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This survey paper was written as a final project for “8.592: Statistical Physics in Biology”for
spring semester of 2007. We review both experiments and theoretical work done in understanding
noise in transcription and translation of genes. We then provide a slight modification of Gillespie’s
algorithm and its implementation to test the analytics presented in the papers that were reviewed.
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I. INTRODUCTION

Noise is often viewed as undesirable in everyday lan-
guage. For example, a ”noisy” signal is undesirable in
experiments since it will dampen the signal to noise ratio
and discount the data collected or even worse, make data
completely unusable. In statistical mechanics, “noise”is
often due to thermal fluctuations and is typically defined
as a fractional deviation about the mean in a given sys-
tem (sometimes called coefficient of variance, CV ). For
example, a 1D chain of non-interacting N spin-1/2’s has a
variance in average magnetization proportional to N and
a fractional deviation proportional to 1√

N
in the absence

of magnetic field. Hence the system’s noise associated
with its average magnetization vanishes as the system
size N approaches infinity. Apart from thermal noise,
there can also be quantum noise, which is an active topic
of study that is responsible for phase transitions even at
zero temperature. In both thermal and quantum fluctu-
ations, what is inherently the cause of noise is the mul-
tiple number of states that a system can take on for the
same value of macroscopic variables (e.g. system energy,
temperature, system size), which necessitates the proba-
bilistic description of the system, even if we ignore any
quantum nature. It’s this probabilistic description that
leads to non-zero variance about the mean, or the noise
in statistical mechanics.

One usually associates statistical mechanics with study
of systems with a large number of degrees of freedom.
And in such a context, one can intuitively think of noise
arising since the large number of degrees of freedom
would, not surprisingly, give arise to many possible ways
for the system to realize a set of macroscopic variables
with particular values. But in biology, noise can arise
even when the number of particles involved is “small”.
How noise comes about in cells, and its observable and
striking consequences, one of which is literally a matter
of life and death, is now an active topic of research in
biology.

The idea that stochastic effects are embodied through-
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out every step of the central dogma of molecular biology,
and that two genetically identical cells may thus have
phenotypic variations, is not new [1]. But it’s only been
in the last decade that researchers have been able to ex-
perimentally study noise in transcription and translation
of genes due to two main developments. In the mid 1990s,
researchers studying the jellyfish Aequorea victoria were
able to identify and clone the gene encoding the green
fluorescent protein (gfp) extracted from the jellyfish [2],
though the gfp was discovered in the 1960s [3]. This
was an important development which has since then al-
lowed for the gfp gene to be copied through PCR, then
inserted into the genome of several other organisms. By
fusing the gfp gene with a promoter of another gene, one
can then get an idea of how much protein is translated
off the mRNAs transcribed by that promoter by looking
at the fluorescence of the cell (since that cell is now pro-
ducing the gfp). Mutations of gfp gene has led to other
fluorescent proteins such as the red fluorescent protein
(rfp), cyan fluorescent protein (cfp), and the yellow flu-
orescent protein (yfp) to name a few. This has then al-
lowed for tagging of two or more genes in a single cell,
and distinguish between the production levels of those
genes through fluorescence microscopy. The second ma-
jor development that has now allowed for the study of
noise in the last decade is the complete sequencing of
the genomes of several key organisms, such as S. Cere-
visiae (budding yeast, the first eukaryotic genome to be
sequenced, with about 6600 genes in total) [4], and E.
Coli [5] to name a few. These developments have created
a “menu”of genes to tag with fluorescent proteins (if we
don’t know what genes to tag, then fluorescent markers
would be of little use!). Of course, there is also the se-
quencing of human genome [6, 7] which is a monumental
success we shouldn’t forget, but study of transcriptional
noise in mammals, never mind human beings, is still in its
infancy. Before we delve into experimental work on tran-
scriptional noise, we first give some attempts at modeling
noise.
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II. SOURCES OF NOISE IN TRANSCRIPTION
OF GENES.

In transcription networks, noise is unavoidable due to
the small number of transcription factors and protein
products involved. An immediate way to see the implica-
tion of small system size is by comparison with first order
chemical kinetics. Suppose we have a box containing n
proteins, diffusing about as an ideal gas. At a particular
location inside the box, there is a switch, which when
hit by one of the particles with just the right amount of
momentum, would flick and generate a new particle in
the box. Suppose that this process results in an average
of k particles created per second. At the same time, the
particles can disintegrate when hit by gamma particles
that penetrate the box, and say this occurs at a rate γ
per second per particle. Then chemical kinetics describe
this process with the following first order equation

dn

dt
= k − γn. (1)

What is wrong with this description? The problem
with equation (1) arises from the fact that n is a particle
number, but equation (1) involves derivative of it as if
it is a continuous variable. How do we avoid this prob-
lem? One way to avoid this issue is by using a Master
equation approach which relies on the fact that both the
degradation and creation processes described above are
probabilistic, and look at changes in occupancy probabil-
ities rather than in absolute number of particles.

