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We present a mechanical description of RNA folding based on the worm-like chain model of
RNA elasticity. The force-extension and the energy-extension relations are studied and applied to
experimental data in order to check the accuracy of the theoretical model we obtain. The agreement
is good in general. Some discrepancy possibly due to the use of equilibrium statistical mechanics
and the ignorance of RNA structure are also discussed.

1. UNFOLDING RNA BY FORCE

The structure of a biomolecule is closely related to its
function in an organism. For example, the stable double-
helix structure of DNA is suitable for the information in
DNA to be stored and duplicated. In contrast to DNA,
its analogue RNA is usually single-stranded, allowing it
to appear in a richer variety of structures. This flexibil-
ity reflects different roles of RNA in a biological system
such as carrying genetic information (mRNA), delivering
amino acids (tRNA), and linking amino acids together to
form proteins (rRNA).

Recent investigations have further expanded our
knowledge of capabilities of RNA in addition to those
mentioned above. For instance, riboswitches were re-
cently found to be parts of mRNA that regulate gene
activity through binding small target molecules (ligand
binding) [1]. Accordingly, many creative experiments
have contributed to the structure determination of ri-
boswitches. One experiment carried out by Greenleaf
et al. employed optical tweezers to exert forces on ri-
boswitches and thus unfold their secondary structures [2].
Their experiment was concerned about pbuE adenine ri-
boswitch aptamers (oligonucleic acid with ligand-binding
ability), which has a hierarchical folding consisting of two
hairpins, as shown in Fig. 1 and Fig. 2. They analyzed
the force-extension (FE) relation of aptamer, from which
they identified the folding states and further constructed
energy landscapes for aptamer folding.

ever, focused on isolated steps in folding, typically
using ligand analogs or investigating aptamers from
different organisms. Here we obtain, from a single
set of measurements, an integrated picture of sec-
ondary and tertiary structure formation, as well as
ligand binding, in the aptamer of the pbuE adenine
riboswitch from Bacillus subtilis, by observing fold-
ing and unfolding trajectories of individual molecules
subjected to controlled loads in a high-resolution,
dual-trap optical tweezers apparatus (13).

Single-molecule force spectroscopy, which mea-
sures the extension of a molecule as it unfolds and
refolds under tension, furnishes a tool for probing
structural transitions: Extension changes can be re-
lated to the number of nucleotides involved in fold-
ing. Furthermore, the effects of force on reaction
equilibria and kinetics allow the shapes of the folding
landscapes to be determined in detail (14–16). The
complete folding process, starting from a fully un-
folded state (not usually probed in conventional
RNA folding studies), can also be observed. This
initial configuration is especially relevant to ribo-
switches, because aptamers fold cotranscriptionally
from an initially unstructured state. Because of the
tight coupling between folding and transcription, the
assay was designed to measure folding of mRNA
transcribed in situ (17). A single Escherichia coli
RNA polymerase (RNAP) molecule, transcriptionally
stalled downstream of the promoter region on a
DNA template (Fig. 1A), was attached to a bead
held in one optical trap (Fig. 1B). The 29-nucleotide
(nt) initial RNA transcript emerging from the RNAP
was hybridized to the complementary cohesive end
of a 3-kb double-stranded DNA (dsDNA) “handle”
attached to a bead held in the other trap, creating a
“dumbbell” geometry that allowed forces to be ap-
plied between the RNAP and the 5′ end of the RNA
(18). Force-extension curves (FECs), showing the
molecular extension measured as a function of force
as the traps were moved apart at a constant rate,
confirmed that this initial transcript was unstruc-
tured (Fig. 1C).

After constructing the dumbbells, transcription
was restarted by introducing nucleoside triphos-
phates. The DNA template coded for the pbuE
adenine riboswitch aptamer downstream of the ini-
tial transcript (Fig. 1A). Once the aptamer sequence
was transcribed, RNAP was prevented from further
elongation by a roadblock consisting of a strepta-
vidin molecule bound to a 5′-terminal biotin label
on the template (Fig. 1D). FECs measured imme-
diately after aptamer transcription (Fig. 1E) revealed
a characteristic series of sawtooth features that arise
from contour length increases as specific structural

elements unfold (19). In the absence of adenine,
two small unfolding events were typically observed
(Fig. 1E, black). These features are produced by the
unfolding of the two stable hairpins in the second-
ary structure, P3 and P2 (Fig. 1E, inset). The in-
teractions that underpin tertiary structure by holding
these hairpin loops together and structuring the
binding pocket in the triple-helix junction are present
only transiently in the absence of adenine (5, 8, 10).
The contour length changes associated with these
features, 17 ± 2 nt (P3) and 22 ± 2 nt (P2), are
consistent with the values expected for these hair-
pins (19 and 21 nt, respectively) (18). In the pres-
ence of adenine, some FECs were identical to those
observed in its absence, indicating in these cases that
adenine was not bound to the aptamer. More com-
monly, however, larger unfolding distances at higher
forces were observed, corresponding to adenine-
induced stabilization of the folded structure. In the
latter case, the aptamer usually unfolded coopera-
tively in a single event (Fig. 1E, blue), but some-
times through an intermediate state (Fig. 1E, red).

