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Transcription factors play a crucial role in gene expression through their interactions with regulatory DNA elements. Binding between factors and DNA sequences is governed by the balance
between sequence accuracy requirements and the need for robustness against mutations. Sengupta
et al. [1] have used these conditions to derive an analytical relation between the specificity of a
given factor and its pleiotropy, or number of binding sites on a genome. In this article we apply
the weight matrix formalism as outlined by Stormo and Fields [2] to find the relation between
factor/DNA binding specificity and pleiotropy in the E. coli genome. We find that the pleiotropy
in this case is well predicted by a random sequence for low specificity and may converge to the
analytical prediction from [1] for high specificities.
PACS numbers:

I. Introduction

Transcription factors are DNA-binding proteins that
affect promotor activity in regions upstream of the regulatory response element (RE). In general transcription
factors do not have unique DNA binding sequences, but
rather can bind to a small set of similar sequences. Two
requirements compete to determine this group of potential binding sites. First, the factor must have a significantly higher affinity for binding to the correct sites than
to other (non-specific) sites so acceptable sequences must
be exceedingly rare. On the other hand, transcription
should be relatively robust with respect to mutation, so
factors should be able to account for small changes in
their specific DNA counterparts. Sengupta et al. [1]
show that these two conditions lead to a quantitative
relation between the number of potential binding sites
(pleiotropy) and the binding sequence specificity. In this
work we test this relation using some of the known binding sites on the E. coli genome.
The number of potential binding sites in a genome for
a given transcription factor can be estimated given a set
of experimentally verified binding sequences. The procedure used here follows that presented by Stormo and
Fields [2] and involves comparison of the average information content of the observed binding sites with that of
other sequences of the same length through weight matrices. It relies on the assumptions of independent nucleic
binding energies within a sequence and an overall random genome. The information content method can be
applied to both real and synthetic genomes.
This paper is organized as follows. In section II we describe transcription factor binding and the effect of mutations. We follow the steps taken in [1] to arrive at the
predicted relation between pleiotropy and specificity. In
Section III we describe the information-based approach
to binding site prediction given in [2]. We apply this
method to known binding sites in the E. coli genome in
Section IV and discuss our findings in Section V.

II. Transcription Factors, DNA, and Mutations

Transcription is moderated by the binding of transcription factors to the regulatory response elements (REs) of
genes. Several factors, each bound to multiple sites, work
together to activate/repress gene expression. The binding of factors to REs is governed by the binding energy of
the pair and the concentration of the factor. The binding
energy of an RE and a factor can be expressed as
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L X
4
X

²βi xβi

(1)

i=1 β=1

where ²βi is the binding energy of the protein with base
β at position i = 1...L along the DNA strand and xβi is 1 if
the base at position i is β and 0 if not. The Central Limit
Theorem applied to a sum of L random variables implies
that the density of states ρ(E) will have a gaussian form.
The equilibrium probability of a sequence x to bind to a
factor is given by
f (E(x)) = (e(E(x)−µ)/kT − 1)−1

(2)

where the chemical potential µ is determined by the
factor concentration. In most cases the binding energy
scale is large compared to kT, so f (E) can be modeled
by a step function. This distribution essentially sets an
upper bound (µ) on the interaction energy between an
RE and a factor for binding to occur. The location of
the chemical potential with respect to the normal distribution of interaction energies determines the binding
specificity σ = −ln(ν), where ν is the fraction of random
sequences of length L that will bind to the protein. The
specificity must generally be large for regulation to occur
efficiently, implying that ν is in the extreme low energy
tail of the interaction energy distribution.
The interaction energy of a given RE and protein factor
can be altered by mutations, possibly leading to a change
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in binding status. If a bound factor becomes unbound or
a spurious factor becomes bound, the transcription process could fail. The mutation process is tractable analytically if one assumes a continuous interaction energy,
which is a good assumption in the limit of large L and
small binding energies. Sengupta et al. [1] have derived
a diffusion relation that governs the population of bound
states in this limit. Defining n(E, t) as the number of
bonds with energy between E, E+dE they find
2
∂t n(E, t) = ∂E
n(E, t) + ∂E [En(E, t)]

