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The mitotic spindle is a ubiquitous structure in eukaryotic cells, forming during cell division to 
assure that chromosomes are equally divided between daughter cells.  Although the process 
through which the spindle organizes is widely studied, many models for the collective behavior 
that gives rise to this structure favor the inclusion of molecular level detail over a more general 
description of assembly.  In this paper, we explore the capability of a modified XY model to 
describe the initial formation of a spindle-like structure, consisting of a region of bound 
microtubules emanating from the chromosomes and joining into a bundle capable of serving as a 
spindle pole. 
 

 
Introduction. 
The partitioning of chromosomes into daughter 
cells during mitosis is an essential process which 
follows different pathways in different 
organisms.  One such path initiates through the 
nucleation of microtubules (MTs) at the 
centrosome, followed by the growth of these 
tubules towards the chromosome, where they 
attach to the kinetochore [1].  An alternative to 
this centrosome-driven process is one in which 
microtubule growth originates at the 
chromosomes, followed by the organization of 
these tubules by molecular motors into a bipolar 
structure [2].    
 
In both centrosome-driven and chromatin-driven 
pathways for spindle assembly, stabilization of 
tubule growth close to the chromosome and the 
tendency of neighboring tubules to align each 
play a critical role.  For example, in the “search-
and-capture” mode of spindle assembly, a 
number of recent studies suggest that in order 
for chromosome capture to occur over the 
timescales observed experimentally (~10-100 
min) the search process must be biased [3].  A 
likely mechanism by which such a bias can be 
introduced is through the stabilization of MTs by 
chemical gradients emanating from the 
chromatin. Specifically, the Ran/RCC1 pathway 
has been implicated in this process, where high 
concentrations of RanGTP close to the 
chromosomes indirectly promote the growth of 
microtubules so that they preferentially grow 
along the RanGTP gradient [4].  This 
mechanism could also account for tubule growth 
in the chromatin-driven pathway for spindle 
formation.   
 

A second requirement for spindle assembly is 
the preferential alignment of neighboring tubules 
and the formation of an astral bipolar structure.  
In some cell types, this is achieved through the 
centrosome, from which microtubules emanate 
outwards and which act as spindle poles.  In 
cells lacking centrosomes, however, MTs do not 
nucleate at a central location and thus the 
assembly of the spindle poles must proceed 
through a different mechanism.  This process is 
believed to occur through the action of various 
molecular motors, which process along the MTs, 
orienting and cross-linking them [5]. 
 
One possible means of describing this 
organizational behavior and the emergence of 
the mitotic spindle without including details at 
the level of individual molecules is to adopt a 
modified version of the XY model for spin 
systems [6].  In the XY model, spins free to 
rotate in two-dimensional occupy the sites of a 
lattice and preferentially align to their nearest 
neighbors, as well as to any imposed external 
field.  In this paper, we explore the ability of a 
modified version of the XY model to account for 
the structure and assembly of the mitotic spindle 
in the absence of centrosomes.  We address this 
problem by dividing spindle formation into two 
stages: (1) the growth and perpendicular 
alignment of tubules close to the chromosomes, 
and (2) the formation of a stable aster away from 
the chromosomes to serve as a pole for the 
spindle. 
 
Modified XY Model. 
The Hamiltonian for the 2D XY model with 
spins arranged on a lattice can be written as: 
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Here, 〈i,j〉 denotes a sum over nearest neighbors, 
J0 denotes the energy associated with tubule 
alignment, and J1 is an energy proportional to 
the strength of the external field, the direction of 
which we have taken as θ = 0.  Using this, the 
evolution of the tubule orientations can be 
calculated from [7]: 
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In general, a noise term should be included in 
this equation; for our purposes, however, we 
neglect the potential contribution of finite 
temperature fluctuations other than in the initial 
orientations of the tubules.  This allows us to 
focus on the evolution of tubules after what is 
analogous to a high temperature quench.  In the 
context of our model, the terms in this equation 
have a physical basis.  For the interaction term, 
the physical description involves molecular 
motors that crosslink and process along 
neighboring tubules, tending to align them [5].  
For this reason, other models for spindle 
assembly have included a scalar field describing 
the concentration of motors that couples to 
tubule alignment (as, for example, in [8]).  The 
external field in our description corresponds to 
the concentration gradient in RanGTP emanating 
away from the chromosomes; by making 
microtubules less susceptible to catastrophic 
events, these chemical factors promote tubule 
growth along the gradient. 
 
