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In this paper I present theoretical predictions of the distribution of fitness effects of beneficial
mutations in the framework of the mutational landscape model. The fitness effects of new beneficial
mutations follow an invariant exponential distribution regardless of how fit the wild type is [1], while
the mean selection coefficient so decreases with the wild type fitness. The fitness effects of beneficial
mutations that become fixed in the population behave as a Gamma distribution(shape parameter=2,
mode=sp) in the strong-selection, weak-mutation regime. When more than one beneficial mutations
are established in the population, clonal interference shifts the mode of the distribution to a larger
positive value. I show that in the scenario where the number of established beneficial mutations in
the population, K, is large, the distribution of fitness effects of fixed beneficial mutations is asymp-
totically a Gumbel distribution [2] with its mode approximately equal to soln K. The theoretical
predictions are compared with simulation results and followed by a brief review of their application

and limitation in certain biological scenarios.

INTRODUCTION

Adaptation is one of the most interesting yet unre-
solved problem for evolutionary geneticists. As Ronald
A. Fisher pointed out, it is a process that a population
moves towards the phenotype that best fits the environ-
ment. It is surprising that many important questions
about the genetic basis of adaptation is still unanswered.
[3] For example, do most adaptations involve single genes
of large fitness effects? How large the effects could be?
Moreover, what is the distribution of fitness effects of the
mutations that are substituted in adaptation?

Fisher’s geometric model laid down the theoretical
ground of phenotypic adaptation. The progress in the
second half of twentieth century focused on the devel-
opment of models that are sequence-based. John May-
nard Smith proposed that adaptation can be viewed as
an adaptive walk through sequence space. The wild type
samples its one-mutation-step neighbors and moves to-
wards a local optima in the fitness landscape. The mu-
tational landscape model put forward by John Gillespie
[4] and recently developed by H.Allen Orr assumes that
the fitness of beneficial mutants lies in the tail of the dis-
tribution and extreme value theory can be imported into
the study of adaptation.

Based on the theoretical framework of mutational land-
scape model, I will discuss what we can say about the
distribution of fitness effects of two sets of beneficial mu-
tations:
1)New beneficial mutations. They are randomly pro-
duced in the population without experiencing either s-
election or genetic drift.
2)Fixed beneficial mutations. They have survived genetic
drift and become fixed in the population.

THE DISTRIBUTION OF FITNESS EFFECTS OF
NEW BENEFICIAL MUTATIONS

In the mutational landscape model, we consider a gene
sequence that is L base pairs long, with 3L single-step
neighbors in the sequence space. We assume that each
of these 3L mutations rise with equal constant frequency.
Starting at a wild type sequence, the gene can adapt by
fixing any of the 3L mutants with higher fitness. This
process is repeated until the wild type has the highest
fitness among all its neighbors, that is, the population
reaches a local optima in the fitness landscape.

Our first step is to rank all the 3L mutant sequences
from high fitness to low fitness, with the rank of the best
allele equal to 1. A reasonable assumption is that the wild
type allele has a relatively high rank, say i. Beneficial
mutations is the set of mutations with rank j < ¢. The
ranked alleles form a frequency distribution. So, we want
to know how the distribution of fitness effects of these
new beneficial mutations looks like. Although we don’t
know the exact shape of the distribution, the fact that the
wide type lies in the high fitness tail makes the problem
mathematically tractable.

The tails of many distributions behave similarly and
can be described by extreme value theory(EVT). Using
EVT, H.Allen Orr proves out that the distribution of fit-
ness effects of new beneficial mutations is exponential,
and surprisingly, that the mean of the distribution is in-
variant with respect to the wild type fitness W; [1]. Sup-
pose the wild type allele has rank i, the distribution of fit-
ness effects of new beneficial mutations is then the mixed
distribution formed by considering all the possibilities of
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FIG. 1: The distribution of fitness effects of new ben-
eficial mutations.

