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Abstract

Non-additive interactions between genes may qualitatively a!ect evolutionary dynamics
and steady-state fitnesses. A model is presented here that treatss gene interactions in a
similar way to spin coupling in the Ising model. Simulations show that increasing interac-
tion terms causes to higher steady-state fitness at low to medium mutation rates. Unlike
the Ising model, long-range interactions did not lead to phase transitions.

Epistatis, or interactions between muta-
tions that lead to non-additive fitness e!ects,
is a commonly-observed property of bacte-
rial[1] and yeast[3] genes, has been shown to
constrain evolutionary trajectories[2]. Here, a
constant-population, discrete-time model of
evolution with epistasis is described. Simula-
tions are run for varying strengths of the
epistatic interactions, and the steady-state
and dynamic behaviors are examined.

In this model, a population contains N
members, each of which has a genome of
length L. At each locus, an allele can take on
one of two possible values. In the following
simulations, allele values are either 0 and 1 or
! 1 and + 1. The population evolves in dis-
crete generations. At each time step, two pro-
cedures are carried out:

1. The population is mutated with rate µ
per member per allele.

2. A new population is selected from the
mutated population, with the proba-
bility of selecting a particular member
proportional to its fitness.

Fitness, or the selection coe"cient s, is
calculated based on summing the fitness at
each allele, as well as a coupling term, an
equation resembling the Hamiltonian of the
Ising model:
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The second, coupling term represents epis-
tatis and is analagous to global, long-range
interactions between spins in the mean-field
Ising model. Selection probabilites are calcu-
lated from the selection coe"cients:
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Note that for small values of s, the numerator
has the familiar form 1! s for fitness.

Figure 1 shows the results at long times
for simulations where mutation rate and the
size of the coupling term were varied. As the
mutation rate is increased, entropy increases
to its maximum value of L log(2) " 69.3 and
the normalized fitness (s/smax) decreases as
the mutation-selection balance pushes the
population towards a completely randomized
state.

Figure 1. Total allelic entropy and mean
normalized fitness at t=2000 with (left
column) and without (right column) the
single-allele fitness contribution h. Traces
show values for varying coupling coe"cients,
from J = 1 (red line) to J = 10 (dark blue
line); gray line on the left is for J = 0. Allele
values are 0 and 1.

A glass-like state occurs when µ = 0,
where entropy is 0 but fitness is low com-
pared to at small mutation rates. This steady
state corresponds to the fixation of one of the
members of the original, randomized popula-
tion. Above 0, increasing the coupling con-
stant J increases the fitness of the final popu-
lation for the range of mutation rates shown
in Figure 1. However, the normalization by
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the maximum fitness means that these lines
will eventually cross, since the mean normal-
ized fitness of a randomized population is a
decreasing function of J :

< s >µ!" = 2h +J
4(h +J)

For a closer analogy with the Ising model,
a model with allele values + 1 and ! 1 was
also considered. One qualitative di!erence
between the two sets of allele values can be
seen in Figure 2. In the absence of single-
allele fitness contributions, the fitness contri-
butions of + 1 and ! 1 alleles are symmetric,
leading to a symmetry breaking where the
population moves to either mostly + 1 or
mostly ! 1 (lower right) as selection increases
the fitness of the population. In contrast,
when allele values are 0 and 1, increasing fit-
ness can only be achieved by increasing the
frequency of allele 1’s.

Figure 2. Evolution without single-allele fit-
ness (h = 0, J = 10, µ = .01) for allele values of
{0, 1} (left column) or {! 1, 1} (right column)
at two time points. White pixels correspond
to 1 and black are either 0 or ! 1 for each of
the L = 100 alleles of each member of the
populations (N = 1000). Populations are
sorted in ascending order of fitness, from left
to right. Initial allele values are randomized.

Figure 3 compares the dynamic behavior
as the populations reach steady-state. The
change in fitness, or rate of evolution, appears
faster for allele values (! 1, 1) than for (0, 1).
This may be due to larger ranges of absolute
fitness (negative selection coe"cients are pos-
sible) in the former case, leading to selection
probabilites that are more skewed towards
the fittest members. Similar reasoning can
explain why evolution appears slightly faster
when the additional single-allele fitness con-
tribution h is added; absolute fitnesses can be
larger by h.

Figure 3. Mean normalized fitness over time
with and without single-allele fitness for both
sets of allele values. Coupling constant J = 10
and mutation rate µ = 0.01 for all traces.

While the model presented here has simi-
larites to the Ising model, the behavior of the
evolving populations as a function of muta-
tion rate di!ers qualitatively with that of fer-
romagnetic materials as a function of temper-
ature. No phase transitions were observed as
mutation rate was increased (see Figure 1).
However, mutation rate in this model is not
an exact proxy for temperature. The size of
fluctuations is set not only by the mutation
rate, but by the magnitude of the selection
coe"cients. Combining two stochastic steps -
mutation and selection - in each generation
may be the reason why no critical mutation
rate separating two phases is observed in
Figure 1.

Several modifications to the model can be
implemented in order to more closely mimic
the evolution of real organisms. Where con-
stant values of h and J were used in all the
simulations presented here, these coe"cients
could be selected from a continuous distribu-
tion for each allele or allele pair. In partic-
ular, only positive coupling was considered,
whereas the mean value of epistatic e!ects
has been measured to be around 0 in experi-
ments on double mutants in bacteria[1].
Although this model does not fully capture
the complexity of gene interactions, the quali-
tative results may prove useful in predicting
the e!ects of epistasis on evolving popula-
tions.
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