
Field-Theoretic Renormalization Group Methods for a Two-Species
Reaction-Diffusion Process with Lévy Flights
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We study the two-species annihilation reaction A + B → 0 with standard diffusion and with
long-ranged Lévy flights described by the parameter σ, seeking the asymptotic decay rate of the
minority species. We systematically present the procedure, from the Doi-Peliti formalism through
the subsequent renormalization group analysis needed to find corrections to scaling below the upper
critical dimension. The upper critical dimension shifts from dc = 2 in standard diffusion to dc = σ
with Lévy flights. Although this shift is understood for the single-species reaction, the asymptotics
of the two-species reaction are more complex: the initial density difference between the two species
can dramatically alter the dynamics. Finally, we support our study with numerical simulations.

I. INTRODUCTION

The renormalization group (RG) is the central tool for
understanding the effects of fluctuations in many-body
systems. The RG was first developed for systems in
thermal equilibrium, where the Boltzmann distribution
allows for direct calculations. However, many driven and
relaxational systems also exhibit critical behavior that
can be understood using RG methods. Although we
cannot write probability distributions for a large class
of non-equilibrium steady states, systems described by
stochastic partial differential equations are amenable to
RG analysis through a field-theoretic representation [1].

In this paper, we apply field-theoretic RG methods for
reaction-diffusion problems, as reviewed in Ref. [1], to
the two-species annihilation reaction A + B → 0. We
first treat the case that A and B both undergo standard
diffusion. Next, we allow A to undergo Lévy flights, or
long-range hops with a heavy-tailed power-law distribu-
tion, motivated by foraging and search processes [2–4].

The reaction A+ A → 0 with Lévy flights [5] and the
reaction A+B → 0 with standard diffusion [6] have pre-
viously been studied [1, 7]. Fewer works have combined
multi-species reactions with Lévy flights [8–10], and the
complex reactions studied in these works limit clarity.
Further, even A + B → 0 with standard diffusion has
scattered results not presented in a unified manner.

Here, we systematically present the field-theoretic RG
method for the reaction A + B → 0 with and without
Lévy flights. We first review the Doi-Peliti formalism
for mapping an arbitrary chemical reaction to a bosonic
field theory [11, 12]. Then, we calculate the asymptotic
decay statistics of the minority species’ densities for the
reaction, both in the mean-field limit and with RG cor-
rections. In the case of Lévy flights, we show that the
RG analysis is altered in the expected way, with the up-
per critical dimension modified to dc = σ with σ < 2
describing the magnitude of the superdiffusivity. Finally,
we compare our theoretical results to numerical simula-
tions. The simulations also allow us to study the scaling
of the reaction and depletion zones between segregated
A and B domains, offering directions for future work.

II. DOI-PELITI FIELD THEORY

Here we review the Doi-Peliti formalism for mapping a
chemical reaction to a field theory. Consider two species
of particles, A and B, with z neighbors on a lattice
with spacing h. A Lévy flight is a random walk in
which step sizes are drawn from a probability distribu-
tion of the form P (r) ∼ r−(d+σ), where σ < 2. In order
to treat the general case, we let A particles perform a
continuous-time Lévy flight on a lattice, where particles
at site i can jump to any site j with a rate that decays
with the Lévy power law in the dimensionless distance

rij ≡
√∑d

k=1(ik − jk)2.

B particles perform a continuous time random walk,
hopping to a neighboring site at a uniform rate DBh

−2

[1]. When more than one particle occupies the same site,
they annihilate at a fixed reaction rate λ. The probability
distribution P ({n}, {m}, t) characterizes the state of the
system at time t, where {n} = (n1, n2, · · · ) and {m} =
(m1,m2, · · · ) specify the configuration of A and B parti-
cles, respectively. The master equation for the time evo-
lution of the configuration probability due to hops can
be written as

∂tP ({n}, {m}, t) =

DAh
−σ
∑
i̸=j

1

rd+σ
ij

×
[
(ni+1)P ({m}, . . . , ni+1, nj−1, . . . , t)

− ni P ({n}, {m}, t)
+ (nj+1)P ({m}, . . . , ni−1, nj+1, . . . , t)

− nj P ({n}, {m}, t)
]

+DBh
−2
∑
⟨ij⟩

[
(mi+1)P ({n}, . . . ,mi+1,mj−1, . . . , t)

−mi P ({n}, {m}, t)
+ (mj+1)P ({n}, . . . ,mi−1,mj+1, . . . , t)

−mj P ({n}, {m}, t)
]
.

(1)
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The summation for A particles extends over all pairs in
the lattice, while the summation for B particles extends
only over pairs of nearest-neighbor sites. Within the sum,
hops from i to j and j to i are both considered. We define
this as the travel term. Adding the annihilation reaction
A+B → 0, the full master equation assumes the form

∂tP ({n}, {m}, t) = (travel term)

+ λ
∑
i

[
(mi + 1)(ni + 1)P (. . . ,m1 + 1, . . . , n1 + 1, . . . , t)

−miniP ({n}, {m}, t)
]

(2)
Next, we use the Doi-Peliti formalism to map the clas-

sical probability distribution described by the master
equation onto a quantized bosonic field. In 1976, Doi
showed that stochastic reaction-diffusion systems can be
described by quantized ladder operators similar to those
familiar from quantum mechanics [11]. The algebraic
structure of second quantization naturally captures the
property that site occupation number is always a posi-
tive integer. For each lattice sites i and j, the bosonic
commutation relations for the creation and annihilation
operators for species A and B are given by

[âi, â
†
j ] = [b̂i, b̂

†
j ] = δij (3)

[âi, âj ] = [b̂i, b̂j ] = [â†i , â
†
j ] = [b̂†i , b̂

†
j ] = 0. (4)