Unfolding from the fully folded state was ana-
lyzed in more detail by collecting multiple FECs
from the same molecule. Overlaying 800 FECs
shows that the aptamer unfolds over a wide distri-
bution of forces (Fig. 2A), as expected for a non-
equilibrium measurement (20). Three states were
clearly seen: the folded and unfolded states, and an
intermediate state. We fit the FECs with two worm-

like chains (WLCs) in series: one for the dsDNA
handle (21) and the other for the single-stranded
RNA (22), assuming a contour length of 0.59 nm/nt
for RNA (23). When the aptamer unfolded fully,
62 ± 1 nt were released (18), in agreement with the
63-nt aptamer length. The intermediate state is 23 ±
1 nt shorter than the unfolded state, suggesting that
it corresponds to a folded 21-nt P2 helix. The equi-
librium free energy of the aptamer, computed by
the method of Jarzynski (24, 25) from the nonequi-
librium work done to unfold it (fig. S2), is 18 ± 2
kcal/mol (18). For comparison, the free energy pre-
dicted for the secondary structure in Fig. 1E is only
~12 ± 1 kcal/mol (10), indicating that tertiary con-
tacts and ligand binding stabilize the aptamer by an
additional ~6 ± 2 kcal/mol, in reasonable agreement
with earlier measurements of the binding energy of
2-aminopurine (2AP), an adenine analog (12).

The distribution of forces, p(F), for unfolding
the fully folded aptamer (Fig. 2B) is well fit by an
expression derived by Dudko et al. (20) for un-
folding at fixed loading rate, parameterized by koff,
the unfolding rate at F = 0; Dx‡, the distance to the
transition state from the folded state; and DG‡, the
height of the energy barrier (18). More than 3000
FECs measured for eight molecules, at loading
rates varying from ~10 to 200 pN/s, yielded an
unfolding rate koff ~ 0.04 s−1 (ln koff = –3.5 ± 1),
similar to the value of 0.15 s−1 measured previous-
ly by bulk kinetic methods (12). The activation
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Fig. 1. (A) DNA template used for RNA transcription, showing the sequence of the nontranscribed promoter,
the 25-bp section hybridizing with the DNA handle, the pbuE riboswitch aptamer (base-paired helices
highlighted) flanked by short linkers, and the footprint of RNAP when stalled by the terminal roadblock. (B)
Schematic of the optical trapping assay showing experimental geometry, with stalled RNAP and initial RNA
transcript hybridized to the dsDNA handle (not to scale). (C) Two FECs obtained before aptamer transcription
show little or no structure in the initial transcript. (D) Template DNA is transcribed in situ, producing an
aptamer transcript, after which RNAP is stalled by a streptavidin molecule bound to the biotin-based roadblock.
(E) FECs obtained after transcription show unfolding transitions in the aptamer. Without adenine, two events
are seen (black), corresponding to the unfolding of hairpins P2 and P3 (inset). With adenine bound to the
aptamer, larger unfolding events are observed (blue), sometimes involving an intermediate state (red).
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FIG. 1: The corresponding DNA sequence of the pbuE ri-
boswitch aptamer. P2 and P3 represent the two hairpin struc-
ture (adopted from [2]).

The great work of Greenleaf et al. could not have been
successful without a good theoretic model for of RNA
folding, especially a model that explains the FE relation.

∗Electronic address: yingyu@mit.edu

energy, DG‡, was 17 ± 4 kcal/mol, in agreement
with a previous result for the unbinding of 2AP
(12). The distance to the transition state Dx‡ was
2.1 ± 0.2 nm. Given an extension of ~0.42 nm/nt
at the average unfolding force of ~15 pN, this re-
sult indicates that the transition state involves the
unzipping of ~2.5 base pairs (bp) in helix P1, sug-
gesting that the G:C base pair in P1 (Fig. 1E, inset)
represents a structural keystone: Both the binding
pocket and triple-helix junction unfold once it is
disrupted. Isolated G:C base pairs located 3 to 4 bp
from the loop of P1 are found in the other purine

riboswitches, suggesting that they may be an im-
portant structural feature of this class of aptamers.