Consider again the system described above. But this
time, let’s say that we have an ensemble of N boxes, all
identically prepared at time t=0. Nothing prevents us
from preparing a large number of such boxes, so let’s
make N very large. Even though the boxes are all iden-
tical at t=0, their evolution can be quite different over
time due to the stochastic particle creation and degra-
dation processes. Say a box with n particles has a rate
f̃n of creating a single particle per unit time. Then in a
short time dt, the total number of particles created in all
boxes with n particles is f̃ndt. Here, we make dt suffi-
ciently small that just one particle can be created in that
time in any of these boxes. Then if there are Pn boxes
with n particles,

Pn(t + dt) = Pn(t) + f̃ndt. (2)

Now, by dividing Pn by the total number of boxes N ,
we get the probability at time t of finding a box with n

particles pn(t) = Pn(t)
N . We also define fn = f̃n/N . Then

equation (2) becomes,

dpn(t)
dt

= fn (3)

But this is not the whole story as we need to include the
degradation process and we’ve neglected processes that

occur in boxes with different number of particles than n.
Including these processes (See Figure[1]), we obtain the
following Master equation

p
n

p
n-1

p
n+1

f nfn-1 fn+1f
n-2

gn gn+1 gn+2gn-1

FIG. 1: Master equation (Eq’n 4) diagram describing stochas-
tic proliferation (n→ n+1) and degradation (n→ n-1) of par-
ticles. n is the number of particles in a box.

dpn(t)
dt

= fn−1pn−1(t)−(gn+fn)pn(t)+gn+1pn+1(t) (4)

where we’ve defined gn as the rate of degradation of a
single particle per unit time per particle in a box with
n particles. Notice that the changes that occur after a
time dt depend only on the current state of the system
at time t, and not on its history. This is a hallmark of a
Markov process.

A. Deterministic law from Master equation: Large
N limit

We now show that the chemical kinetics (equation (1))
can be obtained when the number of particles n is suffi-
ciently large. In this process, we’ll figure out exactly what
is “sufficiently large”. To do so, let’s say that k ≡ fn for
any n, and that gn ≡ γn. That is, k is the rate of creat-
ing one particle per unit time, and γ is the rate per unit
time per particle of degradation of one particle. Then,
the mean number of particles < n(t) > is

d < n(t) >

dt
=

∑
n=0

n
dpn(t)

dt

=
∑
n=0

n(kpn−1 − kpn − γnpn + γ(n + 1)pn+1)

= k(
∑
n=1

(n− 1)pn−1 −
∑
n=0

npn)

−γ(
∑
n=0

n2pn −
∑
n=0

(n + 1)2pn+1)

+
∑
n=1

kpn−1 − γ
∑
n=0

(n + 1)pn+1

= k − γ < n(t) > (5)

where we have used both the normalization
∑

n=0 pn =
1 and the fact that

∑
n=0 h(n) =

∑
n=0 h(n± 1) for any

summand h(n) considered here. Notice that equation
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(5) has the same form as equation (1) but with the ”n”
replaced with the mean < n >. That is, the mean particle
number obeys a deterministic equation as dictated by
the first order chemical kinetics. And here, the mean <
n(t) > is treated as a continuous variable even when the
particle number involved is small, just as in coin flipping
in which the mean value is an intermediate of the two
discrete state values.

So far, we have not put any condition on the typical
number of proteins in a box, and equation (5) is true
no matter how large or small the number of particles
involved is. To fully see the consequence of small vs. large
number of particles, we need to compute the probability
distribution in steady-state. In steady-state dpn(t)

dt = 0,
simply rearranging the Master equation (4) yields

(n + 1)pn+1 − λpn = npn − λpn−1, (6)

where λ ≡ k
γ . Since above condition must hold for

any n, it must be that npn − λpn−1 is equal to the same
constant c for every n. Furthermore, note that

∑
n=0

(n + 1)pn+1 − λ
∑
n=0

pn =< n > −λ =
∑
n=0

c. (7)

And since < n > −λ is finite, we must have c = 0.
Thus, < n >= λ = k

γ in steady-state. With the recursion
relation (6) and the normalization condition, we obtain
the following relation for probability distribution

pn =
λn

n!
exp(−λ) (8)

which is just the Poisson distribution. What we have
just shown is that in a system with a constant rate of
production of particle (where the rate is independent of
how much particle there is) and a constant rate of degra-
dation that’s proportional to the number of particles, the
number of particles in steady-state follows Poisson distri-
bution with mean number being λ.