Denote the empty lattice as |0⟩ such that ai |0⟩ =
bi |0⟩ = 0 for all i. Each site i is associated with a state

vector |ni⟩ = (âi
†)ni |0⟩ , |mi⟩ = (b̂i

†
)mi |0⟩, following the

normalization convention: âi |ni⟩ = ni |ni − 1⟩ , â†i |ni⟩ =
|ni + 1⟩, and analogously for the corresponding b opera-
tors. Using the on-site vectors to denote the state of the
entire system at time t,

|ϕ(t)⟩ =
∑
{n}

P ({n}, {m}, t)
∏
i

(â†i )
ni(b̂†i )

mi |0⟩ (5)

we obtain the imaginary time evolution equation

−∂t |ϕ(t)⟩ = Ĥ |ϕ(t)⟩ (6)

where the non-Hermitian Hamiltonian is

Ĥ = DAh
−σ
∑
i̸=j

(â†i − â†j)(âi − âj)

rd+σ
ij

+DBh
−2
∑
⟨ij⟩

(b̂†i − b̂†j)(b̂i − b̂j)

− λ
∑
i

[
1− â†i b̂

†
i

]
âib̂i

(7)

In the Lévy term, âj
†âi − âi

†âi represents a hop from

i to j; the number operator â†i âi does not change the

state. The term â†i âj−â†j âj represents the equivalent pro-
cess from j to i. The same is true for the diffusive term
with the b operators. Note that the operator structure of
the effective Hamiltonian reproduces the eigenvalue coef-
ficients and state dependencies in Eq. (1). In the reaction

term, the term âib̂i describes the annihilation of one A

particle and one B particle at site i. The term â†i b̂
†
i âib̂i

represents the number of particle pairs available to react,
with eigenvalue mini equivalent to the coefficient of the
loss term in the master equation.

To define a field theory, let âi, â
†
i → ϕi, ϕ

∗
i , where

ϕ is complex. Having changed variables to ϕ and ϕ∗,
which commute, we must correctly map Ĥ(â, â†, b̂, b̂†) →
Ĥ(ϕa, ϕ

∗
a, ϕb, ϕ

∗
b). We can do this since the coherent

states |ϕ⟩ are eigenstates of the lowering operator â with
eigenvalue ϕ. Thus, the expectation value of the Hamil-
tonian in the coherent state basis only depends on ϕ and
its conjugate field.
The coherent states for species A and B at site i are

defined by

|ϕa,i⟩ = e−|ϕa,i|2/2+ϕa,iâ
†
i |0⟩ , (8)

|ϕb,i⟩ = e−|ϕb,i|2/2+ϕb,ib̂
†
i |0⟩ , (9)

with overlaps between two different field values ϕa,i and
ϕ′
a,i at the same site,

⟨ϕa,i|ϕ′
a,i⟩ = e−|ϕa,i|2/2−|ϕ′

a,i|2/2+ϕ∗
a,iϕ

′
a,i , (10)

⟨ϕb,i|ϕ′
b,i⟩ = e−|ϕb,i|2/2−|ϕ′

b,i|2/2+ϕ∗
b,iϕ

′
b,i . (11)

Since the coherent-state basis is overcomplete, the iden-
tity for each species is

1 =

∫
d2ϕa,i

π
|ϕa,i⟩ ⟨ϕa,i| (12)

=

∫
d2ϕb,i

π
|ϕb,i⟩ ⟨ϕb,i| . (13)

To generalize to the full lattice, define {ϕa} =
(ϕa,1, ϕa,2, . . .) and {ϕb} = (ϕb,1, ϕb,2, . . .) as the sets of
coherent-state eigenvalues for species A and B across all
sites, with the joint state vector

|{ϕa}, {ϕb}⟩ =
⊗
i

|ϕa,i⟩ ⊗ |ϕb,i⟩ . (14)

The final normalization is given by

1 =

∫ ∏
i

d2ϕa,i

π

d2ϕb,i

π
|{ϕa}, {ϕb}⟩ ⟨{ϕa}, {ϕb}| . (15)

The coherent-state basis requires that Ĥ is normal or-
dered, i.e. that all â† are to the left of all â. As such, the
normal-ordered operator Ĥ(â†, â) can be recast as
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⟨{ϕa}, {ϕb}| Ĥ(â†, â, b̂†, b̂) |{ϕa}, {ϕb}⟩
= H({ϕ∗

a}, {ϕ∗
b}, {ϕa}, {ϕb}) (16)

The diffusion terms (â†i − â†j)(âi− âj), (b̂†i − b̂†j)(b̂i− b̂j)

and the reaction term −λ
∑

i

[
1 − â†i b̂

†
i

]
âib̂i are already

normal-ordered. As before, one simply replaces âi, b̂i →
ϕa,i, ϕb,i and â†i , b̂

†
i → ϕ∗

a,i, ϕ
∗
b,i, the eigenvalues of the

raising and lowering operators acting on the coherent
states. Therefore, we can rewrite the Hamiltonian as

Ĥ({ϕ∗
a}, {ϕ∗

b}, {ϕa}, {ϕb}) =

DAh
−σ
∑
i̸=j

(ϕ∗
a,i − ϕ∗

a,j)(ϕa,i − ϕa,j)

rd+σ
ij

+DBh
−2
∑
⟨ij⟩

(ϕ∗
b,i − ϕ∗

b,j)(ϕb,i − ϕb,j)

− λ
∑
i

(1− ϕ∗
a,iϕ

∗
b,i)ϕa,iϕb,i (17)

We can relate the Hamiltonian to the action S[ϕ, ϕ∗]
through the following path integral

1 = ⟨P| e−Ĥtf |ϕ(0)⟩ =
∫

DϕDϕ∗ e−S[ϕ,ϕ∗]. (18)

where, given that the Hamiltonian resulting from the
master equation is non-Hermitian, we define a projec-

tion state ⟨P|. ⟨P| has the properties ⟨P|â†i = ⟨P| and
⟨P|0⟩ = 1 such that ⟨P| = ⟨0|e

∑
i âi . The ensemble aver-

age for an operator Ô takes the form Ō(t) = ⟨P|Ô|ϕ(t)⟩.
Unitarity is enforced through

⟨P|ϕ(t)⟩ = ⟨P|e−Ĥt|ϕ(0)⟩ = 1. (19)

Given the quantized theory derived from the master
equation, we next obtain a field theory and a correspond-
ing action using a path integral. We discretize time, such
that ∆t = t/N , and perform a Trotter decomposition:

e−Ĥt |ϕ(0)⟩ = lim∆t→0 e
(−Ĥ∆t)t/∆t |ϕ(0)⟩.

