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Abstract

The integrate-and-fire model of neurons can be used to derive a canonical set of neural
network equations, where the nonlinear response of a neuron to input is characterized by its ac-
tivation function. Sub-threshold corrections to this activation function due to noise are derived.

One of the remarkable characteristics of biological neural networks is their apparent tolerance
to noise. Since this seems to be mainly due to architecture, it is possible that the accuracy of
individual neurons may be rather low. This paper attempts to address the question: what is the
rate of ‘misfiring’ of a neuron? If the neuron experiences input below its firing threshold, internal
noise or fluctuations in its inputs may occasionally push it above threshold and prompt it to fire
inappropriately. These misfires should come at irregular intervals, and may therefore (perhaps) be
less useful for computation than the regular spikes of an active neuron. To address this question,
we first review the description of the activity level of a ideal neuron, then use this model along with
numerical simulations to estimate the activity of neurons in the deep sub-threshold regime.

1 The integrate-and-fire model

One tractable and widely-used model of neurons is the integrate-and-fire model [1], which treats
the state of the neuron with a single parameter: a voltage difference across its membrane. Inputs to
the neuron increase the voltage (for excitatory inputs) or decrease the voltage (inhibitory inputs);
if the voltage reaches some firing threshold Vth the neuron ‘fires’ an action potential and its voltage
is reset to some lower value Vreset. Both the inputs and the action potentials are treated as discrete
events, between which the membrane voltage decays towards some resting potential V0.

The integrate-and-fire neuron may be represented schematically as a capacitor and a resistor in
parallel, connected to voltage sources (upstream neurons) by switches (synapses) whose conductance
is a series of delta functions in time (see Figure 1a). The time evolution equation for the membrane
voltage is

C
dV

dt
= −V − V0

R
+

∑
s

(Vs − V )gs

∑
i

δ(t− t
(s)
i ) (1)

where s indexes the synapses and i indexes the spiking events at a given synapse. The strength
of the different synapses is reflected in the conductance parameter gs. For excitatory synapses
Vs = VE > Vth which drives the voltage up; for inhibitory synapses Vs = VI < Vth which helps
prevent the neuron from reaching threshold.

The time-averaged behavior of the neuron reflects a competition between synaptic activation
and inhibition and the intrinsic voltage decay. Sufficiently strong excitation brings the neuron
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Figure 1: (a) Circuit diagram of an integrate and fire neuron. The membrane voltage is represented
by ∆V . (b) Membrane voltage V (middle) responds to excitatory inputs (top) by producing a series
of action potentials (bottom).

eventually up to the threshold potential, at which point an action potential fires. Upon firing
the action potential, the neuron voltage is clamped immediately at Vreset < Vth for a refractory
period τr, after which time evolution resumes according to Eq. (1). If over larger time-scales the
mean excitation is fairly constant, the neuron will fire action potentials at a constant frequency, as
depicted in Figure (1b). The relationship between mean excitation and firing rate is the called the
activation function of a neuron, and is used to model the flow of mean activation through neural
circuits without having to resolve individual action potentials.

One makes a number of simplifying assumptions to Equation (1) to arrive at the standard neural
network equations [4]. All synapses upon neuron i from presynaptic neuron j fire with the same
time series, and are each assumed to apply the same synaptic voltage Vij . Thus we can sum the
input current over presynaptic neurons rather than synapses:

dVi

dt
= −Vi − V0i

τ
+

∑
j

(Vij − Vi)xj(t)
∑

s

gsij (2)

where τ = RC and x(t) = (1/C)
∑

k δ(tk). To obtain a non-spiking model we reinterpret x(t) as a
smooth function with the same mean as the δ-function train. In particular, if x is constant

Vi(t) = Vss + (Vreset − Vss) e−t/t0 (3)

≈ Vreset + Vss
t

t0
t � t0 (4)

where t0 =
(
1/τ +

∑
j,s gsijxj

)−1
and Vss = t0

(
V0i/τ +

∑
j,s gsijVijxj

)
. The reason for approxi-

mation (4) is that the input to a neuron can now be written with a single sum over the presynaptic
neurons. Using this approximation, which is valid when the input is sufficiently above the fir-
ing threshold, the time it takes a neuron with sufficient input to go from Vreset to threshold is
T = ∆V/(V0i/τ +

∑
j,s gsijVijxj), and its firing rate is (T + τr)−1. This in turn gives the mean
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conductance xi of neuron i. A self-consistent state of the network can be described by the time-
averaged normalized conductances xi and normalized synaptic potentials Wij =

∑
sij

gsijVij .

xi =

{
1
C

(
τr + Vth−Vreset

V0i/τ+
P

j Wijxj

)−1
Vss > Vth

0 Vss ≤ Vth

(5)

= f

bi +
∑

j

Wijxj

 (6)

These are the canonical (steady-state) neural network equations. They are only approximate
however, due to the two major assumptions of smooth input and t � t0 in equation (3). For
inputs that are below threshold, both approximations fail: noise in the inputs will occasionally
push the neuron above threshold, leading to stochastic firing at long times compared to the voltage
equilibration time. The next section extends the activation function into the subthreshold regime
by considering these fluctuations.

