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In class, a model for the dynamics of a given gene mutation in a population of fixed size was
described and studied. The purpose of this report is to review some efforts in extending that
description to populations of variable size.

I. INTRODUCTION

The mathematical theory of evolution viewed as a
stochastic process started its development in the early
30s with the seminal works of Fisher [1–3], Haldane [4],
Wright [5] and others. From that moment people have
postulated different models of evolution and tried to de-
velop mathematical techniques for studying them. This
was not only an intellectual challenge but it was, and is, a
very important tool for probing evolution theories about
the history of living organisms on data gathered in the
present. During the last few years, due to an explosion
in DNA sequencing and other genotyping technologies a
huge amount of data have become available and the field
has turned into a very active one. In [6] the state of the
art in the field, as well as some of the current trends is
reviewed.

Some of the ongoing efforts involve trying to deduce
facts about the history of populations based on genetic
data [7]. Questions as “When did the human population
size start increasing?” [8], whether the human popula-
tion went through some “bottleneck” at some point in
history [9] and several related ones [10–13] are tried to
be answered confronting genetic data to models of genes’
evolution. It is evident that in order to be able to probe
for the history of a given population is imperative to de-
sign and understand models that take population size
changes into account.

Nowadays, most inferences are made through back-

wards in time simulations of a stochastic process referred
to as “the coalescent” [14], initially introduced by King-
man [15] and others, the advantage of this approach
being the relatively easy reconstruction of genealogical
trees [16–19]. This was not the approach followed dur-
ing the course; in the class emphasis was put on trying
to predict the probability distribution of the frequency
of finding some allele of a given gene that was expressed
in two different forms in a population, or in trying to
compute the fixation time of one of the two forms. Ac-
cordingly, in this report I will focus on the same lines of
analysis but trying to extend the results that were dis-
cussed for populations of constant size to situations in
which the number of individuals vary with time.

The rest of this report is structured as follows: in II
a model of genetic evolution is introduced along with a
numerical scheme for simulating it. In section III the

approximations that allow to describe the behavior of
that model by some partial differential equations are dis-
cussed. The constant size case studied in class is reviewed
in section IV. And finally some exploratory results on the
varying-size populations are presented in section V.

II. MODEL

Throughout the years several different stochatic mod-
els for population genetics have been introduced (many
having been reviewed in some textbooks [20–22]). The
simplest models try to describe the evolution of a gene
that has only two possible forms (referred to as alleles)
in a given population. Several evolutionary mechanisms
can in principle affect the frequency of one of the two
alleles in a given set of individuals; some of the most
importants being:

1. Mating. In haploid populations the gene that an
offspring will carry is selected randomly from the
genes that its parents carry. If the individuals were
diploids, each of the two copies of the gene carried
by a newborn is selected randomly from one of the
two copies of its parents.

2. Mutation. During the life of an individual, its genes
can randomly mutate. In a model with two alleles
the only possible mutations are those from one of
the forms of the gene to the other and viceversa.

3. Selective pressure. It can be tought that individuals
are selected based on the genes that they carry. The
probability of survival of individuals that carry one
of the forms of the gene can be different from the
probability of survival of those that do not carry it.

4. Migration. Some individuals might decide to leave
the population, whereas some foreigners (that is,
individiuals that are originally from a population
with a different genetic distribution) might decide
to join it.

Every one of these effects can be modelled with a differ-
ent level of detail and that is the main difference between
most of the current models. For instance, the sex of in-
dividuals can be kept track of, the birth and death can
be modelled more or less accurately and so on and so



Mating Probability Possible outcomes

AA + AA x4
AA

BB + BB (1 − x)4 BB

AA + BB 2x2(1 − x)2 AB

AA + AB 4x3(1 − x) AA (1/2), AB (1/2)

BB + AB 4x(1 − x)3 BB (1/2), AB (1/2)

AB + AB 2x2(1 − x)2 BB (1/4), BB (1/4), AB (1/2)

TABLE I: Mating possibilities in a diploid population. x rep-
resents the fraction of copies of the gene A in the whole pop-
ulation. In the case of multiple outcomes the corresponding
propabilities are inidicated in parenthesis.