Inserting the Trotter decomposition with N terms

e−Ĥtf = e−Ĥ∆t e−Ĥ∆t · · · e−Ĥ∆t and using the identity
in Eq. (12), a single slice from k to k + 1 of the decom-
posed Hamiltonian matrix element factorizes as

⟨{ϕk+1}| e−Ĥ∆t |{ϕk}⟩ = ⟨{ϕk+1}|{ϕk}⟩ e−∆tH(ϕ∗
k+1,ϕk),

(20)
For the lattice sites i we can write the coherent state

overlap following from Eq. (10) as

⟨{ϕk+1}|{ϕk}⟩ =

exp

[∑
i

(
ϕ∗
k+1,iϕk,i − 1

2 |ϕk+1,i|2 − 1
2 |ϕk,i|2

)]
(21)

Therefore,

⟨{ϕk+1}| e−Ĥ∆t |{ϕk}⟩

= exp
∑
i

(
ϕ∗
k+1,iϕk,i − 1

2 |ϕk+1,i|2 − 1
2 |ϕk,i|2

)
(22)

−∆tH(ϕ∗
k+1, ϕk)

In the limit that ∆t → 0 and N∆t = tf , where tf is a
fixed constant, the above expression becomes

1 =

∫
Dϕ∗

a,b Dϕa,b exp
{
−
∫ tf

0

dt
(
ϕ∗
a∂tϕa + ϕ∗

b∂tϕb

+H(ϕ∗
a, ϕa, ϕ

∗
b , ϕb)

)}
(23)

Taking the continuum limit of the lattice, the index
i becomes a coordinate x,

∑
i → h−d

∫
ddx, and lattice

variables become a continuum field ϕi(t) → ϕ(x, t). The
two diffusion terms become

∑
⟨ij⟩

(ϕ∗
i − ϕ∗

j )(ϕi − ϕj) → h2−d

∫
ddx∇ϕ∗ · ∇ϕ (24)

= −h2−d

∫
ddxϕ∗∇2ϕ, (25)

For Lévy flights, we follow the same procedure, using
a symmetrization trick

∑
i̸=j

(ϕ∗
i − ϕ∗

j )(ϕi − ϕj)

|i− j|d+σ
(26)

−→ hσ−d

∫ ∫
ddx ddy

[ϕ∗(x)− ϕ∗(y)][ϕ(x)− ϕ(y)]

rd+σ
xy

= 2hσ−d

∫
ddxϕ∗(x)

∫
ddy

ϕ(x)− ϕ(y)

rd+σ
xy

= 2hσ−d

∫
ddxϕ∗(x) (−∇2)σ/2ϕ(x)

∝ −hσ−d

∫
ddxϕ∗ ∇σϕ. (27)

Finally, the reaction term in the continuum limit is
given by

−λ
∑
i

(
1− ϕ∗

a,iϕ
∗
b,i

)
ϕa,iϕa,i (28)

→ −λh−d

∫
ddx

(
1− ϕ∗

a ϕ
∗
b

)
ϕa ϕb (29)
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Therefore, the full action is given by

S̃[ϕ∗
a, ϕa, ϕ

∗
b , ϕb] =

∫
ddx
[
− ϕ∗

a(tf )− ϕ∗
b(tf )

+

∫ tf

0

dt
(
ϕ∗
a (∂t −DA∇σ)ϕa

+ ϕ∗
b (∂t −DB∇2)ϕb

− λ0

(
1− ϕ∗

a ϕ
∗
b

)
ϕa ϕb

)
− n0 ϕ

∗
aa(0)−m0 ϕ

∗
b(0)

]
, (30)

where λ0 = λhd. Probability conservation forces H(ϕ∗ =
1, ϕ) = 0. Taking the time derivative,

0 = ∂t ⟨P|ϕ(t)⟩ = ⟨P| ∂t |ϕ(t)⟩ = −⟨P| Ĥ |ϕ(t)⟩ . (31)

Since this must hold for any initial state,

⟨P| Ĥ = 0 (32)

⟨P| Ĥ |{ϕ}⟩ = H(ϕ∗ = 1, ϕ) ⟨P|{ϕ}⟩ = 0. (33)

The shifted variable ϕ∗ = 1 + ϕ̄ is more natural, such
that ϕ̄ = 0 is now the zero-fluctuation point and ϕ̄ de-
notes deviations. The new field ϕ̄ plays the role of a re-
sponse field, and a conjugate to the noise of the stochas-
tic dynamics in the system. As a result, we can re-
move the constant offset terms −ϕ∗(tf ) = −1 − ϕ̄(tf )
and −n0ϕ

∗(0) = −n0 − n0ϕ̄(0), leaving only −n0ϕ̄(0)
and −m0ϕ̄(0). The final result for the action, relabeling
ϕa → a and ϕb → b, is

S[ā, a, b̄, b] =

∫
ddx
[ ∫ tf

0

dt
(
ā (∂t −DA∇σ) a

+ b̄
(
∂t −DB∇2

)
b

+ λ0

(
ā+ b̄+ āb̄

)
ab
)

− n0ā(0)−m0b̄(0)
]
. (34)

III. MEAN FIELD THEORY

A mean-field description of the above process can be
written as the kinetic rate equations:

da

dt
=

db

dt
= −λ0ab. (35)

