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The critical behavior of phase transitions in non-integer spatial dimensions provides profound
insights into the limits of universality classes. In this project, we investigate the phase transition
of the 3-state Potts model on a 1-dimensional long-range random ring (1DLR3) network. The
spectral dimension ds of this network can be continuously tuned via the long-range connection
probability parameter σ. Employing Monte Carlo simulations, we analyze the Binder cumulant
and the equilibrium energy distribution. We numerically confirm that as the spectral dimension
increases, the nature of the phase transition shifts from continuous to first-order. Based on our data,
we estimate that the threshold spectral dimension dcs(q = 3) lies within the range of (2.852, 3.396).
Finally, we compare this threshold with the existing conformal bootstrap prediction.

I. INTRODUCTION

Universality is a cornerstone of statistical physics, dic-
tating that the critical behavior of phase transitions de-
pends only on a few fundamental properties, such as in-
ternal symmetry and spatial dimensionality, rather than
microscopic details. [1] While traditional studies pre-
dominantly focus on regular Euclidean lattices with inte-
ger dimensions, extending these concepts to non-integer-
dimensional spaces provides a powerful theoretical play-
ground to explore the limits of universality classes. Com-
plex networks, characterized by continuously tunable
topological parameters such as the spectral dimension,
serve as ideal platforms for realizing such non-integer ge-
ometries.

In this project, we investigate how the nature of phase
transitions evolves with continuous dimensionality by
simulating the 3-state Potts model on a 1-dimensional
long-range random ring (1DLR3) network. Specifically,
we utilize Monte Carlo simulations with the Wolff algo-
rithm to trace the evolution of the system’s phase transi-
tion. By analyzing the Binder cumulant and the equilib-
rium energy distribution, we confirm the change in the
nature of phase transition, and provide a range of the
threshold dimension.

A. The Potts model

The Potts model is a natural generalization of the Ising
model. [2] Instead of two states (spin-up and spin-down),
on each site there are q discrete possible states. The
Hamiltonian of the system reads

H = −
∑
⟨i,j⟩

Jδσi,σj
, (1)

where σi = 1, 2, ..., q denotes the present state on site
i, and ⟨i, j⟩ denotes pairs of nearest neighboring sites.
When q = 2, the Potts model becomes the Ising model.
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Like the Ising model, the Potts model undergoes an
order-disorder phase transition as temperature changes.
Given the total number of sites N and the number of
sites in each state ns, the order parameter is defined as

m2 =
1

q − 1

(
q

q∑
s=1

n2
s

N2
− 1

)
. (2)

As the system goes from fully disordered (ns are all equal)
to fully ordered (all sites are on the same state), the order
parameter m2 goes from 0 to 1.

An important feature of the Potts model is that, for
different q and different spatial dimension d, the nature of
phase transition is different. (See Fig. 1.) For a fixed d,
when q exceeds a threshold value qc(d), the phase transi-
tion changes from continuous to first-order. [3] In other
words, for a fixed q, when d exceeds dc(q), the phase
transition changes from continuous to first-order.

Figure 1: Schematic plot of qc(d), based on [3, 4].

The first order nature of the transition for q > qc(d)
stems from the breaking of symmetry, which can be un-
derstood with simple mean field calculation.[3] Assume
that in the ordered phase,

ns =

{
Nx, s = 1,
N 1−x

q−1 , otherwise.
(3)
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The order parameter is m = qx−1
q−1 according to Eq. (2).

By mean field approximation, the energy and entropy are

H(m) =− 1

2
Jz

q∑
s=1

n2
s

N2

=− Jz

2q
− Jz(q − 1)

2q
m2, (4)

S(m) =− kB

q∑
s=1

ns

N
log

ns

N

=kB
(q − 1)(m− 1)

q
log

m− 1

q

− kB
qm−m+ 1

q
log

qm−m+ 1

q
. (5)

In the equation, z is the coordination number. Therefore,
the free energy can be expanded into a series of m.

F(m) =H(m)− TS(m)

=F(0) +
q − 1

2q
(kBTq − Jz)m2

− kBT

6
(q − 1)(q − 2)m3 +O(m4). (6)

For q > 2, the existence of m3 term in Eq. (6) indi-
cates a first order transition. [1] Therefore, mean field
approximation predicts a first order transition for q > 2.

However, the real system is more complicated than
mean field approximation, as shown in Fig. 1. It is
shown that qc(d = 2) = 4 [5], qc(d ≥ 4) = 2 [6], and
dc(q = 4) = 2 [7, 8]. Through Fortuin-Kasteleyn clus-
ter expansion, q can be extended to real values [9], and
it is shown that dc(q = 3) = 2.45 [10]. And numerical
conformal booststrap shows dc(q = 3) ≈ 2.5.[11]

In this project, we focus on q = 3 case.

