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This paper will summarize a probabilistic model(Gilchrist and Wagner [2]) of protein translation
at the mRNA level that incorporates ribosome recycling and nonsense errors in a bid to shed light
on codon bias. It treats translation as a probabilistic wave of ribosome occupancy travelling down
the mRNA transcript. It is known that individual codons differ in both frequency of usage(codon
bias) and in translation rates, consequently when codon bias is coupled with nonsense errors and
ribosome recycling in their model, we observe a large effect on overall translation rate of an mRNA
transcript. I will present their derivation of a simple cost function for nonsense errors, use it to derive
a translational completion probability and apply it to the yeast genome. To further establish the
model, they detect position dependent selection on codon bias which correlates with gene expression
levels as has been empirically observed.
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I. INTRODUCTION

Translation, or protein synthesis, is a process that is
central to biology. The overall translation rate of a pro-
tein is known to depend on many factors: ribosome ki-
netics, tRNA concentrations, availability of amino acids,
elongation rates of individual codons. Models of protein
translation rarely take ribosome occupancy and nonsense
errors into account

Research has demonstrated that synonymous codons
are not translated at the same rate. Codon bias is the
nonuniform usage of a particular synonymous codons
(group of codons that have different nucleotide triplets
but which encode the incorporation of the same amino
acid during translation) within a genetic sequence. The
nature and strength of codon bias varies between species
as well as within a genome. Correlating codon bias to
protein or mRNA abundance has been the subject of
many studies. Although it is well accepted that codon
bias is positively correlated with gene expression level,
the importance of selection on increased translational
speed or accuracy is still unclear.

One hypothesis is that codon bias results from selec-
tion to minimize the probability and associated cost of
nonsense errors ( i.e the premature termination of pro-
tein translation). A major cost of a nonsense error is the
amount of energy invested into assembling the incomplete
polypeptide.(Bulmer [4]). Because this cost is related to
the length of the nascent peptide when the error occurs,
selection on codon usage against nonsense errors should
increase with codon position along a sequence. This, in
turn, leads to the prediction of increasing codon bias with
codon position. The prediction of increasing codon bias
with position is unique to the nonsense errors acting as
a hypothesized source of selection on codon usage.

When ribosomes that have just completed translating
an mRNA bind to the 5’ untranslated region (UTR) of
the same mRNA, then ribosomes are said to be recycled.
Ribosome recycling is known to occur in eukaryotes and
is thought to greatly increase the overall translational

FIG. 1: From Molecular biology of cell: Translation has 3
major phases-initiation, elongation and termination. Termi-
nation may be due to a stop codon or due to a nonsense error.

efficiency of a ribosome by reducing the mean time be-
tween the completion of translation and the next initia-
tion event.

Gilchrist et al present a dynamic model of protein
translation that includes the phenomena of ribosome re-
cycling and nonsense errors. This model comes in a dis-
crete ordinary differential equation form. The model is
useful in understanding the translation at the scale of
an individual codon and the steady-state of the mRNA.
They also explicate a continuous PDE model in their
paper that is useful for understanding the large scale be-
havior of the system as well as the effects of ribosome
recycling and nonsense errors on this behavior. I will
only discuss the discrete model below.

The model allows us to calculate the probability that
a nonsense error will occur for any given codon, or the
probability that a ribosome will successfully complete
translation of an mRNA. They are also able to derive how
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translational completion probability of an mRNA tran-
script interacts with ribosome recycling to determine the
overall translation rate of an mRNA.

II. MODEL FORMULATION

Protein translation occurs in three phases: initiation,
elongation and termination. Initiation begins when a
charged ribosome binds to an mRNA and ends when it
translates the initial start codon. Elongation involves
the interception of the correct charged tRNA by the ri-
bosome and the transfer of the amino acid to the growing
peptide chain. The third phase, termination occurs when
protein elongation stops, either because a stop codon has
been reached or a nonsense error has occurred. We next
introduce some assumptions and parameters associated
with each phase.

Initiation is known to be the rate limiting step in trans-
lation. Assume that initiation occurs with a rate γ. Ri-
bosome recycling is incorporated by assuming that for
each gene there is a fixed probability, λ, that ribosmes
which complete translation are recycled back onto the
same mRNA. Because it is a probability, γ can take any
value between 0 and 1.

At each elongation step, the ribosome waits for a
charged tRNA whose anti-codon complements the codon
at the ribosome’s A site. Experimental data suggest that
the waiting time for the correct tRNA is the rate limiting
step of the elongation process. Accordingly, the rate of
elongation can vary greatly among different codons. The
waiting period depends on the tRNA concentration, and
we can assume that the rate of codon translations are pro-
portional to the abundance of their cognate tRNA in the
cell. Let ~c denote a vector of codon translation rates used
during the elongation process where ~c = {c1, c2, . . . , cn},
ci is the translation rate for codon i, and n is the number
of codons in the mRNA transcript.

