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A boundary at bulk criticality introduces an independent scaling field and distinct surface univer-
sality classes. We combine the semi-infinite Landau–Ginzburg description, its one-loop boundary
RG eigenvalue, and a 3D Ising slab Monte Carlo study with tunable surface coupling Js to identify
the regime where one-parameter boundary scaling collapses correlation data and to diagnose the
obstruction to extracting the crossover exponent yc at accessible sizes. Boundary correlation ratios
collapse onto a single horizontal scale across four ordinary-side couplings, both in real space and in
momentum space. Binder crossings give a finite-size working estimate J∗

s = 1.388(13) (statistical
error only), shifted from the precision simple-cubic value by what is plausibly aspect-ratio drift.
A direct fit gives yapp

c ≃ 4.95, far from the known Ising value near 0.72, which we diagnose as a
finite-window failure mode of the local-slope estimator rather than a measurement of the surface
universality class.

I. INTRODUCTION

Boundary critical behavior extends bulk universality
because a wall allows new local operators and new fixed
points: ordinary, special, and extraordinary.[1, 2, 7] The
classical picture has been substantially refined since: for
O(N) with 2 ≤ N < Nc (with Nc > 3), what was his-
torically called the extraordinary fixed point is now un-
derstood to be an “extraordinary-log” phase with loga-
rithmically decaying boundary correlations rather than
power-law order.[13] The Ising case (N = 1) lies outside
this window and the standard three-class classification
still applies, but the broader landscape is the context
for any modern boundary-RG analysis. At bulk critical-
ity, tuning the surface enhancement through the special
value produces a crossover length

ℓc ∼ |c− c∗|−1/yc , (1)

where yc is the RG eigenvalue of the boundary thermal
scaling field. In Eq. (1) and below, c denotes the renor-
malized scaling field of Eq. (6); the bare c0 enters only
through the matching c0 − csp,0 = µZcc. Where the
bare/renormalized distinction does not affect the conclu-
sion — as in the Gaussian benchmark of Sec. II — we
drop the subscript and refer to c loosely. The goal here
is to connect this continuum statement to explicit lat-
tice measurements in a 3D Ising slab. The useful dis-
tinction is between a structure test, namely whether one
boundary scaling field collapses the correlation data, and
a precision exponent test, which requires a much broader
finite-size window.

This distinction matters because the positive and neg-
ative parts of the project have different evidentiary stan-
dards. A collapse test asks whether changing the micro-
scopic surface coupling can be absorbed into one emer-
gent length scale. A precision estimate of yc asks for
an asymptotic power law over a range where microscopic
corrections and finite-size saturation are both small. The
current data are useful for the first question and inade-
quate for the second.
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FIG. 1. Schematic surface phase diagram at fixed bulk crit-
icality. The vertical axis is the surface scaling field c − c∗

(whose lattice realization is J∗
s −Js up to a positive prefactor;

the figure axis is labeled c for brevity). The special fixed point
is unstable in this direction; tuning c − c∗ drives the system
toward ordinary (c − c∗ > 0) or extraordinary (c − c∗ < 0)
surface behavior, with RG flow indicated.

II. CONTINUUM BENCHMARK

The semi-infinite Landau–Ginzburg action is

S[ϕ] =

∫
z≥0

ddx
[
1
2 (∇ϕ)2 + 1

2τ0ϕ
2 +

u0

4!
ϕ4

]
+

∫
z=0

dd−1x∥
1
2c0ϕ

2.