This is a form of the law of mass action in chemistry. In
the case of unequal initial densities a0 < b0, in long times
it is easy to see that a(t) ∼ a0e

−λ0t.
In the case of equal initial densities, a “slow mode”

arises due to initial fluctuations in the conserved differ-
ence field c = a− b. To see this, it is more informative to

include spatial variation and examine the two-field par-
tial differential equations

∂a(x, t)

∂t
= DA∇σa− λ0ab (36)

∂b(x, t)

∂t
= DB∇2b− λ0ab (37)

where the fractional Laplacian ∇σ = (∇2)σ/2 is defined
by its action in Fourier space

∇σeik·x = (∇2)σ/2eik·x = −|k|σeik·x. (38)

This is distinct from the Langevin equation description
because it does not include noise (i.e. fluctuations). The
connection between the Langevin description and Doi-
Peliti field theory is subtle; see Ref. [13] for details.
We now follow Täuber et al. [7]: first consider DA =

DB and σ = 2. The density difference has dynamics

∂c

∂t
= D∇2c. (39)

This is the heat equation, with Green’s function

G(x, t) =
1

(4πDt)d/2
exp

(
− |x|2

4Dt

)
(40)

for t > 0. The solution is then

c(x, t) =

∫
ddx′G(x− x′, t) c(x′, 0). (41)

The Poisson distribution for each species over initial con-
ditions implies c(x, 0)c(x′, 0) = 2a0 δ(x− x′). Thus,

c(x, t)2 = 2a0

∫
ddx′G(x− x′, t)2 =

2a0
(8πDt)d/2

(42)

and the local density excess is[
c(x, t)2

]1/2
=

√
2a0

(8πDt)d/4
. (43)

Thus, the density decays as a(t) ∼ (Dt)−d/4.
We now examine the new case with Lévy flights. We

begin with

∂c

∂t
= D∇σc. (44)

We could in principle follow a similar argument as above,
but we only need to extract the scaling. We argue that
the Green’s function here has scaling form

Gσ(x, t) =
1

(Dt)d/σ
f

(
|x|

(Dt)1/σ

)
. (45)

The argument is dimensionless based on dimensional
analysis of Eq. (44), and the prefactor enforces
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ddxGσ(x, t) = const., i.e. conservation of c. Then,

c(x, t)2 ∼
∫

ddx′Gσ(x− x′, t)2 (46)

∼ 1

(Dt)d/2σ

∫
ddx′f2

(
|x′|

(Dt)1/σ

)
(47)

∼ 1

(Dt)d/σ

∫
ddξ f2(|ξ|). (48)

Thus,
[
c(x, t)2

]1/2
∼ (Dt)−d/2σ.

Here, we made the simplification that both A and B
undergo Lévy flights with the same diffusion constant
D = DA = DB . We find that this simplification to be
acceptable based on the analysis below.

Because of the dimension dependence up through d = 4
(or d = 2σ), some argue that this should be the upper
critical dimension [1]. However, we take the upper critical
dimension to be the dimension below which fluctuations
are relevant. For standard reaction-diffusion problems,
this is dc = 2 [1]. Below, for Lévy flights, we find that
dc = σ.

IV. RG ANALYSIS OF A+B → 0

Here we extend the renormalization group techniques
presented by Täuber et al. to study the two-species an-
nihilation reaction A + B → 0 at rate λ0. We initially
consider the case that A and B both undergo standard
diffusion, then generalize to the case that one, or both,
species undergo Lévy flights.

A. A+B → 0: standard diffusion

We write the Doi-Peliti action (34) for standard diffu-
sion of both particles (i.e. σ = 2) as

S[a, ā, b, b̄] =

∫
dtddx[ā

(
∂t −DA∇2

)
a+ b̄

(
∂t −DB∇2

)
b

+ λ0

(
ā+ b̄+ āb̄

)
ab]

−
∫

ddx[ā(x, 0)a0 − b̄(x, 0)b0] (49)

We identify the Gaussian part of the action:

S0 =

∫
ddxdt

[
ā
(
∂t −DA∇2

)
a+ b̄

(
∂t −DB∇2

)
b
]
(50)

After Fourier transforming, we can read off the bare prop-
agators:

Gα(ω, p) =
1

−iω +Dαp2
(51)

where α ∈ {A,B}.

The first step is to identify the primitively divergent
diagrams. As Täuber et al. note, all vertices in the ac-
tion have two incoming lines, such that it is impossible
to construct a loop diagram that renormalizes the prop-
agator (for example, an incoming a and an outgoing ā).
Thus, in this simple example, the bare diffusion constant
is not renormalized. By a similar reasoning, there is no
wavefunction renormalization for the fields either. Thus,
all that remains is to calculate the renormalization of the
bare reaction rate λ0.

The core object is the vertex function Γ̃, i.e. the
connected, amputated, one-particle irreducible Green’s
function. At the tree level, by construction, we have
Γ̃tree = λ0, the bare reaction rate. The goal is to use a
perturbative expansion in the nonlinear action to com-
pute the full renormalized vertex function.

