8.334: Statistical Mechanics 11 Spring 2024 Problem Set #2 Review

Problems & Solutions

1. Spin waves: In the XY model of n = 2 magnetism, a unit vector 5 = (s, s,) (with
s2 + 85 = 1) is placed on each site of a d—dimensional lattice. There is an interaction that
tends to keep nearest—neighbors parallel, i.e. a Hamiltonian

—BH=K ) 55

<ij>
The notation < 5 > is conventionally used to indicate summing over all nearest-neighbor
pairs (2, 7).
(a) Rewrite the partition function Z = [ [], ds;exp(—SH), as an integral over the set of

angles {6;} between the spins {3;} and some arbitrary axis.
e The partition function is

Z:/Hd2§iexp KY 5.8 |6(52-1).

(ig)

Since §; - §; = cos (0; — 0;), and d?3; = ds;df;s; = df;, we obtain

Z:/HineXp KZCOS(91—9j>

(ig)

(b) At low temperatures (K > 1), the angles {6;} vary slowly from site to site. In this
case expand —fH to get a quadratic form in {6;}.
e Expanding the cosines to quadratic order gives

Z:eN”K/HdOiexp —%Z(@i—Qj)Q ,

(ig)

where NNV, is the total number of bonds. Higher order terms in the expansion may be
neglected for large K, since the integral is dominated by |0; — 0| ~ \/2/K.

(c) For d = 1, consider L sites with periodic boundary conditions (i.e. forming a closed
chain). Find the normal modes 6, that diagonalize the quadratic form (by Fourier trans-
formation), and the corresponding eigenvalues K (q). Pay careful attention to whether the
modes are real or complex, and to the allowed values of q.
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e For a chain of L sites, we can change to Fourier modes by setting

0= 0(q) =

Since 0; are real numbers, we must have

0(—q)=10(a)",
and the allowed ¢ values are restricted, for periodic boundary conditions, by the require-
ment of I
Oiyr =0;, = qL=2mn, with nzO,:tl,:EQ,...,:EE.
Using
R ,
Jl_ze e,

the one dimensional Hamiltonian, SH = & > (05 — Qj_1)2 , can be rewritten in terms of

Fourier components as
Ze Z T (]. — e_iq) (]_ — e_iq/> .
a,q’ J

Using the identity eila+a)i — L6, —q, we obtain

BH = KZ 160 (q)|? [1 — cos (q)] -

(d) Generalize the results from the previous part to a d—dimensional simple cubic lattice
with periodic boundary conditions.
e In the case of a d dimensional system, the index j is replaced by a vector

j'_>j:(j17"'7jd)7

which describes the lattice. We can then write
Z Z Oire.) -

where e,’s are unit vectors {e; = (1,0,---,0),---,eq = (0,---,0,1)}, generalizing the one

dimensional result to

q+q

- ggm ZZ —eien) (1o



Again, summation over j constrains q and —q’ to be equal, and

BH=K> [0(q))* > [1—cos(qa)]

(e) Calculate the contribution of these modes to the free energy and heat capacity. (Eval-

uate the classical partition function, i.e. do not quantize the modes.)
e With K (q) =2K ) [1 —cos(ga)],

/Hw Jexp |~ uwwﬂ=g¢%%,

and the corresponding free energy is

F = —kBTan == —kBT

1
constant — 3 Zq:an (q)] ,

or, in the continuum limit (using the fact that the density of states in q space is (L/27)%),

d%q

F=—krpT
N (2r)

1
constant + §Ld /

- In K (q)] :
As K ~ 1/T, we can write
/ 1 d
F = —kpT |constant” — §L InT|,

and the heat capacity per site is given by

O’F 1 kg

C=Tom =2

This is because there is one degree of freedom (the angle) per site that can store potential
energy. Of course, at sufficiently high temperatures the replacement of cosines by the
quadratic form is no longer valid.