A gene of length L=1000 has 3000 mutants, the wild type
has fitness rank i among a total of 3001 genotypes. (a),(b):
Gamma distribution with shape parameter k = 2; (c),(d) Ex-
ponential distribution. In (a),(c), the pdf of AW is invariant
with different ranks of wild type. In (b),(d), the mean of se-
lection coefficient s is smaller for larger W; after scaling(See
Appendix C for simulation details).

fitness jumps, from rank i to rank j =1,2,....,7 — 1.

i—1
. 1 o
f(AWU):me(AWMJ) (1)
j=1
where f(AW | 4,j) is the probability density func-
tion(pdf) of fitness effects of a jump from rank i to rank
j.
EVT shows that the fitness gaps(spacing) between al-
lele rank j and rank j+1 A; = W; — W;; are asymptot-
ically independent exponential distributions,

fAW | j+1,5) =

where the mean satisfies E[A;] =

Using the moment generating function, H.A.Orr proves
that the distribution of fitness effects of new beneficial
mutations f(AW | i) is independent of the wild type
rank i(See Appendix A for an intuitive derivation). In
general, for any i

fAW i) = f(AW [i=2,j=1) =

To test the validity of theory, I did simulation for a
gene of length L=1000, with different underlying fitness
distributions and different ranks of the wild type allele(or
equivalently, different W;). Tt is clear that the distribu-
tion is independent of i(Figure. 1(a),(c)). AW can be
scaled to the selection coefficient s = 2 by a simple fac-
tor. The distribution is still exponentiél, however, wide
type alleles with higher fitness W; will lead to smaller
selection coefficients (Figure. 1(b),(d)).

THE DISTRIBUTION OF FITNESS EFFECTS OF
FIXED BENEFICIAL MUTATIONS: TWO
REGIMES

Oftentimes we are more interested to know how fixed
beneficial mutations distribute. This is because in a fi-
nite population, due to genetic drift, a large fraction of
produced beneficial mutations will be lost. Also, if more
than one beneficial mutations survive genetic drift, they
have to compete until one of them reaches fixation. This
scenario, named clonal interference, can occur in a large
population with restricted recombination.

In the following paragraphs, I will first focus on de-
riving the distribution in the mutation-limiting regime
with no clonal interference. I then discuss how clonal in-
terference affects the distribution as beneficial mutations
become common enough to interfere with each other. In
the case of large population size/high beneficial mutation
rate, I show that the distribution will asymptotically ap-
proach an extreme value distribution under the simple
assumption that the best allele always wins. Finally I
compare theory with simulation results of a population
undergoing Moran process.

I.The strong-selection, weak-mutation regime

We consider a haploid asexual population with effec-
tive population size N, thus N copies of genes. U, is
the beneficial mutation rate, s is the selection coefficient
defined as the difference in relative growth rate.

I use the concept of established beneficial mutation-
s to denote the mutations that have survived genetic
drift(See Appendix B).The time it takes a mutant to
get from establishment(or equivalently, survival of ge-
netic drift) to being half of the population is approx-
imately 1In(Ns), while the time between the estab-
lishment of successive mutations is ﬁbs [5]. Thus, if
In(Ns) << ﬁv mutations fix much more rapidly than
they are established. This is called the strong-selection
weak-mutation(SSWM) regime, in which beneficial mu-
tations reach fixation successionally.

The fixation probability of a single beneficial mutant
with selection coefficient s is(see Appendix B),

1—e%

Prie = T——~s

~s,Ns>>1 (4)

From Eq. 3, we know that the probability density of
producing a new beneficial mutation with selection co-
efficient s, f(s), is exponentially distributed with mean
S0,

fs)=—e % (5)

S0
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FIG. 2: The distribution of fitness effects of fixed ben-
eficial mutations.

The population size is fixed at/N = 1000, while the beneficial
mutation rate in (a) to (d) ranges from 107° to 1072. As
the beneficial mutation rate increases, the time between the
establishment of successive mutations decreases and the crite-
rion for SSWM regime In(Ns) << N;Ub no longer holds (See

Appendix C for simulation details).

Combining Eq. 4 and Eq. 5, the probability density
of fitness effects for fixed beneficial mutations, g(s), is a
Gamma distribution with shape parameter equal to 2 [2],

o(5) = L) 1 e

1S Priz(u) f(u)du 53

I1.The strong-selection, strong-mutation regime

The regime where In(Ns) > ﬁ is named strong-
selection, strong-mutation(SSSM). In this regime, several
beneficial mutations occur and get established together
by chance. They then contend for fixation with other
beneficial mutations(clonal interference). I'm not going
to discuss the extreme case where In(N's) >> ﬁ’ which
is named the weak-selection, strong-mutation regime[6].