The relevant one-loop diagram is shown below, follow-
ing the convention in the reaction-diffusion literature that
time flows from right to left:

ā

b̄

a

b

GA(k, τ)

GB(−k, τ)

−λ0 −λ0

time

t1t2

Since the diagrams will be dominated by a UV diver-
gence of the loop momenta, it suffices to evaluate the
diagrams at zero external momenta. A simple power-
counting argument shows that derivatives of the vertex
function with respect to the external momenta, as would
appear in an expansion in small external momenta, are
less badly divergent in the UV, justifying our setting the
external momenta to zero. Momentum conservation re-
quires that one propagator in the loop carry momentum
k, the other −k, and we must integrate over k. By the
usual perturbative expansion, each vertex contributes a
factor of −λ0. Thus the amputated one-loop correction
to the vertex function takes the form

δΓ̃1(t2−t1) = (−λ0)
2

∫
ddk

(2π)d
GA(k, t2−t1)GB(−k, t2−t1)

(52)
where the propagators in (p, t) coordinates can be ob-
tained by the partial inverse Fourier transform to give
(with a slight abuse of notation)

Gα(p, t) = Θ(t)e−Dαp2t (53)

The Heaviside function enforces the required causality.
Note that there are two possible time-orderings of the
vertices that cancel the factor of 1/2 from the second or-
der expansion. The one-loop correction is a simple Gaus-
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sian integral:

δΓ̃1(t2 − t1) = λ2
0

∫
ddk

(2π)d
e−(DA+DB)k2(t2−t1) (54)

=
λ2
0

[4π(DA +DB)(t2 − t1)]d/2
(55)

assuming t2 > t1. Clearly this depends only on τ = t2 −
t1, so it is natural to take a Laplace transform. Putting
it together with the tree-level contribution, we find

Γ̃one loop(s) = λ0 −
λ2
0Γ(1− d/2)

[4π(DA +DB)]d/2
sd/2−1 +O(λ3

0)

(56)
which has the anticipated pole in the gamma function at
dc = 2.

Anticipating an epsilon expansion around dc = 2, we
write ϵ = 2− d and define

I(s) =
Γ(ϵ/2)

[4π(DA +DB)]1−ϵ/2
s−ϵ/2 (57)

With this notation, Γ̃one loop(s) = λ0 − λ2
0I(s), and it

is easy to see that the full renormalized vertex function
consists simply of chaining arbitrarily many of these loop
diagrams together. Schematically, we have

Γ̃ = + + + · · ·

This results in the exact geometric series

Γ̃(s) = λ0

∞∑
n=0

(−λ0I(s))
n =

λ0

1 + λ0I(s)
(58)

Thus the vertex function can be resummed to all orders.
This simplification follows from the structure of the re-
action vertices: each vertex contains one incoming a line
and one incoming b line, so the only primitive vertex
renormalization is generated by repeated A-B bubbles.
There is no independent propagator renormalization un-
like for, e.g., a ϕ4 theory. Since I(s) > 0, the renor-
malized vertex function is clearly smaller than the bare
vertex, indicating an effective screening of the reaction
rate.

The Laplace variable s is an inverse time, so we can
examine the behavior of the renormalized reaction rate in
different limits. In the short-time limit s → ∞, I(s) → 0

so that Γ̃ is equal to its bare value, as we expect. In
the long-time limit s → 0 and d > 2, I(s) → constant
(as defined by analytic continuation), representing a fi-
nite (but non-universal) renormalization of the reaction
rate, as expected above the upper critical dimension. For
d < 2, I(s) → ∞, so that Γ̃ → 0, i.e. the reaction be-
comes completely diffusion-limited. At d = 2 we find the
expected logarithmic decay of the reaction rate.

The bare reaction rate λ0 is not dimensionless, and
thus not a good expansion parameter for the subsequent

renormalization group analysis. Thus we define the di-
mensionless bare coupling constant

g0 =
λ0

Deff
κ−ϵ (59)

whereDeff = DA+DB and κ is the (arbitrary) initial mo-
mentum scale at which the theory is defined. The renor-
malized coupling is found by evaluating the resummed
vertex function at zero external momenta and at the nor-
malization point s = Deffκ

2:

gR =
Γ̃(s)

Deff
κ−ϵ

∣∣∣∣
s=Deffκ2

(60)

After some algebra, one finds

gR =
g0

1 + (4π)ϵ/2−1Γ(ϵ/2)g0
≡ Zgg0 (61)

where the multiplicative renormalization factor Z−1
g =

1 + g0BΓ(ϵ/2) (defining B = (4π)ϵ/2−1) carries the pole
Γ(ϵ/2) ∼ 2/ϵ.
The next step is to find the beta function of the running

coupling gR. Concretely

βg(gR) ≡
dgR
d lnκ

(62)

= κZg
dg0
dκ

+ κg0
dZg

dκ
(63)

= gR

(
−ϵ− κ

d lnZ−1
g

dκ

)
(64)

βg(gR) = 2gR

(
− ϵ

2
+ gRBΓ

(
1 +

ϵ

2

))
(65)

where we have written everything in terms of gR and
used xΓ(x) = Γ(x+1). As Täuber et al. note, the exact
quadratic form of the beta function is a simplification
that can be traced back to the fact that the one-loop
calculation explains the renormalization group analysis
to all orders, which is not the case for typical theories.
Clearly, the beta function has only one non-trivial fixed

point at which the theory is scale invariant:

g∗R =
1

BΓ(ϵ/2)
∼ ϵ (66)

Up to this point, the procedure for our reaction of in-
terest (A+B → 0) has been nearly identical to that for
the simpler reaction A+A → 0. However, in the follow-
ing, we depart from Täuber et al.’s analysis to study the
more complex reaction A+B → 0. We assume that the
initial condition satisfies a0 < b0 and employ the Callan-
Symanzik equation to obtain the asymptotic behavior of
the density a(t). The key observation is that the den-
sity, written in terms of the renormalized parameters,
appears to depend on the arbitrary momentum scale κ,
but this is unphysical. The Callan-Symanzik equation
encodes the requirement that the density not depend on
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κ. A subtlety of the A+B → 0 reaction is that the den-
sity of the minority species (here taken to be A) depends
on the initial condition ∆ ≡ b0 − a0 > 0. Note that
∆(t) = b(t) − a(t) = ∆ is conserved because the reac-
tion always removes one A and one B particle. Thus we
have a = a(t, a0,∆, Deff , gR, κ). The Callan-Symanzik
equation reads

d

d lnκ
a(t, a0,∆, Deff , gR, κ) = 0 (67)

Expanding the total derivative we find[
κ
∂

∂κ
+ βg(gR)

∂

∂gR

]
a(t, a0,∆, Deff , gR, κ) = 0 (68)

This appears to depend on five variables, but a dimen-
sional analysis argument reduces the number of indepen-
dent variables to four because we have

a(t, a0,∆, Deff , gR, κ) = κdã(t/t0, a0/κ
d,∆/κd, gR)

(69)
where the timescale t0 = 1/Deffκ

2 is defined at the nor-
malization point. Computing all the partial derivatives
with respect to κ and writing a ≡ a(t, a0,∆, Deff , gR, κ),
we find [

2Defft
∂

∂(Defft)
− da0

∂

∂a0
− d∆

∂

∂∆

+ βg(gR)
∂

∂gR
+ d

]
a = 0.

