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I review the basic properties of spin coherent states, and explain how they may be used to relate
1 dimensional quantum chains to 2 dimensional classical statistical physical models. In particular,
I review the map from quantum antiferromagnets to the O(3) NLSM with a topological term, and

discuss the Haldane conjecture.

I. INTRODUCTION

Because of the enhanced role of fluctuations, low-
dimensional quantum and thermal systems often behave
very differently than their high dimensional counterparts.
An important example of this is the Mermin-Wagner the-
orem, which states that continuous symmetry-breaking
order is not possible at finite temperature in two dimen-
sions. While this rules out a symmetry-breaking phase
transition in 2d, a more exotic phase transition driven by
the proliferation of vortices, the BKT transition, is pos-
sible at finite temperature. Since the transfer matrix for-
malism may be used to relate classical statistical physics
and quantum mechanics in one lower space dimension, it
is interesting to ask what these results can tell us about
one dimensional quantum systems. Studying this is the
purpose of this note.

This connection appears in many ways. For instance,
the one dimensional spin-1/2 XXZ model, with Hamilto-
nian:

Hxxz =J Y SESE . +SUSY,, +AS:S;,,
n
may be mapped to the classical six-vertex model [1], and

the isotropic antiferromagnetic point A = 1, J > 0 on the
quantum side corresponds to the BKT critical point on

the classical side [2]. But the result this note aims for is
Affleck’s argument [3] for the Haldane conjecture [4]. The
Haldane conjecture [5] is that one dimensional Heisen-

berg antiferromagnets display drastically different behav-
ior depending on whether the spins are integral or half-
integral, with the former leading to a gapped ground
state and the latter leading to a gapless ground state.
A crucial step in the argument is mapping the quantum
system onto a 2d O(3) nonlinear sigma model.

This mapping may be accomplished in a variety of
ways, but following [6], we will use the formalism of
spin coherent states. To that end, after reviewing the
quantum-classical correspondence provided by the trans-
fer matrix method, we will introduce spin coherent states
and their basic properties. Then, we will use spin coher-
ent states to construct classical systems corresponding
to a single spin in a magnetic field, and a pair of spins
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interacting via an isotropic exchange interaction. Next,
we will show how the Berry phase term for a single spin
becomes a topological term for the action of a spin chain,
and we will obtain the NLSM for a 1d antiferromagnetic
chain. Finally, we will discuss how to use this NLSM
framework to establish the Haldane conjecture.

II. TRANSFER MATRICES RELATE
QUANTUM AND CLASSICAL PHYSICS

In this section, we review how the transfer ma-
trix method provides a connection between d-space-
dimensional quantum mechanics and d + 1-space-
dimensional classical statistical physics. This has been
taken up by many authors (see, for instance, [1]), includ-
ing past 8.334 projects [7]. We wish to emphasize the role
of anisotropy on the classical side and the specific rela-
tionship between quantum and thermal fluctuations (and
what that means for, e.g., the Mermin Wagner theorem).

Suppose we have a classical Hamiltonian which de-
pends on some parameters g and the configuration o as:

N
H(g,0) =Y Hlg;0i,0i11),

i=1

where o; is the configuration of the i’th “row” of the
system. Suppose also that H is symmetric in the o’s.
Then if we introduce T'(g, 8) via its matrix elements as:

(o'|T(g,B)|o)y = e~ BHlgi0’ 0]
then we can write:
Z = Ze—ﬁH = tr (T(%B)N) —tr (e_f‘qu) .
{o}
Thus, the equation:

e M) = (ol|ePulla/ Vo) (1)
provides a mapping from classical Hamiltonians H and
quantum hamiltonians H, which relates their partition
functions. Computing expectation values for classical ob-
servables corresponds to inserting diagonal operators into
the trace on the quantum side.