(2)

Varying the surface term together with the integrated-
by-parts bulk gradient term gives the Robin condition
∂zϕ|z=0 = c0ϕ|z=0 for the half-space convention used
here. This sign is opposite to the outward-normal con-
vention ∂nϕ = cϕ used in the Diehl literature (Ref. 1):
with outward normal n̂ = −ẑ on z ≥ 0 (so ∂n = −∂z),
our c0 equals −c there. The physical side is anchored
independently by the lattice: Js < J∗

s is the ordinary
side (boundary disorders at bulk Tc), and the Green’s
function in Eq. (3) below confirms that positive c0 in our
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convention suppresses the boundary field — i.e. the or-
dinary regime. At bulk criticality, the Gaussian Green’s
function in mixed representation is, with p = |p⃗∥| the
magnitude of the parallel momentum (the same object
appears as p in Appendix A; in Appendix B, q̂ is instead
the internal loop momentum, distinct from the external
p),

G(z, z′; p) =
1

2p

[
e−p|z−z′| +

p− c

p+ c
e−p(z+z′)

]
, (3)

so the boundary structure factor is S11(p; c) =
G(0, 0; p) = 1/(p+ c) and

R
(k)
G (p; c) =

S11(p; c)

S11(p; 0)
=

p

p+ c
. (4)

The real-space boundary correlator is the two-
dimensional Fourier transform of 1/(p + c). Using the
Laplace representation 1/(p+ c) =

∫∞
0

dt e−(p+c)t gives

G11(r; c) =
1

2πr
FG(cr),

FG(s) =

∫ ∞

0

du e−su u

(1 + u2)3/2
.

(5)

Thus (2πr)G11(r; c) = FG(cr) is the Gaussian one-
parameter collapse used as a reference in the Monte
Carlo plots. The limiting forms are FG(0) = 1, giving
G11 ∼ 1/(2πr) for cr � 1, and FG(s) ∼ s−2 for s � 1,
giving G11 ∼ 1/(2πc2r3).

The important point is not that the interacting Ising
curves should equal FG(s). They should not: anoma-
lous dimensions change the scaling function. More pre-
cisely, in the interacting case the boundary correlator has
the form G11(r; c) = r−(d−2+η∥)F(r/ℓc) with a nontrivial
F that differs from FG but shares its qualitative struc-
ture: monotone, one-parameter, exponentially decaying
at large argument. The Gaussian solution gives an ex-
actly solvable example of the crossover mechanism and
a convenient operational template for extracting a single
horizontal scale from noisy lattice ratios.

In the interacting O(N) theory, translational invari-
ance is broken and the surface enhancement must be
renormalized independently. The relevant definitions are

ϕs = (ZϕZ1)
1/2ϕs,R, c0 − csp,0 = µZcc, (6)

where csp,0 is the nonuniversal bare special point. In
minimal subtraction the bulk field renormalization is
Zϕ = 1 + O(u2), so it does not enter ηc at one loop and
is suppressed in what follows. The one-loop surface two-
point function has a boundary tadpole. In the boundary
layer z → 0+ its singular pieces are controlled by

I1(z) =

∫
q̂

e−2|q̂|z

2|q̂|
, I2(z) =

∫
q̂

e−2|q̂|z

q̂2
, (7)

whose d = 4 − ϵ radial integrals generate the 1/ϵ poles
multiplying the boundary kinetic term and the surface

enhancement. Minimal subtraction gives

Z1 = 1+
N + 2

6

u

ϵ
+O(u2), Zc = 1+

N + 2

6

u

ϵ
+O(u2).

(8)
Therefore

ηc(u) = µ∂µ lnZc = −N + 2

6
u+O(u2),

βc(c, u) = −(1 + ηc)c.
(9)

At the Wilson–Fisher fixed point u∗ = 6ϵ/(N + 8),

yc = 1 + ηc(u∗) = 1− N + 2

N + 8
ϵ+O(ϵ2). (10)

For Ising in d = 3, this gives the qualitative one-loop
benchmark yc = 2/3.[3, 4] The directly comparable preci-
sion values are the surface thermal eigenvalues at the spe-
cial transition: y

(s)
t1 = 0.715(1) and yts = 0.718(2),[5, 6]

to which the one-loop yc = 2/3 should be compared. In-
dependent precision determinations of the surface mag-
netic dimension at the same fixed point are also avail-
able — yh = 1.646(2) for the special class from the
boundary conformal bootstrap[11] and ∆̂σ = 0.3531(3)
from improved-model Monte Carlo,[14] related by yh =