For simplicity, we consider a cubic lattice (with 
lattice constant a), on which the tubule length 
and angle are allowed to vary.  The location of 
the chromosome is taken to as the leftmost 
boundary of the lattice, acting as an axis of 
symmetry such that we model only half of the 
spindle.  For the interactions between tubules, 
we consider the eight nearest neighbors on the 
two-dimensional lattice.  Initially (t = 0), the 
length of the tubules is set to zero, and their 
orientations are set using the Matlab random 
number generator, rand.m.  Figure 1 shows the 
evolution of a simulation, in which tubules grow 
and align radially away from the chromosomes, 
eventually converging to an astral structure. 
 

 

 
FIG 1. Evolution of a spindle in the modified XY 
model. Panels (1)-(4) shows the lattice of growing 
MTs at different time points, with the chromosome 
located at the leftmost boundary.   
 
Modeling Chemical Gradients. 
To describe the external field in our modified 
XY model, we explore a highly simplified 
model for reaction and diffusion of chemical 
factors around the chromosomes.  Specifically, 
we assume that a concentration gradient in 
RanGTP around the chromatin is created 
through the activation of freely diffusing 
RanGDP by a second molecule (the protein 
RCC1) that is bound to the chromatin.  The 
activated RanGTP molecules freely diffuse away 
from the chromatin, reacting indirectly with 
MTs as part of a cascade and thus returning to 
their deactivated form.  This system is captured 
by the coupled equations: 
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In addition, we force the concentrations to 
remain finite.  Here, c1 and c2 denote the 
RanGTP and RanGDP concentrations, 
respectively, each having a diffusivity D, and b 
is the radius of the (roughly cylindrical) 
chromatin.  For now, we assume that the α and β 
tubulin monomers necessary for MT growth are 
freely available and abundant, so that their 



 
 

concentrations do not vary appreciably over 
space and time as the tubules grow.  Under this 
assumption, we do not include additional 
conservation equations for tubulin, and we treat 
the reaction coefficient, k1, as a constant.  We 
further assume that Ran exists only as 
RanGTP/RanGDP and that the total 
concentration of Ran does not change, so that 
addition of the two equations in steady state 
gives c1 + c2 = c0, where c0 is a constant.  This 
reduces the equations to: 
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In dimensionless form ( 1 1 0c c c≡  and r r b≡ ), 
this has the solution: 
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Here, K0 and K1 are modified Bessel functions of 
the second kind of order 0 and 1, respectively, 
and the dimensionless Dahmkohler numbers are 
defined by  and 1

0 0Da ak D−≡ 2
1 1Da a k D 1−≡ .  In 

the case where the bound molecule activates the 
free molecule very rapidly, Da0 → ∞, and this 
expression simplifies to 

.  This is the form 
for the RanGTP concentration that we will 
assume in all of our analysis. 
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Coarsening in an External Field. 
In the traditional XY model, the characteristic 
length scale of point defects scales 
asymptotically as ξ ~ t½, corresponding to a 
density of topologically defects which decays as 
ρ ~ t-1 [6].  Our simulations at zero temperature 
do not match this scaling, predicting instead ρ ~ 
t-3/4; however, this is consistent with the results 
of others [7], where it is suggested that the 
asymptotic regime is difficult to reach due to a 
logarithmic correction to the scaling.  Regardless 
of the precise scaling, an important consequence 
of this is the instability of defects over 
sufficiently long time scales.  In the context of 
spindle formation, this suggests that some 
additional mechanism is necessary to stabilize 
the asters to function as the poles of the spindle. 
 
Attenuation of defects is even more pronounced 
in the presence of an external field (Figure 2).  
Here, (at zero temperature), the MTs eventually 

all align to the external field.  Simulations of 
coarsening in the presence of a constant, 
uniform external field and closed boundary 
conditions (i.e. with no restriction placed on 
tubule orientation at the system boundaries) 
suggest that the defect density reaches zero in 
finite time, approximately proportional to the 
inverse of the field strength (tf ~ G-1, Figure 2 
inset).  The tendency of any defects to vanish in 
a time proportional to the inverse of the field 
strength suggests that aster formation requires 
that the gradient emanating from the 
chromosome decay sufficiently rapidly, allowing 
defects to persist for longer times away from the 
chromosomes (Figure 3). 
 

 
FIG 2. Plots showing the decay in the number of 
topological defects over time in the presence of an 
external field of strength G.  As the field strength 
increases, the lifetime of defects decays 
approximately as G-1 (inset). 
 
Still, an additional mechanism is needed to 
prevent the number of defects from reaching 
zero over the course of the simulation.  One 
possible approach, investigated by Kardar et al. 
[8], is to include the concentration of molecular 
motors responsible for the alignment of 
neighboring tubules in the model; when the 
motor concentration is then depleted in the 
process of forming asters and vortices, the 
defects essentially freeze into place.  The 
authors term this “arrested coarsening”.  In this 
same study, an alternate mechanism by which a 



 
 

single defect may arise and remain stable is 
through the imposition of boundary conditions 
which support the formation of a single large 
vortex or aster.  In our case, we are able to 
assure the creation of a single stable aster by 
forcing tubules to be oriented outwards at the 
boundaries; this forces a topological defect 
within the lattice and is inconsistent with the 
formation of a vortex, leaving an aster as the 
only stable possibility. 
 