In addition, since all the cumulants are the same in a
Poisson distribution, the noise (CV) is

c.v. ≡
√

< n2 >c

< n >
=

1√
λ

=
√

γ

k
. (9)

Hence, the larger the average number of particles λ in
the box, the smaller the noise. This can be achieved by
cranking up the rate of production k compared to the
degradation rate γ of a single particle. This is precisely
what we mean by ”sufficiently large” number of parti-
cles; the first order chemical kinetics prescribed by equa-
tion (1) is sufficient to describe the observed evolution
of number of particles in the box if the rate of produc-
tion is much larger than the degradation rate. In that
case, deterministic evolution takes place, and stochastic
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FIG. 2: k=100, γ=2, with n(t=0)=1. Blue curve shows deter-
ministic evolution prescribed by first order chemical kinetics
while the red curve traces out the stochastic reaction process
via Gillespie algorithm (See Appendix A).

nature can be ignored. Conversely, we now see why small
particle number leads to stochastic nature, as the noise
(9) is non-negligible in such a case.

So far, we’ve been talking about an abstract box with
a contraption that can make particles and degrade par-
ticles randomly. How does all this relate to transcription
of genes? The ”switch” that, when hit with the right
momentum by a particle, flicks and creates a particle in
the box can be thought of as the promoter (binding site
for RNAP) or a transcription factor (TF) binding site.
Just like the particles need to have the right momentum
to activate the switch, the binding proteins must have
the right conditions to activate transcription off the gene.
This captures the stochastic nature of the chemical bond-
ing that occurs when RNAP or TF binds to the partic-
ular sequence of DNA. Also, degradation mentioned for
our abstract box of particles can be considered as degra-
dation of proteins that are transcribed off the gene. The
physical mechanism by which protein degradation occurs
can take many forms. Finally, the ”particles” diffusing
around can be thought of as the very proteins that are
translated from the mRNA transcribed from the gene.

Thus we now know how a small number of proteins
(typically on the order of hundreds) causes transcription
to be a noisy process.

It should be stressed that gene expression would still
be a noisy process even if our description of the process
weren’t stochastic. That is, even if we had a determin-
istic description of the gene expression (i.e keep track of
every single one of the TFs moving about by knowing
their initial positions and momenta, and the motion gov-
erned by Newtonian mechanics), gene expression would
still be noisy. This is because the very nature of chemi-
cal bonding between a TF and the promotor is governed
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FIG. 3: k=1000, γ=3, with n(t=0)=10. Green curve shows
deterministic evolution prescribed by first order chemical ki-
netics while the red curve traces out the stochastic reaction
process via Gillespie algorithm. Notice that c.v. is much
smaller here than in [Fig.2] due to the larger mean λ. This
highlights the effect of small number of particles.

by quantum mechanics, which necessitates probabilistic
description of transcription.

B. Monte Carlo simulation: Waiting times and
sampling probability

Monte Carlo simulation of the Master equation allows
for a direct comparison between deterministic and prob-
abilistic description of gene expression and chemical re-
actions. To perform a Monte Carlo simulation, we first
determine how long one must wait, on average, between
two adjacent reactions. We define this to be the wait-
ing time τ . If P (τ) is probability of the next reaction
occuring in the interval (τ ,τ+dτ), rdt is probability of a
reaction occuring within time dt, and q(t < τ) is proba-
bility of no reaction occuring for t < τ ,

P (τ) = (rdτ)q(t < τ − dτ)
= (rdτ)(1− rdτ)q(t < τ − 2dτ)
.

.

.

= (rdτ)(1− rdτ)N = (rτ/N)(1− rτ/N)N

≈ (rdτ)exp(−rτ), (10)

where N is a sufficiently large number of regular par-
tition intervals on [0,τ ] such that dτ = τ/N . Thus, the
probability density function is p(τ) = P(τ)/dτ :

p(τ) = rexp(−rτ), (11)

Hence the waiting time τ follows the Poisson distribu-
tion with mean waiting time < τ >= 1/r and variance
< τ2 >c= 1/r.

C. Monte Carlo simulation: Simplified Gillespie
Algorithm

We now introduce a quick and easy, yet revealing, mod-
ified version of the Gillespie algorithm [8, 9]. Our modifi-
cation hinges on the observation that if we pick a number
u ∈ (0,1) with uniform probability distribution, then

θ ≡ 1
r
ln(

1
u

) (12)

follows a Poisson distribution with all the cumulants
equal to 1/r as with the distribution of the waiting time
(11). Hence, we can treat θ = τ . We then obtain the
following modified Gillespie algorithm:
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FIG. 4: k=100, γ=3, with n(t=0)=10. Blue and red curves
show two different stochastic trajectories but with same ini-
tial particle number n(t=0) plotted on a log-log scale. Green
curve shows deterministic evolution prescribed by first order
chemical kinetics. Notice that the two stochastic trajecto-
ries are very different from each other despite the same initial
condition. But both eventually approach the mean satura-
tion value λ and fluctuate around it. Here the fluctuations
are quite large about the mean due to the small number λ =
33

Modified Gillespie Algorithm:

1. For each reaction i, calculate the reaction rate ri.
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2. For each reaction i, randomly pick a number ui ∈
(0,1) with a uniform probability density. Then the
waiting time for reaction i is θi = 1/riln(1/ui).

3. Say reaction j is one with the smallest waiting
time. This is the reaction that occurs first. Update the
number of particles that results due to reaction j.