(f) Find an expression for (5y - sx) = R(exp[ifx — i6y]) by adding contributions from
different Fourier modes. Convince yourself that for |x| — oo, only g — 0 modes contribute
appreciably to this expression, and hence calculate the asymptotic limit.

e We have

qu_l

_90_29 Cord/z



and by completing the square for the argument of the exponential in <ei(9x_9°)>, 1.e. for

1 N
K@) |0 (@] + i (a) — 55—

it follows immediately that

i(0n—60)\ _ 1 }eiq'x—lf B d%q 1—cos(q-x)
<e(9 0)>_eXp{_ﬁzq:72K(q) }—exp{—/(%r)d K (q) }

For x larger than 1, the integrand has a peak of height ~ 22/2K at ¢ = 0 (as it is

seen by expanding the cosines for small argument). Furthermore, the integrand has a first
node, as ¢ increases, at ¢ ~ 1/x. From these considerations, we can obtain the leading
behavior for large x:

e In d = 1, we have to integrate ~ 22 /2K over a length ~ 1/z, and thus

<ei(9"_9°)> ~ exp (—%) .

e In d = 2, we have to integrate ~ z2/2K over an area ~ (1/z)*. A better approximation,
at large x, than merely taking the height of the peak, is given by

/ d%q 1—cos(q-x) N / dqdeq 1 — cos (qx cos )
(

omr)* K (q) (2)? Kq?
B / dqdp L B / dqdy cos (qx cos )
(27)? Kq (27)? Kqg

or, doing the angular integration in the first term,

d%q 1—cos(q-x) Vel qq 1
~ — leading i
/ (27r)d K (q) / o Kq + subleading in z,

resulting in

. | 1
<e’(9"_9°)> ~ exp (— ;J;?) = |x| R , as T — 00.

e In d > 3, we have to integrate ~ 22/2K over a volume ~ (1/z)°. Thus, as z — oo, the
x dependence of the integral is removed, and

<ei(9x_9°)> — constant,

implying that correlations don’t disappear at large x.
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The results can also be obtained by noting that the fluctuations are important only for
small ¢. Using the expansion of K(q) ~ K¢?/2, then reduces the problem to calculation
of the Coulomb Kernel [ d?qe’@* /q?, as described in the preceding chapter.

(g) Calculate the transverse susceptibility from y; o< [ d?x(8) - 5x).. How does it depend
on the system size L7

e We have §
. d*q 1 —cos(q-x
(€)= exp {_/ (27r(§d K (S | } |

N YU
(™) = p{ /(2w)d2K(q)}'

Hence the connected correlation function

(5 - g0>c - <ei(9x—90)>c — <ei(9x—90)> _ <ei9x> <ei90>,

and, similarly,

is given by

> o - dq cos(q-x) B
et o))

In d > 3, the x dependent integral vanishes at © — co. We can thus expand its exponential,
for large x, obtaining

d COS - X d COS - X
(3 4>CN/dq (q )%/dq (q-x) 10(33) 1

. 8 = — ~N —
° em® K(q) em? K¢ K T gjpt?

Thus, the transverse susceptibility diverges as

L2
Xt X /dda: (5% - 50), ~ o

(h) In d = 2, show that x; only diverges for K larger than a critical value K. = 1/(4).
e In d = 2, there is no long range order, (5yx) = 0, and

(Fx - 50), = (5 - Fo) ~ || /™).

The susceptibility
L
O T
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thus converges for 1/(2nK) > 2, for K below K. = 1/(4n). For K > K_, the susceptibility

diverges as
i~ L2 2K/K

ok stk ok ok

2. Capillary waves: A reasonably flat surface in d-dimensions can be described by its

height h, as a function of the remaining (d — 1) coordinates x = (z1,...x4—1). Convince
yourself that the generalized “area” is given by A = [d%"'x,/1 + (Vh)2. With a surface
tension o, the Hamiltonian is simply ‘H = o A.

(a) At sufficiently low temperatures, there are only slow variations in h. Expand the energy
to quadratic order, and write down the partition function as a functional integral.
e For a surface parametrized by the height function

Tq = h(l‘l,...,l‘d_1>,
an area element can be calculated as

dA =

dxy---dvg—1,
COS (v

where « is the angle between the d*" direction and the normal

. 1 < oh oh )
n —= _8 ,...,_76 ,1
14 (Vh)? T1 Td—1

—-1/2

to the surface (n? = 1). Since, cosa = ng = [1 + (Vh)Q] ~1—1 (Vh)?, we obtain

”H:J.A%a/dd_lx{l—i—%(Vh)Z},

and, dropping a multiplicative constant,
_ g d—1 2
Z—/Dh(x)exp{—BE/d z (Vh) }

(b) Use Fourier transformation to diagonalize the quadratic Hamiltonian into its normal
modes {hq} (capillary waves).
e After changing variables to the Fourier modes,

h(x) = / (dihm)