 
FIG 3.  Plots showing sin2(θi) in which each cusp 
represents a topological defect.  In the presence of a 
uniform field (center column), all defects vanish in a 
time proportional to the inverse of the field strength.  
In a spatially non-uniform field (right column), 
defects persist in weak field region after those in the 
region of strong field have been smoothed out. 
 
Using boundary conditions consistent with aster 
formation, we proceed to consider the 
implications of our model in a spatially non-
uniform gradient, such as that prescribed by the 
gradient in RanGTP.  To study the effect of the 

spatial range of the concentration gradient on the 
position at which the spindle pole forms, we 
performed simulations of the spindle formation 
process at different values of the dimensionless 
parameter, Da1.  These simulations (Figure 4) 
suggest that the average spindle position is a 
non-monotonic function of Da1: for both large 
and small values of this dimensionless 
parameter, the mean distance between the pole 
and chromosome decrease.  
 
 

 
FIG 4. Probability distribution for spindle pole 
location (x) for different values of Da1, illustrating 
how the mean pole location is not monotonic in Da1.  
The overlying dashed curves show the RanGTP 
concentration profiles that produced the three 
distributions. 
 
Effects of Microtubule Growth. 
In the model we are considering, microtubule 
growth is coupled to the reaction of RanGTP.  
Although we have so far neglected the depletion 
of α and β tubulin as the MTs grow, the creation 
of these monomers is energetically costly to the 
cell, suggesting that there should exist a bias 
towards their efficient use.  Although we could 
address this by modifying the conservation 
equations to include the tubulin concentrations, a 
simpler alternative is to define an available 
supply of tubulin which is depleted as the 
microtubules grow: 
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Here, Li denotes the length of the tubule at the 
lattice site i (= 1…M), [T] denotes the amount of 
tubulin monomers available for further growth, 
and [T]0 is the total tubulin, in either mono- or 
polymeric form.  Lsat denotes the length at which 
tubule growth halts, approximately accounting 
for an energetically preferred tubule length.  
Note that [T]0 varies between 0 and 1, with 
lower values representing conditions of tubulin 
scarcity.  With this model, tubule growth can be 
described using i 1[ ]dL dt c T∝ , so that the 
growth rate depends on both the presence of 
RanGTP (c1) as well as the availability of α and 
β tubulin ([T]).  To explore the consequences of 
this simple model for tubule growth, we define 
xsat as the distance away from the chromosome 
at which tubules no longer reach Lsat in steady 
state (Figure 5A), and tsat as the characteristic 
time this growth takes.  Figure 5B gives plots of 
xsat and tsat under conditions of moderate tubulin 
scarcity ([T]0 = ½).   
 

 
FIG 5. (A) Distributions of tubule lengths away from 
the chromosome, located at x = 0.  For steeper 
RanGTP gradients (i.e. larger Da1), the tubule lengths 
saturate up to a distance xsat. (B) Plot showing xsat and 
tsat, the characteristic time to reach steady state.  
Steep gradients use tubulin efficiently (larger xsat), 
but dramatically slow spindle growth (larger tsat).  
 
Since growth of tubules beyond the pole does 
not contribute to the functioning of the spindle, 
for a fixed value of [T]0, larger values of xsat 
represent more efficient use of tubulin, since 
under these conditions growth is primarily 
restricted to a region within a distance xsat  of the 
chromosome.  This suggests that efficient MT 
growth favors a steep RanGTP gradient.  
Alternatively, within this model, the 
characteristic time to reach a steady state 
distribution of tubule lengths increases rapidly 
as the gradient becomes steeper, with an optimal 
value of Da1.  Together, these predictions of the 

model suggest that spindle organization is 
tightly coupled to the spatial distribution of 
RanGTP.  
 
Conclusions. 
This paper has explored several modifications to 
the XY model that could approximately account 
for the formation of a mitotic spindle during 
prophase.  These modifications center on the 
concept of a chemical gradient emanating away 
from the chromosomes which promotes growth 
of the tubules along the gradient.  Within the XY 
model, the gradient acts as an external field, and 
tubule growth occurs at a rate proportional to the 
concentration of RanGTP and the amount of 
available tubulin.  More sophisticated models 
could generalize this treatment to cases where 
the growth rate exhibits a more complicated 
dependence on these parameters.  Nonetheless, 
this simple model serves to illustrate some of the 
constraints on the transport properties and 
kinetics of the Ran/RCC1 pathway.  
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