Let us first consider 0 + 1 dimensional quantum sys-
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tems. When the quantum mechanical system is zero-
dimensional and the classical mechanical system is one
dimensional, (1) is often satisfactory as is. For exam-
ple, it may be used to provide a correspondence between
a quantum-mechanical spin-1/2 particle in an external
field and the classical Ising chain. For such a particle, we
may compute:

_ [coshy sinhvy
exp (Y0) = <sinhfy cosh fy> ’

which tells us:
1 1. 1 ,
BHlo, o] = -3 log B sinh(2v) | + 3 log(tanh(y))oo’,

which is a classical Ising chain. Notice that the bigger v
is, the smaller log(tanh(y)) is, and thus the stronger the
thermal fluctuations on the classical side become. This
makes sense since on the quantum side | —) has maxi-
mum uncertainty for S,, so the larger 7 is, the stronger
the quantum fluctuations of S, .

For generic quantum-mechanical systems with a spa-
tial extent, though, equation (1) is unsatisfactory be-
cause the exponentials involved do not preserve the short-
rangedness of the interaction. In other words, a clas-
sical Hamiltonian with only nearest-neighbor interac-
tions would nevertheless produce a (very complicated)
quantum-mechanical H, with nonzero interactions at ar-
bitrarily long range, and vice-versa. This problem may
be averted by working in a highly anisotropic region of
the classical parameter space: if there is a very high en-
ergy cost for o to differ from o', then the transfer matrix
will be close to the identity, and can thus be safely Taylor
expanded. This is the procedure used to accomplish the
previously mentioned map between the six-vertex model
and the spin-1/2 XXZ model.

Let us examine what happens to the Mermin-Wagner
theorem under this correspondence. In classical statisti-
cal physics, in the form presented in 8.334, the Mermin-
Wagner theorem rules out the possibility of symmetry-
breaking order for a continuous symmetry in 2 spatial di-
mensions. The order is destroyed by thermal excitation
of the Goldstone modes. One might thus suspect that,
as a result of the previously discussed correspondence,
quantum fluctuations would rule out the possibility of
continuous symmetry breaking order in quantum chains.
However, it is easy to devise a counterexample, like the
Heisenberg ferromagnet:

H=-7> 8-S

Any product state where all the spins have maximal pro-
jection along the same axis is a ground state of this sys-
tem, which therefore spontaneously breaks rotation sym-
metry.

What has gone wrong? I wish to argue, elaborating on
a brief comment to [8], that when this occurs, the corre-

sponding classical system is at zero temperature (mean-
ing all configurations with a nonzero weight have the
same weight). However, unlike [8], I do not believe that
the unentangled nature of the Heisenberg ground state
is relevant, and in fact something similar can occur in
0 + 1-dimensional quantum systems where entanglement
isn’t even possible.

Making a quantum-classical correspondence using a
transfer matrix requires a choice of basis on the quantum
side, and thermal fluctuations on the classical side result
from the fact that the quantum-mechanical ground state
is a superposition of various vectors in this basis. But if
the ground state belongs to the basis, this superposition
is trivial, and the classical system is at zero temperature.
For instance, if we had used o, instead of o, in our earlier
example of a single quantum spin, we would have found
that the corresponding classical system assigns a finite
weight only to the state where all spins are up.

There are more interesting gapless states than the
aforementioned Heisenberg ferromagnet ground state,
like the Heisenberg antiferromagnet ground state alluded
to in the introduction. But before studying that, we must
introduce the relevant piece of mathematical machinery,
namely spin coherent states.

IIT. SPIN COHERENT STATES

In the previous section, we explained how to rewrite a
classical partition function as a quantum-mechanical one
by introducing a quantum Hamiltonian equal to the log-
arithm of the transfer matrix. How do we go in the other
direction? If we insert many resolutions of the identity
1 = > |n)(n| into the quantum-mechanical partition
function, the sums in the resolution of the identity be-
come a sum over classical configurations, and products of
the matrix elements of e =Pa#a/N become classical Boltz-
mann weights. Thus, any way of resolving the identity
provides a way to go from a quantum Hamiltonian to a
classical one.