(70)

The CS equation can be solved exactly by the method of
characteristics, using the tree level (mean field) result

atree(t) ∼ a0e
−∆λ0t (71)

as boundary data. The procedure is quite complicated,
though standard, so we will not go into the details here.
The result is that the running coupling flows to the IR
fixed point g∗R and, in this regime, the density decays
asymptotically as

a(t) ∼ a0 exp
[
−(const.)g∗R(Defft)

d/2
]

(72)

for d < 2, matching the stretched exponential form that
Täuber et al. briefly quoted without justification. For
d > 2, the reaction rate flows to a finite (non-universal)
effective value, so the minority density decays as

a(t) ∼ a0 exp[−λefft]

At d = 2, the marginal flow gives

a(t) ∼ a0 exp[−(const.)g∗RDefft/ ln(Defft)].

as quoted by Täuber et al.
For comparison, the simpler A+A → 0 reaction, which

has the tree-level result atree(t) ∼ (λ0t)
−1, becomes, af-

ter the RG analysis, a(t) ∼ t−d/2. We see that the RG
result t−d/2 is slower than mean field for d < 2 due to
the corrections from density fluctuations. Above dc = 2,
the mean field result is correct and the RG analysis only
contributes a non-universal amplitude correction.

B. A+B → 0: A undergoing Lévy flights

Consider the same reaction A + B → 0 but suppose
A undergoes Lévy flights, such that it displays superdif-
fusive behavior. We argue that the RG procedure gives
exactly the same results as above but with the replace-
ments:

dc = σ (73)

ϵ = σ − d (74)

→ a(t) ∼ a0 exp
[
−(const.)g∗σ(DAt)

d/σ
]

(75)

consistent with a modified upper critical dimension of
σ < 2. (Note that the fixed point g∗σ has also been
modified). We justify this replacement in more detail
below. First, however, it is interesting to note that this
asymptotic result is identical to the result for both species
undergoing Lévy flights, albeit with a different diffusion
constant. Intuitively, A diffuses faster than B, so, on
large length and time scales, B appears effectively sta-
tionary compared to A. The normal diffusion of B pro-
duces subleading corrections. This interpretation aligns
with the more careful analysis that we now present.
As in the case of standard diffusion, only the reaction

rate λ0 is renormalized, as described by the vertex func-
tion. The one loop contribution to the vertex function
is

δΓ̃one loop(t) = (−λ0)
2

∫
ddk

(2π)d
GA(k, t)GB(−k, t) (76)

= (λ0)
2

∫
ddk

(2π)d
e−DAkσt−DBk2t (77)

It is evident that the kσ term dominates in the long time
limit, so we can expand this integral to leading order
in the small parameter t1−2/σ. After some algebra, the
result is

δΓ̃one loop(t) =
Sd

(2π)dσ
Γ

(
d

σ

)
(DAt)

−d/σ

×

[
1−

Γ
(
d+2
σ

)
Γ
(
d
σ

) DBD
−2/σ
A t1−2/σ + · · ·

]
(78)

After taking the Laplace transform and performing the
exact vertex function resummation, the result is

Γ̃(s) =
λ0

1 + λ0I(s)
(79)

I(s) = I0(s)
[
1−DBD

−2/σ
A Cd,σs

(2−σ)/σ + · · ·
]

(80)

I0(s) =
Sd

(2π)dσ
D

−d/σ
A Γ

(
d

σ

)
Γ

(
1− d

σ

)
sd/σ−1 (81)

with Cd,σ =
Γ( d+2

σ )Γ(2− d+2
σ )

Γ( d
σ )Γ(1− d

σ )
. Clearly all corrections to

I(s) vanish in the long time (s → 0) limit since σ < 2. By
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comparing to the presentation following the calculation of
the renormalized vertex function in the previous section,
we see that our previous results with the replacements
dc = σ and ϵ = σ − d are asymptotically exact for A
undergoing Lévy flights, giving

a(t) ∼ a0 exp
[
−(const.)g∗σ(DAt)

d/σ
]

(82)

Combining the results from mean field theory in
Sec. III, we can summarize the scalings for all cases in
the two tables below, where c is a constant:

d < 2 d ≥ 2

a0 = b0 (Dt)−d/4

a0 < b0 exp
[
−c(Dt)d/2

]
e−λ0t

Table I: Scaling of a(t) with standard diffusion.

d < σ d ≥ σ

a0 = b0 (Dt)−d/2σ

a0 < b0 exp
[
−c(Dt)d/σ

]
e−λ0t

Table II: Scaling of a(t) with Lévy flights on A.

Note that we do not consider any logarithmic correc-
tions exactly at the upper critical dimension.

We can further generalize to the case that A and B
both undergo Lévy flights, perhaps with different expo-
nents. Consider the case 0 < σA < σB < 2. Then
it is clear from the above analysis that the asymptotic
behavior will be determined by the smaller of the two
exponents, in this case σA, with the importance of the
correction from the diffusion of B determined by the dif-
ference σB − σA. Thus we have treated the most gen-
eral possible set of diffusion conditions for the reaction
A+B → 0.