(d−1)−∆̂σ in d = 3 — but these constrain a different op-
erator sector and serve as orthogonal benchmarks of the
surface CFT rather than direct checks on yc. The ∼ 7%

gap between the one-loop yc = 2/3 and y
(s)
t1 = 0.715(1)

is qualitatively reasonable for an ϵ-expansion at ϵ = 1;
the dedicated two-loop fixed-dimension calculation with
Borel resummation in Ref. 3 substantially closes it. The
one-loop value is therefore best read as a qualitative
benchmark rather than a precision prediction, and pro-
vides an independent reason to take the continuum frame-
work as a reliable guide to the lattice analysis below. The
equality Z1 = Zc at one loop is structural at this order
rather than accidental: both arise from the same pair
of boundary tadpole integrals I1,2(z) in Eq. (7) with the
same (N + 2)/6 vertex combinatorics, and no other one-
loop diagrams contribute to the boundary 1PI two-point
function. The two structures split at higher loops, as the
explicit two-loop calculation of Ref. 3 shows.

III. MONTE CARLO MODEL AND
OBSERVABLES

We simulate spins si = ±1 on an L × L × Lz simple-
cubic slab with periodic in-plane boundaries and open
normal boundaries. With J = 1,

H = −
∑
⟨ij⟩

Jijsisj ,

Jij =

{
Js, surface in-plane bond,
1, otherwise.

(11)

Here Js is the in-plane surface coupling; in the convention
of Ref. 5, it corresponds to K1/K, with κ = K1/K − 1,

kardar
Highlight



3

and the precision simple-cubic special point is at κc =
0.50214(8), i.e. K∗

1/K = 1.50214(8).[6] Wolff-cluster up-
dates are performed at the bulk critical inverse tempera-
ture βc = 0.22165462(2).[8–10]

Three diagnostics are used. First, the surface magne-
tization and Binder cumulant,

m1 =
1

L2

∑
x,y

sx,y,z=0, U1 = 1− 〈m4
1〉

3〈m2
1〉2

, (12)

locate the special region through

U1(Js;L,Lz) = U((Js − J∗
s )L

yc , Lz/L) + · · · , (13)

where U is the universal surface-Binder scaling function
(a function of the two dimensionless ratios shown, plus
subleading scaling fields suppressed in the · · · ). Hold-
ing Lz/L fixed across sizes is what makes the cumulant
intersections sharp; varying it instead — as in the simula-
tions below — leaves a non-universal residue in the appar-
ent crossing, which is the systematic the Results section
returns to. Second, the surface susceptibility scales as
χ11 ∼ Lγ11/ν at special criticality, with γ11/ν = 1 − η∥
in d = 3. Third, the direct surface correlator obeys
G11(r) ∼ r−(1+η∥) in the asymptotic regime. Surface cor-
relations are measured from connected, translationally
averaged top-layer correlators. On the ordinary side,

RMC(r; Js) =
G11(r; Js)

G11(r; J∗
s )

(14)

is collapsed either with a threshold scale RMC(ℓ1/2; Js) =
1/2 or with a one-parameter Gaussian-template scale
ℓfit = 1/cfit. The simulations use L = {16, 24, 32} at
fixed Lz = 32, so aspect-ratio drift is a systematic limi-
tation.

For susceptibility and direct-correlation diagnostics we
use

χ11 = L2
(
〈m2

1〉 − 〈m1〉2
)
,

G11(r) = 〈s(x∥, 0)s(0, 0)〉c.
(15)

At the special transition χ11 ∼ Lγ11/ν and G11(r) ∼
r−(1+η∥) in d = 3, with γ11/ν = 1 − η∥. These channels
are not used to quote precision exponents, but they are
useful checks on whether the working crossing estimate
lands in the right scaling regime.