A particularly convenient resolution of the identity for
studying spin systems is provided by the spin coherent
states. In this section, we establish the properties of the
spin coherent states (loosely following [0]) and use them
to study the classical analogue of a quantum particle in
a magnetic field. We notice a complication: there is no
guarantee that the Boltzmann weights obtained by this

procedure are real. As also observed in [7], these Berry
phases are physically very important.
Following [6], we define the spin coherent state associ-

ated with a particular direction 7 as the state obtained
by rotating the highest-weight S, eigenstate to point in
the 77 direction. We accomplish this by rotating by an
amount 0 along the axis parallel to @ x 2[9]:

I73) = exp (w(ﬁ/x\z«) : §) 13).

In the same way that coherent states for the harmonic



oscillator may be pictured as a sharply peaked (area )
Gaussian in the (z,p) plane, the spin coherent states
point in a particular direction to the greatest extent al-
lowed by the angular momentum commutation relations.
In particular, as the spin of the particle gets larger, the
angular uncertainty decreases.

Let us evaluate the overlap of two spin coherent states.
This will help clarify the preceding remark, and it will be
useful in later calculations. The result is:

- 147y -7y \°
i = (75

As s gets big, the overlap falls off more rapidly as 77; and
7ia get father apart. We sketch a proof, following [10, 11].
First, we re-express the coherent state in terms of the
angular momentum raising and lowering operators Sy =
Sy £1Sy:

|77) = exp (g(S_eM’ - S+e—i¢)> |2).

Since S; annihilates |Z), we want to use a Baker-
Campbell-Hausdorff style argument to get it out of the
exponential. This is done in [1 1] by proving the following
fact in the spin-1/2 representation, which thus holds in
all representations since the spin-1/2 rep is faithful:

exp (Z(Sew — S+6_i¢)> = eS— e log(1H|ul*)S: g—p" S

Using that |Z) is an eigenstate of S, gives:

i) = (1+ |ul?) " e 2) (2)

where we have introduced:

; 0
— ol b
u=-e tan(2>.

To compute the overlap:
(finliiz) = (L4 [A2) 7 (14 |uf?) 7" (2l e |2),
we may perform a similar maneuver to obtain:
(aliis) = (14 A2) 7 (14 [uf2) ™ (1 A7),

The modulus of this gives the result quoted above, while
the phase is e#®(1:72:2) where ® gives the area of the
spherical triangle defined by the 3 points.

The last property of the spin coherent states we need is
that they resolve the identity. This appears to be done by
using (2) to obtain the components of |77} in the S, eigen-
basis, and then explicitly evaluating the integral over S2.
The result is:

1=

25 +1 o

g /dQ |72) (7i].

Having reviewed some important properties of the
spin coherent states, let us now apply them to some
0-dimensional quantum systems of interest. We begin
with a particle in an external magnetic field. In [0], the
author considers a continuous classical analogue, but I
would like to consider a discrete one (i.e. a chain). This
will allow us to avoid making potentially hard-to-justify
approximations. We are thus interested in evaluating
(it |e~Patla|iiy), where B,H, = 7S..

The trick here is to Wick rotate: if we let v = it, the
exponential becomes a rotation matrix, which acts on the
coherent state to produce another coherent state (and a
phase). The overlap can then be computed using the
previously established formula. When this is done, we
replace it by v and we are done. In particular, we have:

e—itSz |ﬁ2> _ e_itS‘R’/_i2>,

which allows us to compute:

e 55 7Y = |e=7/2 cos (22 02\ |, itwaontve gy (0 ) ain (2)]
(7ir]e |fia) = |e cos | 5 ) cos | +e sin { o | sin { 5

Taking the log of this gives our classical H analogue, which is complex. Nevertheless, it is amusing to take this model
seriously and to evaluate e.g. correlation functions in it. We have:

1 1
(S0,iSn,j) = 7 Ze_BHSO,iSnJ =7 /{S } So,i(Sole % S1)(S1]e” "+ +18,) S (Snl -+ [Sn) {(Sn e 75| So),

cfgs
1

= — SO,iSn,j <SO Ie—n'ySz |Sn> <Sn |e—(N—n)'ySz |S0> .

