8.322: Quantum Theory II

Problem Set #8 Solutions
April 23, 2007

1. Lagrangian and Hamiltonian Schrodinger field theory

(a) The Lagrangian is
. h?
L= /dm (ihqﬁqf — Q—V\Iﬁ VAV q/TV(g;)qf)
m

Using the Euler-Lagrange equations,

d 6L 6L d L 6L

ey A

and integrating by parts on the spatial derivative term, we obtain the Schrodinger equa-

tion .
W = ——V2U + V()P 0.1
il = — VA 4V (1) (0.1)
and its conjugate
. h2
iRVt = —— V20l + UV 0.2
it = — LV 0 () (02)
Hence we identify
Ul = g~
(b) By definition
= oL
owt

and since the Lagrangian does not depend on \I}T, we obtain

The other momentum is nonzero

The Hamiltonian

H= /dx(zmmi/ —L)= /d:zc i,VH VU - LIV ) = H(U,TI)
2mi h



(c)

0H  ih _,
U ——VU=1U
fin 2mV hv
Thus we get (0.2). Also,
O0H  h

— VU — —HV— —1II
m

50 2 h

and by substituting IT = ih¥T, we obtain (0.1).

2. Aspects of second quantization

(a)

h? ; i th
H= |de | —VU'VU+VIU | = [ de| ——VII - VU — —VH\II
2m 2m h

i = [0, H] = {\If(:c,t), /dr’ (-%vn(:ﬂ,z) V(2 1) — %vg’)n(ﬁ,@y(f,ﬂ)]

_ / dz’ (;—h [0z, 1), TI(z', )] V2O (2, £) — %V(:c’) (U (z, 1), I(2/, 1)] \p(x',t))

_ /d (;h V2U(2/ ) — %V(m’)@(m’,t)) ihd(x — ')

Hence,
h2
ihW = —2—V2\Il(x t)+ V(x)¥(z,t)

W, 0), 1, 0] = [, 1), W 1)] = 0 — )

[Z az¢z($ —iE; t/FL Za‘f w 1Emt/ﬁ] o 63(37 N x/)
/ ds [Z ai(e)e™ 0, Db ”fmt/h] vi(a)

[CL —zEnt/h Z Tqu) zEmt/h] :wz(x/)

/dl’/ ¢l($/> [an zEnt/h ZCLT w zEmt/h] _ 5ln

[ af] e~ rln g

In
= [an, al] = 0
Similarly, [V(x,t), ¥(z',t)] = 0, therefore

[an, @] =0
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(c) We have
¢(z,t) = Z ann(x)e_wnt/h

o(z,t) = /K(x, tial ) Z Cm¢m(m/)e—iEmt/hd$/

Hence

Ko, ) = 3 o) 05 )
Now,

[V(z,t), \IIT(:U’,t)} = Z [an, @ t F ] (@)t (x e iBnt/heiBumt/h
— an wn i En(t—t")

and thus

K(w t;a' ') = 60(t —t') [W(w, 1), ¥i(2/,1)]
(d)

h2

[N, H| = [/ do Ul (2, 1)V (2, 1), /dx' (2—V\IIT(:E’,15) V(2 t) + V(x’,t)\IfT(a:’,t)\D(x',t))}
m

The commutator of N with the term in H proportional to the potential vanishes. Thus,

[N, H] = /dx/dm' % (V [Vl (2, t)U(x,t), U2/, t)] V(2. t) + VU2, )V [UF (2, )0 (2, ), V(2,1

- /dx/dx’ 2h—m {V (Ul (z,0)6*(x — ")) V(2. t) + VI (2, )V (=6 (z — 2')V(z, 1)) }

2
:/dx’h—(wﬁ-v\p—vqﬁ-v\p):o
2m

Physically, the eigenvalue of N gives the number of particles in the system.

(e) Reversing the computation in (b) and replacing [ | by { } yields
(@), W)} = 8z — o)
{U(2), ¥(2)} = {9'(x), T'(2")} =0
Note that the transition from commutators to anticommutators is possible because

lab, ¢] = a{b,c} — {c,a}b=alb,c] — [c,a]b



Explicitly,

ihW(x,t) = [U(z,t), H = [\If(x,t), /dx’ (%V@T(x’,t)-V\Il(x’,t)+V(x’)\1ﬁ(x’,t)\1/(x’,t))}

= /d:z:’ (2h_ [U(z,t), VU, 1) - V()] + V(2') [¥(z,1), \IIT(x’,t)\IJ(:U’,t)D

[U(z,t), VU2 1) - V(2 t)] =
V ({U(z,t), Ui, t)} — U2/, ) U(z, 1)) VU(2/, )+ VU (2, £)U(2, ) VU (2, t) = VI (2—2')- V(2 t)

Similarly,
[(U(z,t), U2, )0(2/,t)] = 6°(z — ) ¥(2/, 1)

Hence,

ih(z,t) = / da’ (— I 535 — ' )VPU (! 1) + V()8 (o — o), t))

M 3
2m6
. 72
ihV(z,t) = —%Vzklf(az,t) + V(x)¥(x,t)

(f) By the anticommutation relations,

{az,az,} =0

we obtain
a,ia,t = —aLa,t =0
If we now consider |ky, ko, ..., k,) with k; = k;, then by means of the anticommutation

relations we can move azi next to aL], and we get

— Tt T Tt T T
kv, ko, k) = £ agap, - ay, <akiakj> W,y g [

Since
oo _
(akiakj:k) =0

the above state is zero.