2701
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the partition function is given by

o d-1 2
Z:/Dh(q)exp{—ﬁ§/(;iw)di]1612|h(Q)| }

(¢) What symmetry breaking is responsible for these Goldstone modes?

e By selecting a particular height, the ground state breaks the translation symmetry in
the d*™® direction. The transformation h (x) — h (x) + £ (x) leaves the energy unchanged
if £ (x) is constant. By continuity, we can have an arbitrarily small change in the energy
by varying £ (x) arbitrarily slowly.

(d) Calculate the height-height correlations ((h(x) — h(x’ ))2

).

e From
000 =n6) = [ ogtonta) (60— i),
we obtain
60— () = [ A ) e (e ) ().
m)™ ()

The height-height correlations thus behave as

G(x—x)= <(h (x) — h(x’))2>

2 [ dlg l-cosla(x-x)] 2,
-5/ 2 7 = g G x)-

(e) Comment on the form of the result (d) in dimensions d = 4, 3, 2, and 1.
e We can now discuss the asymptotic behavior of the Coulomb Kernel for large |x — x'|,
either using the results from problem 1(f), or the exact form given in lectures.

eInd>4, G(x—x") — constant, and the surface is flat.

elnd=3,G(x—x')~In|x—x|, and we come to the surprising conclusion that there
are no asymptotically flat surfaces in three dimensions. While this is technically correct,
since the logarithm grows slowly, very large surfaces are needed to detect appreciable
fluctuations.

eInd=2 G(x—x') ~ |x—x/|. This is easy to comprehend, once we realize that the
interface h(x) is similar to the path z(t) of a random walker, and has similar (z ~ /)
fluctuations.

elnd=1,G(x—x) ~ [x—x/|°. The transverse fluctuation of the ‘point’ interface are
very big, and the approximations break down as discussed next.
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(f) By estimating typical values of Vh, comment on when it is justified to ignore higher
order terms in the expansion for A.
e We can estimate (Vh)? as

((h(x) = h(x))*)

2

y1—d
x |x—x'|" .
(x —x')

For dimensions d > dy = 1, the typical size of the gradient decreases upon coarse-graining.
The gradient expansion of the area used before is then justified. For dimensions d < dp,
the whole idea of the gradient expansion fails to be sensible.

skokoksk ok sk sk ok

3. Gauge fluctuations in superconductors:  The Landau—Ginzburg model of supercon-
ductivity describes a complex superconducting order parameter ¥V (x) = ¥y (x) + iVa(x),
and the electromagnetic vector potential ff(x), which are subject to a Hamiltonian

t K L

The gauge-invariant derivative D, = 0, — ieA,(x), introduces the coupling between the
two fields. (In terms of Cooper pair parameters, e = e*c/h, K = h?/2m*.)

(a) Show that the above Hamiltonian is invariant under the local gauge symmetry:

U(x) o U(a)exp (i8(x)),  and  Au(x) > Ay (x)+ éaue.

e Under a local gauge transformation, SH ——
3 t 2 4 K . . i0 . . % —if
d’x 5 |W|" + u || +5 (0, — ieA, —i0,0) We'] [(D,, +ieA, +i0,0) ¥ e "]
L - 1_\?
+—= (VxA+V>< —V@) }
2 e
But this is none other than SH again, since

(0, —ieA, —i0,0) Ve = e (9, —ieA,) ¥ =e“D,T,

and )



(b) Show that there is a saddle point solution of the form ¥(x) = ¥, and A(x) = 0, and
find ¥ for t > 0 and ¢ < 0.

e The saddle point solutions are obtained from

oH t s K
= —W 4 2u¥ V| — — D, DIV =
5\I,*O’:>2+u||2uu 0,
and 57 %
A0 = 5 (—ieW D} U™ + ieV* D, V) — LeqgucarysOpdyAs = 0.
M

The ansatz V¥ (x) = U, A= 0, clearly solves these equations. The first equation then
becomes
10 + 4u¥ |T|° =

yielding (for u > 0) ¥ = 0 for ¢ > 0, whereas ‘ﬁ}z = —t/4u for t < 0.