4. Erase all θi’s (This corresponds to a system that
only cares about present, not its past– a hallmark
of Markov process). Then repeat above steps until
convergence to steady state.

This is only a slight modification of the well known
Gillespie algorithm for simulating stochastic chemical re-
actions. As an example, consider the Master equation
illustrated in Fig. 1. Each state pn has two arrows em-
anating from it, hence there are two reactions. The re-
action rates are: r1 ≡ k, and r2 ≡ γn for creation and
degradation of particle espectively. We would then pick
two ui’s, one for each reaction. Then go through the rest
of the Gillespie algorithm.

Above algorithm has been implemented using MAT-
LAB. The code is included in the appendix and some of
the runs are shown in [Fig. 2], [Fig. 3], and [Fig. 4].
Notice in [Fig. 3] that while the reactions themselves
are noisy, the mean is indeed governed by the determin-
istic equation given by the chemical kinetics. This is
shown more directly by a histogram [Fig. 5] which shows
the result of running the Gillespie algorithm two thou-
sand times, all with the same initial particle number, and
each run with a total of 4500 reactions taking place. At
the end of each run, the final number of particles was
recorded and the histogram is shown in [Fig. 5]. [Fig. 5]
shows the finite size effect, by showing two histograms;
one with the mean steady-state particle number λ ≈ 33
and the other with λ = 333. Notice that 1.) peak of
the distribution indeed corresponds to the mean, and 2.)
Width of the distribution is narrower for larger number.
Both are consistent with our earlier analysis of the prob-
ability distribution function.

III. INTRINSIC NOISE AND EXTRINSIC
NOISE

Two classes of noise arise in gene regulatory networks
(i.e. both transcription and translation). Intrinsic noise
arises due to the stochastic nature of chemical reactions,
while extrinsic noise arises due to cell-to-cell variations
in the number of regulator proteins such as TFs, RNAPs,
and ribosomes despite identical genomes in the cells.
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FIG. 5: Histograms showing the final particle number after
each run of the Gillespie algorithm. In both (a) and (b),
Gillespie algorithm was executed 2000 times (each with the
same initial number of particles (n(t=0)=10), with each run
iterated 4500 times. (a) The peak of the histogram approxi-
mately corresponds to the mean particle number λ of 100/3
≈ 33. (b) The peak of histogram approximately corresponds
to mean particle number λ of 1000/3 ≈ 333. Notice that the
fractional width of the distribution is narrower here than in
(a), in correspondence with the noise scaling as 1/

√
λ (This

would be more evident if we had chosen x-axis to be fractional
change of particle number about the mean). The red curve
indicates expected distribution (exponential decay) in accor-
dance with the Poisson distribution calculated in Eq’n (8).
More number of runs would have provided a better match
between the histogram and this exponential envelope.
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FIG. 6: Two color plot akin to the two color scatter plot
shown in Elowitz et al [10] (See Fig. 3 in [10]). The yellow oval
is the region in which the data points are scattered in, with
each data point corresponding to a single cell. The red arrow
denotes the relative strength of intrinsic noise while the blue
arrow denotes the relative strength of extrinsic noise. Dashed
line has slope of one; a cell whose data point lies on the dahsed
line has zero intrinsic noise. Two scenarios are shown here:
(a) Stronger extrinsic noise: cell-to-cell variability is dominant
source of noise, and (b) Stronger intrinsic noise: Stochastic
nature of chemical reaction within a single cell is dominant
source of noise, rather than cell-to-cell variability.

A. Experimental determination of intrinsic and
extrinsic noise: “Two color experiment”.

In 2002, Elowitz et al [10] reported the first experi-
ment performed to determine the relative contribution of
each of the two classes of noise to the total noise. This
was a simple experiment in which two identical genes
(lac operon: a ”suite” of genes responsible for regulation
of lactose digestion in E.coli) were placed in an E.coli
genome. One was tagged with yfp while the other was
tagged with cfp. If the two identical genes in a single

E.coli shows difference in fluorescence (e.g. more yfp than
cfp), this is a measure of intrinsic noise. It cannot be ex-
trinsic noise since both genes are in the same plasmid in
the same cell; the variance can’t be due to difference in
number of regulator proteins. On the other hand, if there
is difference in total fluorescence in cell A and cell B, this
is a measure of extrinsic noise. Such variation must be
due to difference in number of regulator proteins present
in cell A and cell B. This is well illustrated by plotting yfp
intensity vs. cfp intensity for every single cell (i.e. one
data point per cell). The principle behind such a ”two
color plot” is sketched in [Fig.6]. In their experiment,
the authors used fluorescence microscopy which allowed
them to ”see” the color emanated by each E.coli, with
cfp appearing green and yfp appearing red. Cells pro-
ducing equal amounts of both proteins appeared yellow
while those producing more cfp or yfp appeared either
green or red respectively. The cells exhibiting high levels
of intrinsic noise was shown to be either green or red, so
they could just ”see” their field of cells and get a sense
of how much influence intrinsic noise plays in transcrip-
tion for the particular genes they selected to study. In
one experiment, they could see that when lacI (repres-
sor for lacZ, part of the lac operon) was removed from
the lac operon, there were more lacZ, Y, and A proteins
being produced (now constitutively expressed since the
repressor was removed), and hence the high mean pro-
tein level reduced the coefficient of variance cv. This is
in accordance with our analysis earlier for genes with a
constant production rate k and degradation rate γ hav-
ing cv. of 1/