(3)

where the time scale is determined by the point mutation rate. The boundary condition n(E, t)|E=µ = 0 implements the hard limit on the binding sites in the limit
where f(E(x)) can be approximated as a step function.
Note that without this boundary condition we would
again obtain n(E) ≈ exp(−E 2 ), i.e. a gaussian distribution. To determine the net change in n(E, t), one must
solve [3] on both sides of the boundary condition. To
the left of µ, n(E, t) ≈ exp(−κl t)n∞ (E) after long times.
Here κl = σ/2, so most bound sequences are clustered
near the transition point µ. To the right of the boundary
condition, n(E, t) ≈ exp(−κsp t)n∞ (E) after long times,
where κsp ≈ (π/2)σe−σ . Note that the κ values are the
probability per mutation of diffusion across the border,
so that although κs p << κl the contributions from spurious sequences diffusing into the binding region and binding sequences mutating out of the binding region may be
comparable as there are many more sites with E > µ.
We can find the relation between the expected number
of binding sites and the specificity by setting the probabilities of diffusion in each direction equal and thereby
requiring equilibrium. This yields
n/NcR ≈ πσe−σ

(4)

where NcR is the number of non-binding sequences (cR
stands for cis regulatory), n pleiotropy, and σ is the specificity. This prediction can be tested by identifying binding sites on a whole genome and comparing with the a
random sequence of same base frequency to obtain σ.

Normalizing over the set of Xi in the genome we obtain the specific binding constants Ks and free energies
∆Gs = −RT ln(Ks ). This allows us to find the partition
function of the genome, which will simply be its length
Γ. The probability that a particular protein is bound to
a given sequence will then be Ks /Γ.
Experimentally, it would be nearly impossible to determine Ks for all Xi , due to the sheer magnitude of potential sequences. However, we can get around this difficulty
by studying only binding sites and applying the weight
matrix technique. Given a set of known binding sites Si
−
→
of length L we want our weight matrix W to approximate
→
−
→
−
the matrix G, where G is a 4xL array of the ∆Gs values
for each nucleotide at each position in the sequence. We
need two assumptions to make this feasible. The first
assumption is that each site in the sequence contributes
independently to the total binding energy. This allows
our presumption of a matrix that depends only on single
nucleotides and also allows us to determine the information in the sites given their frequencies. Specifically,
P
−
→ −
→
the information will be b,j f (b, j)∆Gs (b, j) ≡ f · G.
The second assumption is that the nucleotides are distributed randomly across the genome. This assumption
is obviously not strictly true, but in most cases is a good
approximation. It allows us to estimate the partition
function as the length Γ as mentioned above. Now the
−
→
approximation for G (modulo a sign convention) should
be that which maximizes the probability that all of the
observed sites are bound. This gives [3]:

−
→
W(b, j) = ln
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Given a set of known transcription binding sites, we
would like to be able to determine their information content and use them to predict other binding sites. We
start by defining the binding constant

(5)

of the reaction T + Xi ↔ T · Xi , where T is a protein,
Xi is a DNA sequence, and T · Xi is a bound system.

f (b, j)
p(b)

¶
,

(6)

where f (b, j) is the frequency of the base b at position
j in the sample sequences and p(b) is the frequency of the
base b in the entire genome. Note that the larger the
sample, the less likely that f (b, j) is biased. The average
information content of the observed sets is defined by

Iseq =
III. Weight Matrices, Information Content and
Binding Sites

µ

b

µ
f (b, j)ln

f (b, j)
p(b)

¶

−
→ −
→
= f · W.