B. The complex network and spectral dimension

In this project, the spatial organization of sites in the
Potts model is represented by complex networks. Here
the complex network strictly means the simple graph,
which can be described by a pair G ≡ (V,E), where V is
the set of all vertices, and E is the set of all neighboring
vertex pairs (edges) in the network. (See Fig. 2) The
structure of a network can also be described by its adja-
cency matrix A, which is an N × N symmetric matrix.
N is the number of vertices. Aij is 1 if vertex i and j
are connected by an edge, and is 0 if not. The Laplacian
matrix L of a network is defined as [12]

Lij = δij
∑
k

Aik −Aij . (7)

It is an analog of the Laplacian operator ∇2 on complex
networks.

There are multiple ways to generalize dimensionality
from Euclidean lattices to complex networks, each of

which captures a specific feature of the network and gives
a different value.[12, 13] One of them which is relevant
to the phase transition and universality is the (average)
spectral dimension. The spectral dimension is defined
through the asymptotic behavior of a random walk on
the network.[12] Given the adjacency matrix A, a possi-
ble setup of random walk on a network can be described
by the master equation

∂tp(i, t|i0, t0) = −
∑
j

Lijp(j, t|i0, t0), (8)

where p(i, t|i0, t0) is the probability of a random walker
being on vertex i at time t given it is on i0 at t0. In the
limit N → ∞, the spectral dimension ds of a network is
given by

ds = −2 lim
t→∞

log p(i, t|i, 0)
log t

. (9)

In Euclidean lattices, p(i, t|i, 0) ∝ 1
td/2

, hence spectral
dimensions of Euclidean lattices coincide with spatial di-
mensions.

The spectral dimension also characterizes the distribu-
tion of eigenvalues of L. The general solution of Eq. (8)
is

p(t) = e−Ltp(0) = Ue−ΛtU†p(0), (10)

where L = UΛU† is the eigenvalue decomposition of L.
Therefore, p(i, t|i, 0) can always be written as a linear
combination of e−λt:

p(i, t|i, 0) =
∑
λ

Cλe
−λt. (11)

In the thermodynamic limit N → ∞, eigenvalues become
dense and can be described by a density distribution ρ(λ).
In the long time limit t → ∞, only small eigenvalues near
λmin = 0 contribute significantly to p(i, t|i, 0). When the
distribution of small eigenvalues satisfies the power law

ρ(λ) ∝ λϵ, (12)

from Eq. (11) one obtains

p(i, t|i, 0) ∝
∫
0

dλ λϵC(λ)e−λt. (13)

In general, C(λ) ≈ C(0) near λ = 0, and is not a power
of λ, hence p(i, t|i, 0) ∝ t−ϵ−1 ∝ t−ds/2.

In statistical systems, the eigenstates of L can be
mapped to eigenmodes of Gaussian models, and ds char-
acterizes the distribution of slow modes. Intuitively,
eigenmodes of Gaussian models in Euclidean lattices are
nothing but eigenvectors of ∇2. In complex networks, ∇2

is replaced by L, hence eigenmodes become eigenvectors
of L.[14, 15]

The spectral dimension is proved to be invariant under
a large class of transformations.[12, 14, 16] Especially,
different details of random walk and Gaussian model
setup give the same ds in many cases. Therefore, ds
is an important control parameter of universality class.
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C. 1-dimensional long range random ring

In this project, we restrict our work to a specific class
of random networks called 1-dimensional long range ran-
dom ring (1DLR3).[17] 1DLR3 is generated through the
following process. (See Fig. 2) N indexed vertices are
placed on a ring, and nearest neighbors are connected by
edges. The distance of two vertices i and j is defined as

rij = min(|i− j|, N − |i− j|). (14)

Then edges between non-neighboring vertices are added
independently randomly. For vertex i and j (rij > 1),
the probability of (i, j) ∈ E is

pij =
1

rσ+1
ij

, (15)

where σ is a control parameter. It is easy to show that, in
thermodynamic limit N → ∞, the average coordination
number z̄ = 2ζ(σ + 1).

Figure 2: A schematic network generated with N = 16
and σ = 1.

By varying σ, the spectral dimension of 1DLR3 can
be tuned within [1,+∞). In the limit σ → ∞, 1DLR3
reduces to a 1D ring and has ds = 1; In the limit σ → 0,
the average coordination number diverges and 1DLR3
has ds = +∞. We can use annealed approximation to
estimate ds.[16, 17] The quenched average of Laplacian
matrix of 1DLR3, L̄, is an infinite Toeplitz matrix, with
elements

L̄ij =

{
2ζ(σ + 1), i = j,
− 1

|i−j|σ+1 , i ̸= j. (16)

The eigenvalue distribution of L̄ is determined by the
first Szegö limit theorem.[18] Define function f(θ), θ ∈
[−π, π):

f(θ) =

+∞∑
j=−∞

L̄jke
i(j−k)θ

= 2ζ(σ + 1)− 2

+∞∑
j=1

1

jσ+1
cos jθ

= 2ζ(σ + 1)−
(
Liσ+1

(
e−iθ

)
+ Liσ+1

(
eiθ
))

(17)

The first Szegö limit theorem states that, in the thermo-
dynamic limit, the distribution of eigenvalues of L̄ con-
verges to the distribution of f(θ) where θ is uniformly
distributed on [−π, π). Around the minimal point θ = 0,
the asymptotic form of f(θ) is

f(θ) ∝ θσ. (18)

Therefore, for small eigenvalues, ρ(λ) ∝ 1
dθσ/dθ ∝

λ−(σ−1)/σ, and ds = 2
σ . If σ > 2, Eq. (18) no longer

holds true, giving unreasonable ds < 1. After correction,
the spectral dimension of L̄ is

danns =

{
2
σ , 0 < σ ≤ 2,
1, σ > 2.