√
λ, where λ is the mean steady state num-

ber of proteins. Next, they inserted lacI into the lac
operon (and still two copies in the plasmid, one tagged
with YFP and the other with CFP). Then they tuned the
expression level of proteins by using IPTG (Isopropyl β-
D-1-thiogalactopyranoside), an inhibitor of lacI repressor
protein, and found that when the IPTG level was low,
the intrinsic noise increased. When IPTG concentration
was high, the lacI level was low and hence number of
fluorescent proteins produced became higher. This led
to decrease in intrinsic noise (i.e. more cells appearing
yellow rather than green or red). These observations are
again consistent with our analysis in the previous section
of genes that are constitutively expressed. Meanwhile,
the extrinsic noise displayed a local maximum in some
intermediate concentration of IPTG concentration. The
authors attributed this to variations in IPTG concentra-
tions from cell to cell. Extrinsic noise, after all, says that
not every cell will have the same amount of regulator
proteins.

B. Theorical model of intrinsic noise: Random
walk on a square lattice

The constant rate production model we’ve looked at
previously and simulated with Monte Carlo, is actually
not a correct description of gene regulation in that it
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doesn’t describe both transcription of mRNAs and trans-
lation of associated proteins simultaneously. To give a
more proper description, we need to keep track of two
species of particles: mRNA and proteins. But as before,
we’ll assume a simple regulation: constant rate of pro-
duction and degradation of both mRNAs and proteins.
For such a simple regulation, we can construct the fol-
lowing Master equation:

df(r, p)
dt

= krf(r − 1, p)− (kr + γrr + γpp + kpr)f(r, p)

+γr(r + 1)f(r + 1, p) + kprf(r, p− 1)
+γp(p + 1)f(r, p + 1), (13)

where kr, kp, γr, γp, r, and p are production rate of
mRNA, production rate of protein, degradation rate per
mRNA, degradation rate per protein, number of mRNA,
and number of proteins respectively. f(r, p) denotes the
occupancy of a state with r mRNAs and p proteins. Thus
a system, at any given time, is assumed to be completely
specified by the number of mRNA and proteins. A more
illuminating description of the stochastic reactions taking
place here is given by the flow diagram shown in [Fig. 7],
which is nothing more than a random walk on a square
lattice (but with directional biases).

r,p r,p+1r,p-1

r+1,p

r-1,p

6
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FIG. 7: Random walk on a square lattice: Master equation
described by Eqn (13).

This was a model that was considered by M. That-
tai and A. van Oudenaarden [11]. The chemical kinetics
describing mean protein and mRNA concentrations cor-
responding to above Master equation is

dr

dt
= kr − γrr (14)

dp

dt
= kpr − γpp. (15)

Solving the Master equation is actually a bit involved
and we point the reader to [11] for the solution. In-
stead, we provide an intuitive way of deriving < p >,
< r >, and the associated variances: < p2 >c < r2 >c

for steady-state distribution. First, < r > is easy to de-
rive by setting dr

dt = 0 in above expression. Notice that
steady state mean mRNA level is independent of how
much protein there is. < r > = kr/γr clearly. Next, to
get steady-state < p >, we set r =< r > in eqn (15) and
solve for p to get

< p >=
bkr

γp
, (16)

where b ≡ kp/γr. The physical meaning of b is that it’s
the amount of protein translated from a single mRNA.
It’s called a burst size of a protein since the model views
translation off a single mRNA as being immediate rather
than a gradual process in time.

For a non-equillibrium probability distribution (i.e. no
longer a steady-state), we can get < p(t) > by invok-
ing the following observation: Typically transcription
and degradation rates of mRNA are faster than asso-
ciated rates for protein. This allows us, even in this non-
equilibrium case, to replace r with a steady-state < r >
in eq’n (15) and thus obtain

< p(t) >=
bkr

γp
(1− exp(−γpt)), (17)

where we assumed initial condition p(t=0)=0. The
expressions for noise (c.v.) require solving the Master
equation. We refer the readers to [11] and quote their
results here. The noise for steady-state distribution is

< p2 >c

< p >
=

b

1 + η
, (18)

where η ≡ γp/γr. We now invoke the same approxima-
tion as before, and say that η � 1 since mRNA degrades
much faster than proteins. Then, we obtain <p2>c

<p> ≈ b+1
by Taylor expansion. As for non-equilibrium distribu-
tion, we also consider the case η → 0 and obtain

< p2 >c (t)
< p > (t)