(7)

This information content is a measure of the average
specific binding energy for the observed binding sites. As
such, it gives a characteristic binding energy threshold for
determining whether the protein in question will bind to
a given sequence. Specifically, one can add the terms in
the weight matrices corresponding to a trial sequence and
compare with the information content of the observed
binding sites to determine whether the transcription factor will bind to the trial sequence. This method was applied to estimate the pleiotropy and specificity of several
factors on the E. coli genome.
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IV. Application to E. coli

FIG. 1: Plot of the number of (predicted) response elements
(n) in E. coli genome as a function of binding specificity. Figure reproduced from Sengupta et al. [1].
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We applied the weight matrix methodology to study
the binding of 37 different transcription factors to the
E. coli genome[12]. The known binding sequences were
obtained from RegulonDB [4] and were chosen from a
larger set as the factors where at least 10 binding sites
were observed. The objective was to test the pleiotropyspecificity relation derived by Sengupta et al. [1] by
counting the number of potential binding sites for each
transcription factor in the E. coli genome and then comparing the result to the number of potential binding sites
of a randomly generated sequence.
The pleiotropy of a given factor to the E. coli genome
was estimated as follows. First the weight matrix and average information content of the observed binding sites
were calculated according to (6) and (7). The negative of
the average information content was taken as the upper
bound of the interaction energy for binding, or the chemical potential in the model of Section II. This is clearly
an approximation as we are taking the average binding
energy of observed sites as an upper bound. However the
same approximation was used for both the pleiotropy and
the specificity estimates and so should not alter the results significantly. The E. coli genome was then searched
for sequences of the same length as the observed sites (L)
that satisfied Eseq < µ, where
L

4
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4
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Es eq = −
x ·W≡
W (b, j)xbj .

(8)

j=1 b=1

Here again xbj is 1 if the base at position j is b and
0 if not. Note that the genome was searched in both
directions and in both strands to find all possible binding sites. The number of candidate sequences from this
search was taken as an estimate of the pleiotropy of the
protein-genome pair under the assumption that nearly
all potential binding sites are occupied.
The specificity in each case was estimated in much the
same manner as the pleiotropy. Recalling that the specificity σ = −ln(ν) where ν is the fraction of random sequences of length L that will bind to the protein allows
us to estimate σ by feeding random sequences with the
E. coli base frequencies to the weight matrix. A potential site is identified as above, i.e. when its Eseq is less
than the negative of the average information content of
the observed sites.
The resulting pleiotropy and specificity values were
plotted and compared to the results of Sengupta et al.
(see Figures 1 and 2). In both cases a linear relationship
between the pleiotropy n and the fraction of random sequences that bind to the factor ν were observed. This
linear relation was predicted by mutation considerations,
but also holds for random sequences. Indeed our results
appear to be more consistent with the random energy
model than with the predicted mutation-dependent behavior, although there is generally some excess above the
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FIG. 2: Plot of the number of (predicted) response elements
(n) in E. coli genome as a function of binding specificity in
the current study. Note that the predicted linear trend is
observed, but that sequences appear more random than predicted.

random energy prediction. This may still be consistent
with the result of Sengupta et al., as their study was
geared more toward pairs with high specificity while ours
examined more of the low specificity region. It appears
from both studies that the mutation-motivated behavior
is more closely followed for high specificities and then decays toward the random energy model at low specificities
as more binding sites are allowed.
There are a few noteworthy differences between the
work of Sengupta et al. and that presented here. The
offset observed on the n axis between the two plots comes
partly from the fact that we studied the full E. coli
genome, parsing approximately 35 times as much data
per factor as in [1]. We also used different databases for
the known binding sites, which should produce slightly
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different results. Most importantly, the two algorithms
for determining the binding threshold energy were different [13]. We used the traditional weight matrix approach,
while a ”quadratic programming” algorithm designed to
reduce the number of false positives was used in [1].
V. Conclusions

In this article we have examined the role of mutations
in protein/DNA binding. Specifically we used weight
matrices to study the relation between specificity and
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