The distribution of fitness effects of established beneficial
mutations

The probability of surviving genetic drift for a single
beneficial mutant is proportional to s(See Appendix B).
Following the derivation of Eq. 6, we can see that the dis-
tribution of established beneficial mutations is a Gamma
distribution, g(s), the same as the distribution of fixed
beneficial mutations in SSWM case.

o) = s H (D)
0
G(s) = /_ g(s)ds=1—(1+ %)67% (8)

where G(s) is the corresponding cumulative density func-
tion(cdf).

The distribution of fitness effects of fixed beneficial mutations

If we assume that the fixed beneficial mutation is the
best among all the established beneficial mutations, the
cdf H(s) for the fitness effects of fixed beneficial mutation-
sis H(s) = [G(s)]¥, K being the the number of existing
established beneficial mutations. For the case of large
population size N or high beneficial mutation rate U, K
is large, and H(s) turns into the extreme value distribu-
tion of Gumbel form(see Appendix A),

H(s) = [G(s)]¥ 9)
—- / g(x)da]< (10)

~ exp[—K/OO g(z)dzx] (11)
1—

= exp[—K(1 - G(s)] (12)

The approximation is valid if the integral is small. For
large K, s is typically in the tail of g(x), so it is justi-
fied. It can be shown that g(x), a Gamma distribution,
falls exponentially in its tail. So the distribution of fit-
ness effects of fixed beneficial mutations, h(s), under the
assumption that only the best mutants get fixed, is of
Gumbel form,

h(s) = Xexp[—A(s — 5) — e A7) (13)

where § &~ sgIn K is the most likely value of s, A = % -

~ % They are determined by the Gamma distribution

1
gs(s) (See Appendix A).

ITI.Simulation results in different regimes

In Figure. 2, I compare the distribution of fitness ef-
fects of fixed beneficial mutations generated by simula-
tion with Eq. 6 and Eq. 13. The population size is fixed
atN = 1000, while the beneficial mutation rate ranges
from 107° to 1072, As the beneficial mutation rate in-
creases, the time between the establishment of succes-
sive mutations decreases, the condition of SSWM regime
In(Ns) << ﬁ no longer holds.

Figure. 2(a)-(b) show that in the SSWM
regime(In(Ns) ~ 2 << ﬁ =100,10), the distri-
bution of fitness effects of fixed beneficial mutations
follows the Gamma distribution in Eq. 6. While in
the SSSM regime(In(Ns) ~ 2 > —— = 0.1) and

NT,

with a large K(estimated by K @Uszo),
Figure. 2(d) suggests that the distribution is asymptot-
ically of the Gumble form. The intermediate regime,
Figure. 2(c), In(Ns) ~ ﬁ? has a heavier tail than the
Gamma distribution and does not fit well with both
distributions.

The discrepancy in Figure. 2(d) between simulation re-

sults and Gumbel distribution could be due to:



1) The lack of simulation data(sample size is small be-
cause simulation is time-consuming).

2)The inaccurate estimate of K. In a real biological sce-
nario, we do not know how many established beneficial
mutations are competing for fixation. With smaller s,
the mean time to fixation is larger, which means more
time for subsequent mutations to become established.
3)The assumption that the best mutant always becomes
fixed is not valid. In fact, there is a probability that
the best of K mutants will be fixed. Philip J.Gerrish
and others have done a more rigorous analysis into this
problem[2]. For the case of large population/high bene-
ficial mutation rate, they show that the asymptotic ex-
pression of H(s) is an extreme value distribution, with
some modification of the exponent in Eq. 13.

FURTHER DISCUSSION

Due to the constraint of time, I just briefly list some
of my thoughts on limitations of theory, especially in the
context of its application to the evolution of antibiotic
resistance.