Z So,5n

In the limit N — oo, we have:

Ae ™ jAe ™ 0
(80,iSnj) = | —tAe™ Ae™™ 0 |,
0 0 B

where:

2s
(25 +2)2’
(2s)?
(2s+2)2



The B term is due to the disconnected expectation
(S0,i)(Sn,;) which comes from the external potential,
while the upper left block comes from correlations in the
quantum fluctuations. Note that in the large s limit we
recover classical behavior, as we would expect.

We may also consider two spins interacting by a
Heisenberg term S . 5@ T could not find a simple
closed form for the classical Hamiltonian H. For corre-
lation functions, let us consider the case s = 1/2 and
calculate:

(3050 = 5,2 (N e
047ng ) =TT 9T 4 9eNY

The qualitative behavior as we send N to co depends on
whether v > 0 (i.e. antiferromagnetic) or v < 0 (fer-
romagnetic). In the antiferromagnetic case, the terms
multiplied by e/V7 dominate, and we have:

<S<1>5(1)> _ 5,

—ny

In the ferromagnetic case, the terms multiplied by e
are suppressed, and we have:

(5030 =4 2*%‘“

These are qualitatively very different behaviors, with
the classical analogue of the ferromagnet exhibiting long
range order and the classical analogue of the antiferro-
magnet being disordered. The reason for this is that a
product spin coherent state is a ground state for the fer-
romagnet, but not the antiferromagnet—the only ground
state of the antiferromagnet is in fact maximally entan-
gled. Nevertheless, the classical ensemble corresponding
to the ferromagnetic pair of spins is still at a finite tem-
perature. This appears to contradict the argument I gave
in the introduction that if the ground state of the sys-
tem is one of the states in the basis used to construct
the classical analogue, the classical analogue must be at
zero temperature. But that argument assumed that the
states used to resolve the identity were all orthogonal to
each other, which the spin coherent states are not—the
finite temperature comes from the nonzero overlap of the
spin coherent states.

IV. SPIN CHAINS

Now that we have some experience with spin coherent
states and their application to the quantum-classical cor-
respondence, we consider the application of these tech-
niques to the problem of 1d antiferromagnetic Heisenberg
spin chains. We will show that these map onto an O(3)
nonlinear sigma model with a topological term. Then,
we review an argument, first due to Affleck [3], that uses
this language to explain why half-integer antiferromag-
netic spin chains are gapless while integer-spin ones are

gapped (the Haldane conjecture).

Instead of considering discrete imaginary time, as be-
fore, imagine inserting enough resolutions of the identity
that the classical configuration may be thought of as a
continuously evolving spin. Then, following Fradkin, it
is a reasonable approximation that the classical Hamil-
tonian as a function of 7(¢) is just the expectation of the
quantum Hamiltonian in the |7) state, plus the log of
(7i(t)|7i(t 4 dt)). From the previously evaluated overlap,
this log will have a real part equal to:

(1+ﬁ@y

relog(i(t)|7i(t + 0t)) = slog

)

fi(t + t)
)
which in the continuum limit will produce a kinetic term
which penalizes dramatic changes in 7. The imaginary
part, the so-called Wess-Zumino term, gives the area
swept out by the line connecting the spin to the north
pole:

imlog(7i(t)|7(t + ot)) = P(7(¢),
To summarize, the spin coherent state formalism maps
any quantum spin system onto a classical system in one
higher dimension, with a term coming from the quan-
tum Hamiltonian, a kinetic term for the imaginary time
direction, and the imaginary Wess-Zumino term:

A(t+ ot), 2)

H= HQ + Hyin + Hwz.