=
1− exp(−2γpt)
1− exp(−γpt)

b + 1 (19)

Typical burst size b is about 40 for lacZ (gene that
produces β-galactosidase which is an enzyme that cleaves
the disaccharide lactose into glucose and galactose) and
about 5 for lacA (part of the lac operon) [12]. [Fig. 8]
compares the transient noise (19) (with η = 0) with the
steady-state noise. Notice that for small t, transient noise
is approximately 2b + 1. What we see is that noise is
minimized for the simple gene regulation with constant
production and degradation rates, when steady-state is
reached. While we’ve only shown η = 0 case here, this
result holds true for other values of η as well [11].
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FIG. 8: Transient noise (red) approaches steady-state noise
(blue). The parameters used are shown in the inset. The
transient noise is plotted only for η = 0.

IV. TRANSCRIPTION NETWORK MOTIFS
AND NOISE

Let’s now look at some transcription network motifs
and see how their topology results in either enhancement
or reduction of noise.

A. Negative feedback: Reduction of noise

Negative feedback loop can reduce noise. We now de-
rive this result using a simplified picture that nevertheless
captures the essential features of negative feedback. For
more detailed studies, we direct the readers to Dublanche
et al [13]. To derive this result, we begin with the follow-
ing chemical kinetics describing the mean protein num-
ber:

dx

dt
=

Vm

1 + (x/K)n
− γx, (20)

where x, Vm, and K are protein concentration, max-
imal rate of production and half-saturation concentra-
tion respectively. Vm and K are familiar to readers ac-
quainted with Michaelis-Menten kinetics. n is a positive
integer called Hill coefficient, and is a measure of how
”cooperative” the binding of proteins are to the target
site of the promoter (Here, the protein X is regulating
its own production – auto-negative feedback: The more
X is produced, the less X the gene wants to produce).
The higher the Hill coefficient, the more sigmoidal the
curve becomes. This is shown in [Fig. 9]. Note that
in the extreme case of n = ∞, the first term of above
equation becomes a step function, also shown in [Fig 9].
The ”cooperative binding” is captured by the sigmoidal
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FIG. 9: The protein production rate (Hill repressor input
function – fist term in eq’n (20) is plotted for various Hill coef-
ficient n. The production rate approaches Heaviside function
for large n.

curve; the sharp rising slope that joins the low (basal)
and high (fully induced) regions of production. Physi-
cally, this feature arises by the fact that when one X binds
to the promoter, other X’s are more likely to bind there
(they are ”recruited” to the binding site). This is often
due to the energetically favorable formation of dimers,
tetramers and even octamers among the X’s. Such is the
case in the well studied λcI repressor in lysis-lysogeny
decision circuit in λ-phage [14]. Notice that this is called
a ”auto-repression” since the more x there is, the less the
production rate. For ease of analysis, we consider n� 1
(highly cooperative behavior seen in many transcription
regulations). Eq’n (20) can then be approximated by the
following logic approximation:

dx

dt
= VmΘ(x < K)− γx. (21)

where Θ(argument) = 1 if the ’argument’ is true, and
zero otherwise. Suppose that at t=0, the promoter for X
is unrepressed due to absence of proteins x=0. Then, for
very early times, we can approximate above equation by

dx

dt
≈ Vm, (22)

where we’ve ignored the degradation term since x≈0
initially. Then x(t) ≈ Vmt for very early times. But soon,
the concentration of X has increased to such an extent
that degradation needs to be considered, and so x(t) de-
viates from linear behavior. Now, once x(t) overshoots
K, what happens is that Hill input function is effectively
zero (recall that we’re treating n � 1 case) and only
degradation occurs, where
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dx

dt
= −γx, (23)

which leads to x(t) ≈ exp(−γt), an exponential decay
to x = K. Once x goes below the threshold K, the gene
X produces more protein X again and thus this cycle con-
tinues. Hence we see that the steady-state is xss = K.
A useful quantity to calculate (and measure experimen-
tally) is the response time of a network. Response time
T1/2 is the time taken for the network to decay to or pro-
duce half the steady-state concentration of proteins. In
our auto-negative repressor, we easily see that

VmT1/2 =
K

2
, (24)

thus T1/2 = K/(2Vm).
Hence, by using a strong promoter (i.e. Vm � K),

this negative autoregulation module can decrease its re-
sponse time. At the onset of this section we proposed
that negative autoregulation module (and negative feed-
back in general) can decrease noise. To see this, we first
go back to our earlier discussion on a simple gene regula-
tion, one that is described by Eq’n (1) (where the ’n’ in
(1) now represents the protein concentration x). One can
easily calculate the response time to be T̃1/2 = ln(2)/γ
for this simple regulation module. Now, we compare the
response time T1/2 for negative autoregulatory module
with the response time T̃1/2 for the simple regulatory
module. But before doing so, we let Vm = k and K = γ
for a fair comparison. We then obtain

T1/2

T̃1/2

=
1

2ln(2)
, (25)

which is less than one. So the response time for nega-
tive feedback loop considered here is nearly half the re-
sponse time of simple gene regulation we considered ear-
lier. Faster response time means that the system can
reach equilibration faster. And we saw in the previ-
ous section that transient noise is always larger than the
steady-state noise. Thus a gene regulatory module that
reaches equilibrium fastest will benefit by having small
overall noise during its dynamics than one that reaches
equilibrium slower. This is why negative feedback loop
can ’reduce noise’. Aside from reduction of noise, there
are obvious advantages to fast response time. This is
indeed a nice feature of using a negative autoregulatory
module in both natural and synthetic biology.