(c) For t < 0, calculate the cost of fluctuations by setting

{ (x) = (¥ + ¢(x)) exp (i(x)),

A,(x) =au(x), (with d,a, =0 in the Coulomb gauge)

and expanding SH to quadratic order in ¢, 0, and a.
e For simplicity, let us choose ¥ to be real. From the Hamiltonian term

DL YD, = [(0, —iea,) (T + ) €] [0, + iea,) (T +6) ).
we get the following quadratic contribution
—2 2 2 —2 22 52
U (VO)" + (Vo) —2eV a,0,0 +e“ ¥ |d|”.

The third term in the above expression integrates to zero (as it can be seen by integrating
by parts and invoking the Coulomb gauge condition d,a, = 0). Thus, the quadratic terms
read

57_[(2) — /d?’a){ (% + 6u@2) <z52 + % (V<f>)2 + gﬁz (V9)2

K?xyu+ C (v xay }

(d) Perform a Fourier transformation, and calculate the expectation values of (|¢(q)|?),

(10(q)[?), and (|a(aq)[*).



e In terms of Fourier transforms, we obtain

BH(2)=Z{ <2+6U‘I’ +—q)\¢( )| +[;W ¢* 16 (a)l”

q

2

In the Coulomb gauge, q L @(q), and so [q X @ (q)]” = ¢* |c7(q)|2. This diagonal form

then yields immediately (for ¢ < 0)
<|¢>( )\2> = (t+ 1200 + K 2)_1 S
q - q - Kq2 _ 2t7

(o@P) = (K7¢) " =~

<|a(q)| > ¥ tig Lq¢? — Ke?t/4u

(& has 2 components).

Note that the gauge field, “mass-less” in the original theory, acquires a “mass” Ke?t/4u

through its coupling to the order parameter. This is known as the Higgs mechanism.
ook Aok Aok K

4. Fluctuations around a tricritical point: As shown in a previous problem, the Hamilto-

nian

t
OH = /dd { +2m +umt +omb |,

with v = 0 and v > 0 describes a tricritical point.

(a) Calculate the heat capacity singularity as ¢ — 0 by the saddle point approximation.
e As already calculated in a previous problem, the saddle point minimum of the free
energy m = méy, can be obtained from

ov
% __m (t+6vm4) :0,
yielding,
0 for t>t=0
m = " 1/4
(——) for t<0
6v
The corresponding free energy density equals to
0 for t>0
U(m)=-m?+vm® = 1 (—=¢)3/2 .
™ (=) for t<0
3 (6v)1/2



Therefore, the singular behavior of the heat capacity is given by

520 0 for t>0

C=0C5, ~-T, =T
8 ot? | ZC(—6vt)_1/2 for t<0

b

as sketched in the figure below.

AC

(b) Include both longitudinal and transverse fluctuations by setting
m(x) = (7 + ¢e(x))ée + > ¢ (x)éa,
a=2

and expanding SH to quadratic order in ¢.
e Let us now include both longitudinal and transversal fluctuations by setting

(%) = (7 + ge(%))é + Y 67 (%)éa,

where €, and é, form an orthonormal set of n vectors. Consequently, the free energy GH
is a function of ¢y and ¢;. Since mé, is a minimum, there are no linear terms in the
expansion of SH in ¢. The contributions of each factor in the free energy to the quadratic

term in the expansion are

(Vin)? = (Vou)> + ) (Vef)?,

a=2
(m)® = (¢0)* + > _(67)?,
a=2
()0 = ((m)%)? = (M + 2me + ¢f + Y _(67)%)° = 15m*(¢0)” +3m* Y _(47)°.
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The expansion of SH to second order now gives
a d K 2 ¢? —4
BH(be, 87) = BH(0,0) + [ d'x ¢ |5 (Vr)® + o (£ + 30vm)

+Z { (Vo§)? (d)g)Q (t+6vm4)] }

We can formally rewrite it as
BH(¢r, ¢7) = BH(0,0) + BHe(de) + Y BH:, (67),
a=2

where SH;(p;), with i = £, t,, is in general given by

_K [ o
BHi(¢i) = > /d X [(Vcbi)z + g] :

with the inverse correlation lengths

t

— f t>0

5_2 _ K or >
¢ —4t ’

Na for t<O0
and ;

— for t>0
ftf = K

0 for t<0

As shown in the lectures for the critical point of a magnet, for ¢ > 0 there is no difference
between longitudinal and transverse components, whereas for ¢ < 0, there is no restoring
force for the Goldstone modes ¢¢* due to the rotational symmetry of the ordered state.
(c) Calculate the longitudinal and transverse correlation functions.

e Since in the harmonic approximation SH turns out to be a sum of the Hamiltonians

of the different fluctuating components ¢,, ¢, these quantities are independent of each
other, i.e.