(19)

Theoretical analysis suggests that at σ > 2 and σ < 1
3 ,

1DLR3’s spectral dimension ds = danns .[17] In the range
σ ∈ ( 13 , 2), ds deviates from danns , as shown in Sec. II A.

1DLR3 has been used in the XY model and the Ku-
ramoto model to investigate the influence of spectral
dimension.[19]

II. RESULTS

A. Measurement of spectral dimension

We use the finite size scaling method to measure the
spectral dimension ds.[17] It is proved that small eigen-
value distribution of the symmetric normalized Laplacian
matrix

L̃ij = δij −
Aij√∑

k Aik

∑
l Ajl

(20)

also satisfies Eq. (12). Eigenvalues of L̃ are strictly con-
fined in [0, 2], and 1

N ρ(λ) converges to one curve in the
limit N → ∞. Therefore, when the system size changes,
the ith eigenvalue scales as

λi(N) ∝ N−2/ds . (21)

We vary N from 210 to 216 and fit the value of 10th and
11th eigenvalue to measure ds. Results are averaged over
20 replicates.

According to the measurement, ds deviates from the
annealed approximation danns in σ ∈ ( 13 , 2). At small
enough σ, ds also deviates from danns . This is a system-
atic error caused by limited size of the network. We are
interested in the range ds ∈ [2, 4], which corresponds ap-
proximately to σ ∈ [0.5, 0.9].

B. Phase transition of the Potts model

For simplicity, in this section we let

J =
1

z̄
=

1

2ζ(σ + 1)
. (22)
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Figure 3: Measured ds of 1DLR3 and danns in Eq. (19).

We use the Wolff algorithm to sample equilibrium con-
figurations of the Potts model.[20] Our system size N
ranges from 213 to 217. For each pair (N, σ), at least 200
replicates of networks are created. On each replicate, at
least 5000 samples are generated.

As discussed in Sec. I A, when spatial dimension d
grows from 2 to 3, the phase transition of 3-states Potts
model changes from continuous to first-order. We find
a similar change on 1DLR3 when ds grows from 2 to
4. This can be shown by Binder cumulant U4 and the
equilibrium distribution of energy.

Binder cumulant of the Potts model is defined as

U4 = 1− q − 1

q + 1

⟨m4⟩
⟨m2⟩2

. (23)

In ordered phase, U4 converges to 1− q−1
q+1 in thermody-

namic limit; in disordered phase, U4 converges to 0. For
different types of phase transitions, U4 exhibits distinct
behaviors around the critical point. When σ is small,
i.e., ds is big, we find a sharp dip near the critical point,
see Fig. 4 far left. The sharp dip on U4 curve indicates
first-order transition. When σ is big, i.e., ds is small,
there is no obvious dip on U4 curve, but curves of dif-
ferent N intersect at critical point (see Fig. 4 middle
right), which suggests continuous transition.[22] A more
direct evidence of first-order transition is the equilibrium
energy distribution around the critical point. For cases
with small σ, we find obvious bimodal structure in the

probability density of energy E, which proves the first-
order nature of the transition. (See Fig. 4 middle left.)

According to our data, at σ < 0.8 (ds > 3.396), we
can find obvious bimodal structure in p(E). At σ > 0.7
(ds < 2.852, we can find intersection of U4 curves, see Fig.
5. Our data suggest a threshold dimension dcs(q = 3) in
the range (2.852, 3.396).

III. DISCUSSION

In this project, we investigate the phase transition of
3-state Potts model on 1DLR3. We show that, as in
the Euclidean lattices, when the spectral dimension ds
of 1DLR3 increases, the phase transition changes from
continuous to first-order. We also provide a range of the
threshold dimension, based on our data.

It is still unclear why the range we obtain cannot cover
the result in [11], which is about 2.5. One possibility is
other topological features of 1DLR3 influence the phase
transition, causing 1DLR3 and Euclidean lattices being
in different universal classes. Since the Potts model is
not a Gaussian model, and the threshold range of ds is
much lower than the upper critical dimension, we do not
expect ds can capture all topological features of the net-
work. Another possibility is that the quenched disorder
of random network influences the phase transition. Also,
due to the limit of N in our simulations, we may fail in
distinguish weak first-order transition from continuous
transition.

There are still many questions related to the Potts
model and non-integer dimensionality. For example,
what is the nature of the transition from continuous
phase transition to first-order transition, are critical ex-
ponents obtained from non-integer-dimensional systems
consistent with other theoretical results like ϵ-expansion,
etc. Further simulations with higher precision and better
numerical method can be done in the future. Moreover,
the 1DLR3 network, serving as a tool for non-integer di-
mensions and universality, can be applied to study other
statistical systems.
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