Protein translation can terminate normally when the
the translating ribosome encounters one of the 3 stop
codons. It is assumed that such normal termination oc-
curs quickly and thus this step is not explicitly modeled.
Premature termination results from nonsense errors. Let
us assume that the b is the nonsense error rate per unit
time and is the same at all codon positions. However be-
cause the rate at which each codon is translated varies,
we see the the probability that a nonsense error occurs
also varies with each codon.

A. Discrete Model Formalization

Begin by defining zi(t) as the probability that a ri-
bosome is found at codon i at time t. The vector
~z(t) = {z1, z2, . . . , zn} represents the set of probability
values for all n codons in mRNA transcript. Let t = 0
be the time when the mRNA first becomes available for
translation. Codons can become occupied by a ribosome

translating the previous codon (i-1) or in the case of the
first codon, by initiation. Codons can become unoccu-
pied when the ribosome leaves the codon either by trans-
lating codon i (at rate ci) or by disassociating with the
mRNA via the termination step(with nonsense error rate
b)

dzi

dt
=
{
κ − (ci + b)zi, i = 1,
ci−1zi−1 − (ci + b)zi i > 1. (1)

with initial conditions zi(0)=0 for all i. The term κ(t)
represents the total initiation rate of protein translation.
Note that the negative ci term in Eq. (1) indicates that
a quickly translated codon will reduce the probability
function more than a slowly translated codon.

Because we assume that the translation of the stop
codon is quick, the rate of protein production at time t,
τ(t), is equal to the rate at which the nth codon is trans-
lated, cn, weighted by the probability that a ribosome is
found there, zn(t), i.e

τ(t) = cnzn(t) (2)

Furthermore, if τ(t) is the rate of protein production
and λ is the probability that a ribosome that completes
translation will be recycled to the same mRNA then the
rate at which ribosomes are recycled is τ(t). Thus, the
initiation rate, is the sum of two processes-normal bind-
ing of free ribosomes to mRNA at rate γ and recycling:

κ(t) = γ + λτ(t) (3)

If ribosome recycling occurs then initiation rate will
change over time time because it is a function of the
translation rate, τ(t), which is time dependent.

B. Translational completion probability

An important term that we now define is the trans-
lational completion probability of a transcript. This is
the probability that a ribosome that begins translating
a transcript will reach the stop codon before a nonsense
error occurs. Let σ(i) be the probability that a ribosome
will complete translation up to and including codon i.
From (1) it can be shown that

σ(i) =
i∏

j=1

cj
cj + b

(4)

σ(n) ≈ 1− bn

c̄

(
1 +

var(c)
c̄2

)
(5)

where each term in the product cj/cj + b) is the proba-
bilty that a ribosome at codon j will translate the codon
rather than a nonsense error occuring. σ(i) is dependent
on values in ~c and codon position i but is independent
of time. From the definition, the probability that the
entire transcript will be translated is simply σ(n). We
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simplify σ(n) through taylor approximations about the
mean codon translation rate of an mRNA transcript c̄,
and a further taylor series around b=0 yielding Eq. (5).
It clearly shows that the the translational completion
probability σ(n), decreases with n,b and with variation
in c. In contrast, σ(n) increases with the mean codon
translation rate, c̄. This result suggests that selection
for increasing σ(n) would minimize the nonsense error
rate and the variance around the mean codon translation
rate while simultaneously maximizing c̄. This minimiza-
tion and maximization can only be achieved by using the
fastest translating codon in each site.

C. Energetic cost of nonsense errors

If the probability of nonsense errors differs between
codons, then the cost of these errors should increase with
codon position because at each step of elongation, more
energy is invested into building the peptide. Let us define
the expected energetic cost of nonsense errors for each
translational initiation event ψ for a given transcript ~c as

ψ(c) =
n∑

i=1

Pr(Error at codon i)(a1i) =
n∑

i=1

b

ci
σ(i)(a1i)(6)

where a1 represent the energetic cost of forming a peptide
bond. This cost is approximately 4 times the energy of
a phosphate bond.

Suppose we switch codon ck and cm where k < m. Use
∆ψk,m to represent change in ψ caused by such a switch.
Then

∆ψk,m =
(

1− cm
cm + b

ck + b

ck

)m−1∑
i=k

σ(k) (7)

Thus we see that this switch increases or decreases the
expected energetic cost of nonsense errors depending on
whether cm > ck or cm < ck respectively. Thus, the value
of ψ increases if a faster codon late in the transcript is
switched with a slower translating codon earlier in the
transcript. This is so because the probability of a non-
sense error occurring before the faster codon is translated
is lower than the slower codon and that later errors are
energetically more expensive due to the larger number of
peptide bonds formed.