Let us consider what happens to the Wess-Zumino
term on a 1d antiferromagnetic chain. This argument
closely follows [(], but I have attempted to be more wordy
since I found that treatment quite telegraphic. For a sin-
gle spin, the Wess-Zumino term gave us the area swept
out by the trajectory of the spin in imaginary time [12].
For the chain, since the spins are staggered (i.e. it is fa-
vorable for the spins to be antialigned), the area swept
out by one spin will nearly cancel the area swept out
by its neighbor. To make this precise, let us character-
ize the state of our chain using unit vectors 7i; which are
staggered relative to the physical orientation of the spins.
This means, for example, that a constant 7; configura-
tion corresponds to the Néel state. Then the topological
portion of the action may be written:

Siop = SZ

where Swyz is the area swept out by 7i as it evolves and
the (—1)? comes from the fact that the n’s are staggered.
We now group this sum into pairs of terms to obtain:

1) Swz[i(5)],

Stop = S Z Swz[i(j +1)] — Swzlii(j)],
7 odd

If we let 67i(j) be the (assumed small) difference between
7i(j) and 7(j + 1), we may evaluate this area difference by



accumulating small quadrilaterals with sides d7i(j) and
0om(4), where xq is time. The area of each small quadri-
lateral may be obtained by dotting the sides after rotat-
ing one by 90° by crossing with 7i(5):

&WfSE:/ dao 07i(j

j odd

(1(7) x dori(4)).  (3)

At this point, following Affleck [
as a sum of two terms:

], Fradkin rewrites 7

—

i(7) = m(j) + (=1) aol(j),

where 1 is normalized and ¢ is small. The reason for
this is that the staggering transformation we have per-
formed, 7(j) — (—1)77(j), does not preserve the quan-
tum mechanical angular momentum commutation rela-
tions: [S;,S;] = ihe; 1Sk is even under inversion on the
L.H.S. but odd on the R.H.S. Thus, the “unstaggered”
field £ must be used to capture quantum mechanical fluc-
tuations in the angular momentum. Using this, we have:

61i(j) = 7(j + 1) —7i(4)
= (m(j +1) + aol(j + 1)) — (1
a0(81m)(j)+2a0€(j)

(7) — aol())

Q

Plugging this into (3) and replacing >, 44
(2a9) 7! [ dxq gives:

Having expressed the Wess-Zumino contribution to the
Lagrangian in terms of the m and v fields, we would now
like to add the term coming from the antiferromagnetic
exchange interaction, which on the lattice is:

Linag = —JS*A(j) - 7i(j + 1)

1
= 78 (()*
Rewriting in terms of m and 7 gives:
1
Lunag = 575 (ad(017)? + 4a3) .

Putting these together (and using the cyclic property of
the scalar triple product) gives:

L, 0) = —2a0.J S20% + SE - (171 x Dyitt)
. a0J52

2

|95)

() + =m

S - (g x )

compare (7.67) in Fradkin. Now, we integrate out the 7

modes
Zi[m] = /Dg i [ d*x—L4a0J S22+ SE (1xorft)
= e2 40,01‘152 2 (M x o) - (M x o)
B 6% 4a{']J(60ﬁ7‘)27
where we have used that 71 - m = 1, which also implies
m - 9pm = 0. This gives:
SN 1 1 N2 CLOJS2 N2
L(m) = 2 TagJ (Oom)” — 5 (O1m)
S — —
+ Em ((%m X 81771) s
1 — —
=%(v(%mf—%mmﬁ)
4 5
+ ?m (o X Oyy)

where we have introduced g, vs, and the topological angle
0 = 2x1S. Now, when we Wick rotate back to imaginary
time, each time derivative dy picks up a factor of i, so
that the kinetic term becomes negative and the topolog-
ical term becomes imaginary. The topological term is
a pullback of the area form on the target S2, so if we
compactify the domain spacetime of the nonlinear sigma
model into a sphere, it counts the degree of the configu-
ration seen as a map from S2 to S2. Since this is always
an integer, the partition function seen as a function of
is periodic with period 27, which is why the symbol 6 is
conventionally used for this parameter. Since § = 275,
this means we only care about whether S is an integer or
half-integer. The behavior in each of these two cases is
what concerns us next.

