2i
(J + MJ + 1)(J − MJ) − 1

2i
(J − MJ + 1)(J + MJ)

)}

γMJ
(C) =

1

2

∫

S

d~S
B̂

| ~B|2
(−2MJ) = −MJΩ(C)

6. An adiabatic excursion

(a) The criterion for the adiabatic approximation is

~

|∆E(t)|2
[

d

dt
∆E(t)

]

≪ 1

Here [
d

dt
∆E(t)

]

≈ e~ωB

mc

and

∆E(t) ≈ e~B0

mc
= ~ωL

Thus
ωeB

mc
≪ ω2

L =⇒ ω

ωL

≪ B0

B

(b) The Hamiltonian for the two state system is given by

H(t) = − ge

2mc

~

2
~σ · ~B

= − e~

2mc

(

B0 B(cos λ cos ωt − i sin λ sin ωt)

B(cos λ cos ωt + i sin λ sin ωt) −B0

)

This has eigenvalues

E± = ± e~

2mc

√

B2
0 + B2 cos2 λ cos2 ωt + B2 sin2 λ sin2 ωt

The energy difference between the two levels is a minimum at t = (2n+1)π
2ω

, since 0 < λ < π
4
.

Expanding about the minimum, let Bm =
√

B2
0 + B2 sin2 λ

∆E(∆t) =
e~

mc

(

Bm +
B2ω2

2Bm

(cos2 λ − sin2 λ)∆t2 + . . .

)

≡
√

ǫ2 + ∆t2/T 2.
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where

ǫ2 =

(
e~Bm

mc

)2

1

T
=

e~

mc
Bω

√

cos2 λ − sin2 λ

Thus using the results from the notes

|R|2 = exp
(
−πTǫ2/~

)

= exp

(

−π
e

mc

B2
m

Bω
√

cos2 λ − sin2 λ

)

≈ exp



−π
B0ωL

Bω

1 + B2

2B2

0

sin2 λ
√

cos2 λ − sin2 λ





Thus the transition probability per unit time is approximately

π

ω
|R|2

with |R|2 given as above.

(c) We begin with

∆E(t) ≈ e~B0

mc

(

1 +
B2

2B2
0

(cos2 λ cos2 ωt + sin2 λ sin2 ωt

)

Ignoring the adiabatic phase the we have the condition

∫ T

0

∆E(t)dt = 2π~

which gives to order B2/B2
0

2π

ωL

= T +
B2

4B2
0

(

T +
cos 2λ sin 2Tω

2ω

)

+ . . .

Solving for T to order B2/B2
0 gives

T =
2π

ωL

[

1 − B2

4B2
0

(

1 +
ωL

4πω
cos 2λ sin

4πω

ωL

)]

where ωL = eB0/mc.
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(d) Due to the Berry’s phase there will be an extra phase difference Ω, where Ω is the solid

angle traced out by ~B. Since B0 ≫ B we assume that we can calculate the solid angle by

taking the area of the ellipse traced out and using R = B0 ignoring the curvature. Thus

Ω = π
B2

2B2
0

sin 2λ

This changes (c) such that

2π~ =

∫ T

0

∆E(t)dt +
~Ωω

2π
T

2π

ωL

= T̃ +
B2

4B2
0

(

T̃ +
cos 2λ sin 2T̃ ω

2ω

)

+ T̃
B2

4B2
0

ω

ωL

sin 2λ

Thus

T̃ − T = − πωB2

2ω2
LB2

0

sin 2λ

7. Bohm-Aharonov Effect

The ψn(~r, ~R) eigenstate satisfies the Schrödinger equation




1

2m

(

~~∇r

i
− e

c
~A(~r)

)2

+ V (~r − ~R)



 ψn(~r, ~R) = En(~R) ψn(~r, ~R)

We can eliminate the vector potential from the Schrödinger equation by making a phase

transformation of the wavefunction. Since ψn is localized in a region where the B–field

vanishes, we can define

ψn(~r, ~R) = eig(~r, ~R)φn(~r − ~R)

where

g(~r, ~R) =
e

~c

∫ ~r

~R

~A(~x) · d~x

Substituting this back into the Schrödinger equation gives




1

2m

(

~~∇r

i

)2

+ V (~r − ~R)



 φn(~r − ~R) = En(~R) φn(~r − ~R)

that is φn is the n–th eigenfunction in the localized potential in the absence of B–field.