Errors on scalar observables are blocked jackknife. The
Binder crossing is estimated by monotone-PCHIP in-
terpolation and propagated by a Gaussian parametric
bootstrap. For exponent-like fits, a bootstrap repli-
cate is retained only if at least three ordinary-side
length points survive after propagating J∗

s uncertainty;
Gaussian-template scale fits are rejected if the optimizer
hits imposed bounds.

IV. RESULTS

Binder crossings give the finite-size working estimate

J∗
s = 1.388± 0.013, (16)
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FIG. 2. Surface Binder cumulant U1 versus surface coupling
Js for L = 16, 24, 32 at fixed Lz = 32. Blocked-jackknife error
bars are smaller than the markers at this scale. The crossings
give the finite-size working estimate J∗

s = 1.388(13).

where the quoted uncertainty is statistical only; the dom-
inant systematic, from aspect-ratio drift, is discussed be-
low and is not folded in. This is roughly 9σ below —
and ∼ 8% smaller than — the precision simple-cubic
value K∗

1/K = 1.50214(8) quoted in Sec. III above.[5]
A plausible leading cause is aspect-ratio drift: the simu-
lations vary L ∈ {16, 24, 32} at fixed Lz = 32, so Lz/L
ranges from 2 at the smallest size down to 1 at the largest.
The standard choice in precision surface MC is instead
Lz = 2L (Ref. 6 uses this), which costs only a constant
factor in CPU time at each L but eliminates the aspect-
ratio degree of freedom; the present project used the
cheaper fixed-Lz schedule to keep the simulation envelope
tractable. Surface Binder crossings are known to depend
systematically on aspect ratio, and the dedicated preci-
sion study of Ref. 6 is careful to hold Lz/L fixed across
sizes for exactly this reason. Subleading correction-to-
scaling terms with surface irrelevant exponent ωs may
also contribute at these sizes, and the present data do
not distinguish them from the aspect-ratio effect. We
therefore treat J∗

s = 1.388(13) as a finite-size working es-
timate, not as a new determination of the special point.

The consequence for what follows is uniform: every
downstream universal-looking number in this section —
γ11/ν, η∥, yappc — inherits this systematic. Each is in-
formative about where the working crossing sits in the
surface phase diagram, but none is an estimator of a
special-point universal datum. With that caveat fixed,
the positive structural result and the failure mode of the
exponent fit can both be read off cleanly.

The strongest positive result is structural collapse. Fig-
ure 3 shows four real-space ratio curves collapsed by one
horizontal scale each. Figure 4 repeats the test in momen-
tum space using S11(p; Js)/S11(p; J

∗
s ). The dashed Gaus-

sian curves are reference shapes, not the claimed inter-
acting scaling functions; the evidence is that the data are
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FIG. 3. Real-space ratio collapse for RMC(r; Js) on the ordi-
nary side, plotted against r/ℓfit(Js). The four shown Js curves
are each rescaled by one horizontal parameter; the dashed
Gaussian curve is the reference FG(s) from Eq. (5).
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FIG. 4. Momentum-space ratio collapse S11(p; Js)/S11(p; J
∗
s )

plotted against p/cfit(Js). The dashed curve is the Gaussian
x/(1 + x) form from Eq. (4).

organized by a single operational boundary length/scale.
A more conservative nonparametric version of the

same test, using the threshold length ℓ1/2 defined by
RMC(ℓ1/2) = 1/2, is shown in Fig. 7 of Appendix C. It
loses curves because the ratio must actually cross one
half inside the finite radial window, so only two Js values
qualify; the resolved curves are consistent with, but do
not independently demonstrate, the same one-parameter
organization.

A rough second channel is consistent with the same
finite-size limitation: the three-point susceptibility fit at
the nearest grid point gives γ11/ν ' 0.96, far from the
special-transition literature value near 0.625.[6] Direct
real-space and momentum-space estimates of η∥ also dis-
agree strongly (Appendix C), so we do not quote them
as exponents.