With our mapping between 1d quantum antiferromag-
nets and classical O(3) nonlinear sigma models with a 0
term in hand, we are in a position to discuss the Haldane
conjecture, which says that half integer spin Heisenberg
antiferromagnets are gapless and integer spin ones are
gapped. Let us consider integer spin first. The topolog-
ical term is zero in this case, and we just have a clas-
sical NLSM. While the 2d NLSM is scale invariant at
the dimension counting level, its conformal symmetry is
anomalous and the model acquires a correlation length
(which on the quantum side translates to a gap).

To see what happens to half-integer spins, Fradkin
notes that the topological term does not change under
RG flow, while the coupling strength ¢ increases (cor-
responding to decreasing S). Thus, we must only un-
derstand what happens to the spin-1/2 chain to under-
stand what happens to all half-integer antiferromagnetic
Heisenberg chains. The spin-1/2 chain is integrable by
the Bethe ansatz, which reveals gapless spinon excita-
tions.

Affleck [3] presents a less rigorous but perhaps more
direct argument [14]. Imagine adding an anisotropy Am?
to the O(3) sigma model energy. For very large A, spins



would be heavily penalized for pointing out of the plane,
and the model would be an XY model. We know the XY
model has two phases: a quasi-long-range ordered phase
consisting of bound vortices and a disordered phase which
is a plasma of unbound vortices. If we examine the phase
diagram in the (g, A) plane, the entire A = 0 line belongs
to the same phase as the vortex-plasma phase of the XY
model. The gist of the argument is that for half integer
spin, the topological term suppresses vortex proliferation,
and thus the mechanism which gives the O(3) model a
finite correlation length.

To show this, note that at any non-infinite value of
A, there are two kinds of vortices: vortices where the
spin moves up and vortices where the spin moves down.
Imagine two configurations that are identical except for
which direction the spin at the vortex core points. Be-
cause each vortex configuration covers half of the target
52, and 6 = 7, these two configurations will have Boltz-
mann weights which differ by a factor of i/(—i) = —1,
and will thus cancel.

CONCLUSION

In this note, we have developed the spin coherent state
formalism, and applied it to obtain discrete-imaginary-
time classical analogues for a single spin in a magnetic
field and two spins with an isotropic exchange interac-
tion. We computed some correlation functions of interest
in those models and commented on their physical inter-
pretation. Then, we noted that for continuous imaginary
time, the spin coherent state formalism produces a clas-
sical analogue Hamiltonian which consists of a term com-

ing from the quantum Hamiltonian, a kinetic term, and
a WZ term. We explained how the WZ term gives rise
to the topological term in the O(3) description of antifer-
romagnetic spin chains, and argued how this topological
term supresses the generation of a mass at § = 7 (i.e.
half integer spin).

There are some things which still puzzle me. One is-
sue which was raised at several points was the origin of
classical temperature in the quantum-mechanical model.
The fact that the ferromagnetic spin pair exhibited long
range order while still being at a finite temperature is
surprising, and suggests that I haven’t yet completely
understood what is going on (or made an error in the
calculation). Another thing I wish I understood better
was where Affleck’s parameterization of 7 = m =+ aof
comes from in the spin coherent state language. If 7i, m,
and ¢ are operators, as they are in Affleck’s derivation
(he doesn’t use spin coherent states), then this makes
sense, because as mentioned in the main text one can-
not negate all the components of 77 without violating the
su(2) algebra. But if 7 is just a label on spin coherent
states, it seems like there should be nothing wrong with
staggering them.
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