1) The wild type does not always have a high fitness.
The extreme value theory is applicable only when bene-
ficial mutations lie in the tail of the whole distribution of
mutations. For example, the assumption roughly holds
for compensatory adaptation as the fitness of the genet-
ic background is still relatively high. However, this as-
sumption is not always valid. For example, in the pres-
ence of antibiotics, the fitness of the wild type(sensitive
strain) is low, and the distribution of fitness effects of new
beneficial mutations that confer resistance are no longer
exponential[7]. In this case, the distribution depends on
specific context and could be of any shape.

2) There could be interactions between genes of multi-
ple loci, called epistasis. This means that fitness effects
of new beneficial mutations depend on the genetic back-
ground. For example, it is found that mutations give rise
to multi-drug resistance exhibit positive epistasis[8]. Be-
cause of this, the multi-drug resistant strain in an antibi-
otic free environment could have smaller steps of adap-
tive walks, meaning that the compensatory adaptation
process will be slowed down[9].

In the scenarios that the mutational landscape mod-
el does apply, some experiments have been done to
test the predictions about the distribution of beneficial
mutations[10].

SUMMARY AND CONCLUSIONS

In this paper, I applied theory from population genetics
and EVT to derive the distribution of fitness effects of
beneficial mutations.

The first conclusion is that the distribution of fitness
effects of generated by new beneficial mutation is expo-
nential, and this distribution is invariant with respect to
the absolute value of the wild type fitness. The selection
coefficient, defined as the difference in relative fitness,
also follows an exponential distribution, with its mean
decreasing with the wild type fitness.

From an experimental point of view it is more interest-
ing to know how the distribution for beneficial mutations
that get fixed in the population looks like, because these
mutations constitute the adaptive walk to peaks in fitness
landscape. In the strong-selection weak-mutation regime,
when beneficial mutations get fixed much faster than they
escape from genetic drift, it is demonstrated that the fit-
ness effects follow a Gamma distribution. However, when
more mutations get established, they will compete for
fixation. In the strong-selection strong-mutation regime,
clonal interference shifts the mode of the distribution to
a larger positive value. Under a simple assumption that
only the fittest mutation becomes fixed, the asymptotic
distribution in large population/beneficial mutation rate
behaves as an extreme value distribution.

The theoretical prediction of the distributions fit rea-
sonably well with a limited collection of simulation data.
Its application and limitation in some biological scenar-
ios is briefly discussed, and its merit needs to be tested
in more simulation and experiments.

APPENDIX A: EXTREME VALUE THEORY
Exponential distribution of AW is invariant

Instead using the moment generating function, here I
derive Eq. 3 for the case i=3 by convolution of two ex-
ponentials. It provides some intuition to why the distri-
bution is the same for different fitness ranks of the wild
type, .

If the wild type has fitness rank 2, then the distribution
of fitness effect of beneficial mutations, AW is just the
distribution of the top spacing Aj,

—AW
E[A4]
(14)

For i=3, the distribution f(AW | i = 3,57 = 1) is a
convolution of the top two spacings, namely f(AW | i =
3,j=2)and f(AW | i=2,j = 1). We also know that
f(AW | i = 3,7 = 2) is also an exponential distribution
with mean %. This leads to,

fAAW |i=2)=f(AW |i=2,j=1) =

1
Ny exp

f(AW |i=3,j=1) (15)
=f(AW |i=3,=2)« f(AW |i=2,j=1) (16)
2 AW 2

w
= _E[Al] — - E[Al]
A [e e ] (17)

*
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From Eq. 1 we know,

FAW | i =3) (18)
_ %[f(AW|z’:3,j:2)+f(AW|i:37j:1)]
(19)
1 —AW
~ E[A] TP EA] )

So the exponential distribution is invariant for ¢ = 2
and ¢ = 3.

Gumbel distribution

rn) be the largest of N inde-
pendent, identically distributed variables. When N is
large, x lies in the tail of the distribution. For many
common distributions, e.g.Gaussian, Exponential, Gam-
ma, Half-Normal, etc., extreme value theory shows that
the distribution of x is of Gumbel form,

Let x = max(r1, 72, ...,

h(x) = Aexp[-A(z — ) — e @) (21)

Z is the mostly likely value of x. The pdf is determined
by a single parameter A.