The pattern across channels is informative and is sum-

TABLE I. Cross-channel summary of fit outputs and
their literature counterparts. J∗

s is location-like (inte-
grated/extremum estimator); the rest are slope-like. The hi-
erarchy of relative deviations — ∼ 8% on the location, tens
of percent and sign-inconsistent on the slopes — is the same
statement as Eq. (18) read channel by channel.

channel this work literature relative
J∗
s 1.388(13) 1.50214(8)[6] −8%

γ11/ν ≃ 0.96 ≃ 0.625[6] +54%

η∥ (real) ≃ 0.586 ≈ 0.37[6] +58%

η∥ (mom.) ≃ −0.255 ≈ 0.37 sign-wrong
yapp
c , working anchor ≃ 4.95 ≈ 0.72[6] ×6.9

yapp
c , literature anchor ≃ 1.55 ≈ 0.72 ×2.2

2 × 101 3 × 101

L

2 × 101

3 × 101

11
(L

)

Surface susceptibility scaling at Js J *
s  (grid 1.390)

fit slope 0.961
MC

FIG. 5. Surface susceptibility scaling at the nearest grid point
to J∗

s . The fitted three-point slope is about 0.96, while the
special-transition literature value is γ11/ν ≃ 0.625;[6] this is
another sign that the finite-size crossing is not yet an asymp-
totic special-point estimate.

marized in Table I. Operationally, the location-like ob-
servable J∗

s saturates gracefully under finite size while
the local-slope estimators saturate catastrophically, and
they do so in mutually inconsistent directions (the two η∥
estimators do not even agree in sign). This is the same
statement as Eq. (18) read across channels: any quan-
tity that requires resolving the slope of a near-saturated
curve fails in the same way for the same reason, which
is why the slope-like estimators are all wrong and the
location-like estimator is only moderately wrong.

The exponent extraction from ℓ(Js) fails. A clean
infinite-volume power law requires 1 � ℓc(∆s) � L, or
equivalently L−yc � ∆s � 1, with ∆s = J∗

s −Js linearly
related to the continuum scaling field c− c∗ near the spe-
cial point up to subleading analytic corrections. Numer-
ically, yc ≈ 0.72 and L = 32 give L−yc ≈ 0.08, so the fit
window requires ∆s comfortably above ∼ 0.08 and small
compared to 1. Using the working J∗

s = 1.388, the four
ordinary-side points span ∆s ∈ [0.018, 0.138], which sits
on or below the lower edge of the window; using the liter-
ature J∗

s ' 1.502, they span ∆s ∈ [0.132, 0.252], which is
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TABLE II. Exponent-fit diagnostics from the five-seed L = 32
synthesis. “Valid boots” counts bootstrap resamples in which
a fit could be performed at all, not a sample of a parameter
posterior; the small fraction reflects how close the data sit to
saturation. The literature-anchor row is a deterministic refit
of the same four ℓ1/2(Js) values with only the subtraction
point changed. The apparent numbers are failure diagnostics,
not universality estimates.

channel valid boots result
ℓ1/2 threshold 13/3000 yapp

c = 4.95(6)

same ℓ1/2, J∗
s = 1.50214 deterministic yapp

c = 1.55

Gaussian scale 0/3000 bound-hit rejection

0.02 0.05 0.10

5
10

20
50

∆s = Js
* − Js

el
l 1

2

threshold length
yc

app = 4.95
yc = 0.72 reference

FIG. 6. Threshold length ℓ1/2 versus ∆s = J∗
s −Js. The black

dashed line is the finite-window trend from the few surviving
bootstrap fits and is dominated by the saturated near-special
points. The red dotted line shows the much steeper slope
expected from yc ≃ 0.72, anchored at the largest ∆s point.

narrow and shifted toward the upper edge. Neither range
supports an asymptotic power law. The current data sit
close to saturation near the special point. Differentiating

ℓ = A∆−1/yc
s

[
1 +B∆ωs/yc

s + · · ·
]

(17)

gives

1

yappc
≡ − ∂ log ℓ

∂ log∆s

∣∣∣
fit

≈ 1

yc
− Bωs

yc
∆ωs/yc

s +O(L−ωs),

(18)
so local slopes are sensitive to corrections and to uncer-
tainty in the subtraction defining ∆s.