forth. But following what was done in class I will take
the simplest approach, paralleling the lines of what is
known as the Wright-Fisher model [5, 20, 22]. The main
assumptions of this model are: non-overlapping gener-
ations, “random mating”, no migration and Poissonian
mutation/selection. In this model, sex of the individuals
is not taken into account and, for large enough diploid
populations there’s no need to keep track of the details
in the distribution of heterozygotes. Therefore, the state
of the population at any given time is described only by
two numbers: the total number of genes (which we will
denote by N [29]) and the amount of one of the two forms
of the gene (we will denote this number by n and will re-
fer to that form of the gene as ‘A’, which is going to be
opposed to ‘B’).

In every generation, during the mating stage, genes
are randomly drawn from the current population (non-
overlapping generations assumption) according to the
mating principles and the fate of the newborns is decided
using some probabilities that characterize the selection
pressure. So, for instance, if we are dealing with a popu-
lation of diploid individuals, we can assign the following
probabilities of birth based on the mating table I:

Pb(AA) = x2

Pb(AB) = 2x(1 − x)

Pb(BB) = (1 − x)2,

(1)

where we have defined x ≡ n/N, the fraction of genes of
type A in the whole population. If we furthermore assume
a set {wAA, wAB, wBB} of probabilities of survival given a
birth, we can express the probabilities of obtaining a ma-
ture individidual with a given genotype as

Pm(·) = w(·)Pb(·), (2)

being these normalized by the condition 1 = Pm(AA) +
Pm(AB) + Pm(BB).

In the present case, in which we are not interested in
keeping track of the individual characteristics, but only
on the gene count, we need to compute the probability
of obtaining a ‘mature’ A. As we are assuming that the
frequency of this gene is enough for describing the fate
of the population it is valid to think that ‘mature’ genes

are picked at random from the two genes of a mature
individual. This reasoning leads us to

Pm(A) = Pm(AA) + 1
2Pm(AB). (3)

Given that the probabilities of obtaining a mature sub-
ject with a given genotype can be computed out of the
current state of the population, the number n′ of sexually
active As in the next generation (assumed to be of size
N ′) can then be simply drawn from a binomial distribu-
tion [30]:

n′ = Bin [N ′, Pm(A)(n, N)] . (4)

In the simplest description the effect of mutations can
be described by two numbers, µAB and µBA, that represent
the probabilities of a gene to transmutate into the other
form. So, after the mating step we can think that the
number of copies of A is updated to n′′ according to

n′′ = Bin [n′, 1 − µAB] + Bin [N ′ − n′, µBA] . (5)

The meaning of this equation is clear: the number of As
after mutation is equal to the number of copies of A that
did not mutate plus the number of copies of B that got
transformed.

So, gathering everything together this model of gene
evolution is defined as follows: the state of the system
is described by nt, the number of copies of A in the tth
generation and its evolution is defined by the following
equations:

x =
nt

Nt

W = wAAx
2 + wBB(1 − x)2 + 2wABx(1 − x)

p = x +
x(1 − x)

2

d

dx
[lnW (x)]

n′ = Bin [Nt+1, p]

nt+1 = Bin [n′, 1 − µAB] + Bin [Nt+1 − n′, µBA] ,

(6)

where p is what was previously referred to as
PM(A)(n, N), and the reported expression is just an use-
ful way of writing what is obtained by following the re-
placements indicated in equations (1–3) along with the
normalization condition for the Pm probabilities.

This way of describing the model provides us with a full
systematic specification of the system at a “microscopic”
scale (rules of evolution per generation and bookeeping
of all the individuals), useful for testing and trying to
understand the validity of simplifications that might be
introduced later on. But, furthermore, the process so de-
scribed turns out to be very easy to simulate numerically
as the only nontrivial part involves sampling numbers
from binomial distributions, feature that is included in
most commercial packages, or could be implemented in
a fairly simple manner (see for example [24]).