Parameters in Gumbel distribution

In 8.592J Problem Set 3, we derived the Gumbel dis-
tribution for the extreme value of independent Gaussian
variables and identified the parameters. A similar calcu-
lation can be done for variables obeying Gamma distri-
bution(shape parameter k=2),

p(r) = a’re " (22)

here a = %.For N >> 1, the most likely value of x, T
satisfies

p'(z) + Np(z)* =0 (23)

Considering that z >> é, from Eq. 23 we get an ap-
proximate expression for T

- 1
oz _
azxe =—=Ir
N

In N (24)

QIr

The value of A = o — % can be determined by Taylor
expanding the exponent in Eq. 13 at =z = Z.

The corresponding parameters in the Gumbel form dis-
tribution for exponentially distributed variables p(r) =
ae” " can be derived in a similar way. There the most
likely value = = éln N, and A = «a. The extreme
value distribution for Gaussian variables N(e,0?) has

I~e+V2InNo and A = 2N

APPENDIX B: POPULATION GENETICS

Probability of surviving genetic drift

Established beneficial mutations are those that sur-
vived the genetic drift. Mathematically, it can be defined
as mutations that reach a population threshold N, = %
The probability for a mutant species with selection coef-
ficient s and size n = % to take over a population of N
individuals is,

1 1—e™ms

Priz(n = -) = ———==
i (1 s) 1—eNs

=1-e1~06,Ns>>1
(25)
So mutants that reach a population of N, have a larg-
er probability to fix than to go extinct, in which case
I describe them as having survived genetic drift (estab-
lishment). The probability that a single beneficial mu-
tant with small s will reach establishment threshold Nc¢

is proportional to s on the first order,

1—e%

1—e1

Pestablish - ~ S (26)

So most mutations with small fitness effects get lost
in the establishment process. In large population/high
beneficial mutation rates, more than one beneficial mu-
tants may survive and be present in the population at
the same time. They then compete for fixation.

Criterion for different regimes

From Eq. 26, we know that the time between the es-
tablishment of beneficial mutation s is tes = ﬁbs The
time from establishment to fixation, in the absence of
other competing mutations, is ¢, = w

Thus, when tf;; << test, or In[Ns] << ﬁ, the
mutations fix much more rapidly than they get estab-
lished in the population. This is the criterion for strong-
selection, weak-mutation regime. In the scenario of large
population or high beneficial mutation rate, the criterion
breaks down and we enter the strong-selection, strong-
mutation regime In[Ns] > ﬁ The extreme case that
In[Ns] >> ﬁ, named weak-selection, strong-mutation
regime, is not discussed here.

APPENDIX C: SIMULATION

The exponential distribution in Figure 1

Following H.A.Orr’s paper[l], I simulate a gene with
sequence length L = 1000 and has 3000 one-step mu-
tants. The wild type has fitness rank i among a total
of 3001 genotypes. The fitness value is drawn random-
ly from a Gamma or Exponential distribution. AW is



recorded as the fitness difference between the wild type
and a randomly chosen beneficial mutant with a higher
rank 7 > i. The distribution is plotted for data from
10,000 runs.

Moran process and the distributions in Figure 2

I start a population with all wild types and normal-
ized fitness rg = 1, Ng = N. The population undergoes a
Moran process in each generation. In the presence of mul-
tiple mutant species with fitness r; and population size
N, the probability for an individual of the iy, species to
be chosen for reproduction is proportional to its fitness,
ﬁ, the probability for any individual to be chosen

for death is equal, being % If an individual is chosen for
reproduction, it has a probability Uy to gain a fitness ad-
vantage s. The selection coefficient s follows an exponen-
tial distribution p(s) = %6_%. The run restarts after
each fixation event(N; = N,i # 0). In the simulation, I
use parameters N = 1000, U, = 1075 ~ 102,59 = 0.01.
For U, = 102,104, I collected 500 samples. For U, =
1072,1072, the simulation becomes time-consuming as

multiple mutants compete for fixation. Due to the lim-

ited sample size, the distributions shown in Figure. 2(c)
and (d) are not very smooth. With more time the simu-
lation could produce a histogram with better resolution.
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