V. BENEFITS AND PITFALLS OF NOISE IN
BIOLOGY

We have discussed effects of noise in different network
motifs, but we have not yet made any connections with

what global impact noise has on organisms. How do liv-
ing cells deal with noise? Could there be a ”life and
death” impact that noise has on organisms? Due to both
intrinsic and extrinsic noise, two cells that have the ex-
act same genome, can behave and look differently when
probed with the same stimulus. Such phenotypic varia-
tion allows for diversity within a specie. And this diver-
sity, a pre-requisite for Darwinian evolution, allows for
selection pressure to suppress growth of some of these
cells while allow those with just the right phenotype to
fluorish; selection acts on phenotype, not genotype. So
noise is indeed crucial for evolution in this sense.

A particular example of such selection effect making a
”life and death” impact on an organism is that of antibi-
otic persistence exhibited by B. subtilis. Ampicillin is an
antibiotic that kills B. Subtilis. Or at least, a large frac-
tion of a colony. It has been observed that when a colony
of B. subtilis is introduced to Ampicillin, indeed a large
fraction of it is killed; the population level goes down ex-
ponentially with time. But after some initial decay, the
population level stops decaying – there is some fraction
that survives even in presence of Ampicillin. It does so by
drastically slowing down its metabolism and essentially
stopping its growth. Then when Ampicillin is removed,
these cells eventually resume growth. When Ampicillin is
introduced to the environment again after these surviving
cells are given enough time to recover and reproduce, the
same phenomena is observed again. These cells haven’t
developed resistance since resistant strain would survive
subsequent shocks by the antibiotic and they should re-
produce even in presence of the antibiotic. This puzzling
phenomenon is explained by the fact that some fraction
of the population randomly decides to ”sleep” while oth-
ers are growing happily even in a medium with a wealth
of nutrients [15]. These cells then wake up randomly and
resume growth, while some other cells would stochasti-
cally switch into sleeping mode. Ensuring that there’s al-
ways a certain constant fraction of the population ”falling
asleep” ensures that a change in an environment on a
time scale faster than cells can respond to, doesn’t kill
off all the population. It’s precisely the inherent noise
associated with regulation of certain genes that always
ensures a predefined fraction of the cells become persis-
tent, and hence that fraction of population survives sud-
den antibiotic attacks! This phenomenon is pervasive in
other organisms and is called ’bet-hedging’. Its theoreti-
cal implications have been studied by Kussell and Leibler
[16]. On a related matter, M. Thattai and A. van Oude-
naarden [17] have shown, through a symmetric two state
model (a cell can be in either one of two states, such as
lysis-lysogeny decision switch), that the survival proba-
bility of the population is enhanced when some of the
cells are stochastically switching back and forth between
unfavorable and favorable states, when the environment
is fluctuating on a time scale faster than the response
time of the cells. So it’s better for the overall specie to
have some of its population to be in an unfit state!

While noise can lead to diversity that can enhance the
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survival of the species, there are certain situations in
which noise would seem undesirable. One such exam-
ple is during development of tissues. In multicellular or-
ganisms, a localized source excretes a particular chemical
that then diffuse out and form a concentration gradient.
Such chemicals are called morphogens and the resulting
gradient is called morphogen gradient. Those cells that
are far from the source will only have a weak sensing of
the morphogens and will thus only express low threshold
genes sensitive to the chemical while those closer to the
source will express both low and high threshold genes.
A precise and sensitive response to morphogen gradi-
ent allows for cells to be sorted according to their gene
expression levels, and subsequent development into or-
gans of multicellular organisms can form. This was first
demonstrated for the fruitfly Drosophila Melanogaster
[18]. Even for single celled organisms, the cells must en-
sure that they can survive fluctuations during mitosis to
ensure that partitioning of enough genetic material into
daughter cell can be carried out. Exactly what mech-
anisms allow for developmental tasks to be carried out
precisely despite fluctuating environment is not yet well
known.