(Pe0f") =0, and  (¢/¢f) =0 for a7

To determine the longitudinal and transverse correlation functions, we first express the
free energy in terms of Fourier modes, so that the probability of a particular fluctuation
configuration is given by

K K
P({Qf% Cb?}) (8 Hexp {—5 (q2 + 53_2) |¢£,q|2} - exp {—5 (q2 + 51;2) |¢tofq|2} .
q,x
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Thus, as it was also shown in the lectures, the correlation function is

o 504,6 elax . _5a’5
<¢OA(X)¢B(O>> - VK " (q2 +£O_‘2) - K Id(X, Soz),
therefore, .
(De(x)d¢(0)) = _Eld(xa £e),
and

(67007 (0)) = ~ 222 Ly(x. &),

(d) Compute the first correction to the saddle point free energy from fluctuations.
e Let us calculate the first correction to the saddle point free energy from fluctuations.
The partition function is

7 — = BH(0,0) /qu(x) exp {-% /ddx [(Vg)? + E_Qdﬂ}

_ o BH(00) /H dpq exp {—% Y (@+¢7?) ¢q¢3}
q

and the free energy density equals to

dd
E/(—qln(KqQ—i—t) for t>0

8f — BH(0,0) 2J (2m)
Vv 1 [ a —1 [ a '
2 / ﬁln (Kg® — 40) + = / (27r()1d n(Kq)  fort<0

Note that the first term is the saddle point free energy, and that there are n contributions
to the free energy from fluctuations.

(e) Find the fluctuation correction to the heat capacity.
o As C = —T(d?f/dT?), the fluctuation corrections to the heat capacity are given by

d
ﬁ/ d"q (Kq2+t)_2 for t>0

2 2m)d
C—Cupocq o c(zdﬂ .
5 / 2 (Kq 4t) for t<0

These integrals change behavior at d = 4. For d > 4, the integrals diverge at large q,
and are dominated by the upper cutoff A ~ 1/a. That is why fluctuation corrections to
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the heat capacity add just a constant term on each side of the transition, and the saddle
point solution keeps its qualitative form. On the other hand, for d < 4, the integrals are
proportional to the corresponding correlation length £é*~<. Due to the divergence of &, the
fluctuation corrections diverge as

Cp.=C — Cyp o< K~U2t|4/272,

(f) By comparing the results from parts (a) and (e) for t < 0 obtain a Ginzburg criterion,
and the upper critical dimension for validity of mean—field theory at a tricritical point.

e To obtain a Ginzburg criterion, let us consider ¢ < 0. In this region, the saddle point
contribution already diverges as C,.,. o (—vt)~'/2, so that

0 ()

Therefore at ¢t < 0, the saddle point contribution dominates the behavior of this ratio
provided that d > 3. For d < 3, the mean field result will continue being dominant far
enough from the critical point, i.e. if

Kd Kd 1/(d—3)
(-t)d_g > <—> 5 or |t| > <T) .

v

Kd 1/(d_3)
1] < (—) |
v

the fluctuation contribution to the heat capacity becomes dominant. The upper critical

Otherwise, i.e. if

dimension for the tricritical point is then d = 3.
(g) A generalized multicritical point is described by replacing the term vm® with o, m?".
Use simple power counting to find the upper critical dimension of this multicritical point.

2n

o If instead of the term vm® we have a general factor of the form us,m?", we can easily

generalize our results to
mo (—)Y D w(m) o« (—)V Y Oy, o (=) (D=2

Moreover, the fluctuation correction to the heat capacity for any value of n is the same as
before

Cfl‘ x (—t)d/2_2.

Hence the upper critical dimension is, in general, determined by the equation

5—2: n -2, or dy = 2n

n—1 n—1

ok sfok ok ok
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