We can also see that the the impact of a switch in-
creases with the distance between codons switched due
to the sum of σ values in Eq.(7). Furthermore, because
σ(i) is a monotonically decreasing function, switching
two codons some distance apart at the start of a tran-
script would affect ψ more than switching two codons
the same distance near the end of a transcript. This sug-
gests that although the strength of selection on codon
usage increases with codon position, the gradient of this
selective force decreases with position.

III. APPLICATION TO YEAST GENOME

FIG. 2: From Gilchrist et al: Distribution of translational
completion probabilities, σ(n) for 5855 genes in the yeast
genome for 4 different nonsense error rates, b. When b is low
then all proteins have high translational probabilities., and
when it is high then very few proteins are translated com-
pletely.However, in the intermediate range of error rates, the
completion probabilities vary greatly among genes. Hence for
a given value of b the variation in σ(n) betweens genes is due
to variation in codon usage and transcript length.

A. Calculate σ(n) for yeast genome

To calculate the translational completion probability of
an mRNA, σ(n), we need to know (a)translation rate for
each codon (b)set of codons used in mRNA (c)nonsense
error rate b. We assume different values for b and calcu-
late σ(n) for yeast genes to show the how nonsense errors
affect translational completion probabilities.

The rate limiting step for translation of an individual
codon, ci, is the rate at which ribosome intercept the
correct tRNA, which is assumed to be proportional to
the tRNA concentration( this is known to vary over an
order of magnitude). Gilchrist et al. have a table with
codon translation rates for each tRNA species.

Fig.1 shows the distribution of translational comple-
tion probabilites for 5855 genes at four different rates
of nonsense errors. The mean translational completion
probability ,σ(n) at b=0.0001,0.001,.01 and 0.1 /s is
0.99,0.93,0.53, 0.047, respectively. When b is low then
all proteins have high translational probabilities., and
when it is high then very few proteins are translated
completely.However, in the intermediate range of error
rates, the completion probabilities vary greatly among
genes. Hence for a given value of b the variation in σ(n)
betweens genes is due to variation in codon usage and
transcript length.

B. Comparing ψ to predicted behavior in yeast
genome
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FIG. 3: From Gilchrist et al: Distribution of genes with evi-
dence for selection on codon order vs mRNA expression level
data from Beyer et all(2004). Genes were considered to have
evidence for selection when their expected cost of nonsense
errors of the transcript was less than the mean expected cost
from a set of transcripts where codon order for each amino
acid was randomized. The dashed line (–) represents the best
fit line with slope=0.47, intercept=0.0048. The result indi-
cates that strength of selection on codon usage increase with
codon position and mRNA expression level.

To test the predicted properties of ψ, Gilchrist et al.
take each transcript from the yeast genome and generate
a null distribution of 2500 transcripts where the codons
used for each amino acid were randomly rearranged. For
each transcript, they calculate the expected energetic
cost of nonsense errors in the null set and then compare
it with the expected cost of nonsense errors, ψ(c̄). If the
observed cost was less than the mean of the null set then
they score it as a 1 and if greater then 0, indicating no
evidence for selection on codon order. One expects that if
their model is valid and selection is acting on codon posi-
tion as posited then the observed cost of nonsense errors
will be less than the average cost in the null set. Indeed,
of the 5855 genes examined, they find that 61% had an
observed cost of nonsense errors less than the mean of
the null distribution.

Another prediction was that the strength of selection
on genes increase with their expression level. Conse-
quently, we can ask whether the probability that a gene’s

observed cost of nonsense errors is less that expected in-
creases with the expression level of the gene. Expression
data from yeast genome studies show that the probability
of finding evidence of selection on codon order increase
significantly with expression level of a gene.

IV. CONCLUSIONS

The model summarized in this paper focuses on the
role nonsense errors may play in shaping codon usage
bias. The basic reasoning is as follows: If nonsense er-
rors occur at a constant rate then they are more likely
to occur at slow codons than at fast codons. Therefore,
codon usage bias affects the probability that a nonsense
error will occur along an mRNA. Gilchrist et al. model
an expected nonsense error cost function to better under-
stand the energetic cost of these errors. In this function,
the assembly cost of these nonsense errors increases with
the position of the codon. They indirectly test this cost
function and the translation model on which it is based
by asking whether they can detect a response to an in-
creasing selection gradient on codon usage bias.

Ribosome recycling is likely to have evolved as a means
of increasing the translational efficiency of the ribosome
population. However ribosome recycling can only occur
if the ribosome translates the entire transcript. Thus the
overall efficacy of ribosome recycling is limited by the
translational probability of a transcript, which in turn is
determined by the probability of a nonsense error at one
of the codons.

By tying together translational efficiency with a very
insightful discussion of translational completion proba-
bility and nonsense errors, Gilchrist et al leave us with a
clearer understanding of how codon usage bias underlies
this interaction.
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