If k; # k; for i # j, then we can move the creation operators in the same way. We only
need to figure out the overall sign. If we want to exchange k; and k;, then we need to

move aLi step—by-step to the j—th position which gives a factor of (—1)*. We also need

to move azj to the i-th position that gives the same sign (—1)®, due to the symmetry.
These factors cancel each other. And finally, there is an extra sign coming from the step

when we exchanged azi and alj. Hence,
|kt kay oo ki kg, k) = —|k e, Ky R Ky
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(g) If k; = k; for i # j, then clearly
<l€1,]{?2, e |]{51,k52,. . > - 0

If all k;’s are distinct, then by definition

n—1

<k1, ]{ZQ, Ce |k’1, k'Q, .. > = <Q|aknak e (]JleLLICLLQ cee CLLJQ)
As in (f), we can move the operators and thus we obtain

(i by Ry das ) = (9] (anal, ) - (anal, ) 1)
Using
aral,|) = (1= af,ar)|2) = )
gives
<l€1,]§72,...|/€1,]{72,...> == 1
(h) We have the expansion

‘Ij(x7t) = Zajwﬂx)ei“gjt/h = Z(Ij'[b]’(x,t)

J

where 1);(z, t) satisfies the time-dependent Schroedinger equation. Then,

QU (21, t1) -+ U, t) | K1, - ) = Z Vpy (T1,81) U (T ) (- - apmaltl T altm‘Q>

p1,p2;..

If {p;}iz1.m is not a permutation of {k;};—1. .., then the state gives zero, since we can

move ay,, to |2) by the anticommutation relations. Hence,
<Q|\I/<J]1, tl) e \Ij(mma tm)|k:17 e km> - Z ¢0(k1)(x17 tl) e wa(km)(mm7 tm) <Q|a0'(k1) e ao’(km)azl e aLmls

where o is a permutation. We can rearrange the aq(,) annihilation operators to obtain
(QU(z1,t1) - V(T tin) | K1y - - o) =

Z(Slgn U)wv(lﬂ)(xh tl) e I/JU(]C,,,L)(:'UTTL) tm) <Q|ak1 e akﬂla/lt‘l T al’t:m |Q>

o

=) (sig o)) (21,11) + Yorthn) (Tms tm) (Qan, -+~ anaf, - af 0

The above sign depends only on m. The vev gives 1 (see (g) for example) and thus we
get the antisymmetric wavefunction for m particles. Comparing this form to the Slater

determinant fixes the constant factor to



3. Coulomb interactions in a box

Including the spin—part, the operator W(x) takes the following form

VU (r) = Z oo D1 (T) X o

Vi)=Y aj ,dh(@)x}
k,o
such that [, dz ¢5(2)dw (x) = O and X\ xor = 0ger.
Two parallel spins are given by the state
‘kv g, kl? J) = alt,oal]::’,a’Q>

Two antiparallel spins
|k, o k', —0) = az7aa2/’7(r|§2>

Now,

1 S [ dy O, () ry (2) D1, (1) Dry (v)

_ . T .
VCoulomb - 5 |l’ — y| 6010250304 . akl’gl akQ,Ugak3753ak4,0’4 .

2

ki,o;
Normal ordering gives

- ] — T T
: akl,Ulak2702ak3,0’3a’k4704 T _a'kl,olak3,03ak2702ak4704

Then for |k, o; k', 0’) we have

<VCoulomb> _ _% Z /d3x dSy Cbzl ($)¢k2|f)_¢lz3|(y)¢k4 (y) 5010250304 >

ki,o;
T i Tt
X (Q|a,€/’a/akyaak1’gl Uk g Vb0 Ohis,04 0, o U 1 |€2)

We perform Wick contractions on the vev. Thus,

Vs s i@ ()0 W) k(y) o 1 [ s s Ok () Ok() Ok (y) O ()
<VCoulomb> — 9 /d xd Yy ‘ZL‘ _ y| (500/ 5 /d xd Y |$ — y| (S

JU’+

+%/d3x &y o () | dre ()] 1/d3x &y | ()2 dn (1) |2

_l’__
|z —y 2 |z —y

Hence, the energy difference of parallel and antiparallel spin alignments

% ()P (2) D (y) Pk (y)
[z =y

<O'O-’VCoulomb|O-O'> - <07 _U|VCOulomb|U7 _0> = - /d3l‘ d3y



Let u = x —y. Then,

1 ei(k:’—k)u 1 ei(k’—k)u A7
V2 /V </ [u] “) Y v/ T V=R

where the integral has been performed in the approximation that the box is infinitely
1

=

of the box. If, however, the momenta are almost equal, the integral must be done more

large. This approximation works if < R, where R is a typical linear dimension
carefully. Consider, for example, the case k = k’. Then the integral yields AE = ce2/V/3,
where c¢ is a constant that depends on the specific shape of the box. This differs from the

large box approximation, which appears to diverge as —a