The kinetics of refolding and ligand binding
were probed by observing the fraction of FECs
showing the unfolding signature of the fully folded,
adenine-bound aptamer, as a function of adenine
concentration and the variable time interval during
which refolding could occur between successive
measurements (Fig. 3). We fit these data to a min-
imal, two-step model (Fig. 3, inset): formation of an
intermediate structure competent to bind adenine
(taken to be effectively irreversible) followed by

adenine binding. The complete folding process in-
volves a hierarchy of several steps, including fold-
ing of the three helices, formation of the loop-loop
contacts and the adenine binding pocket, and bind-
ing of adenine. At F = 0, however, helix formation
should be fast compared to formation of the tertiary

Fig. 2. (A) Nonequilibrium FECs for folded aptamer display a wide distribution of unfolding forces.
WLC fit to the folded state (blue), and double WLC fits to the intermediate (green) and unfolded (black)
states, indicate contour length changes of 39 ± 1 nt and 62 ± 1 nt for unfolding to the intermediate
and unfolded states, respectively. (B) The unfolding force distribution is fit by a model returning the
unfolding rate, along with the location and height of the energy barrier to unfolding.

Fig. 3. Kinetics of aptamer refolding and binding.
The fraction of FECs corresponding to the fully
folded, adenine-bound aptamer (identified by the
appropriate unfolding signature) for various adenine
concentrations as a function of the variable time
delay for refolding between pulls. Solid curves dis-
play the global fit to a minimal three-state kinetic
scheme (inset): U, unfolded; A-comp, competent to
bind adenine; F, folded (adenine-bound aptamer).

Fig. 4. Aptamer states
andenergeticsdetermined
by refolding at constant
force. (A) As force is re-
duced, first P2 refolds
(red), then P3 folds (or-
ange). At lower forces, P2
and P3 interact to form a
binding pocket and ade-
nine binds, generating two
additional states (green).
The adenine-bound state
is stable over many sec-
onds, even at 5 pN load
(blue). (B) Histograms of
complete trajectories at
different forces, with ex-
tension changes scaled by
the force-dependent ex-
tension per nucleotide.
Dashed lines indicate dis-
tinct states; the A-comp
state is rarely populated.
(C and D) Refolding tra-
jectory and histograms in
the absence of adenine.
P2 and P3 folding occur
as with adenine, but the
A-comp state is highly
populated at low force,
whereas the folded state
is very unstable, even at
low force (purple). (E)
Quantitative energy landscapes for aptamer folding at 6.5 pN, reconstructed from the experimental data in the presence (red) and absence (black) of adenine. The
five potential wells correspond to five observed folding states, illustrated by cartoons. Adenine binding only appreciably affects the barrier and energy of the folded state.
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FIG. 2: Energy landscapes of aptamer at F = 6.5 pN. The
region from “P2, P3 folded” to “unfolded” will be studied in
this paper (adopted from [2]).

Although some details such as binding energy are best
determined by experiments, the spirit of a phenomeno-
logical model can be well-understood in the frame of sta-
tistical mechanics, which will be discussed below.

2. RNA ELASTICITY

Since an RNA molecule always has some unfolded re-
gions, we cannot understand the FE relation for a pbuE
aptamer without knowing that for an unfolded RNA. A
particularly useful model for RNA elasticity is the worm-
like chain (WLC) model, which regards an RNA molecule
as a chain that can bend but not stretch [3]. Since an
RNA molecule is negatively charged, bending it costs en-
ergy, characterized by the coefficient of bending rigidity
κ. On the other hand, a bent molecule is more disor-
dered, which is preferred in high temperature. The bal-
ance of bending rigidity and thermal motions therefore
introduces the persistence length ξP = κ/kBT , which
serves as the fundamental length scale of the molecule
[4].

The WLC model is not analytically solvable in general.
Nevertheless, an approximate formula that take account
of the asymptotic behaviors at very large and very small
forces can provide much insight into the WLC model.
A simplified derivation is provided in this section, with
some basic equations for the WLC model omitted. An
interested reader might consult the references provided
above. The application of WLC model on nucleic acids
is also discussed in detail by [5].