It can also be seen that the fact that the population
might change size was included in the model without any
effort. But, it is fair to say that this approach is only valid



for situations in which the dynamics of the population
size in decoupled from the dynamics of the frequency of
the gene under observation. Only a before-hand known
Nt allows the model specification to be complete. There-
fore, this kind of model might be useful for describing
dynamics of neutral genes, i.e. genes that are not detri-
mental for the population size. This doesn’t mean that
selection can not be taken into account (as a matter of
fact, it is included in the model!) but that the selection
pressure is supposed to be small: the model works under
the assumption that the tth generation has the means
for procreating all Nt+1 mature individuals of the next
wave, but this can only be true if a significant portion
of the births reach maturity (as the amount of time and
resources that a generation has for procreating the next
one is limited).

III. DIFFUSION APPROXIMATIONS

The stochastic model (6) is difficult to analyze as it is
and some approximations are called for in order to try to
gain insight into its inner workings. In 1964 Kimura [25]
introduced the idea of using diffusion approximations for
describing the behavior of models of this sort by means of
partial differential equations. The approximations that
underlie this approach are to consider that the popola-
tion size is large enough so that the frequency of the
form A can be regarded as a continuous variable and that
we are only interested in describing the behaviour in a
timescale much longer than a generation life cycle, so that
the generation number can be also considered continous.
It is worth saying that under these coarse-graining as-
sumptions many a priori different models exhibit similar
behaviors the difference lying only in a different interpre-
tation of the parameters. So, for instance, some models
that keep track of the sex of the individuals might be
reduced to a model that doesn’t take sex into account by
a simple rescaling of the population size [21].

Under these conditions the model is a stochastic sys-
tem with a continuum variable in the range [0, 1] and
its behaviour can be described in terms of Chapman-
Kolmogorov or Fokker-Planck equations [26]. If we call
p(x, t|y, t′) the probability density of seeing the gene with
frequency x in the population at time t given that it was
y at time t′, then the following two equations rule the
evolution of this quantity [26]:















∂p
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]
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+
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∂2p

∂y2
.

(7)

In this equations, M(x, t) is the mean of the change in x
during the infinitesimal interval (t, t + δt), and V (x, t) is
the variance of such a change.

Given the coarse-graining assumption we can compute
such quantities taking as the “infinitesimal” interval one

generation. From (6) the mean value of the change in
x (the fraction of genes of the form A) throughout one
generation assuming a large enough population can be
approximately computed as

M(x, t) ≡ 〈∆x〉 ≈ 〈∆xms〉 + 〈∆xm〉 (8)

where 〈∆xms〉 is the average change due to the mat-
ing/selection process and 〈∆xm〉 is the mean change due
to mutations. Using the model specification it is straight-
forward to compute these two quantities:

〈∆xms〉 = 〈xms,t+1〉 − xt =
〈n′〉

Nt+1
− x

=
x(x − 1)

2

d

dx
[lnW (x)]

〈∆xm〉 = x(1 − µ̄AB) + (1 − x)µ̄BA − x

= µ̄BA − (µ̄AB + µ̄BA)x.

(9)

As for the variances, again under the assumption of a
large enough population we can approximate

V (x, t) ≡ 〈(∆x)2〉c ≈ 〈(∆xms)
2〉c + 〈(∆xm)2〉c. (10)

But before computing this quantity let’s note that the
model makes sense only in the case of high survival prob-
abilities (as one generation has only a limited number of
time and resources to breed the mature individuals of the
next wave) and that usually the probabilities of mutation
are fairly low. Therefore we can assume that the proba-
bilities of survival take the form w(·) = 1− εw̄(·) whereas
the mutation probabilities are written as µ(·) = εµ̄(·) with
ε a small number. Computing the variances using this
approach we get

V (x, t) ≈
x(1 − x) + O(ε)

N(t)
(11)

where the fact that the population size might be changing
throughout the generations first enter the picture.

