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1. INTRODUCTION

A recursive equation in discrete time for the allele-
frequency within a randomly mating population of fixed
size with non-overlapping generations was developed by
Fisher[1] and Wright[2] to account for genetic
drift, the finite-size effects of random selection
on allele frequency.

A large-population diffusion approximation to
the Fisher-Wright theory was studied extensively
by Kimura[3]. Kingman incorporated observa-
tions about ancestral relations to develop an al-
ternate Coalescent approach[4]. Griffiths and
Tavaré extended this Coalescent model to the case
of a deterministicly varying population[5].

The sizes of real biological populations vary in
time in a fashion that is not obviously determin-
istic. Thus it is desirable to extend the Fisher-
Wright model to cover the case of a stochasticly
varying population size in order to study the ef-
fects of variability in population on genetic drift.

We begin by generalizing the Fisher-Wright
model of genetic drift to include a time vary-
ing population size. We incorporate this into a
model which considers the general case where a
population will evolve according to a conditional
probability distribution of the population at the
previous generation. By noting the impulse re-
sponse of this model, we propose an expansion of
the update equation as a sum of delta functions,
deriving a general expression, from which prop-
erties analogous to the work of Kimura could be
calculated, in principle. We examine the first two
cumulants of a simple deterministic case, in order
to demonstrate compatibility with previous work,
and close by proposing future work.

2. BACKGROUND

As observed by Fisher and Wright, if a fixed
population of diploids is mating randomly, then
the concentration j/2N = [A1]/([A1]+[A2]) of an al-
lele A1 can be considered without calculating the
frequency of the genotypes in the population (e.g.
independent of [A1A2].) This is done by select-
ing (and then replacing) 2N individuals from the
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current generation (with allele-frequency i/2N) to
determine the genetic makeup of the next gener-
ation, and thus follows the binomial distribution:

π(j|i,N) =
(

2N
j

)(
i

2N

)j (
1− i

2N

)2N−j

(1)

It can be easily shown, from the properties of
the binomial distribution that the first two cumu-
lants of π(j|i,N) are

< j(i) >c= i;< j(i)2 >c= i

(
1− i

2N

)
. (2)

Where we use < j(i) > instead of < j|i > for the
conditional mean to avoid confusion with energy
eigenstates in quantum mechanics.

From here, one can construct a diffusion ap-
proximation[3] (requiring that the population be
large) and address questions about the probabil-
ity of fixation, the steady-state population, etc.
This is ultimately the goal of our work, but first
we must build an expression for p(i|j).

3. VARIABLE POPULATION

3.1. Genetic Drift

It is straightforward to generalize (1) by select-
ing N ′ individuals to form the next generation
(instead of N):

π(j|i,N,N ′) =
(
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j
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. (3)

Note that π(j|i,N,N ′) says nothing about the
update rule from N to N ′ (the time evolution),
only the mating rule. If one wished to relax the
random-mating assumption, one could substitute
another expression for π(j|i,N,N ′) into our work
without difficulty. We now turn to the update
rule.

3.2. Probabilistic Update

Allow the population to evolve according to
some time-independent conditional probability
density ρ(N |N ′). Make the expectation value of
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the population

< N ′(N) > ≡f(N) =
∞∑

N ′=0

N ′
∞∑

N=1

ρ(N ′|N). (4)

For example, f(N) = rN would correspond to ex-
ponential growth, f(N) = rN(1 −N/K) to logistic
growth, etc.

We many now write an expression for p(j|i):

p(j|i) =
∞∑

N=1

∞∑
N ′=0

π(j|i,N,N ′)ρ(N ′|N) (5)

3.3. Decomposition of Update Rule

We observe that if ρ(N ′|N) = δ(N ′ − f(N)) (de-
terministic population growth), p(j|i) becomes

p(j|i) =
∞∑

N=1

π(j|i, N, f(N)) (6)

suggesting that it may be helpful to view the func-
tion p(j|i) as the response of a filter, the kernel of
which is π(j|i,N,N ′), taking the input ρ(N ′|N).

The filter is linear by inspection, and so we ex-
pand ρ(N ′|N) as a sum over delta functions, one
for each (potential) population value, the height
of delta function being the probability of having
population N ′, given the previous population N .

Thus, we have:

p(j|i) =
∞∑

N=1

∞∑
N ′=0

π(j|i,N,N ′)

×

(∑
k

Ak(N)δ(N ′ − f(N)− k)

)
(7)

As an example, for non-deterministic expo-
nential population growth f(N) = rN with a
Gaussian-like variance < N ′(N)2 >c= D

√
N , the

full expression reads:
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∞∑

N=1
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3.4. Deterministic Growth

In the case where N ′ = rN , (deterministic ex-
ponential growth), we see from (6) that p(j|i, N ′)

is

p(j|i, N ′) =
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)(
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(9)

which is a function of N ′ only. Thus, from the
properties of the binomial distribution, we de-
duce:

< j(i) >c= ir;< j(i)2 >c= ir

(
1− ir

2N ′

)
(10)

which is just (2) with the allele population in
the previous generation i scaled by the growth
rate: growth and genetic drift are independent in
this case. This provides anecdotal confirmation of
our intuition the allele-frequencies of a randomly-
mating population with deterministicly varying
population size will not behave differently than a
randomly-mating population with fixed popula-
tion size. Further work would take mutation and
selection into account.

4. CONCLUSIONS

A general expression (7) for the conditional
gene-frequency distribution was derived. Unfor-
tunately this equation is not in a readily-usable
state yet. Future work will attempt to resolve
the expression into a closed mathematical form
(without sums). Once such an expression is avail-
able, following the work of Kimura[3] we plan to
incorporate the effects of mutation and selection
(both assumed independent of population size)
into the model, and derive the probability of fix-
ation, time to fixation, and steady-state popula-
tion for a number of simple cases of population
update rules.

There are many subtleties in (7) to catch the
unwary. Aside from the sums involved being un-
wieldy, it is not so simple to calculate the the
change in allele-frequencies < ∆(jN) > as both i
and N vary stochasticly with time. (This is the
usual method by which to remove the conditional
dependence of j on i.[3]) However, now the prob-
lem of the genetic drift of a stochasticly-varying
population size is a well-posed one. Hopefully it
will prove to be tractable in addition to being
well-posed.
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