First we look at the small-force behavior. In the ab-
sence of external force, the correlation between tangent
vectors along the RNA chain is

〈~t(s) · ~t(u)〉 = e−|s−u|/ξP , (1)

mailto:yingyu@mit.edu
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giving the mean squared end-to-end distance

〈R2〉 =

∫
ds

∫
du 〈~t(s) · ~t(u)〉

≈ L

∫ ∞
−∞

du e−|s−u|/ξP = 2LξP , (2)

where L is the contour (total) length of RNA. Applying
the central limit theorem, the probability distribution of
the extension at small force F is encoded in the Gibbs
partition function

G(F ) =

∫
dz

[
− z2

2〈z2〉
+ βFz

]
=
√

2π〈z2〉 exp

[
1

2
β2F 2〈z2〉

]
. (3)

Differentiating Eq. (3) with respect of F then gives us a
linear F-E relation

l = 〈z〉 = kBT
∂

∂F
log G

⇒ F =
3kBT

2LξP
· l. (4)

To study the large-force behavior, we start from the
Hamiltonian

H =

∫ L

0

ds

[
1

2
κ

(
d~t

ds

)2

− ~F · ~t

]
. (5)

The first term in the integrand is the elastic energy for
small bending, while the second term takes care of the
potential due to the external force. Remember that
κ = kBTξP is the coefficient of bending rigidity. At
large force, the tangent vectors of the chain are almost
in parallel with the force, so it is convenient to make a
decomposition ~t = ~t‖ +~t⊥. Since

∣∣~t∣∣ = 1 and ~t⊥ is small,∣∣~t‖∣∣ ≈ 1 − ~t2⊥/2. Discarding a constant, Eq. (5) can be
approximated as

H ≈
∫ L

0

ds

[
1

2
κ

(
d ~t⊥
ds

)2

+
1

2
F~t2⊥

]
. (6)

Following the traditional way of studying small vibration,
we expand ~t in terms of normal modes

~t⊥ =

∞∑
n=1

(anx̂+ bnŷ) cos
(nπs
L

)
. (7)

Here Dirichlet boundary conditions are assumed, but
other choices will not change the asymptotic behavior
of an and bn. With this expansion, the Hamiltonian be-
comes a clean summation

H =

∞∑
n=1

L

2

(
a2n + b2n

)(1

2

n2π2κ

L2
+

1

2
F

)
. (8)

Since an and bn denote the amplitudes of independent
harmonic oscillators, the equipartition theorem gives

a2n = b2n = kBT ·
1

L

(
1

2

n2π2κ

L2
+

1

2
F

)−1
. (9)

Considering the second term in the integrand of Eq. (6),
the difference between the contour length L and the chain
extension l is

L− l ≈ kBT

∫ ∞
0

du

(
π2κ

L2
u2 + F

)−1
=

kBTL

2
√
κF

, (10)

giving the FE relation at large F

Fξp
kBT

=
1

4

(
1− l

L

)−2
. (11)

The results of Eq. (4) and Eq. (11) can be summarized in
a single formula

Fξp
kBT

=
l

L
+

1

4

[(
1− l

L

)−2
− 1

]
. (12)

To check the small l behavior of Eq. (13), we expand it
at l = 0 to obtain

Fξp
kBT

≈ l

L
+

1

4

[
1 +

2l

L
− 1

]
=

3l

2L
, (13)

which indeed agrees with the expected small l behavior.
Eq. (13) can be integrated to obtain the elastic potential

V ξp
kBTL

=
1

2

(
l

L

)2

+
1

4

(
1− l

L

)−1
− 1

4

(
1 +

l

L

)
. (14)

This potential will be used in the next section to model
the FE relation of RNA with several folding states.

3. FORCE-EXTENSION RELATION

We should supply our theoretical model with some ex-
perimental data to figure out its performance. With-
out access to raw data, we cannot use regression analysis
to find all the needed parameters. Nevertheless, we can
based our calculation on some measured quantities, and
then compare other data with theoretical predictions to
check their consistency. Without special mentioning, all
parameters in this section are taken from the work of
Greenleaf et al. [2].

Eq. (14) is derived for an unfolded RNA. However, for
hairpin structures shown as P2 and P3 in Fig. 1 and
Fig. 2, we can regard the sequence outside the hairpin
regions as unfolded and apply Eq. (14). Since different
folding states can convert into each other, we need to
consider these states simultaneously. For simplicity we
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Fig. S1. FECs observed when adenine is not bound to the aptamer (same molecule as Fig. 2A). 
Two unfolding events are seen. The first event involves unfolding of P3; the second event 
involves the unfolding of P2, the same as the intermediate seen in Fig. 2A. 

 
 
 
 
 

  
Fig. S2. Graphical representation of the work performed during stretching. The non-equilibrium 
work done to unfold the aptamer (blue) is given by the area under the measured FEC out to the 
last unfolding event (red), minus the area under the unfolded state FEC out to the same point 
(black). 