So, disregarding terms of order ε in the variance (which
might turn out to be important for the description to be
accurate near the boundaries) the forward and backwards
evolution equations for p(x, t|y, t′) are















∂p
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2N(t)
p
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(12)

with M(x) given by

M(x) =
x(1 − x)

2

d

dx
[lnW (x)]+µBA(1−x)−µABx. (13)

These equations provide an accurate description of the lo-
cal evolution of the distribution of frequencies away from
the boundaries located at x = 0 and x = 1. At those
points, some boundary conditions need to be specified in
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FIG. 1: Distribution of frequencies of a neutral allele in pop-
ulations of fixed size. In each figure the stationary distribu-
tion (15) is plotted (solid line) along with the results of Monte
Carlo simulations (dashed curves). In both cases the size of
the population was taken to be N = 1000; in the left panel the
mutation probabilities were set to µAB = µBA = 0.0001 whereas
in the right panel the corresponding value is 0.005. Simula-
tions were started from a population in which the frequency
of the gene was 1/2 and 10000 realizations of the process were
drawn. The different dashed lines in each panel correspond to
histograms (bin size = 0.02) constructed from the simulation
results obtained after 10, 100, 1000 and 10000 generations
(from the curves most concentrated around 1/2 to the broad-
est ones).

order for the system to be well posed. Nevertheless we
know that the magnitude under study represents a prob-
ability distribution and as such it should be normalized,
so that at all times we must have

∫ 1

0

p(x, t|y, t′) dx = 1. (14)

For some computations this condition turns out to be
enough and boundary specifications need not be taken
into account. Specific examples are the cases of the sta-
tionary distribution in the case of a constant size popula-
tion discussed in the next section and the explicit solution
found by Kimura of the process with neither mutation
nor selection [27].

IV. CONSTANT SIZE

The case of constant size was studied in class. It was
seen that the probability distribution reached a steady
state (obtained by setting ∂p

∂t
= 0 in (12) and consid-

ering zero probability flux in equilibrium) that could be
expressed in the form

pss(x) ∝ [W (x)]Nx2NµBA−1(1 − x)2NµAB−1. (15)

It was also shown that for the case of equal mutation
probabilities (µAB = µBA ≡ µ)and no selection (W (x) = 1)
the steady state distribution undergoes a transition when

2Nµ = 1. For 2Nµ > 1 the mode of distribution is lo-
cated at x = 1/2, corresponding to a situation in which
the gene is guaranteed to be present in future genera-
tions in its two possible forms; on the other hand, for
2Nµ < 1 the distribution becomes singular (though yet
normalizable) at x = 0 and x = 1 meaning that in this
case there is a finite probability for one of the forms of the
gene to take over the whole population. This analytical
result was used to test the behavior of the implemented
Monte Carlo simulations to make sure that everything
was working properly. Some results can be seen in figure
1. The incorporation of selective pressure will just de-
form these general results: for large enough populations
the distribution will be monomodal (with the mode very
close to some boundary if the selective pressure is high
and the mutation probabilites are low) and for sizes be-
low a critical value there will be finite probabilities for
the alleles to spread over all the individuals.

V. MONOTONICALLY VARYING

POPULATIONS

If the size of the population is changing with time there
is not guarantee that a stationary distribution will be
ever achieved and if it some steady state might be reached
there’s no guarantee that it will be unique (except per-
haps in those cases in which the population size reaches
some limiting value). The critical size of the population
that separates the two behaviors discussed in the previ-
ous section will play a dominant role. In a increasing
population the characteristics of the frequency distribu-
tion that reaches the critical value will be emphazized
from that point on as the variance will be dimishing for-
ever. Forever decreasing populations can not be fully
analyzed using the current scope as it is only valid when
the number of individuals is fairly large, but intuitevily, if
the critical point is reached when the size of the popula-
tion is large enough, then we can say that one of the two
forms of the gene will take over the population. In sit-
uations in which the size is oscillating (which might not
be an unrealistic situation for some species that compete
with others, as proposed in models of the Lotka-Volterra
type [28]) the behaviour is not easy to predict based on
these grounds, but the two main alternatives are either
reaching a more or less static distribution (for example a
monomodal distribution with small periodic fluctations
in mean and or variance) or behaving in an oscillatory
manner, changing periodically from a situation in which
the genes tend to fixate to another scheme in which they
tend to coexist.

Using the simulation tool developed, here are some ex-
ploratory results of some of these possibilities.

- NOT COMPLETE YET!-
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