Only 13 of 3000 threshold bootstraps pass the
minimum-data criterion, and the Gaussian-template
length yields no valid draws after bound-hit filtering (Ta-
ble II). The surviving threshold fits cluster near yappc '
4.95, roughly seven times the known Ising value. Hold-
ing the same four operational ℓ1/2(Js) values fixed but
re-anchoring the scaling-field subtraction at the litera-
ture value J∗

s = 1.50214 gives ∆s ∈ [0.132, 0.252] and a
direct log-log fit slope −0.647, i.e. yappc = 1.55. This

is still far from 0.72, although much less pathological
than 4.95, so it confirms that the exponent failure is not
just an artifact of the working crossing subtraction. The
data show one-parameter crossover structure, but not a
resolved asymptotic slope.

The failure mode is physically unsurprising, and the
magnitudes are larger than corrections-to-scaling alone
would explain. For yappc : the threshold ℓ1/2 is itself
clipped by the finite radial window for the smallest-∆s

curves — the ratio RMC does not cross 1/2 until r com-
parable to or exceeding the in-plane size L = 32, so ℓ1/2
saturates to a finite-window value rather than the diverg-
ing ℓc(∆s). The slope ∂ log ℓ/∂ log∆s is then being read
off a near-flat region, not a power law, which can pro-
duce an essentially arbitrary apparent exponent. The
working-anchor fit’s factor-of-seven discrepancy decom-
poses into a factor of about 3 from the misplaced ∆s

subtraction (4.95/1.55) and a residual factor of about
2 from finite-window saturation under the literature an-
chor (1.55/0.72). The latter is still much too large for
Eq. (18) treated as a small correction-to-scaling pertur-
bation. The sign flip in the momentum-space η∥ fit has
a similar origin: at the special point S11(p) crosses over
between two power-law regimes near p ∼ 1/L, and a
three-point fit straddling the crossover can extract either
slope or worse. The apparent exponent therefore reports
the finite-window geometry of the analysis, not a surface
universality class.

V. CONCLUSION

The continuum theory, one-loop RG, and slab data
give a coherent but limited result. The Monte
Carlo ratios show the expected one-parameter boundary
crossover, and Binder crossings locate a plausible finite-
size special region. The same data do not determine yc:
the apparent exponent is far from the known 0.715–0.718
range and survives only under severe bootstrap selection.
A precision campaign would need, in roughly this order
of importance, larger L (at least the L ≳ 64 scale used
in precision surface studies,[6, 12] which is the only way
to open an asymptotic window in ∆s), fixed aspect ra-
tio Lz/L (the leading candidate among several plausible
causes of the present J∗

s shift), a denser grid near J∗
s , and

explicit correction-to-scaling fits.
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Appendix A: Derivations for the continuum formulas

Varying Eq. (2) under ϕ 7→ ϕ+ δϕ gives the boundary
contribution

δS∂V =

∫
∂V

dd−1x∥ (∂nϕ+ c0ϕ)δϕ. (A1)

For the half-space z ≥ 0, the outward normal is −ẑ, so
this is equivalently ∂zϕ = c0ϕ at z = 0.

The Gaussian propagator follows from the mixed-
representation boundary-value problem

(−∂2
z +p2)G̃(p; z, z′) = δ(z− z′), (∂z − c0)G̃|z=0 = 0.

(A2)
The decaying solution is a free Green’s function plus one
image term. Continuity at z = z′, the derivative jump
condition, and the Robin condition fix it uniquely:

G̃(p; z, z′) =
1

2p

[
e−p|z−z′| +

p− c0
p+ c0

e−p(z+z′)

]
. (A3)

Setting z = z′ = 0 gives S11(p; c) = 1/(p+ c) and Eq. (4).
For the real-space formula, insert 1/(p + c) =∫∞

0
dt e−(p+c)t into the two-dimensional Fourier trans-

form. The angular integral and the identity

∫ ∞

0

dp p e−tpJ0(pr) =
t

(t2 + r2)3/2
(A4)

give

G11(r; c) =
1

2π

∫ ∞

0

dt e−ct t

(t2 + r2)3/2
. (A5)

Changing variables t = ru yields Eq. (5). The limits
FG(0) = 1 and FG(s) ∼ s−2 follow by direct integration
and Laplace’s method.