FIG. 4: Measured FE curve showing approximate state tran-
sitions (adopted from the supporting material of [2]).

study only the three states shown in the region from “P2,
P3 folded” to “unfolded” (call them S1 - S3 from left to
right) in Fig. 2.

We consider each state Si a chain with a contour length
Li and a common persistence length ξp. Eq. (14) then
becomes

Vi
kBT

=
Li
ξp

[
1

2
x2i +

1

4
(1− xi)−1 −

1

4
(1 + xi)

]
, (15)

where xi = l/Li, Li = Nia is the contour length of the i-
th state, and Ni is the length in terms of nucleotides. By
counting the sequence in Fig. 1, we find N1 ≈ 79, N2 ≈ 98
and N3 ≈ 119. We use T = 297 K, a = 0.59 nm and
ξp = 1 nm. The transition from S1 to S2 costs ε12 =
11.7 kBT , and that from S2 to S3 costs ε23 = 8.5 kBT .
These are given by hairpin models and assumed to be
independent of RNA extension or applied force. Now we

can write down the all-important partition function

Z(l) = θ(L1 − l) exp

[
−V1(l)

kBT

]
+ θ(L2 − l) exp

[
−ε12 + V2(l)

kBT

]
+ θ(L3 − l) exp

[
−ε12 + ε23 + V3(l)

kBT

]
, (16)

where step functions are added since Vi(l) → ∞ as l →
Li. The force-extension relation can be obtained via

〈F 〉 = −kBT
∂

∂l
logZ, (17)

which is shown in Fig. 3.
Comparing with the measured FE curve Fig. 4, we see

that the critical force for the S1 → S2 transition is cor-
rectly predicted, while the predicted force for the S2→ S3
is too small. Note that the “extension” shown in Fig. 4 in-
cludes the length of a handle DNA used to link the RNA
for measurement. Therefore the change in extension is
larger due to DNA elasticity. Since the measurement of
FE curve is a non-equilibrium process, we can expect that
the total work spent to pull the RNA is typically larger
than the difference in free energy between the initial and
the final state, which might cause the discrepancy in FE
curves.
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FIG. 5: Free energy versus extension computed from Eq. (18).
The zero point of free energy is unimportant here.

Because Greenleaf et al. also measured the energy
landscapes for aptamer folding, which are equilibrium
quantities, it would be helpful to compare them with our
theoretical predictions. Including the effect of external
force the free energy in our model is

A(l) = −kBT logZ(l)− Fl, (18)

with the partition function Z given by Eq. (16). With
F = 8 pN corresponding to the state transition in Fig. 3,
we plot the free energy A(l) in Fig. 5. Looking at the plot,
we find that S2 is never a stable (and barely metastable)
state, which is not true according to the landscapes
shown in Fig. 2. This suggests that our model for ap-
tamer structure assuming only unfolded and hairpin re-
gions could be inaccurate.
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In fact, Greenleaf et al. also found the unfolding force
for S2 → S3 predicted by hairpin models smaller than
their experimental result. As pointed out by them, the
hairpin P2 in state S2 could be stabilized by intraloop
interactions, which is not consider by the hairpin model.

4. CONCLUSION

Our phenomenological model for the FE relation of
pbuE riboswitch aptamers based on the WLC model of
RNA elasticity and the hairpin model is consistent in de-
scribing the transition S1 → S2 but not in describing S2
→ S3. It may seems that our model is not so perfect and
that a simpler model that ignores RNA elasticity could
be as successful (or unsuccessful) as ours. Indeed, we can
build a model that identifies the RNA extension where
state transition occurs as the contour length of each state.
State transition is thus forced when one state reaches its
maximum length. However, such model would require
empirical parameters, and these parameters are not con-

stant as experimental conditions such as the length of
the handle DNA change. On the other hand, the number
of parameters needed by our model is optimized in some
sense. For the WLC model, the only parameters are the
persistent length ξp and the phosphate-to-phosphate dis-
tance of RNA a. For the hairpin model, we need the fold-
ing energy ε12 and ε23 as inputs, which can be predicted
from established models (although they are somewhat
complicated) [6].

The formulas Eq. (12) and Eq. (14) we used to com-
pute RNA elasticity are only approximate, and there are
revised formulas that include corrections in the form of
series expansions [5]. Nevertheless, the comparison be-
tween our theoretical predictions and the experimental
results of Greenleaf et al. does not suggest that the ap-
proximate formulas are unsuitable. Instead, the hair-
pin model providing folding energy is more likely to be
wrong. We can easily make amendments by giving dif-
ferent folding energy, which can also be determined by
regression if there are sufficient data.
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