2 Subthreshold corrections due to noise

We will treat all noise, whether it comes from irregularity in the input or internal noise to the
neuron, as a stochastic input to an ideal neuron. We consider the case in which the noise is due
to an ensemble of periodic inputs. This is reasonable if the noise is mainly due to the random
phasing of synaptic inputs, and if input noise dominates internal noise (as is usually the case [1]).
A subthreshold neuron for which we assume a near-constant Vi ≈ Vth equilibrates to the state

dVi

dt
= −γ +

∑
j

W̄ijxj(t) (7)

where W̄ij and xj are respectively generalized amplitudes and periodic δ-function distributions of
noise sources. In the case of synaptic noise, the correspondence with equation (2) is γ = (Vth−V0i)/τ
and W̄ij =

∑
j(Wij − Vth

∑
s gsij ). Since the neuron is at steady state

∑
j W̄ij 〈xj〉 = γ, so we

can absorb the decay constant inside the weighted sum by defining yj(t) = xj(t) − γj where
γj = γ/

∑
k W̄ik. If we let Yj ≡

∫
yj then 〈yj〉 = 〈Yj〉 = 0. Integrating from some instant at

which Vi = Vth exactly we obtain

p(Vi) =
∑
j,Y

W̄ijp(Yj(t)). (8)

One potential objection is that the assumption V ≈ Vth breaks down over large time scales
over which the integrated inputs will drift enough to invalidate that approximation. However, each
noise source is strictly periodic with frequency νj , so Yj actually does not drift over time; rather
it oscillates about zero with the distribution function p(Yj) = νj/γj for |Yj | < γj/2νj and p = 0
outside this interval.

The main difficulty in evaluating the noise distribution is that the sources each come from
different distributions. Since a neuron typically receives input from order-thousands synapses
[4], it should be justifiable to bin the inputs according to amplitude W and frequency ν. The
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bins that contribute heavily to the sum presumably contain enough inputs that their distribution
is approximately Gaussian, with zero mean and standard deviation σW,ν =

√
N(W, ν)σ1(ν) =√

NW,νγ/2
√

3W̄ν. The total distribution can be found by convolving the Gaussians, which gives a
broader Gaussian with variance σ2

t =
∑

W,ν σ2
W,ν .

A more formal way of estimating the response to a large number of inputs is to treat the input as
a random variable. Hanson and Tuckwell [2] studied the case of a neuron subjected to homogeneous
Poisson input. They find the variance of the resulting voltage distribution to be

σ2 =
νEg2

E

(
µ2

Q − 2µQVE + V 2
E

)
+ νIg

2
I

(
µ2

Q − 2µQVI + V 2
I

)
2/τ + νEgE (2− νEgE) + νIgI (2− νIgI)

(9)

µQ =
V0 + τνEgEVE + τνIgIVI

τ + νEgE + νIgI
(10)

where νE and νI are the unnormalized mean excitatory and inhibitory firing rates, and gE and gI

are the synaptic conductances. Under the standard diffusion approximation this distribution can
be approximated by a Gaussian.

The distributions described above give the likelihood of finding the neuron above threshold at
an instant in time. The firing rate can be found by sampling this distribution over a number of
intervals, where the interval should be some effective relaxation time of the neuron that takes into
account the various time scales at play. If the neuron is potentiated so that its mean activity
is sufficiently below threshold, finding the neuron above threshold will be an exceedingly rare
event, and we can use statistics of extreme values to estimate their frequency. It can be shown
[3] that the largest value of a large number of samplings of a Gaussian of width σ are given by a
Gumbel distribution whose peak satisfies 1− erf(∆V ∗/σ) = 2/N . If we take the expected extreme
value to be that at which the Gumbel CDF equals 1/2, we get ∆V ≈ σ [E − (log log 2)/E] where
erf(E) = 1− 2/N . Solving for N gives the expected number of samples to achieve ∆V .

The frequency of rare events is, roughly, 1/NT . Numerically, the equilibration time was taken
to be the standard deviation of the interspike times from all excitatory and inhibitory synapses.
A plot of subthreshold firing rate with that taken from a numerical simulation using biological
parameters is shown in Figure (2). I wasn’t able to compare this with the estimate using extreme
values because of numerical problems.
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Figure 2: Subthreshold activation function (from simulation).
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