The Berry phase is given by

γn(C) = i

∮

C

〈ψn|~∇R|ψn〉 · d~R
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∇Rψn = ∇R

(

eig(~r, ~R)φn(~r − ~R)
)

=

(

− ie

~c
A(~R)φn(~r − ~R) − ~∇rφn(~r − ~R)

)

eig(~r, ~R)

Therefore

γn(C) =
e

~c

∮

C

A(~R) · d~R +

∮

C

(∫

φ∗
n(~r − ~R)(−i~∇r)φn(~r − ~R) d3~r

)

· d~R

γn(C) =
e

~c

∫∫

S

~B · d~R +

∮

C

1

~
〈φn|~p|φn〉 · d~R

︸ ︷︷ ︸

0, because φn is a stationary state

γn(C) =
e

~c
ΦB

8. Hannay’s Angle

(a) The only difference between the two problems is that in the case of the helix the wheel

center of mass moves in a vertical direction. The axis of the wheel executes the same cone.

One can achieve this by applying a constraint force which exerts no additional torque on

the wheel. Hence the two problems are equivalent.

(b) The equation of the helix is

~r(s) = x̂ cos(α) cos(s) + ŷ cos(α) sin(s) + ẑs sin(α)

By definition

n̂(s) =
˙̂t(s)

| ˙̂t(s)|
=

−x̂ cos(α) cos(s) − ŷ cos(α) sin(s)
√

cos2(α)
= −x̂ cos(s) − ŷ sin(s)

b̂(s) = t̂(s) × n̂(s) = x̂ sin(α) sin(s) − ŷ sin(α) cos(s) + ẑ cos(α)

(c) Since ˙̂t(s) = | ˙̂t(s)| n̂(s), we obtain κ(s) = | ˙̂t(s)| = cos(α).

Now,

dn̂

ds
= x̂ sin(s)−ŷ cos(s) = x̂(sin(s) cos2(α)+sin(s) sin2(α))−ŷ(cos2(α) cos(s)+sin2(α) cos(s))+

+ẑ(cos(α) sin(α) − cos(α) sin(α)) = − cos(α)t̂ + sin(α)b̂

Hence,

τ(s) = sin(α)

db̂

ds
= x̂ sin(α) cos(s)+ŷ sin(α) sin(s) = − sin(α) (−x̂ cos(s) − ŷ sin(s)) = − sin(α)n̂(s) = −τ(s)n̂(s)
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(d) For any s, {t̂(s), n̂(s), b̂(s)} forms an orthonormal frame. In this frame, we can expand

any ~u vector as

~u = utt̂ + unn̂ + ubb̂

In particular,

~ωFrenet = ωtt̂ + ωnn̂ + ωbb̂

By plugging this into ~̇u = ~ωFrenet × ~u, we obtain

˙̂t(s) = −ωnb̂ + ωbn̂

˙̂n(s) = ωtb̂ − ωbt̂

˙̂
b(s) = −ωtn̂ + ωnb̂

Comparing this to the Frenet formula gives

ωt = τ(s) ωn = 0 ωb = κ(s)

Hence,

~ωFrenet = τ(s)t̂ + κ(s)b̂ = ẑ

We have

t̂ · ~ωFrenet = ωt = τ(s) = sin(α)

which is not always zero. Thus, the orange spoke will move in the Frenet frame.

(e) We define

~v(s) = cos θ(s) n̂(s) + sin θ(s) b̂(s)

Now
d~v

ds
=

(

cos θ ˙̂n + sin θ
˙̂
b
)

+ θ̇
(

− sin θ ˙̂n + cos θ
˙̂
b
)

= −κ(s) cos θt̂ −
(

τ(s) sin θ + sin θθ̇
)

n̂ +
(

τ(s) cos θ + θ̇ cos θ
)

b̂

We also know that
d~v

ds
= ~ωFrenet × ~v = ωn sin θt̂ − ωb cos θt̂

Matching the components, we have

dθ

ds
= −τ(s)

(f)

∆θ = θ(2π) − θ(0) =

∫ 2π

0

dθ

ds
ds = −2π sin α = Ω

From (a) we know that taking s from 0 to 2π is equivalent to having the wheel on the

rod execute a conical motion. (Then, ∆θ measures the change in the angle of the orange
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spoke after one revolution.) This cone is analogous to the cone traced by the parameter
~R during adiabatic motion in quantum mechanics. ∆θ is the solid angle subtended by

the rod during one cycle.

(g) All the steps in the derivation are unchanged except for the explicit formulas for the

curvature and torsion in terms of the angle α. In particular, the equation dθ/ds = −τ(s)

is valid in general. Also the solid angle swept out by the cone is
∫

τ(s)ds over a closed

curve. Thus the result is preserved and the generalization gives

∆θ = Ω

where Ω is now the solid angle subtended by the surface whose boundary cycle is swept

through by the axis of the wheel.