V. NUMERICAL SIMULATIONS

We first consider the A + B → 0 process on a lattice
with standard diffusion, random initial conditions, and
average densities ρA and ρB . This is a Markov process:
a particle of species A (B) can make nearest-neighbor
hops at a rate 1/DA (1/DB). Each particle has z = 2d
nearest neighbors, and each of the NA (NB) particles is
independent.

To numerically simulate this process, we use the Gille-
spie algorithm [14]:

1. For each site, sample from Poisson(ρA) and
Poisson(ρB) to determine the number of A and B
particles, respectively. Immediately annihilate any
A–B pairs on the same site so that only a single
species is present on a given site.

−4 −2 0 2 4
log10 t

−1.5

−1.0

−0.5

lo
g

1
0
ρ

d = 1 (standard)

ρA

ρB

ρA + ρB

fit α = −0.266

−6 −4 −2 0 2 4
log10 t

−3

−2

−1

lo
g

1
0
ρ

d = 2 (standard)

ρA

ρB

ρA + ρB

fit α = −0.550

FIG. 1. Ensemble-averaged particle density for the A+B → 0
reaction with standard diffusion and equal densities (ρA =
ρB = 0.5, Poisson-distributed) and periodic boundary con-
ditions. Results are averaged over 100 independent realiza-
tions. (Top) d = 1: linear lattice of L = 8192 sites, run to
t = 104. (Bottom) d = 2: square lattice of 512×512 sites, run
to t = 104. In each panel, ρA (red) and ρB (blue) are shown
separately; their sum (black) is fit over the final three decades
(dashed gray). The fit exponents are α = −0.266 for d = 1
and α = −0.550 for d = 2, in agreement with the theoretical
decay α = −d/4.

2. Randomly select species A or B weighted by total
rates of each: ωA = 1/2dNADA, ωB = 1/2dNBDB ,
and P(A selected) = ωA/(ωA + ωB).

3. Uniformly pick a random particle of the selected
species.

4. Uniformly pick a random hop direction.

5. Move the particle.

6. If there is an opposite-species particle present at the
destination, annihilate the particles immediately.
This is the limit of infinite reaction rate.

7. Step time: ∆t = 1/(ωA + ωB).

8. Repeat Steps 2–7 until the desired time is reached.

We run this simulation for equal densities ρA = ρB =
0.5 for both d = 1 and d = 2 with periodic boundary
conditions and show the decay of the densities in Fig. 1.
To save memory, we avoid saving the particle locations of
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−4 −2 0 2 4
log10 t

−2

−1

0
lo

g
1
0
ρ

d = 1 (Lévy σ = 1.5)

ρA

ρB

ρA + ρB

fit α = −0.373

−6 −4 −2 0 2 4
log10 t

−3

−2

−1

0

lo
g

1
0
ρ

d = 2 (Lévy σ = 1.5)

ρA

ρB

ρA + ρB

fit α = −0.588

FIG. 2. Particle density for the A + B → 0 reaction with
Lévy flights (σ = 1.5) for both species, ensemble-averaged
over 10 runs for d = 1 (L = 262144) and d = 2 (L = 1024).
An empirical fit to the last two decades gives a fit exponent
α = −0.373 for d = 1 and α = −0.588 for d = 2, in rough
agreement with α = −d/2σ.

the simulation at every time step; rather, we take snap-
shots at 500 log-spaced frames. Because the Poisson-
distributed particle number does not generally give equal
particle numbers for A and B in the finite simulation,
there are small differences in the densities ρA and ρB
that are exemplified at late times. To reduce this effect,
we run an ensemble with 100 simulations starting from
different random initial conditions. We also measure the
power law scaling against ρA + ρB , which scales like the
individual densities but is more robust to these small
variations. We recover the standard result ρ ∼ t−d/4 for
equal densities.

To incorporate Lévy flights into the simulation, we
must be careful. Particles can now jump arbitrarily far
instead of just to their nearest neighbors. A randomly se-
lected nearest neighbor is now replaced with a uniformly
selected hop direction and a step length sampled from
r ∼ Pareto(1, d + σ − 1) where the probability density
function of Pareto(rm, α) is

f(r; rm, α) =

{
αrαm/rα+1 r ≥ rm
0 r < rm.

(83)

This Pareto distribution has a power-law tail with
f(r; rm, α) ∼ 1/rd+σ that characterizes Lévy flights.

−4 −2 0 2 4
log10 t

−2.0

−1.5

−1.0

−0.5

0.0

lo
g

1
0
ρ

d = 1, A-only Lévy σ = 1.5

ρA

ρB

ρA + ρB

fit α = −0.352

FIG. 3. The A + B → 0 reaction with only species A per-
forming Lévy flights (σ = 1.5) while species B has standard
diffusion, with the same ensemble numerical parameters as
Fig. 2 for d = 1. A fit exponent α = −0.352 demonstrates
that the superdiffusion of A dominates.

0 20000 40000 60000
x

0.00

0.02

0.04

0.06
ρ

t = 10000, A-only Lévy σ = 1.5ρA

ρB

FIG. 4. Snapshot of the density profiles ρA (red) and ρB
(blue) at the final time (t = 104) for one A-only Lévy simu-
lation (Fig. 3). The local density is computed using 128 bins
across the domain. There is clear asymmetry between the A
and B regions.