Appendix B: Boundary one-loop pole structure

The one-loop surface exponent follows from the 1PI
surface two-point function. At tree level Γ(0)

11,0(p̂) = |p̂|+
c0. The one-loop correction is a tadpole inserted between
two boundary-to-bulk propagators,

δG11,0(p̂) = −
∫ ∞

0

dz G0(p̂; 0, z)Σ0(z)G0(p̂; z, 0), (B1)

with Σ0(z) = (N + 2)u0

∫
q̂
G0(q̂; z, z)/6. The UV singu-

larity comes from large |q̂| and z → 0+. Expanding

G0(q̂; z, z) =
1

2|q̂|

[
1 +

|q̂| − c0
|q̂|+ c0

e−2|q̂|z
]

(B2)

gives the boundary-layer structures in Eq. (7). Their
radial integrals have singular behavior

I1(z) ∼
1

16π2z2−ϵ
, I2(z) ∼

1

4π2z1−ϵ
, (B3)
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Js = 1.2500
Js = 1.3000
Gaussian F(s)

FIG. 7. Real-space ratio collapse using the threshold length
ℓ1/2 defined by RMC(ℓ1/2) = 1/2. This nonparametric ex-
tractor is more conservative than the Gaussian-template scale
used in Fig. 3 and loses near-special points when the ratio does
not cross one half inside the finite radial window.

and the remaining z integrals produce Γ(ϵ− 1) and Γ(ϵ)
poles. After the additive shift defining csp,0, the pole
terms are proportional to the same two boundary struc-
tures already present at tree level, |p̂| and c. This gives
Eq. (8) and hence Eq. (10).

Appendix C: Monte Carlo and fit diagnostics

For inhomogeneous ferromagnetic couplings, the Wolff
update uses the local bond probability pij = 1− e−2βJij .
Detailed balance is the standard cluster argument with J
replaced by Jij bond by bond: boundary bonds omitted
from the cluster contribute factors e−2βJij when satisfied,
and the ratio of forward and reverse cluster-generation
probabilities is exactly e−β∆H .

Errors are blocked jackknife with block size 50 for mea-
sured observables. Binder-crossing uncertainty is propa-
gated by a Gaussian parametric bootstrap of U1(Js;L)
values with monotone-PCHIP interpolation of the cross-
ing. For exponent-like fits, a bootstrap draw is retained
only if at least three ordinary-side points survive after
propagating the crossing uncertainty; Gaussian-template
scale fits are additionally rejected when the optimizer
hits imposed bounds. As a robustness check, threshold
lengths ℓ1/2 extracted at L = 24 and L = 32 agree within
errors at the two resolved ∆s values; points closer to J∗

s

are unresolved in both sizes, which is why exponent ex-
traction fails identically in either.
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FIG. 8. Illustrative real-space fit of G11(r) ∼ r−(1+η∥) near
J∗
s . The fitted η∥ ≃ 0.586 is far from both the momentum-

space estimate in Fig. 9 and the special-transition literature
value η∥ ≈ 0.37,[6] indicating contamination from finite-size
and lattice-window effects.

100

p

100

101

S 1
1(

p)

Surface structure factor at Js J *
s  (L=32)

fit slope -1.255, 0.255
MC

FIG. 9. Illustrative momentum-space fit of S11(p) ∼ pη∥−1

near J∗
s . The fitted η∥ ≃ −0.255 disagrees with Fig. 8 and

with the literature value η∥ ≈ 0.37; neither fit is used as a
quoted exponent.
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