VI. CONCLUSIONS

We have shown, through simplified and intuitive pic-
tures whenever possible, some essential features of noise
in both transcription and translation of genes. We began
our discussion by understanding why noise is an unavoid-
able feature of chemical reactions; even knowing and
tracking position and momenta of every single reactants
is not going to get rid of stochastic nature of chemical re-
actions. We then formulated a general Master equation
and implemented a slightly modified version of Gillespie’s
algorithm. We then saw that a deterministic law emerged
from our stochastic description of chemical reactions; the
mean number of particles is described by the first order
chemical kinetics regardless of the abundance of reactants
present. Next, we realized why the small number of re-
actants meant that we couldn’t ignore stochastic nature
of chemical reactions, at least for Poissonian processes in
steady-state; the coefficient of variance (our metric for
noise) was 1√

λ
where λ is the steady-state mean number

of particles. We found that a ”large” number limit is
reached, and thus deterministic chemical kinetics is suffi-
cient, when the rate of production k is much larger than
the rate of degradation γ of a particle. Next, we looked at
two main classes of noise: intrinsic and extrinsic noise.
Intrinsic noise refers to noise that arises due to stochas-
tic nature of biochemical reactions while extrinsic noise
was due to cell-to-cell variations in regulatory proteins.
While we did not mention previously, it turns out that
the distinction is often not clear cut and that a partic-
ular intrinsic noise can end up becoming an ”extrinsic
noise” for other gene regulatory circuits (see Paulsson
[19]). This can happen, for example, if there’s a fluctu-

ation in production of proteins from two identical genes
(intrinsic noise) which happen to be transcription factors
for other genes (extrinsic noise). We reviewed the ”two
color” experiment of Elowitz et al. which first experi-
mentally demonstrated the distinction between the two
classes of noise. After the experimental review, we looked
at a theoretical model of intrinsic noise presented by M.
Thattai and A. van Oudenaarden [11]. In particular, we
looked at how a system can reduce its noise by reaching
steady-state level of proteins. From this, we were able to
then calculate the response time of negative autoregula-
tory transcription module and saw that its fast response
time allowed for fast equilibration, and hence reduction
of noise. Finally, we went through a whirlwind tour of
how beneficial and sometimes detrimental noise can be
for organisms at large, by looking at bacterial persistence
and morphogen gradients during development. While we
have tried our best to give a survey of some key topics
regarding noise in biological systems, we should point out
that there are many more important topics and literature
in this area that we have not been able to cover. Even
those that we did attempt to cover have not been given a
full treatment in this paper. We therefore encourage the
readers to browse the references cited below. What we
hope we have been able to do through this survey paper
is wet the reader’s appetite for this exciting field of biol-
ogy that is sure to produce even more exciting results in
the future!

APPENDIX A: MATLAB SCRIPT: MODIFIED
GILLESPIE’S ALGORITHM

totTrials = 4500;
k =100; % Mean production rate.
gamma = 3; % Rate of degradation per particle.

% Reactions:
% 1. Proliferation of particle.
% 2. Particle degradation.

n=10; % Starting number of particles.
theta = zeros(1,2);
r = zeros(1,2);
trajectory = zeros(1,totTrials+1);
time = zeros(1,totTrials+1);

for i=1:totTrials
trajectory(i)=n;
r = [k gamma*n];
u = random(’unif’,0,1,1,2);
theta = -log(u)./r;
if (n==0)

n = n+1;
time(i+1) = time(i)+theta(1);

elseif (theta(1) < theta(2))
n = n+1;
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time(i+1) = time(i)+theta(1);
else

n = n-1;
time(i+1)=time(i)+theta(2);

end
end

trajectory(totTrials+1)=n;

% Plot the stochastic time course:
hold off
plot(time,trajectory,’--r’);
hold on

% Deterministic Evolution:
% 1st order chemical kinetics.
time2 =
0:time(totTrials+1)/(totTrials):time(totTrials);
meanParticle =
(k/gamma)*(1-(1-gamma/k*10)*exp(-gamma*time2));

plot(time2,meanParticle,’-g’);
xlabel(’Time (a.u.)’);
ylabel(’Number of particles’);
time(totTrials+1)

APPENDIX B: MATLAB SCRIPT: HISTOGRAM
OF FINAL PARTICLE NUMBER

The following script runs our modified Gillespie algo-
rithm ’totRuns’ times, each executed for ’totTrials’ num-
ber of reactions. For each run, the final particle number
is binned into a histogram.

% Total number of runs of Gillespie.
totRuns = 2000;

k =100; % Mean production rate.
gamma = 3; % Rate of degradation per particle.
finalstate = zeros(1,totRuns);
totTrials = 4500;

% Reactions:
% 1. Proliferation of particle.
% 2. Particle degradation.

for j=1:totRuns
n=10; % Starting number of particles.
theta = zeros(1,2);
r = zeros(1,2);
%time = 0;
for i=1:totTrials

%trajectory(i)=n;
r = [k gamma*n];
u = random(’unif’,0,1,1,2);
theta = -log(u)./r;

if (n==0)
n = n+1;
%time = time + theta(1);

elseif (theta(1) < theta(2))
n = n+1;
%time = time + theta(1);

else
n = n-1;
%time = time + theta(2);

end
end
finalstate(j)=n;
end

x=min(finalstate)-2:1:max(finalstate)+2;

hist(finalstate,x);
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