Once a displacement vector is drawn, the nearest lattice
site is the selected hop site. With periodic boundary con-
ditions, hops may span the entire domain size or more;
these hops are accounted for. In fact, it is important
that we do not cut off the distribution because the infi-
nite variance of the distribution must be retained. Note
that we do not pick a random axis-aligned direction as
we do in the standard case. This is allowed in the stan-
dard case because axis-aligned Gaussian steps produce

isotropy (e−x2

e−y2

= e−r2) but axis-aligned Lévy flights
do not (x−d−σy−d−σ ̸= r−d−σ).
Although this distribution sets the relative rates be-

tween different hops, we have freedom to select a refer-
ence rate. We set the normalization so that the nearest-
neighbor hops have the same rate as before of 1/DA

(1/DB). However, the diffusion constant is now dimen-
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FIG. 5. The A+ B → 0 process in d = 1 and d = 2 with standard diffusion and segregated initial conditions: A starts on the
left half of the domain and B starts on the right half. (Top) Spatial density profiles near the reaction front at t = 105 (d = 1,
L = 16384) and t = 104 (d = 2, Lx × Ly = 1024 × 64). The reaction zone (magenta, rescaled for visualization) is the region
where reactions have occurred: it is the accumulation of inert product C in the A+B → C reaction. The reaction zone (wr) is
embedded in the depletion zone (wd) in which A and B are depleted. (Middle) Depletion zone width wd(t) on a log-log scale
measured by the region in which < 85% of the initial density remains; the dashed red line verifies the theoretical prediction
wd ∼ t1/2. (Bottom) Reaction zone width wr(t) on a log-log scale measured by the standard deviation of the inert product

distribution; the dashed red line shows wr ∼ t1/4 (d = 1) and wr ∼ t1/6 (d = 2), in agreement with Lee–Cardy theory [15].

sionally different than the standard case, so this is a
rather arbitrary choice. Because we are seeking univer-
sal properties, we do not expect this to affect the results
significantly.

In Fig. 2, we show the results of simulations with Lévy
flights where both species A and B have equal densi-
ties. In light of the discussion in Sec. IV, we enable Lévy
flights for both species with σ = 1.5, and we claim that
this has the same scaling as the regime with Lévy flights
restricted to A. We find rough agreement with the scal-
ing law ρ ∼ t−d/2σ, with better agreement for d = 1.
These simulations are more intensive than comparable

standard simulations because the long-range hops cause
more reactions and can lead to worse finite-size effects.
We suspect this contributes to the deviation for d = 2,
which we were only simulate on a 1024× 1024 grid.

In Fig. 3, we verify the above claim by only turning
on Lévy flights for species A and find that the density
scaling is quite similar. This is the expected behavior:
the superdiffusion of A dominates. However, this does
not mean the asymmetric case is identical to the sym-
metric case. In Fig. 4, we show the late-time density
profiles for an asymmetric simulation. We find that the
A domains are less dense and span larger length scales
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compared to the B domains. Physically, this is not sur-
prising; however, it would be interesting to determine
more quantitative properties of these domains.

Ideally, we would like to demonstrate the corrections
to scaling for the unequal density regimes as shown in
Sec. IV. However, these regimes are particularly hard
to probe numerically. Exponential decays are generally
hard to measure with discrete particles: many particles
still need to be present after initial transient effects and
before discretization effects to fit an exponential decay
for sufficient time. Fitting a stretched exponential—that
is, fitting a power law to the logarithm of the density—
is even more difficult. Specialized numerical techniques
requiring hundreds of hours of CPU time are necessary
[16], and even these techniques produce large deviations
from theory.

However, with our current simulations, we can still ob-
serve scaling changes below the upper critical dimension
with segregated initial conditions: placing all A on one
side of the domain and all B on the other. In standard
diffusion, reactions can only occur near the interface: this
produces a reaction zone where reactions occur and a de-
pletion zone where A and B particles are depleted: see
the top subplots in Fig. 5. The reaction and depletion
zones are characterized by widths wr and wd, respec-
tively. Lee and Cardy [15] found that, for standard dif-
fusion,

wr ∼

{
t

1
2(d+1) d ≤ 2

t1/6 d > 2,
(84)

wd ∼ t1/2. (85)

In particular, the reaction zone power law changes at the
upper critical dimension dc = 2. In Fig. 5, we confirm
these scalings. The two species are initialized on separate
sides of the domain, and hard-wall boundary conditions
are enforced on the axis orthogonal to the interface.

In Fig. 6, we repeat the analysis of the reaction zone
and depletion zone in d = 1 with both species exhibiting
Lévy flights with σ = 1.5. We find that both scaling laws
change. This is not surprising since the particles can now
hop further. We currently do not have supporting theory
or 2D simulations, but this suggests a promising direction
for using simulations to probe changes at and below the
upper critical dimension dc = σ.

VI. DISCUSSION

In this paper, we applied field theoretic and renormal-
ization group methods to study the chemical reaction
A+B → 0 under various conditions. First, we derived the
Doi-Peliti field theory from the master equation. We then
used the renormalization group to obtain the asymptotic
statistics of the reaction under normal diffusion and long-
ranged Lévy flights. We validated our results with nu-
merical simulations and studied other phenomena includ-

6000 8000 10000
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ρ

d = 1, Lévy σ = 1.5 ρA

ρB

reaction

2.5 3.0 3.5 4.0 4.5
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FIG. 6. The segregated A+B → 0 process in d = 1 in which
both species perform Lévy flights (σ = 1.5, d = 1). The
depletion zone width wd(t) and reaction zone width wr(t) are
fit (green) to the last decade for empirical power law scalings
that deviate from the standard diffusion case (see Fig. 5).

ing the scaling of the depletion layer between segregated
reactant domains.

This work leaves several avenues open for future re-
search. In the case of the depletion zone, we assumed
A and B both underwent the same diffusive behavior:
both standard and both Lévy. If only one species under-
went Lévy flights, presumably the reaction and depletion
zone would form a traveling wave. It would be interest-
ing to calculate the speed of the front as a function of
σ. Numerically, we would like to run larger simulations
that reduce finite size effects; the higher dimension and
unequal density cases are particularly challenging.

Finally, future work should investigate more biologi-
cally realistic models. In particular, Lévy flights allow
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for arbitrarily large jumps in the same fixed time at each
step. A more realistic model may involve Lévy walks
in which particles move at a finite velocity for a variable
time between each step, like run-and-tumble particles [3].
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