9. The Born-Oppenheimer Approximation for a Diatomic Molecule

(a)

H = − 1

2MN

∇2
R − 1

2me

∇2
r + VN(~R) + Ve(~r, ~R)

Ψ(~r, ~R) =
∑

m

Φm(~R)ψm(~r, ~R)

The Schrödinger equation is

HΨ(~r, ~R) = EΨ(~r, ~R)
∑

m

HΦm(~R)ψm(~r, ~R) = E
∑

m

Φm(~R)ψm(~r, ~R)

∑

m

(∫

ψ∗
l (~r, ~R)Hψm(~r, ~R)d~r

)

︸ ︷︷ ︸

Hlm

Φm(~R) = E

(∫

ψ∗
l (~r, ~R)ψm(~r, ~R)d~r

)

︸ ︷︷ ︸

δlm

Φm(~R)

Hence,
∑

m

HlmΦm(~R) = EΦl(~R)

Now,

Hlm =

∫

ψ∗
l (~r,

~R)

(

− 1

2MN

∇2
R − 1

2me

∇2
r + VN(~R) + Ve(~r, ~R)

)

ψm(~r, ~R)d~r

= − 1

2MN

∫

ψ∗
l (~r, ~R)∇2

Rψm(~r, ~R)d~r +

∫

ψ∗
l (~r, ~R)

(

− 1

2me

∇2
r + Ve(~r, ~R)

)

ψm(~r, ~R)d~r+

+VN(~R)

∫

ψ∗
l (~r, ~R)ψm(~r, ~R)d~r

Using ∇2(fg) = (∇2f)g + 2∇f · ∇g + f(∇2g), we obtain
∫

ψ∗
l (~r, ~R)∇2

Rψm(~r, ~R)d~r = 〈l(~R)|∇2
R|m(~R)〉 + 2〈l(~R)|∇R|m(~R)〉 · ∇R + δlm∇2

R
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Also,

∫

ψ∗
l (~r, ~R)

(

− 1

2me

∇2
r + Ve(~r, ~R) + VN(~R)

)

ψm(~r, ~R)d~r =

∫

ψ∗
l (~r, ~R)ǫm(~R)ψm(~r, ~R)d~r = ǫm(~R)δlm

Combining these results in

Hlm = − 1

2MN

(

δlm∇2
R + 2〈l(~R)|∇R|m(~R)〉 · ∇R + 〈l(~R)|∇2

R|m(~R)〉
)

+ δlmǫm(~R)

(b) In the Born–Oppenheimer approximation,

Hlm(~R) −→ δlmHm(~R)

Clearly,

Hm(~R) = − 1

2MN

(

∇2
R + 2〈m(~R)|∇R|m(~R)〉 · ∇R + 〈m(~R)|∇2

R|m(~R)〉
)

+ ǫm(~R)

Now, let
~Am(~R) = i〈m(~R)|∇R|m(~R)〉

denote the effective vector potential. We also have a gauge freedom here which we use to

set ∇R · ~A = 0, i.e. we chose the transverse gauge for ~A. This can be done for the same

reasons as in standard electromagnetism, that the equation ∇2φ = ∇ · ~A always has a

solution.

Then, we have

(

∇R − i ~Am(~R)
)2

= ∇2
R−2i ~Am∇R− ~Am

~Am = ∇2
R+2〈m(~R)|∇R|m(~R)〉·∇R+〈m(~R)|∇2

R|m(~R)〉

Hence,

Hm(~R) = − 1

2MN

(

∇2
R − i ~Am(~R)

)2

+ ǫm(~R)Vm(~R)

(c) We just proved that

Vm(~R) = ǫm(~R)

(d)
~Am(~R) = i〈m(~R)|∇R|m(~R)〉

We have to show that it is real. First,

0 = ∇R〈m(~R)|m(~R)〉 = 〈∇Rm(~R)|m(~R)〉 + 〈m(~R)|∇R|m(~R)〉 = 2 Re〈m(~R)|∇R|m(~R)〉

This means that 〈m(~R)|∇R|m(~R)〉 is purely imaginary. Hence ~Am(~R) is real.
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The Berry phase associated to a path C can be computed by

γm(C) = i

∫

C

〈m(~R)|∇R|m(~R)〉 · d~R =

∫

C

~Am(~R) · d~R

(e) First we fix ~R and find the eigenwavefunctions and energies of the electrons. Since the

vibrational and rotational modes have much lower energies than the excitations of the

electrons, we only compute the electronic groundstate (e.g. by variational techniques).

Then, we compute the quantities Vm(~R) and ~Am(~R). Finally, we may find the vibrational

and rotational modes by solving

Hm(~R)Φm(~R) = Em(~R)Φm(~R)
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